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Abstract

In this paper we study three-dimensional quasi-Sasakian manifolds admitting the Schouten-
van Kampen connection. Also, we study D-homothetic deformations on three-dimensional
quasi-Sasakian manifolds admitting Schouten-van connection and projectively flat three-
dimensional quasi-Sasakian manifolds admitting scv connection.

1. Introduction

An important class of almost contact metric (shortly a.c.m.) manifolds is the class consisting of those which are normal. However, the
curvature nature of such manifolds is not known in general, except for Sasakian or cosymplectic manifolds. If the almost contact structure
(shortly a.c.s.) is normal and the fundamental 2-form is closed then the manifold M is called a quasi-Sasakian manifold (shortly q.S.).
First examples of q.S. manifolds were given by D. E. Blair [1]. Also, some remarks on q.S. structures given by S. Tanno [2]. Then, on a
three-dimensional q.S. manifold the structure function γ was introduced by Z. Olszak [3].
The Schouten-van Kampen connection (shortly S.K.con.) has been introduced of non-holomorphic manifolds. Then the S.K.con. was
applied to a.c.m. structure by Z. Olszak and he characterized some classes of a.c.m manifolds [4]. Also, A. Yildiz studied three-dimensional
f -Kenmotsu manifolds according to this connection [5].
In the present paper, we study three-dimensional q.S. manifolds with a Dα -homothetic deformation admitting the S.K.con..

2. Preliminaries

Let ϕ is (1,1)-type tensor field, ξ is a locally defined vector field tangent to M and η is a 1-form on M. Then M(ϕ,ξ ,η ,g) is called an
a.c.m. manifold whose elementary properties are [6]-[8]

ϕ
2 =−I +η⊗ξ , η(ξ ) = 1,

g(ϕU,ϕV ) = g(U,V )−η(U)η(V ).

ϕξ = 0, η ◦ϕ = 0, η(U) = g(U,ξ ).

The fundamental 2-form θ is defined by

θ(U,V ) = g(U,ϕV ).

Thus θ(U,ξ ) = 0, for U ∈ T M. If the a.c.s. (ϕ,ξ ,η) is normal, i.e., [ϕ,ϕ](U,U)+dη(U,V )ξ = 0 and the fundamental 2-form θ is closed,
i.e. dθ = 0, then M is called a q.S. manifold. An a.c.m. manifold M is a three-dimensional q.S. manifold if and only if [9]

∇U ξ =−γϕU, (2.1)
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for a function γ on M satisfying ξ γ = 0. Also if γ = 0 then a q.S. manifold is a cosymplectic manifold [10], the converse is true. From (2.1),
we have [9]

(∇U ϕ)V = γ{g(U,V )ξ −η(U)V}. (2.2)

Again from (2.1) and (2.2), we get

R(U,V )ξ =−U [γ]ϕV +V [γ]ϕU + γ
2{η(V )U−η(U)V}.

Using (2.1) and (2.2), we obtain

R(U,ξ )ξ = γ
2{U−η(U)ξ},

and

R(U,ξ )V =−U [γ]ϕV − γ
2{g(U,V )ξ −η(V )U}.

In a three-dimensional Riemannian manifold, the curvature tensor is written

R(U,V )W = g(V,W )QU−g(U,W )QV +S(V,W )U−S(U,W )V − r
2
{g(V,W )U−g(U,W )V}.

Let M be a three-dimensional q.S. manifold. The Ricci tensor S of M is

S(V,W ) = (
r
2
− γ

2)g(V,W )+(3γ
2− r

2
)η(V )η(W )−η(V )dγ(ϕW )−η(W )dγ(ϕV ). (2.3)

From (2.3), we get

QV = (
r
2
− γ

2)V +(3γ
2− r

2
)η(V )ξ +η(V )(ϕ gradγ)−dγ(ϕV )ξ ,

where dγ(V ) = g(gradγ,V ). Again from (2.3), we obtain

S(U,ξ ) = 2γ
2
η(U)−dγ(ϕU).

