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ON GENERIC SUBMANIFOLD OF SASAKIAN MANIFOLD
WITH CONCURRENT VECTOR FIELD

HALIL İBRAHIM YOLDAŞ, ŞEMSI EKEN MERIÇ, AND EROL YAŞAR

Abstract. In the present paper, we deal with the generic submanifold admit-
ting a Ricci soliton in Sasakian manifold endowed with concurrent vector field.
Here, we find that there exists never any concurrent vector field on the invari-
ant distribution D of generic submanifoldM . Also, we provide a necessary and
suffi cient condition for which the invariant distribution D and anti-invariant
distribution D⊥ of M are Einstein. Finally, we give a characterization for a
generic submanifold of Sasakian manifold to be a gradient Ricci soliton.

1. Introduction

The first study on semi-invariant submanifold (as a generalization both invariant
and anti-invariant submanifolds) of Sasakian manifold was given by Bejancu and
Papaghiuc in [5]. They obtained integrability conditions for the distributions on
semi-invariant submanifold. Similar to this work, in 2011, Alegre gave some char-
acterizations for the distributions on semi-invariant submanifold of a Lorentzian
Sasakian manifold [1]. Later, Atçeken and Uddin obtained some necessary and
suffi cient conditions for a semi-invariant submanifold to be invariant, anti-invariant
and semi-invariant product in [2]. For more details ([11], [17], [25]).
The concept of a Ricci soliton in Riemannian geometry was defined by Hamilton

as a self-similar solution of the Ricci flow in 1988 [14]. Since then, this concept
has been studied in many field of the manifold theory by several mahematicians.
For instance, Sharma firstly applied Ricci solitons to K-contact manifolds of the
contact geometry in [23]. In addition to this study, Tripathi proved that a non-
Sasakian (k, µ)−manifold endowed with compact Ricci soliton is 3−dimensional
and flat (see [26]). Also, Ghosh showed that if a compact K−contact metric is a
gradient Ricci almost soliton, it is isometric to a unit sphere S2n+1 in [12]. More-
over, there are many works related to Ricci solitons in 3-dimensional contact and
paracontact metric manifolds in the recent years. Sharma and Ghosh showed that
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Sasakian 3−manifold as a Ricci soliton represents the Heisenberg group in [24].
Moreover, Ghosh proved that the constant curvature of a Kenmotsu 3−manifold
as Ricci soliton is −1 in [13]. Later, Perktaş and Keleş proved that if a 3− dimen-
sional normal almost paracontact metric manifold admits a Ricci soliton, then it is
shrinking (for details, see [21]). Ricci solitons have been studied in some different
classes of contact geometry ([3], [4], [15], [16], [18], [20]).
Let (M̃, g) be a Riemannian manifold and S̃ be the Ricci tensor of M̃ . On such

a manifold, if the following equation is satisfied

(£V g)(X,Y ) + 2S̃(X,Y ) + 2λg(X,Y ) = 0, (1)

then this manifold is said to be a Ricci soliton which is as known quasi-Einstein
metric in Physics literature. Here, £V g is the Lie-derivative of the metric tensor
g in the direction vector field V , which is called the potential vector field of the
Ricci soliton, λ is a constant and X,Y are arbitrary vector fields on M̃ . A Ricci
soliton is denoted by (M̃, g, V, λ). If £V g = 0, then potential vector field V is
called Killing. Also, if £V g = ρg, then vector field V is called conformal Killing,
where ρ is a function. In relation (1), if V is zero or Killing, then the Ricci soliton
is called trivial and in this case, the metric g is an Einstein. So, a Ricci soliton
is viewed as a generalization of Einstein metric. Also, if the potential vector field
V is the gradient of a potential function −f (i.e., V = −∇f), then it is called a
gradient Ricci soliton. In addition, a Ricci soliton is said to have shrinking, steady
or expanding depending on λ < 0, λ = 0 or λ > 0, respectively.
On the other hand, there has been several papers on Riemannian manifolds

