Available online: April 10, 2019

Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat.
Volume 68, Number 2, Pages 1733-[[741] (2019)

DOI: 10.31801/cfsuasmas.551883

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS
http://communications.science.ankara.edu.tr/index.php?series=A1 SERIES A1

(p,q)-FIBONACCI AND (p,q)-LUCAS SUMS BY THE
DERIVATIVES OF SOME POLYNOMIALS

B. DEMIRTURK BITiM AND N. TOPAL

ABSTRACT. The main purpose of this paper is to survey several sum formulae
of (p, g)—Fibonacci number U, and (p, g)—Lucas number V,, by using the first
and the second derivatives of the equations

n—1
" = (22 —pz+q) Z Ujz" 179 | 4+ Upx — qUp—1
j=0

and
n—1
2mn+1_ n __ 2 _ an—1—3 _
pT 7(3: px—l—q) E Viz +Viz —qVn—1.
Jj=0

1. INTRODUCTION
In [§], Horadam defined the sequence {W,,} = {W,(a,b;p,q)} by
Wp=pWp 1 —qWyn o, Wog=0a, W1 =0

for n > 2, where a,b,p,q € Z and p > 0,q # 0. The characteristic equation of this
sequence is 2 — px + ¢ = 0 and indicating the distinct roots of this equation with
« and S, the Binet formula for {W,,} is given by

Aa™ — BB"
a—pf
where A =b—af and B =0 — aa, as in [13)].
In this paper we consider two special cases of the Horadam sequence by deter-

mining two initial conditions. For example, the (p, ¢)—Fibonacci sequence notated
by {U.(p,q)} is defined by

UnZPU7—1—qU7—27 UO:OaUl =1

W, =
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for n > 2. The (p, qg)—Lucas sequence notated by {V,,(p, ¢)} is defined by
Vn :an—l - an—27 ‘/O = 2a ‘/1 =p

for n > 2.
The Binet formulae for these sequences can be given by
U, = u and V, :an+5n
a—p

where o = 4 In this work, we will denote A =

p+Vp*—4q andﬁzp*\/pzfﬁl
2 2

V/P? — 4q. Also, for convenience we will use {U,} and {V,,} instead of {U,(p,q)}
and {V,,(p, q)}, respectively.

The sequences {U,} and {V,,} have been studied in [3],[7],[9],[11],[13], and [I4].
Notably, if p = —¢ = 1,{U,} and {V,,} are the well known Fibonacci and Lucas
sequences.

Note that o and § are the roots of characteristic equation z? — px +¢ = 0. Thus
it follows that a2 = pa — ¢ and 8% = pB — ¢. More general it can be seen that
o™ = aU, — qU,_1 and 8" = BU, — qU,,_1, for all n € Z. Moreover the terms
of these sequences can be extended to negative subscripts as U_,, = —¢~"U,, and
Vop,=q "V, forn>1.

Sums and formulae involving Fibonacci and Lucas numbers and their general-
izations have always attracted the attention of many authors. For example, Long

n n
obtained sums such as ) F; F; ;4 and their Lucas counterparts > L; L; 4 and the
i=1 i=1

n

mixed sums Y F; L;1 4, when d is a positive integer, in [10]. Melham [12] considered
i=1

two special cases of the Horadam sequence {W,,(a,b;p,1)} by taking a = 0,b =1

and a = 2,b = 1. He gave sums of powers of the terms of these two special cases of
Horadam sequence. Moreover Belbachir and Becherif dealt with sums and formulae
for products of generalized Fibonacci and Lucas numbers, in [2]. Also Cerin tackled
some alternating sums of Lucas numbers in [5].

In 2008, Amini [I] considered the identity

n—1

" = (x2 -z — 1) ZFj " Y|+ F, e+ F,_4
j=1

where F,, is the n—th Fibonacci number. Then in [6], Cerin, Bitim and Keskin
generalized Amini’s identity and noticed another identity as follows:

n—1
22" —pa” = (2 —px — 1) ZVJ* "+ ViV,
j=0
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where V) = pV _, + V7, for n > 2 with the initial conditions V5" = 2, V{* = p.
In this study we consider two more generalizations of the identities given in [6],
as follows:

n—1
a" = (@ —prtq) [ Y Uja" " | + Upz = qUa-r. (1.1)
j=0
and
n—1
22" —pa" = (¥ —px +q) Z Via" | 4 Vw — qV, (1.2)
j=0

where U,, and V,, are the (p, ¢)—Fibonacci and (p, ¢)-Lucas numbers, respectively.

