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PRINCIPAL FUNCTIONS OF IMPULSIVE DIFFERENCE
OPERATORS ON SEMI AXIS

SEYHMUS YARDIMCI AND IBRAHIM ERDAL

ABSTRACT. In this paper, we investigate the continuous spectrum and resol-
vent operator of a second-order difference operator with an impulsive condition.
Then, under certain conditions, we prove finiteness of eigenvalues, spectral sin-
gularities. At last, we present principal functions of corresponding impulsive
operator.

1. INTRODUCTION

Researchers often encounter some discontinuities or degenerations during many
evolution processes. At a certain moment, the state may change abruptly and takes
a short time compared to the whole duration. These sudden effects are recognized
as instantaneous impulses. The models involving impulsive effects are called impul-
sive equations. There are great contributions in [T}, 2, B] to the theory of impulsive
differential equations. The mathematical or physical models concerning such im-
pulses are also called the equations with a transmission effect, or the equations with
a point interaction [4,[5]. Over the years, some results arising from impulsive effects
were carried over quite easily to the discrete case. [6] [, []] are outstanding studies
on impulsive difference equations.

The main equation we investigate in this paper is

Ap—1Yn—1 + bnyn + anYnt+1 = )\yna ne Na (1)

which is the discrete analogue of the Sturm—Liouville equation
—y" +q(x)y =Ny, z€0,00), (2)
where A is a spectral parameter, {an}, enugoy> {0n},en are complex sequences and
q is a complex valued function. Naimark [9] initiated the study of continuous and

discrete spectrum of Sturm-Liouville operator corresponding to (2)) with a boundary
condition y(0) = 0. In addition to [9], we refer to [10, [I1] for further information
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on spectral theory of Sturm-Liouville equations. On the other hand, for difference
equations, a lot of spectral results have been investigated in the literature [12| [13].
Moreover, for the spectral theory of difference equations, [14, [15 [16] 17, 18] [19]
20] are detailed references for the readers. But these references are all related to
general boundary conditions. Hence, the aim of this paper is to study some spectral
properties of the impulsive difference operator mentioned in [20] which is still an
uninvestigated problem in literature.
We shall consider the following second-order difference equation

An—1Yn—1 + bn¥Yn + @nYnt1 = Ay, n € N\ {k - Lk k+ 1} (3)

with the boundary condition
Yo =20 (4)
and the impulsive condition

Ye+1 ) _ Yk—1 _(a B
(Ayk+1> =B (Vyk—1) » B= (W 5) ’ (5)

where A = 2 cos z is a spectral parameter, «a, 3,7, d are complex numbers, V denotes
the backward difference operator and A denotes the forward difference operator,
ie.,
Viyn ' =Yn —Yn-1
Ayn Y= Yn+l — Yn-
Throughout the paper, we assume that a,, # 0, for all n € NU {0}, {a’"}neNU{O}
and {b, }, oy are complex sequences satisfying the condition
S (|1 —ap| + |ba|) < oo. (6)
neN

Without impulsive condition , equation has the bounded solution satisfying
the condition ‘
lim e™"*%e,, (2) =1,

for A\ = 2cosz, where z € C; := {z € C:Imz > 0}. e, (2) is called the Jost solu-
tion of (3)). It is analytic with respect to z in C4 := {z € C : Im z > 0} , continuous
in C; and e, (z + 27) = e,(2) for all z in C,. Besides, the function e, (z) has the
representation [17]

. o0 .
en (2) = p, e <1 + > Anme”"z> , meN, (7)
m=1
where p,, and Ay, are expressed in terms of the sequences {a, },, ey 0y and {bn}, ey
as
o —1
By = { I1 ak} )
k=n
A'nl = - Z bk:v

k=n-+1
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k=n+1 s=k+1

Apa io: {(1—ai)+bk iol bs}’

Apmir = Appim+ Y {(1=0a}) Aks1m — beArmer}, m=1,2,.5n €N,
k=n+1

Moreover, A,,, satisfies
o0
[Apm| < e D0 (11— x|+ [bi]) (8)
e=n[3]
where ¢ > 0 is a constant and [%] denotes the integer part of % .
On the other hand, two solutions of impulsive difference boundary value problem