which admits concurrent vector field. For instance, Chen and Deshmukh showed
that there do not exist steady or expanding Ricci solitons with concurrent vector
fields in [9]. Also, every Ricci soliton with torqued potential field is an almost quasi-
Einstein under some conditions was proved by Chen in [10]. Then, many papers
have been published on this topic ([19], [22], [27], [28]).
The present paper is organized as follows. In section 2, we give some basic

definitions, notations and formulas of almost contact metric manifolds. In section
3, we deal with the generic submanifolds admitting a Ricci soliton in a Sasakian
manifold with concurrent vector field. In section 4, we study the generic semi-
invariant product admitting a Ricci soliton of the ambient manifold. Also, we give
a characterization for a generic submanifold of Sasakian manifold to be a gradient
Ricci soliton.

2. Preliminaries

We shall give a brief review of several fundamental notions and formulas of
submanifolds of Sasakian manifolds from [7], [5], [8] and [30], for later using.
Let (ϕ, ξ, η, g) be an almost contact metric structure on a (2n+ 1)− dimensional

almost contact metric manifold M̃ such that ϕ is a tensor field of type (1, 1), ξ is
a vector field (called the characteristic vector field) of type (0, 1), 1− form η is a
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tensor field of type (1, 0) on M̃ and the Riemannian metric g satisfies the following
relations :

ϕ2X = −X + η(X)ξ, η(ξ) = 1, ϕξ = 0, η ◦ ϕ = 0, η(X) = g(X, ξ) (2)

and
g(ϕX, φY ) = g(X,Y )− η(X)η(Y ), g(ϕX, Y ) = −g(X,ϕY ) (3)

for all vector fields X,Y tangent to M̃ .
An almost contact metric manifold (M̃, ϕ, ξ, η, g) is said to be a Sasakian mani-

fold if and only if the following condition is satisfied

(∇̃Xϕ)Y = g(X,Y )ξ − η(Y )X, (4)

where ∇̃ is the Levi-Civita connection on M̃ with respect to the Riemannian metric
g, for any X,Y ∈ Γ(TM̃). From (4), for a Sasakian manifold we also have

∇̃Xξ = −ϕX. (5)

Let M be isometrically immersed submanifold of Sasakian manifold M̃ . For any
X,Y ∈ Γ(TM), one has

∇̃XY = ∇XY + h(X,Y ), (6)

where ∇̃ and∇ denote the Levi-Civita connections of M̃ andM , respectively. Then,
the equality (6) is called the Gauss formula and h is called the second fundamental
form of M . Similarly, for any U ∈ Γ(TM) and V ∈ Γ(TM⊥), we have

∇̃UV = −AV U +∇⊥UV, (7)

where AV and ∇⊥ denote the shape operator and the normal connection of M
in the ambient space M̃ , respectively. It is well known that the relation between
second fundamental form h and the shape operator AV are given by

g(AVX,Y ) = g(h(X,Y ), V ) (8)

for any X,Y ∈ Γ(TM). Here, we denote by the same symbol g the Riemannian
metric induced by g on M̃ .
Now, we recall some from definitions from ([7], ([6], [9]) as follows:
A smooth vector field v on a Riemannian manifold (M̃, g) is said to define con-

current if it satisfies
∇̃Xv = X,

where ∇̃ is the Levi-Civita connection on M̃ , for any X ∈ Γ(TM̃). Moreover, the
best known example of Riemannian manifolds endowed with concurrent vector field
is the Euclidean space with concurrent vector field given by its position vector field
v with respect to origin.
Let M be a real (2m + 1)− dimensional submanifold of Sasakian manifold M̃

such that ξ is tangent to M . Then, M is called a semi-invariant submanifold of M̃ ,
if there exists two differentiable distributions D and D⊥ on M satisfying
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i) the distribution D is invariant by ϕ, that is, ϕ(Dx) = Dx,
ii) the distribution D⊥ is anti-invariant by ϕ, that is, ϕ(D⊥x ) ⊂ TxM⊥,

for each x ∈M .
We put dimM̃ = m, dimM = n, dimD = p and dimD⊥ = q. If m − n = q is

satisfied, then the submanifold M is called a generic submanifold of M̃ .
Let M be a semi-invariant submanifold of Sasakian manifold M̃ . By using the

definition of semi-invariant submanifold, the tangent bundle and normal bundle of
a semi-invariant submanifold M have the orthogonal decompositions