By derivatives of these identities we obtain some sums of products of the (p, ¢)—
Fibonacci numbers and the (p,¢)-Lucas numbers. Some similar results were in-
vestigated by Cerin in [4], Belbachir and Bencherif in [2]. In [4], Cerin gave the
formulae for the sums,

n

Ui = ) Uarsj(p:0)Ucsas (9 0)s
7=0
n

Yy = ZUa+bj(p,Q)Vc+dj(p,q),
=0

and

Vs =Y Vs (0, ))Veraj (P, @)
j=0

when n > 0,a > 0,¢ > 0,0 > 0 and d > 0 are integers. In the proofs, he used the
formula for the sum of the geometric series. Belbachir and Bencherif have found
these formulae only in the cases when ¢ = +1 and b = d = 2, in [2]. But we
obtain some formulae similar to U1, Uy and W3, by using the first and the second
derivatives of the identities given in ( and . The identities ,
and given in Theorem [I] are different cases of the formulae ¥y, ¥y and U3
given in [4], since b and d are positive integers. To sum up, in this paper we extend
all results given in [6].

2. Sums From THE DERIVATIVES OF THE IDENTITIES (|1.1)) AND (|1.2]

n—1 .
In this section we will use P(z) and Q(z) to denote polynomials Y. U, z" 1~
§j=0
n—1 .
and > V; 2" 177 respectively where n is a natural number. Moreover, in proofs
§=0
of our theorems we will use the following identities. For all n,m € Z,
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U_,=—q "U,, (2.1)
Vo =q "Va, (2.2)
Ugp, = U, Vi, (2.3)
V2= A*UZ +4q", (2.4)
Vo = V2 —2¢", (2.5)
Vi = pUn = —2qUpn (2.6)
Vis1 — Vo1 = AU, (2.7)
Vo +pUn = 2Unq1, (2.8)
pVi + AU, = 2V, 41, (2.9)
G"V_om = Vi, — AU Up— .- (2.10)
These identities can be found easily by using Binet formulae.
Theorem 1. Ifn is a natural number, then
AN U Up_j = nVy, — pUy, (2.11)
j=0
N UiVaj=> ViUpj=(n+1)U, (2.12)
j=0 j=0
and .
D ViVaj=0m+1) Vo +2Uny1. (2.13)

j=0
Proof. By the first derivative of we get
nz" "t = (22 —p)P(z) + (2* —px + q)P'(z) + Up. (2.14)
Let f(x) = na"~!' — U,. Thus, for z = a and = = 33, it follows that
fla) = AP(a) and f(B) = —AP(f).

Their sum gives
n—1

A’ U Uny—j = nVy_y — 20,
j=0
If we replace n with n + 1 and use the identity
(n+ 1)V, —2U,41 = nV,, — pU,,
then we obtain the formula (2.11).
On the other hand, the equality f(a) — f(8) = nU,_1 is another form of the

formula (2.12)).
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Now assume that u(z) = 2(n + 1)z™ — npz"~! — V,,. Taking the derivative of
(1.2)), we get

u(x) = (2¢ — p)Q(z) + (2% — pr + q)Q' ().
If we take © = a and x = § in this equation, then we obtain
u(ar) = AQ() and u(B) = —AQ(f).
The equality u(a) + u(8) implies the formula (2.12) again. Moreover the equality
u(a) — u(pB) gives the formula (2.13)). O

As a consequence of Theorem [I} we can give Corollary [1} 2 and 3.

(n+1)a2" —Upt
Az ’

Corollary 1. Let g(z) =
the following sums hold:

Then for every natural number n,

Z Uja™ = g(a) (2.15)
3=0
and

> _UiB = —g(P). (2.16)

Proof. Taking x = « in (2.14) we can write
n—1
na" ' — U, = AP(a) = Aoz"_lz Uja™.
§=0

Thus we have the formula

n—1 n—1
Ui — no -U,
Z J T Agnl 7

which is precisely the formula (2.15)). Similarly, the formula (2.16) follows from
(2.14) by taking x = . U

Corollary 2. For every natural number n, the following sums hold:

ZqijUQj = qinUnUn+17 (217)
§=0
AN U2 = "V Ungr — 2(n + 1), (2.18)
j=0
Zq_jij =q¢ "VoUpi1 +2(n+ 1), (2.19)

Jj=0
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and

n
> 4 Ve; = 4 "Vl
=0

Proof. By taking the sum of (2.15) and (2.16), we get > U; V_
§=0

Using (2.2)) and ([2.3)), we obtain (2.17).
On the other hand, (2.15)—(2.16) gives the formula

- 2 1) —q¢™™ nYn
AZUjU_j: (n+ ) Aq VU+1.

Using (2.1]) in this equation, we get the formula

A U = ¢ "WV Upgr — 2(n + 1).
§=0

Moreover, if we use (2.4]) and (2.18]), then we can write
Zq‘ij = AQZq_jUjQ +4(n+1).
; =

Thus it follows that
S GIVE = ¢ ViU +2(n + 1).
§=0

Indeed, using (2.5)), the equation

n
> a7 Vaj = ¢ "ValUnia
Jj=0

follows from ([2.19)).