[B)— () are stated in [20] as
{ My Qn(z)_ Mo Pn(Z), n=0,1,2..,k—1 (9)

E.(z) = det M det M

en(z), n=k+1,k+2,..

and
Fo(z) = P,(2), n=0,1,2,...,k—1
ni\Z) = Misen(2) + Mosen(—2), n=k+1,k+2,... ’
where @, (z) and P, (z) are the fundamental solutions of satisfying
1
Qo(z) = —, Qi(z)=0
ao
P()(Z) = 0, Pl(Z) =1.
Remember that e, (—z) is another solution of (3)) fulfilling the asymptotic condition

lim €%, (—2) =1, 2z€C_:={2¢€C:Imz <0},

n—oo

and coefficients M = [M;;]

(10)

opa 1,7 = 1,2 is defined as transfer matrix M such that

Mo (2) = =g {=Aeps(2) [@Phoi () + BV Pia (2)]
+ ek+1(z) [’yPkfl(Z) + 6VPk,1(Z)]} R (11)

ar
M (2) = —groo{Aepii(=2) [aPeoa(2) + VP (2)]
— ehy1(—2) [YPe-1(2) + 6V Pe1(2)]} . (12)
Hence, it is obvious to calculate

, Moo
E F, = =0,1,2,..,k—1
(Z) W[ n(Z), "(Z)] detMv n Oa » < 7k )

(i1) W IEn(2), Fn(2)] = —2iMaossinz, n=k+1,k+2,...
for all z € [-Z,3%] \ {0, 7}.
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2. RESOLVENT OPERATOR AND CONTINUOUS SPECTRUM

Let us introduce the impulsive difference operator L generated by the impulsive
difference boundary value problem — in the Hilbert space ¢?(N) such that

(N) = {y ={Un}pen vn €C, lyl* = Z lyn|* < OO} .

neN

We shall define two semi strips

So:z{z:z:n—i—if,—ggnggﬂ £>0}

and

T 37
In view of @, it is obvious that F,,(z) has an analytic continuation from [—2, 2]

T 3T
to Sp and continuous up to | ——, 2} because of analytic properties of @, (2), P,.(z)

2
and e, (z). Thus, F,(z) turns into
) { P.(z), n=0,1,2,.., k-1
z)=<{ — .
Mis(2)en(2) + Maa(2)en(2), n=k+1,k+2,..

where €,,(2) is the unbounded solution of , satisfying the condition

F, : (13)

HILH;O een(z) =1, zeCy

forn=k+1,k+2,....
We remark here that under the analytic continuation, function Mss remains
unchanged, whereas Mis turns into

Mi(z) =~ (A8 (z) (0Pt (2) + 67 Pect(2)]
B (2) Peca(2) +6 7 P ()]}

Lemma 1. The following equations hold for all z € S\ {0,7}.

_ MQQ(Z)
det M’

@) W [ﬁn(z),En(z)] - n—0

(i) W [ﬁn(z), En(z)] = 2iMys(2)sinz, n — oo.

Proof. Recall that Wronskian of any two solutions y = {yn},,cy and
u = {un}, cy of (3) is defined as

w [yv u] = ap [ynun+1 - yn+1un] .
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Then, due to the fact that

W len(2),en(2)] = —2isinz, z¢€Cy,
it is obvious to calculate Wronskian of the solutions F\n and F,. O

In view of these solutions, we can compute the resolvent operator of L.

Theorem 2.
(RA(LW))n = Z gn,m(z)wnw Il/) = {wm}mEN € 62(N)’ n e Na
meN
is the resolvent operator of L, where

EE&EE) g0

2) = W[F\”(Z),AE"(Z)]
gn,m( ) E",,(Z)Fn(z) (14)

WIEn(2), En(2)]

is defined as Green function for z € S and m,n # k.

m=n,n+1,...