TM = D ⊕D⊥ ⊕ {ξ}, TM⊥ = ϕ(D⊥)⊕ µ, ϕ(µ) = µ, (9)

where µ is the complementary subbundle orthogonal to ϕ(D⊥) in Γ(TM⊥) and {ξ}
is the 1-dimensional distribution which is spanned by ξ. Also, if the distributions
D ⊕ ξ and D⊥ are totally geodesic in M , then the submanifold M is called a
semi-invariant product.
Furthermore, on a semi-invariant submanifold M of Sasakian manifold M̃ , the

following properties are equivalent to each other:
i) M is a semi-invariant product;
ii) the fundamental tensor of Weingarten satisfy

Aϕ(Z)X = 0, (10)

iii) the second fundamental form of M satisfies

h(Y, ϕ(X)) = ϕh(Y,X), (11)

for any X ∈ Γ(D), Z ∈ Γ(D⊥) and Y ∈ Γ(TM).
Additionaly, a semi-invariant product is called a generic semi-invariant product

if m− n = q is satisfied. Then, we have µ = {0} in (9), thus we have the following
decomposition

TM = D ⊕D⊥ ⊕ {ξ}, TM⊥ = ϕ(D⊥). (12)

For a generic semi-invariant product, from (12), we can write

v = v> + v⊥ + ϕ(v⊥) + fξ, (13)

where v ∈ Γ(TM̃), v> ∈ Γ(D) and v⊥ ∈ Γ(D⊥). Throughout this paper, we assume
that the function f is a constant.
Let M be a semi-invariant submanifold of Sasakian manifold M̃ . The semi-

invariant submanifold M is called D− geodesic, if it satisfies

h(X,Y ) = 0 (14)

for any X,Y ∈ Γ(D). Similarly, for any X,Y ∈ Γ(D⊥), if the relation (14) is
satisfied on M , then the semi-invariant submanifold is called D⊥− geodesic. Fur-
thermore, for any X ∈ Γ(D), Y ∈ Γ(D⊥) if the relation (14) is satisfied on M , then
the semi-invariant submanifold is called (D,D⊥)− geodesic or mixed geodesic.
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On the other hand, the distribution D is said to be parallel with respect to ∇̃,
if it satisfies

∇̃XY ∈ Γ(D),

where ∇̃ denotes a Levi-Civita connection of M̃ , for anyX ∈ Γ(TM̃) and Y ∈ Γ(D).

3. Generic Submanifolds of Sasakian Manifolds with Concurrent
Vector Field

In this section, we deal with the generic semi-invariant product and the generic
submanifold in a Sasakian manifold with concurrent vector field.
We suppose that the function f in the equation (13) is not equal to zero for the

following theorem.

Theorem 1. Let M be a generic submanifold of a Sasakian manifold M̃ endowed
with a concurrent vector field v. If the submanifold M is D−geodesic, then vector
field v> on the invariant distribution D is never concurrent.

Proof. Since v is a concurrent vector field on M̃ and from (13), one has

∇̃Xv> + ∇̃Xv⊥ + ∇̃Xϕ(v⊥) + ∇̃X(fξ) = X (15)

for any X ∈ Γ(D). Also, from (5), (6), (7) and (15), we have

∇Xv> + h(X, v>) +∇Xv⊥ + h(X, v⊥)−Aϕ(v⊥)X +∇⊥Xϕ(v⊥)− fϕ(X) = X.

By comparing tangential and normal components of the last equation we get

h(X, v>) + h(X, v⊥) = −∇⊥Xϕ(v⊥)

and
∇Xv⊥ = X + fϕ(X) +Aϕ(v⊥)X −∇Xv>. (16)

Assume that v> is a concurrent vector field on the invariant distribution D, then
equation (16) reduces to

∇Xv⊥ = fϕ(X) +Aϕ(v⊥)X. (17)

On the other hand, for any Y ∈ Γ(TM̃), by putting Y = v in (4), one has

(∇̃Xϕ)v = g(X, v)ξ − η(v)X (18)

where
(∇̃Xϕ)v = ∇̃Xϕ(v)− ϕ(∇̃Xv). (19)

From (13), (18) and (19), we get

∇̃Xϕ(v) = g(X, v>)ξ − fX + ϕ(X).

