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A NEW SUBCLASS OF UNIFORMLY SPIRALLIKE FUNCTIONS
WITH FIXED COEFFICIENTS

GEETHA BALACHANDAR

ABSTRACT. In this paper a new subclass of uniformly spirallike functions is
defined and several properties like coefficient estimate, closure theorems, dis-
tortion theorems, radii of starlikeness and convexity are studied.

1. INTRODUCTION AND DEFINITIONS

Let S denote the class of functions of the form f(z) = 24>, , a, 2™ which are
analytic and univalent in the open unit disc U = {z € C : |z| < 1}. Also let S* and
C denote the subclasses of S that are respectively, starlike and convex. Motivated
by certain geometric conditions, Goodman [2, 3] introduced an interesting subclass
of starlike functions called uniformly starlike functions denoted by UST and an
analogous subclass of convex functions called uniformly convex functions, denoted
by UCV. From [0, [8] we have

,zeU.

fe UCV@Re{l—i— Zf”(z)} > |2205)

f'(2) f'(2)
In [8], Ronning introduced a new class S, of starlike functions which has more
manageable properties. The classes UCV and S, were further extended by Kanas
and Wisniowska in [4, 5] as k — UCV (a) and k — ST («). The classes of uniformly
spirallike and uniformly convex spirallike were introduced by Ravichandran et al
[7]. This was further generalized in [I1] as UCSP(«, 8). In [12], Herb Silverman
introduced the subclass T' of functions of the form

flz)=2- anz", (1.1)
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which are analytic and univalent in the unit disc U. Motivated by [I3], new sub-
classes with negative coefficients UCSPT(«, 8) and SP,T(a, ) were introduced
and studied in [I0]. A function f(z) defined by (1.1) is in UCSPT («, B) if

i 2f7(2) 2f7(2)
Re{e w‘<1+ )} > + 8, (1.2)
f'(2) (2)
la| < 5,0 < B < 1. For the class UCSPT(«, 3), [10] proved the following lemma.
Lemma 1.1. A function f(z) =z =Y .-, anz" is in UCSPT (e, B) if and only if

Z(?n—cosa—,@)nan <cosa—f. (1.3)
n=2
Using (1.1]), the functions f(z) € UCSPT (v, 5) will satisfy

a (cosa — B3)
> = 2(4 = cosa — B)
The subclass UCSPT,(a, §) is the class of functions in UCSPT(«a, ) of the form

(1.4)

c(cosa —

f(z):Z*m Za" ) (1.5)

n=3
(an > 0), where 0 < ¢ < 1 was studied in [I]. When ¢ =1 we get
UCSPTi(a,B) = UCSPT (o, B).
As an extension of UCSPT,(«, ) a new class of functions k — UCSPT, (o, f) is

defined and studied in this paper. Let k — UCSPT,.(a, ) be the class of functions
of the form

B c(cosa — )
f(z)=2— ((k+1)_cosa_ Zan , (1.6)

(an, >0), where 0 <c<land 0 < k < 1.

2. COEFFICIENT ESTIMATE

Theorem 2.1. The function f(z) defined by belongs to k — UCSPT.(«, B) if
and only if

Z((k—i—l)n—cosa—ﬂ)nan < (1 —=c¢)(cosa— B). (2.1)
n=3
The result is sharp.
Proof. Taking
c(cosa — f3)
2(2(k+1) —cosa — )’
in ([L1.3) we get the required result. Also the result is sharp for the function
c(cosa — B3)z? (1 —=c)(cosax — B)z"

Jz)=z= 22(k+1) —cosa— )  n((k+ 1)n—cosa — ﬂ)’(n z3). (23)

as = 0<c<1, (2.2)
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O

Corollary 2.1.1. If f(z) defined by is in the class k — UCSPT,(«, B) then,
u (1—=¢)(cosa—P)

"~ n((k+1)n—cosa— B)

The result is sharp for the function f(z) given in .

[(n>3). (2.4)

3. CLOSURE THEOREMS

Theorem 3.1. The class k — UCSPT, (o, B) is closed under convex linear combi-
nation.