Proof. In order to get the resolvent operator, we need to find the general solution
of the equation

Gp—1Yn—1 +bnyn+anyn+1 — AYn =1/Jn, n GN\{k_ 1ak7k+1}7 (15)

where 1, € (?(N). For this reason, we use the solutions ﬁn and F, to write
the general solution of the homogenous part of . So, by the help of variation
of parameters method and some iterations, we get Green function and resolvent
operator of L. O

Theorem 3. Assuming that the condition (6) satisfies, then o.(L) = [-2,2], where
oc(L) denotes the continuous spectrum of L.

Proof. In order to prove to this theorem, we first need to introduce the difference
operators Lo and L; generated by the following difference expressions in ¢?(N)
together with

(ZOy)n = Yn—-1 + Yn+1, ne N\{k - 17 k + 1}

(Zly)n = (an—l - 1) Yn—1 + bnyn + (an - 1)yn+1a n e N\{k - 17 k, k + 1}7
respectively. It is evident that L is not selfadjoint but it can be written as the
sum of a selfadjoint and a finite dimensional operator in 2 (N). On the other
hand, L; is a compact operator [2I]. Since all finite dimensional operators are
compact, the impulsive operator L can be represented as the sum of a selfadjoint
and two compact operators. By Weyl theorem of a compact perturbation [22], the
continuous spectrum of L coincides with the continuous spectrum of the selfadjoint
operator which is [—2,2]. So, the proof is completed. O
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3. MAIN RESULTS

In this section, we determine the sets of eigenvalues and spectral singularities
and discuss their numerical properties.

From the definition of eigenvalues and , we introduce the set of eigenvalues
of impulsive operator L as

oa(L) ={\e€C:\=2cosz, z€ Sy, Ma(z)=0}. (16)

Spectral singularities are defined as the poles of the kernel of resolvent operator
and are also embedded in the continuous spectrum. Hence, we have

3
oss(L) = {)\ €C:\=2cosz, z€ {—g, 271 \{0, 7}, Ma(z) = O} , (17)
where o45(L) denotes the set of spectral singularities of L.
To study numerical properties of the sets o4(L) and oss(L), we need to examine
the numerical properties of the zeros of Msy in S. For this reason, we define the

sets

Sy i={z: 2z € Sy, Mao(z) = 0}, (18)
&:z{z:ze[—g,zq,k&ﬂz%:O}. (19)

To prove the next lemma and theorem, we need the following theorem given in
[20]:

Theorem 4. Under the condition @, the function Mo satisfies the following
asymptotics for & — oo, where z = n + i€,
(i) Ifa+B+~v+0#0,

_ —1
Myy = e** (kl:[j an) (4 B+7+06) s +o0(1)] -
(i) Ifa+B+y+5=0,
 /k-3 -1
Myy = €% ( 1:[1 an) [—ai 2y (@ + B) pryr — (B +6) sy +0(1)] .

Lemma 5. Assume (0)
(i) The set Sy is bounded, is no more than countable number of elements and its
™ 3T
i 2} :
(#i) The set Sy is compact and its linear Lebesque measure is zero.

limit points can lie only in [—

Proof. (i) Theorem 4 proves that My cannot equal to zero for sufficiently large
A € C4. Thus, the boundedness of the sets S; and S3 is clear from Theorem 4.
Moreover, since Mas is analytic in C,, the set S; has at most countable number of

c e . .. T 3w
elements, and its limit points can only lie in —3 5 |
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(ii) Using uniqueness theorem of analytic functions [23], we obtain that Ss is a
closed set and its linear Lebesgue measure is zero. (]

We can give following theorem as a direct consequence of , and

Lemma 5.

Theorem 6. Under the condition @,

(i) the set of eigenvalues of L is bounded and countable, its limit points can lie
only in [—2,2],

(ii) the set of spectral singularities of L is compact and its linear Lebesgue mea-
sure is zero.

Definition 7. The multiplicity of a zero of Mas in S is called the multiplicity of
corresponding eigenvalue or spectral singularity of impulsive operator L.