Moreover, by virtue of (2), (3), (13) and the last equation, we have

∇̃Xϕ(v>) + ∇̃Xϕ(v⊥)− ∇̃Xv⊥ = g(X, v>)ξ − fX + ϕ(X). (20)

Using Gauss and Weingarten formulas in (20), it gives

g(X, v>)ξ − fX + ϕ(X) = ∇Xϕ(v>) + h(X,ϕ(v>))−Aϕ(v⊥)X
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+∇⊥Xϕ(v⊥)−∇Xv⊥ − h(X, v⊥).

From the above equation, we have

∇⊥Xϕ(v⊥) = h(X,ϕ(v>))− h(X, v⊥)

and
∇Xϕ(v>)−Aϕ(v⊥)X −∇Xv⊥ = g(X, v>)ξ − fX + ϕ(X). (21)

Similarly, if we take Y = v> in relation (4), we get

∇̃Xϕ(v>)− ϕ(∇̃Xv>) = g(X, v>)ξ.

SinceM is D−geodesic, using Gauss and Weingarten formulas in the last equation,
we have

∇Xϕ(v>) = g(X, v>)ξ + ϕ(X). (22)

If we use the equalities (17), (21) and (22), we get

Aϕ(v⊥)X =
1

2
f(X − ϕ(X)). (23)

From (8) and (23), one has

g(h(X,Y ), ϕ(v⊥)) =
1

2
fg(X,Y )− 1

2
fg(ϕ(X), Y ) (24)

for any Y ∈ Γ(D). Interchanging the roles of X and Y in (24) we have

g(h(Y,X), ϕ(v⊥)) =
1

2
fg(Y,X)− 1

2
fg(ϕ(Y ), X). (25)

Then, making use of (24) and (25) yields

g(h(X,Y ), ϕ(v⊥)) =
1

2
fg(X,Y )

is obtained. Since M is a generic semi-invariant, we have a contradiction. Thus, a
vector field v> on the invariant distribution D is never concurrent. �

Theorem 2. Let M be a generic semi-invariant product of a Sasakian manifold
M̃ endowed with a concurrent vector field v such that v = v> + v⊥ + ϕ(v⊥) + fξ.
If the following conditions hold, then vector field v> is concurrent on the invariant
distribution D.
i) The function f vanishes identically.
ii) ∇Xv> ∈ Γ(D), for any X ∈ Γ(D).

Proof. Using the equalities (5), (6), (7), (10) and (15), we have

∇Xv> + h(X, v>) +∇Xv⊥ + h(X, v⊥) +∇⊥Xϕ(v⊥)− fϕ(X) = X

for any X ∈ Γ(D). From the above equation, we get

∇Xv⊥ +∇Xv> −X − fϕ(X) = 0 (26)

and
h(X, v⊥) + h(X, v>) +∇⊥Xϕ(v⊥) = 0.
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On the other hand, if we use the equalities (13), (18) and (19), we have

∇̃Xϕ(v) = g(X, v>)ξ − fX + ϕ(X).

Also, with the help of (2), (3), (13) and the last equation we find that

∇̃Xϕ(v>) + ∇̃Xϕ(v⊥)− ∇̃Xv⊥ = g(X, v>)ξ − fX + ϕ(X). (27)

Using Gauss and Weingarten formulas in (27) and from (10),

g(X, v>)ξ − fX + ϕ(X) = ∇Xϕ(v>) + h(X,ϕ(v>)) +∇⊥Xϕ(v⊥)

−∇Xv⊥ − h(X, v⊥)

is obtained. From the tangential and normal components of above equation, we
have

∇Xϕ(v>)−∇Xv⊥ = g(X, v>)ξ − fX + ϕ(X) (28)
and

h(X,ϕ(v>)) + h(X, v⊥) = −∇⊥Xϕ(v⊥).