As a consequence of (2.1), we have

(∇U η)W = g(∇U ξ ,W ) =−γg(ϕU,V ). (2.4)

3. Three-dimensional q.S. manifolds admitting S.K.con.

For an a.c.m. manifold M, the S.K.con. ∇̃ is given by [4]

∇̃UV = ∇UV −η(V )∇U ξ +(∇U η)(V )ξ . (3.1)

Let M3 be a q.S. manifold. Then using (3.1), we have

∇̃UV = ∇UV + γη(V )ϕU + γg(U,ϕV )ξ . (3.2)

Now we put equation (3.1) in the definition of the Riemannian curvature tensor, we can write

R̃(U,V )W = ∇̃U ∇̃VW − ∇̃V ∇̃UW − ∇̃[U,V ]W. (3.3)

Using (3.2) in (3.3), we obtain

R̃(U,V )W = ∇̃U (∇VW + γη(W )ϕV + γg(V,ϕW )ξ )

−∇̃V (∇UW + γη(W )ϕU + γg(U,ϕW )ξ ) (3.4)

−(∇[U,V ]W + γη(W )ϕ[U,V ]+ γg([U,V ],ϕW )ξ .

Again using (2.2) and (2.4) in (3.4), we have

R̃(U,V )W = R(U,V )W +U [γ]{g(V,ϕW )ξ +η(W )ϕV}
−V [γ]{g(U,ϕW )ξ +η(W )ϕU}
+γ

2{g(U,W )η(V )ξ −g(V,W )η(U)ξ +η(U)η(W )V (3.5)

−η(V )η(W )U +g(U,ϕW )ϕV −g(V,ϕW )ϕU},

which gives

g(R̃(U,V )W,Z) = g(R(U,V )W,Z)

+U [γ]{g(V,ϕW )η(Z)+g(ϕV,Z)η(W )}
−Y [γ]{g(U,ϕW )η(Z)+g(ϕU,Z)η(W )} (3.6)

+γ
2{g(U,W )η(V )η(Z)−g(V,W )η(U)η(Z)

+g(V,Z)η(U)η(W )−g(U,Z)η(V )η(W )

+g(U,ϕW )g(ϕV,Z)−g(V,ϕW )g(ϕU,Z)}.
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Putting U = Z = ei ,{i = 1,2,3}, in (3.6), we get

S̃(V,W ) = S(V,W )+(ϕV )[γ]η(W )−2γ
2
η(V )η(W ). (3.7)

From (3.7), we have

Q̃V = QV +(ϕV )[γ]ξ −2γ
2
η(V )ξ .

Again putting V =W = ei in (3.7), then we obtain

r̃ = r−2γ
2,

From (3.5) and (3.6), we have

R̃(U,V )W + R̃(V,U)W = 0,

g(R̃(U,V )W,Z)+g(R̃(U,V )Z,W ) = 0.

and

R̃(U,V )W + R̃(V,W )U + R̃(W,U)V = U [γ]{2g(V,ϕW )ξ +η(W )ϕV −η(V )ϕW}
+V [γ]{2g(W,ϕU)ξ +η(U)ϕW −η(W )ϕU}
+W [γ]{2g(U,ϕV )ξ +η(V )ϕU−η(U)ϕV}.

If γ is a constant, then we have

R̃(U,V )W + R̃(V,W )U + R̃(W,U)V = 0.