Theorem 8. If
sup {e"" (|1 —an| + |bn])} < (20)
neN

for some € > 0, then there are finitely number of eigenvalues and spectral singular-

ities of the operator L, and each of them has finite multiplicity.
Proof. Under the condition , it follows from that

€

Ajm| <ce 47, j=k+1,k+2 m=12 ., (21)
where c is an arbitrary constant. From , Mys(z) has following representation
_ Gk+1 i(k+2)z = imz
My (z) = “9isins {— (4 B) P (2) g€’ (1 + ;Amz,me )
+BPy—a(2)ypae’ P (1 + Ak‘+2,meimz> (22)
m=1

+ (Oé + /6 +v+ (5) Pk—l(Z),LLk+lei(k+l)z (1 + Z Ak+1)meimz>

m=1

_ (ﬁ + (5) Pk—Q(Z)/-LkJ,-lei(k—i-l)z (1 + Z Ak+1,m€imz> } )

m=1
By the help of and , we conclude that My has an analytic continuation to
the half plane Im z > T Hence, the sets 04(L) and o4s(L) have no limit points

T 3T
in —3 5 | By Theorem 6, we find that these sets are bounded and have a finite
number of elements. Finally, using uniqueness theorem of analytic functions, we
see that all zeros of Mss in S have finite multiplicities. O
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Let us denote the sets of all limit points of S7 and Sy by S3 and Sy, respectively
and the set of all zeros of Msy with infinite multiplicity in S by Ss. From the
uniqueness theorem of analytic functions, we find that

51055:(0, SgCSQ, S4CSQ, S5CSQ SgCS5, S4CS5

and
1(S3) = p(Ss) = p(Ss) = 0.

Now, for some € > 0 and % < p < 1, let us consider the condition

sup {e” (|1 = au] + [ba]) } < o, (23)
neN

which is weaker than . Under the condition , the function Mss cannot be
continued analytically from —g, ?ﬂ to the lower half plane. So, we need some

preliminaries before giving the main result.
For the sake of simplicity, let us define

H(z) := Mss(z)2isin z, (24)
which is also analytic in C; and infinitely differentiable on real axis.
Lemma 9. Under the condition , following inequality holds:

‘HW(Z)‘ <A, (25)

forz€ S andn =0,1, ..., where

A, < CO"KBF RIS,
é, K, b are positive constants depending on € and p.
Proof. From ([22)), we can write

H(z) = —apm {— (@ + B) ppype'FT?2 <1 + 3 Ak+2’m€imz>

m=1

(eiz + e—iz)k_2

k—2
[[a
i=1

X +p"73(2)

0o i _i-\k—3
: ez 4 etz -
+6uk+2et(k+2)z (1 + § Ak+2,meunz> ( . ) +pk 4(2)

k—3
[ a
i=1

m=1
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e}
+(a+ B +v+9) uk+lei(k+1)z (1 + Z Ak+1,meimz>

m=1

— (B+08) pypg e’ (1 + Z Ak+1,m€imz>

m=1

iz —iz\k—3
% w +pk—4(z) ,

k—3
[[a
i=1

where the polynomial function p*(z) is of k-th degree. Moreover, by direct compu-
tation, we find

]HW(Z)

C < - s s
< |ak+1| |(Oé+ﬂ) Mk+2i P Z < Z > (Z |Ak'—4-2,m|7‘rl}c > (2]6)
H a; s=0 m=1
=1

C n 0o . .
+|Bttgya| 75 < . ) (Z | Ags2,m| m* )(Qk— 1)
H a; s=0

=1

C n 0o .
@+ B+y+0) | Z ( Z > <Z IAk+1,m|mks> (2k —1)
Hai s=0 m=1
i=1
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In accordance with (8) and (23], we get
E(m)p
|Ajm| <cre 277 ) j=k+1,k+2, m=1,2 ., (26)

where ¢ is an arbitrary positive constant. Therefore, by (26)), we arrive at

€

‘H(”)(z)‘ < K |agyq|2"C Z 675(%)pmk,
m=1

where
-1

k=2 k-3 \ !
K : = |(Oé+ﬂ) /J“k+2| (H ai) + |5H’k+2| (H CL,L‘>

=1 =1

k—2 -1 k-3 -1
+(a+ B+ +68) | (H az-) +(B+6) 11414 <H az-)

=1 i=1

On the other hand, if we define

Dk = e_%(%)pmk
m=1
by the help of Gamma function we estimate

oo

k14552
Dk:/tke—%(%)pdt: 2 Hlp (k+1 _1>F<k+1_1>.
pe 7 p P

1
After that, using the inequalities 1 + z < e and kF < eFE! for k € N, we get

Dy, < VP KRIKF 5
which gives the proof of the lemma. O
Theorem 10. Under the condition , S5 = 0.