Proof. Let f(z) defined by (1.5) be in k — UCSPT.(«, 3). Now define g(z) by

B c(cosa — fB)
g(z) =z — ((k—|—1)—coso¢ 3 sz (bn, > 0). (3.1)

If f(z) and g(z) belong to k — UCSPT.(«, 5) then it is enough to prove that the
function H(z) defined by

H(z) = Af(2) + (1 = Ng(2), (0 <A< 1) (3-2)
is also in k — UCSPT.(«, ).

c(cosa — ()22 >
H(z)=z— - Ay + (1= X)byp)2" 3.3
(2) =2 22(k+1) — cosa — pB) ;(a +( o)z (3:3)
Using theorem (2.1) we get
Z((k + 1)n —cosa — B)n(Aa, + (1 — AN)by,) < (1 —¢)(cosa — B). (3.4)
n=3
Hence H(z) isin k—UCSPT (e, 5). Thus k—UCSPT.(a, f5) is closed under convex
linear combination. (]
Theorem 3.2. Let the functions
c(cos o —
fi(z) =2z— ( Zanjz (an,; > 0), (3.5)

2(2 (k—|—1)—cosa—

be in the class k = UCSPT, (o, B) for every j = 1,2,...m. Then the function F(z)
defined by

Zd fi(2), (d; > 0), (3.6)

is also in the same class k — UC’SPTC( ,B) where

idj =1. (3.7)
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Proof. Using (3.5) and in we have

B c(cosa — B)z?
F&) =2 = 3G+ 1) —cosa = 3) 23 [;d am] o (3.8)
Each f;(z) € k —UCSPT,(«,B) for j = 1,2,...m, theorem (2.1) gives
Z((kz + 1)n —cosa — B)na,,; < (1 —c)(cosa — ), (3.9)
n=3

for j =1,2,.m. Hence we get

Zn((k—i— 1)n —cosa — ) Zd‘jan,j Zd7 lz (k+1) n—cosoz—ﬁ)amj]
n=3 j=1 j=1 n=3

< (1=¢)(cosa—p).
This implies F(z) € k — UCSPT.(«, ), by theorem(2.1). O

Theorem 3.3. Let

B c(cosa — )22
fz(z)_Z_Q(Q(k+1)—cosa—ﬁ) (3.10)

and

o c(cos o — 3)22 (I —=¢)(cosa—p)2"
fulz) == 22(k+1)—cosa—pB) n((k+1)n—cosa—p)’ (3:.11)

forn = 3,4,.... Then f(2) isin k—UCSPT.(«, 3) if and only if it can be expressed
in the form

=3 Aufu(2) (3.12)
n=2
where N\, > 0and Y 02 5 Ay = 1.

Proof. First assume that f(z) can be expressed in the form(3.12). Then we have

o c(cosa — (3)z? B = (1—c)(cosa — ) n
fz)==z2 230+ 1) —cosa —5) ;n((k—i—l)n—cosa—ﬁ)/\n . (3.13)

But
o

(1 —c)(cosa — ) -
T;, n((k+1)n — cosa — B3) Ann((k+1)n —cosa — B) = (1 — ¢)(cosa — B)(1 — Az)

< (1—=c¢)(cosa — p).
(3.14)
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Hence from (2.1) it follows that f(z) € k — UCSPT.(a, ). Conversely, we assume
that f(z) defined by (1.6) is in the class k — UCSPT.(«, 3). Then by using (2.4),
we get

(1 —-c)(cosa—p)
n((k+1)n—cosa— )’ (n

Taking A\, = ”((kgi)g(;ggzo‘_;g)a,(n =3,4,..) and Ay = 1— 372 \,, we have

(3.12). Hence the proof of theorem (3.3]) is complete. O

=3,4,..).

an <

Corollary 3.3.1. The extreme points of the class k —UCSPT,.(a, B) are the func-
tions

fn(2), (n > 2) given by theorem .

4. DISTORTION THEOREMS

In order to obtain the distortion bounds for the function f(z) € k—UCSPT.(«, ),
we need the following lemmas.