4. Three-dimensional q.S. manifolds and Dα -homothetic deformations

In this section, we study a Dα -homothetic deformation on a q.S. manifold M3.
For a (2n+ 1)-dimensional a.c.m. manifold (M, ϕ,ξ ,η ,g) if η = 0, then there is an 2n-dimensional distribution Dα on M. Also an
2n-dimensional homothetic deformation or a Dα -homothetic deformation is defined by

η
α = αη , ξ

α =
1
α

ξ , ϕ
α = ϕ, (4.1)

gα = αg+α(α−1)η⊗η ,

where α = constant > 0. If (M, ϕ,ξ ,η ,g) is an a.c.m. structure then (M, ϕα ,ξ α ,ηα ,gα ) is also an a.c.m. structure [2].
Now we have the followings:

Lemma 4.1. Let M3 be a q.S. manifold admitting a Dα -homothetic deformation. Then

∇
α
UV = ∇UV − (α−1)γ{η(U)ϕV +η(V )ϕU}. (4.2)

Proof. From Kozsul’s formula, we have

2gα (∇α
UV,W ) = Ugα (V,W )+V gα (U,W )−Wgα (U,V )−gα (U, [V,W ])−gα (V, [U,W ])+gα (W, [U,V ]),

for any vector fields U,V,W. From (4.1), we obtain

2{αg(∇α
UV,W )+α(α−1)η(∇α

UV )η(W )} = U{αg(V,W )+α(α−1)η(U)η(W )}
+V{αg(U,W )+α(α−1)η(U)η(W )}
−W{αg(U,V )+α(α−1)η(U)η(V )}
−α{g(U, [V,W ])+(α−1)η(U)η([V,W ])}
−α{g(V, [U,W ])+(α−1)η(V )η([U,W ])}
+α{g(W, [U,V ])+(α−1)η(W )η([U,V ])}.

After some calculations, we get

2{αg(∇α
UV,W )+α(α−1)η(∇α

UV )η(W )} = α{g(∇UV,W )+g(V,∇UW )}
+α(α−1){U(η(V )η(W ))+V (η(U)η(W ))

−W (η(U)η(V ))−η(U)η(∇VW )+η(U)η(∇WV )

−η(V )η(∇UW )+η(V )η(∇WU)

+η(W )η(∇UV )−η(W )η(∇VU)}.

Thus we have

2{αg(∇α
UV,W )+α(α−1)η(∇α

UV )η(W )} = 2αg(∇UV,W )+2a(a−1)η(∇UV )η(W )

+a(a−1){g(V,∇U ξ )η(W )+g(W,∇U ξ )η(V ) (4.3)

+g(U,∇V ξ )η(W )+g(W,∇V ξ )η(U)

−g(U,∇W ξ )η(V )−g(V,∇W ξ )η(U)}.
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Using (2.1) in (4.3), we get

2{αg(∇α
UV,W )+α(α−1)η(∇α

UV )η(W )} = 2αg(∇UV,W )+2a(a−1)η(∇UV )η(W )

−α(α−1)γ{g(V,ϕU)η(W )+g(W,ϕU)η(V )

+g(ϕV,U)η(W )+g(W,ϕV )η(U)

−g(U,ϕW )η(V )−g(V,ϕW )η(U)}.

After some calculations, we obtain

g(∇α
UV,W )+(α−1)η(∇α

UV )η(W ) = g(∇UV,W )+(α−1)η(∇UV )η(W )− (α−1)γ{g(W,ϕU)η(V )+g(W,ϕV )η(U)},

which implies (4.2).

Proposition 4.2. Let M3 be a q.S. manifold with a Da-homothetic deformation. Then

Rα (U,V )W = R(U,V )W

−(α−1)U [γ]{η(V )ϕW +η(W )ϕV}
+(α−1)V [γ]{η(U)ϕW +η(W )ϕU}
−(α−1)γ2{η(U)η(W )V −η(V )η(W )U}
+(α−1)γ2{g(V,W )η(U)ξ −g(U,W )η(V )ξ (4.4)

−2η(U)η(W )V +2η(V )η(W )U−2g(U,ϕV )ϕW

−g(U,ϕW )ϕV +g(V,ϕW )ϕU}.