Proof. Since the function Mss is not equal to zero identically, according to [I5], we
obtain

/lnT(s)d,u(S5,s) > —00, (27)
0
where
H k
T(s) = int ]’j , keNuf{o},

(S5, s) denotes the Lebesque measure of s—neighbourhood of S5 and Hy, is defined
by Lemma 9. Using Lemma 9, we calculate
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1—
T(s) < Kexp {—pe_lb_lfﬂs_lfﬂ} .
p

Hence, we see from that
/sfl%édu(sg,s) < f/lnT(s)du(S&s) < 0.
0 0

Since ﬁ > 1, the integral on the left handside is convergent for arbitrary s if and
only if x(Ss,s) =0, i.e., S5 = 0. 0

4. PRINCIPAL FUNCTIONS

In this section, we determine the principal functions of impulsive operator L.
Since, A = 2 cos z transforms the semi strip Sy to the set Q := C\ [-2,2]. We shall
define the functions

F,(\) : =F, (arccos ;) , neN\{k},
~ A
E,(\) : =F, (arccos 2) , neN\{k},
—~ A
Moo(N) @ = My (arccos 2) .

Obviously, F},(\) and E,()) are solutions of @)-@)- By and (17), we obtain
that

oa(L) {A AEQ, Mas(\) = o},

oo(L) = {A:Ae[—2,2],z\722(A)=o}.

Moreover, condition guarentees finiteness of zeros M,y in Q and in [—2,2].
Let A1, A2,..., Ay denote the zeros of the function Mgg in Q with multiplicities
mi, Mg, ..., My, respectively. Similarly, let Apy1, Apt2, ... A be zeros of Moy in [—2,2]
with multiplicities m41, mps2, ..., My, respectively. Thus,

ds ds ~
— W |F,(\), En(N) } = {Mgg()\)} =0 (28)
{ dN® { } A= d\® A=A,
holds for s =0,1,....,m; —1,7=1,2,...,p,p+ 1, ..., L.
Theorem 11.

EECINN

J

holds for s =0,1,...m; —1,5=1,2,...,p,p+1,.., L

—AJ
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Proof. We will continue by mathematical induction. Let s = 0. From (28)), we find
ﬁn()‘j) =4, (\y) En()‘j)’ n €N,
where A, (\;) # 0. Let us assume that

holds for 1 < sg < m; — 2. If {y, (A\)},,cy is a solution of (), then we obtain
ds : d d do!
an-1 s ¥n=1 (A) 4 bnossm (A) + an st i1 (A) = Aisyn () = s— =g (A)

Writing last equality for solutions f‘n()\j) and En()\j) then, using and , we
find that holds for s =0,1,....m; —1,5=1,2,...,p,p+1,..., L. ]

Using the notation

we can write as

o), () {Eae),

J
fors=0,1,..m; —1,5=1,2,...,p,p+1,..,tL
Now, let us introduce the functions

(S)(y.) — ($)(y. — 15—
U0 = {UPO)} e s =0T m L =12
where
1(d° -
U0 = {0
/ st L dA A=,
5 s 1 d® ~
= AT(A»){SE”(A)} :

The functions U(s)(/\j)7 s=0,1,....,m; —1,j=1,2,...,p and U(S)()\j),
s =0,1,....m; —1,j = p+1,p+ 2,...,t are called the principal functions of
eigenvalues and spectral singularities of impulsive operator L, respectively.
In view of the properties of principal functions of corresponding operator, we
easily get the following theorem.
Theorem 12.
US(N\) € PA(N), s=0,1,....,mj—1,j=1,2,...,p.
US0N) ¢ PN, s=0,1,..,mj—1,j=p+1,p+2, ...t
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