Lemma 4.1. Let the function f3(2) be defined by

c(cosa — B)z? (1 —c)(cosa — B)23

falz) =z~ 22(k+1) —cosa— ) 3B(k+1)—cosa—f) (41)
Then, for0 <r <1l and0<c<1,
0 c(cosa — B)r? (1 —c)(cosa — B)r?
falre)l 27 = S5 1) —cosa—B) 360t 1) —cosa—5)° P
with equality for 8 = 0. For either 0 < c<cyp and 0 <r <rg orcg <c<1,
0 c(cos a — B)r? (1 —c)(cosa — B)r?
[ folre™)l < 7+ 22(k+1) —cosa—fB) 3@B(k+1)—cosa—f)’ (43)

with equality for 0 = w. Further, for 0 < c<cy andrg <r <1,
9c*(cosa — B)(3(k+ 1) — cosa — 3)
16(1 —¢)(2(k+1) —cosa — f5)?
2(1—c¢)
3(3(k+1) —cosa—f)
c*(cosa — B)
~ 8(2(k+1) —cosa — ﬂ)Z]
r*(1 — ¢)(cosa — 3)? (1-¢)
(3(k+1) —cosa— ) [9(3(16 +1) —cosa— )
c2(cosa — B) 1/2
+ 16(2(k+ 1) — cosa — ﬂ)2] ’

|[f3(re®)| < 7 |[1+

]

+r?(cosa — B)|
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it equality for 0 = cos” [zt st cmas] e

co = m [(12 cosa+ 105 — 25(k + 1))

+v/(12cosa + 108 — 25(k + 1))2 4 32(cos o — 5)(2(k + 1) — cosa — ﬁ)] (4.4)

and
1
e(l=c¢)(cosa— )
+/16(1 — ¢)2(2(k +1) —cosa — £)2 + 3¢2(1 — ¢)(3(k + 1) — cosa — 3)(cos a — 6)}
(4.5)

To =

[4(1 —¢)(2(k+1) —cosa — f3)

Proof. We employ the techniques used by Silverman and Silvia[I3]. Since

Al fs(re®)>  (cosa— B)r®sinf [c n 8(1—¢)(2(k+1) —cosa — B)rcosb
3(3(k+1) —cosa — )

00 ~ (2(k+1) —cosa — )
(1 —ce)r*(cosa — fB)
C33(k+1) —cosoz—ﬁ)]7 (4.6)
we see that %gw)‘? =0, for 8;=0, fs=m and
i [(ecosa—B)e(l —e)r? —3c(3(k + 1) — cosa — 3)
O = cos 8(1 —¢)(2(k+1) —cosa — B)r } ’ (47)

since 03 is a valid root only when —1 < cosf3 < 1. Hence there is a third root
if and only if 9 < r < 1 and 0 < ¢ < ¢y. Thus the results of the theorem
follow by comparing the extremal values | f3(re?*)|, (k = 1,2, 3) on the appropriate
intervals. O

Lemma 4.2. Let the function f,(z) be defined by andn > 4. Then

[ (re)] < | ful=r)- (4.8)
Proof. Since f,(z) = z— Q(Q(Cé'ff)a:cf S)Zi 5= n((l(;j)l(f:;ii‘c;@f;) and % is a decreasing

function of n, we have

i0 c(cos o — B)r? (1 —c)(cosa — B)r™
e <+ S 1) —cosa—B) T (kT D —cosa — )
c(cosa — B)r® (1—¢)(cosa — B)r*
ST @t 1) —cosa B T G —coma g 1)

which gives (4.8) . O
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Theorem 4.3. Let the function f(z) defined by (@ belong to the class k —
UCSPT.(«a,B). Then for0 <r <1,
_ 2 _ _ 3
F(rei®)| > 1 — c(cosa — B)r (A =¢)(cosa—pB)r ,
22(k4+1)—cosa—p) 33(k+1)—cosa—p)
with equality for f3(z) at z=r and
|f(re®)| < maz{maze| fs(re”)|, = fa(=1)},

where mazxg| f3(re’?)| is given by lemma 4.1.

The proof is obtained by comparing the bounds of lemma 4.1 and lemma 4.2.
Corollary 4.3.1. Let the function f(z) be defined by be in the class k —
UCSPT (o, ). Then for |z| =r < 1, we have

_ 2 _ 2
. (cosa — B)r <1f) <7+ (cosa — B)r .
2(2(k+1) —cosa — fB) 22(k+1) —cosa—f)
The result is sharp.