Proof. The definition of the Riemannian curvature tensor, we can write

Rα (U,V )W = ∇
α
U ∇

α
V W −∇

α
V ∇

α
UW −∇

α

[U,V ]W. (4.5)

Using (4.2) in (4.5) and after long calculations, we have

Rα (U,V )W = R(U,V )W

−(α−1)γ[η(U)ϕ∇VW −η(U)∇V ϕW −η(V )ϕ∇UW

+η(V )∇U ϕW −η(W )ϕ∇UV +η(W )∇U ϕV

+η(W )ϕ∇VU−η(W )∇V ϕU (4.6)

+aγ{2g(U,ϕV )ϕW +g(U,ϕW )ϕV −g(V,ϕW )ϕU}
+(α−1)γ{η(U)η(W )V −η(V )η(W )U}]
−(α−1){(U(γ))(η(V )ϕW +η(W )ϕV )

−(V (γ))(η(U)ϕW +η(W )ϕU)}.

Using (2.2) in (4.6), we obtain (4.4).

From (4.4), we have

Rα (U,V )W +Rα (V,U)W = 0,

and

Rα (U,V )W +Rα (V,W )U +Rα (W,U)V = 0.

5. Dα -homothetic deformations on three-dimensional q.S. manifolds admitting the S.K.con.

In this section, we study how a Dα -homothetic deformation affects a three-dimensional q.S. manifold M admitting the S.K.con..

Lemma 5.1. Let M3 be a q.S. manifold with a Dα -homothetic deformation admitting the S.K.con.. Then

∇̃
α
UV = ∇UV − (α−1)γη(U)ϕV + γη(V )ϕU + γg(U,ϕV )ξ . (5.1)

Proof. Using (3.1) and (4.2), we obtain

∇̃
α
UV = ∇UV − γη

α (V )ϕαU + γgα (U,ϕV )ξ α

= ∇UV − (α−1)γ{η(U)ϕV +η(V )ϕU}− γαη(V )ϕU

+γ[g(U,ϕV )+(α−1)η(U)η(ϕV )]ξ

= ∇UV − (α−1)γη(U)ϕV + γη(V )ϕU + γg(U,ϕV )ξ .
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Proposition 5.2. Let M3 be a q.S. manifold with a Dα -homothetic deformation admitting the S.K.con.. Then

R̃α (U,V )W = R(U,V )W

+U [γ]{g(V,ϕW )ξ +η(W )ϕV − (α−1)η(V )ϕW}
−V [γ]{g(U,ϕW )ξ +η(W )ϕU− (α−1)η(U)ϕW} (5.2)

+γ
2{g(U,W )η(V )ξ −g(V,W )η(U)ξ +g(U,ϕW )ϕV

−g(V,ϕW )ϕU +η(U)η(W )V −η(V )η(W )U}
−2(α−1)γ2g(U,ϕV )ϕW.

Proof. Using (4.1), (3.5) and (4.4), we have

R̃α (U,V )W = Rα (U,V )W +U [γ]{gα (V,ϕαW )ξ α +η
α (W )ϕαV}

−V [γ]{gα (U,ϕαW )ξ α +η
α (W )ϕαU}

+γ
2{gα (U,W )ηα (V )ξ α −gα (V,W )ηα (U)ξ α (5.3)

+η
α (U)ηα (W )V −η

α (V )ηα (W )U

+gα (U,ϕαW )ϕαV −gα (V,ϕαW )ϕαU}.

Using (4.2) in (5.3), we obtain (5.2).

Now taking the inner product with Z and putting V =W = ei, {i = 1,2,3}, in (5.2), we get

S̃α (U,Z) = S(U,Z)+(ϕU)[γ]η(Z)+(α−1)(ϕZ)[γ]η(U)−2γ
2
η(U)η(Z). (5.4)

If we use (2.3) in (5.4), we have

S̃α (U,Z) = (
r
2
− γ

2)g(U,Z)+(3γ
2− r

2
)η(U)η(Z)

−(ϕU)[γ]η(Z)− (ϕZ)[γ]η(U)

+(ϕU)[γ]η(Z)+(α−1)(ϕZ)[γ]η(U)

−2γ
2
η(U)η(Z),

i.e.,

S̃α (U,Z) = (
r
2
− γ

2){g(U,Z)−η(U)η(Z)}+(α−2)(ϕZ)[γ]η(U).