On the other hand, choosing Y = v> in (4), one has

∇̃Xϕ(v>)− ϕ(∇̃Xv>) = g(X, v>)ξ.

If we use (5), (6), (7) and (11) in last equation, we get

∇Xϕ(v>) = g(X, v>)ξ + ϕ(∇Xv>). (29)

From (26), (28) and (29), we have

∇Xv> + ϕ(∇Xv>) = (1− f)X + (1 + f)ϕ(X). (30)

Applying ϕ on both sides of (30), we obtain

ϕ(∇Xv>)−∇Xv> + η(∇Xv>)ξ = (1− f)ϕ(X)− (1 + f)X. (31)

Subtracting (31) from (30), one can easily see that

∇Xv> = X + fϕ(X) +
1

2
η(∇Xv>)ξ. (32)

Taking f = 0 in (32) and from (2), we have the requested result. This completes
the proof. �
An example for generic submanifold of Sasakian manifold endowed with a con-

current vector field is given as follows:

Example 3. Let Cm+1 be a complex (m+1)−dimensional number space and Sm(r)
be an m−dimensional sphere with radius r. We consider an odd-dimensional unit
sphere S2m+1 in Cm+1. Then, S2m+1 admits a Sasakian structure (ϕ, ξ, η, g). Let
v be a position vector representing a point of S2m+1 in Cm+1. Then, v is also a
concurrent vector field on S2m+1 and the structure vector field of S2m+1 is given by
ξ = Jv, J denoting the almost complex structure of Cm+1 which satisfies J2 = −I.
We consider the orthogonal projection

π : Tx(Cm + 1)→ Tx(S2m+1)
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and put ϕ = π ◦ J . Hence, we have ϕX = JX + η(X)v, for any vector field X
tangent to S2m+1. We consider the following immersion:

Sm1

(√
m1/n

)
× ...× Smk

(√
m1/n

)
→ Sn+k−1, n =

k∑
i=1

mi.

We suppose that m1, ...,m1 are odd. Hence, n + k − 1 is also odd. Let vi be a

point of Smi

(√
mi/n

)
on Rmi+1 = C(mi+1)/2. Smi

(√
mi/n

)
is a real hyper-

surface of C(mi+1)/2 with unit normal
√
n/mivi. Thus, v = (v1, ..., vk) is a unit

vector in Rn+k = C(n+k)/2. This defines a minimal immersion of Mm1,...,mk
=∏

Smi

(√
mi/n

)
into Sn+k−1. This shows that Mm1,...,mk

is a generic submani-

fold of a Sasakian manifold Sn+k−1 endowed with a concurrent vector field v (for
more details, see [29]).

4. Ricci Solitons in Generic Submanifolds

In this section, we deal with the generic submanifolds admitting a Ricci soliton
in a Sasakian manifold with concurrent vector field.

Lemma 4. Let M be a generic submanifold admitting a Ricci soliton of Sasakian
manifold M̃ endowed with a concurrent vector field v. Then, the Ricci tensor SD
of the invariant distribution D is given by

SD(X,Y ) = −
{

(λ+ 1)g(X,Y ) + g(h(X,Y ), ϕ(v⊥)) +
1

2
g(v⊥,∇XY +∇YX)

}
,

where ∇ is the Levi-civita connection on M , for any X,Y ∈ Γ(D).

Proof. It follows from the definition of the Lie-derivative, one has

(£v>g)(X,Y ) = g(∇Xv>, Y ) + g(∇Y v>, X). (33)

Using (16) in (33), then we have

(£v>g)(X,Y ) = 2g(X,Y ) + 2g(h(X,Y ), ϕ(v⊥))− g(∇Xv⊥, Y )

−g(∇Y v⊥, X). (34)

On the other hand, since M is a generic submanifold, it follows

g(v⊥,∇XY ) = −g(∇Xv⊥, Y ) (35)

and
g(v⊥,∇YX) = −g(∇Y v⊥, X). (36)

Again, since the generic submanifold M admits a Ricci soliton and using the fact
that (1), one can see that

(£v>g)(X,Y ) + 2SD(X,Y ) + 2λg(X,Y ) = 0. (37)
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From the equalities (34)-(37), the Ricci tensor of the invariant distribution D

SD(X,Y ) = −
{

(λ+ 1)g(X,Y ) + g(h(X,Y ), ϕ(v⊥)) +
1

2
g(v⊥,∇XY +∇YX)

}
,

is found, which is desired form. �
The proof of the next lemma is similar to Lemma 4.