Corollary 3. For alln € N, the following sums hold:

n
> @Vasroj =Y @ V195 = Vi + 29U,
: =

Proof. By (2.11]) we can write

nV, — pU
Z U Un-— = A
Then taking the sum of p and (| -, we get
n(pVy, + A% U,) — 4qU,

22 Uj Unt1-j = A2
3=0

j = q_nUnUn+1.

(2.20)

(2.21)



(p, q)-FIBONACCI AND (p,q)-LUCAS SUMS 1739
by using ([2.8). Thus using (2.9) in this equation, it follows that

n
AN UjUpir—j = nVoi1 — 2qU,. (2.22)
§=0
If we consider (2.10)) and (2.22)), then we have the expected formula (2.20)).
On the other hand using (2.12)—p(2.21)) and (2.6), we get

n 2
—2q)U,
AQ Z Uj U,L_1_j = nX/,L_l — w (223)
— q
7=0
Also using (2.10]), (2.23]) and 1' we see that > ¢7V,,_1_2; is equal to the right
§=0
hand side of equation (2.20]). ]

Theorem [2] and Corollary [ are related to results that come from the second

derivatives of (L.1)) and (1.2).

Theorem 2. For every natural number n,

n

20N " jU; Un_j = n(nV;, — pUy), (2.24)
j=0
QA% U Vi j =20V + [A%n(n+ 1) — 4] U,, (2.25)
7=0

202 Vi Unj = (n*A% +4q) Uy — npV, (2.26)

7=0

and

23 Vi Vaoj=nl(n+1) Vi +2pU,]. (2.27)

7=0

Proof. Let h(z) = n(n — 1)a" 2. If we take the second derivative of (1.1]), then we
get
hz) = 2 P() + 225 — p)P'(2) + (2 — p + )P (x).
Taking the sum of h(«) and h(8), we obtain
n—1 n—2
n(n=1)Vu2=2> UiV ;=20 (n—1-§)U;Uy_a_j.
§=0 3=0
Replacing n with n + 1 and using (2.11) and (2.12)), we get the formula (2.24)).
On the other hand, the equality h(«) — h(8) gives,
n—1 n—2
A’I’L(’I’L — I)Un72 = 2AZUJ Un,]_,j + QAZ(TL —1- j)Uj Vn72fj~
§=0 §=0
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Finally replace n with n 4+ 1 and use (2.11) and (2.12)), we get the formula (2.25)).

Taking the derivative of u(x), we get
() =2Q(x) + 22z — p)Q'(2) + (2* — p + ¢)Q"(x).

The sum of «/(«) and «/(3) implies the formula

n—1 n—2
2n(n+ 1)1 —pn(n —1)V,_g =2 Z Vi Vi1 +2A2 Z (n—1-5V;Up_o_j.
j=0 j=0

Replacing n with n 4 1 and using (2.12] )and (2.13)), we get (2.26]).

Similarly u'(a) — u/(8) gives

n—1 n—2
2n(n +1)U,—1 —pn(n — DU, =2 Z ViUp—1-j+2 Z (n—1=7)V; Voo,
§=0 j=0
If we take n instead of m 4+ 1 and use (2.13) and (2.12)), then we obtain the
expected result for (2.27]). O

Consequently, we can give the following corollary.

Corollary 4. For every natural number n,

A*(n 4+ 1)UnUn g1 = ValUnyo + (0 + 2)pg"

A g Uy = o : (2.28)
§=0
o 1 - — (n?+2n +2)q"
a7y g = e U"ZZH uss e (2.29)
§=0
S DVoUpir — UpU, Pl
qu7.7 ‘/'3_2 _ (TL+ ) +1 . +2+(n )q (230)
Jj=0 a
and
- . DVoUps1 — UnUpgo — 2)g"
S ja Vay = (n+1) 11~ Unlnts (n+2)q _ (2.31)
i=0 e
Proof. If we multiply h(c) by "' and h(8) by o', then we get
n—2
. _. nmn—=DA=2na+2a" 120,
Z(n —-1-jUja™7 = ( ) N (2.32)
§=0
and
n—2 —n+2
) _;  —n(n—1)A—-2n3+287"?U,
Y (n—1-§U;p~7 = SA3 L (233
3=0

respectively. Now taking the sum of (2.32)) and (2.33)), and replacing n with n + 2
and using (2.17) we obtain the expected formula (2.28]).



with (2.18]), then we obtain the formula (2.29). Moreover if we use (2.4))
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On the other hand, if we consider the difference of (2.32)—(2.33), and use (2.1)
5.29),

with (|

then we obtain (2.30). In addition to this, if we use (2.5) with (2.30)), then we get
the formula (2.31). O
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