Also we take U = Z = ei in (5.4), we get

r̃α = r−2γ
2.

6. Main result

In this section, we study a projectively flat q.S. manifold M3 with a Dα -homothetic deformation admitting the S.K.con..
In a q.S. manifold M3 with a Dα -homothetic deformation admitting the S.K.con. ∇̃a, the projective curvature tensor P̃a is given by

P̃α (U,V )W = R̃α (U,V )W − 1
2
{S̃α (V,W )U− S̃α (U,W )V}.

Now let M3 be a projectively flat q.S. manifold with a Dα -homothetic deformation admitting the S.K.con. ∇̃a (i.e. P̃a = 0). Then we have

R̃α (U,V )W =
1
2
{S̃α (V,W )U− S̃α (U,W )V}. (6.1)

Using (5.2) and (5.4) in (6.1), we get

R(U,V )W

+U [γ]{g(V,ϕW )ξ +η(W )ϕV − (α−1)η(V )ϕW}
−V [γ]{g(U,ϕW )ξ +η(W )ϕU− (α−1)η(U)ϕW}
+γ

2{g(U,W )η(V )ξ −g(V,W )η(U)ξ +g(U,ϕW )ϕV

−g(V,ϕW )ϕU +η(U)η(W )V −η(V )η(W )U}
+2(α−1)γ2g(U,ϕV )ϕW

=
1
2
[S(V,W )U +(ϕV )[γ]η(W )U +(α−1)(ϕW )[γ]η(V )U

−2γ
2
η(V )η(W )U−S(U,W )V − (ϕU)[γ]η(W )V

−(α−1)(ϕW )[γ]η(U)V +2γ
2
η(U)η(W )W ],
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which gives

g(R(U,V )W,Z)

+U [γ]{g(V,ϕW )η(Z)+η(W )g(ϕV,Z)− (α−1)η(V )g(ϕW,Z)}
−V [γ]{g(U,ϕW )η(Z)+η(W )g(ϕU,Z)− (α−1)η(U)g(ϕW,Z)}
+γ

2{g(U,W )η(V )η(Z)−g(V,W )η(U)η(Z)+g(U,ϕW )g(ϕV,Z)

−g(V,ϕW )g(ϕU,Z)+η(U)η(W )g(V,Z)−η(V )η(W )g(U,Z)} (6.2)

+2(α−1)γ2g(U,ϕV )g(ϕW,Z)

=
1
2
[S(V,W )g(U,Z)+(ϕV )[γ]η(W )g(U,Z)

+(α−1)(ϕW )[γ]η(V )g(U,Z)−2γ
2
η(V )η(W )g(U,Z)

−S(U,W )g(V,Z)− (ϕU)[γ]η(W )g(V,Z)

−(α−1)(ϕW )[γ]η(U)g(V,Z)+2γ
2
η(U)η(W )g(V,Z)].

Putting U = Z = ξ in (6.2), we have

S(V,W ) = 2γ
2
η(V )η(W )− (ϕW )[γ]η(V )− (ϕV )[γ]η(W ). (6.3)

If we put (6.3) in (5.4), we get

S̃α (V,W ) = (α−2)(ϕW )[γ]η(V ). (6.4)

Clearly, if γ is a constant or α = 2, then from (6.4), we have S̃α = 0. If S̃α = 0, then from (6.1), we get R̃α = 0. Conversely if R̃α = 0 then
we have S̃α = 0 and from (6.4) we obtain γ is a constant or α = 2.
Thus the above discussion leads us to state the following:

Theorem 6.1. Let M3 be a projectively flat q.S. manifold with a Dα -homothetic deformation admitting the S.K.con.. Then the followings
hold: (i) γ is a constant or α = 2. (ii) The manifold M is a Ricci-flat manifold, (iii) The manifold M is a flat manifold.