Lemma 5. Let M be a generic submanifold admitting a Ricci soliton of Sasakian
manifold M̃ endowed with a concurrent vector field v. Then, the Ricci tensor SD⊥

of the anti-invariant distribution D⊥ is given by

SD⊥(X,Y ) = −
{

(λ+ 1)g(X,Y ) + g(h(X,Y ), ϕ(v⊥)) +
1

2
g(v>,∇XY +∇YX)

}
,

where ∇ is the Levi-civita connection on M , for any X,Y ∈ Γ(D⊥).

As a result of Lemma 4 and Lemma 5 , we have the following theorems:

Theorem 6. Let M be a generic submanifold admitting a Ricci soliton of Sasakian
manifold M̃ endowed with a concurrent vector field v. If the invariant distribution
D is D−parallel, then the invariant distribution D is an Einstein.

Theorem 7. Let M be a generic submanifold admitting a Ricci soliton of Sasakian
manifold M̃ endowed with a concurrent vector field v. If the anti-invariant distrib-
ution D⊥ is D⊥−parallel, then the anti-invariant distribution D⊥ is an Einstein.

Next, using the Theorem 2, we have the following.

Theorem 8. LetM be a generic semi-invariant product admitting a Ricci soliton of
Sasakian manifold M̃ endowed with a concurrent vector field v. Then, the followings
are satisfied:
i) The vector field v> is a conformal Killing on D.
ii) The invariant distribution D is an Einstein.

Proof. From the definition of the Lie-derivative, we have

(£v>g)(X,Y ) = g(∇Xv>, Y ) + g(∇Y v>, X). (38)

From (3), (32) and (38), one has

(£v>g)(X,Y ) = 2g(X,Y ) (39)

which implies (i).
On the other hand, sinceM is a generic semi-invariant product admitting a Ricci

soliton and from (1), we get

(£v>g)(X,Y ) + SD(X,Y ) + 2λg(X,Y ) = 0. (40)

Using (38), (39), and (40), the Ricci tensor of the invariant distribution D,

SD(X,Y ) = −(λ+ 1)g(X,Y )

is found, which proves (ii). �
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The next lemma gives us a characterization for a generic submanifold to be a
gradient Ricci soliton.

Lemma 9. Let M be a generic submanifold admitting a Ricci soliton of Sasakian
manifold M̃ endowed with a concurrent vector field v. Then, we have

∇φ = −Aϕ(v⊥)(v> + v⊥), (41)

v> = ∇γ, (42)

where φ =
1

2
g(ϕ(v⊥), ϕ(v⊥)), γ =

1

2
g(v, v) and ∇γ denotes the gradient of the

function γ.

Proof. By comparing tangential and normal components of (15), we have

∇⊥Xϕ(v⊥) = −h(X, v> + v⊥), (43)

for any X ∈ Γ(D). Then, using the equation (43) one has

Xφ = g(∇̃Xϕ(v⊥), ϕ(v⊥))

= g(∇⊥Xϕ(v⊥), ϕ(v⊥))

= g(−Aϕ(v⊥)(v> + v⊥), X),

which implies (41). Since v is a concurrent vector field on M̃ , the equation (42)
follows from

Xγ = g(∇̃Xv, v) = g(X, v) = g(X, v>).

�
The next result is an immediate consequence of the Lemma 9.

Corollary 10. Every Ricci soliton on the invariant distribution D of generic
submanifold M of M̃ is a gradient Ricci soliton with the potential function γ =
1

2
g(v, v).
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