7. Example

In this section, we give an example of three-dimensional q.S. manifolds with a Dα -homothetic deformation admitting the S.K.con..
Let M = {(x,y,z) ∈ℜ3 : x 6= 0} be a three-dimensional manifold, where (x,y,z) are standard coordinates in ℜ3and {ẽ1, ẽ2, ẽ3} be linearly
independent global frame on M is given by

ẽ1 = 2
∂

∂y
, ẽ2 = 2

∂

∂x
−4

∂

∂y
+ y

∂

∂ z
, ẽ3 =

∂

∂ z
.

Let g be the Riemannian metric, η be the 1-form and ϕ be the (1,1)-type tensor field given by

g(ẽ1, ẽ3) = g(ẽ1, ẽ2) = g(ẽ2, ẽ3) = 0, (7.1)

g(ẽ1,e1) = g(ẽ2, ẽ2) = g(ẽ3, ẽ3) = 1,

η(W ) = g(W, ẽ3), (7.2)

ϕ ẽ1 = ẽ2, ϕ ẽ2 =−ẽ1, ϕ ẽ3 = 0, (7.3)

respectively. Using the linearity of ϕ and g, we have

η(ẽ3) = 1, ϕ
2W =−W +η(W )ẽ3,

and

g(ϕW,ϕZ) = g(W,Z)−η(W )η(Z).

Thus for ẽ3 = ξ , (ϕ,ξ ,η ,g) defines a c.m.s. on M3. Thus we have

[ẽ1, ẽ2] = 2ẽ3, [ẽ1, ẽ3] = 0, [ẽ2, ẽ3] = 0.

Recall Koszul’s formula

2g(∇UV,W ) = Ug(V,W )+V g(U,W )−Wg(U,V )−g(U, [V,W ])−g(V, [U,W ])+g(W, [U,V ]),

Taking ẽ3 = ξ and using the above formula for Riemannian metric g, we get

∇ẽ1 ẽ3 = −ẽ2, ∇ẽ2 ẽ3 = ẽ1, ∇ẽ3 ẽ3 = 0, (7.4)

∇ẽ3 ẽ1 = −ẽ2, ∇ẽ1 ẽ2 = ẽ3, ∇ẽ2 ẽ1 =−ẽ3,

∇ẽ2 ẽ2 = 0, ∇ẽ3 ẽ2 = ẽ1, ∇ẽ1 ẽ1 = 0.
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Hence from (2.1), the manifold M3 is a q.S. manifold with γ = 1. Using (7.1), (7.2), (7.3) and (7.4) in (5.1), we have Da-homothetic
deformation of the manifold M3 admitting the S.K.con. given by

∇̃
α
ẽ1

ẽ3 = 0, ∇̃
α
ẽ2

ẽ3 = 0, ∇̃
α
e3

ẽ3 = 0,

∇̃
α
ẽ3

ẽ1 = −α ẽ2, ∇̃
α
ẽ1

ẽ2 = 0, ∇̃
α
ẽ2

ẽ1 = 0, (7.5)

∇̃
α
ẽ2

ẽ2 = 0, ∇̃
α
ẽ3

ẽ2 = αe1, ∇̃
α
ẽ1

ẽ1 = 0.

Using (7.5), we obtain

R̃α (ẽ1, ẽ2)ẽ1 = 2α ẽ2, R̃α (ẽ1, ẽ2)ẽ2 =−2α ẽ2, R̃α (ẽ1, ẽ2)ẽ3 = 0,

R̃α (ẽ1, ẽ3)ẽ1 = 0, R̃α (ẽ1, ẽ3)ẽ2 = 0, R̃α (ẽ1, ẽ3)ẽ3 = 0, (7.6)

R̃α (ẽ2, ẽ3)ẽ1 = 0, R̃α (ẽ2, ẽ3)ẽ2 = 0, R̃α (ẽ2, ẽ3)ẽ3 = 0.

Thus from (7.6), the manifold M3 is a flat manifold. Since a flat manifold is a Ricci flat manifold, from the Theorem 6.1 the manifold M3 is a
projectively flat manifold.
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