Corollary 4.3.2. Let the function f(z) be defined by be in the class k —
UCSPT.(«a,B). Then the disk |z| < 1 is mapped onto a domain that contains the

disk
|’LU| < 6(3(k+1)—cos a—B)(2(k+1)—cos a—f)—(cos a—fB)(4(k+1)+5¢c(k+1)—(c+2)(cos a—f))
] ] 6(2(k+1)—cosa—ﬁ_)(S(k—i—l)—cos a—pf) '

The result is sharp with the extremal function

c(cosa — B)z? (1 —c)(cosa — B)2>
f3(z)=2— — .
22(k+1)—cosa—p) 33(k+1)—cosa—p)
Proof. The result follows by letting » — 1 in theorem 4.3. (]

Lemma 4.4. Let the function f3(z) be defined by . Then for 0 <r <1 and
0<c<1,
2
el > 1 — c(cosa — B)r ~ (I—c¢)(cosa—B)r
[ fs(re™)l = (2(k+1)—cosa—pB) (B(k+1)—cosa—p)’
with equality for @ = 0. For either 0 < c<cy ando<r <ry orc; <c<1,
2
1 rei®] < 1 c(cosa — B)r (I =¢)(cosa—p)r
s (re™)l < +(2(k+1)—cosa—5) (3(k+1) —cosa—p)’
with equality for 0 = w. Further,0 <c<cy andr; <r <1,
2
ety < L[ c*(cosa— B)(3(k+1) —cosa— )
ﬁ“f)k—{{+ 1102k +1) —cosa— B

2(1 —¢) *(cosa — 3) 2

+<COS&_B)[(3(k+1) —cosa — f3) + 2(2(k+1) cosaﬂ)z}r
(1—c)(cosa — B)? (1-c) 2(cosa — B) O
+3(k+1) —cosa—ﬁ[(3(k+ 1) —cosa — f) i 42(k+1) —cosa—ﬁ)Q}r } ’
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with equality for
1 [e(@=e)(cosa — B)r? —e(3(k + 1) — cosa — B3)

6= cos 41 -c)r(2(k+1) — cosa — ) ’
where
—(11(k+1) —6cosa — 4P)
“ 2(cosa — )
V(11(k +1) —6cosa — 48)2 + 16(2(k + 1) — cosa — B)(cos a — fB)
+ 2(cosa — )
and
1

T =

e(l —c¢)(cosa — ﬁ){ —2(1—-¢)(2(k+1) —cosa—f)

+/4(1 —¢)2(2(k + 1) —cosa — )2 + c2(1 — ¢)(cosa — B)(3(k + 1) — cos a — 6)}

The proof of lemma(4.4) is given in the same way as lemma(4.1).

Theorem 4.5. Let the function f(z) defined by (1.6) be in the class k—UCSPT.(a, j3).
Then for 0 <r <1,
_ _ A2
Fre®) > 1— c(cosa — B)r (I =c)(cosa—p)r ’
(2(k+1)—cosa—pB) (B(k+1)—cosa—0)
with equality for fi(z) at z=r and

|f/(re”)| < maz{mazg | f5(re')

) féi(_r)}7
where mazy ’f?’,(rew” is given by lemma (4.4).
Remark: For ¢ =1 in theorem 4.5 we obtain:

Corollary 4.5.1. Let the function f(z) defined by (1.1) be in the class k—UCSPT (., ).
Then for |z| = r < 1, we have

(cosa — B)r
(k+1)—cosa—f’

(cosa — B)r
2k +1)—cosa—

the result is sharp.

OISR

5. RADII OF STARLIKENESS AND CONVEXITY

Theorem 5.1. Let the function f(z) defined by(1.6)) be in the class k—UCSPT.(a, ).
Then f(z) is starlike of order p(0 < p < 1) in the disc |z| < r1(a, B,¢, k, p) where
ri(a, B,¢, k, p) is the largest value for which

c(cosa— B)(2 - p)r (1 —c¢)(cosa — B)(n — p)r*—1
2(2(k+1) —cosa — f3) n((k+ 1)n — cosa — B)
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form > 3. The result is sharp with the extremal function

c(cosa — B)z? (1 —¢)(cosa — B)z"

fnlz) =2 = 22(k+1) —cosa—f) n((k+1)n—cosa—pf)’ (52)

for some n.

Proof. Tt suffices to show that

zf'(2)
-1 Sl_pv 0§P<17
for |z| < r1(a, B, ¢, k, p). Note that
( —B) 0o n_
|Zf/(z) . ‘ < % +Zn:3(”_ La,r !
- c a—pB)r 0o n—
1) 1— ol Y s anr
S 1- 12

for |z| < r if and only if

c(cosa— B)(2 - p)r
22(k+1) —cosa— )

o0
+ Z(n —papr™ <1 —p.
n=3

Since f(z) is in k — UCSPT.(«, ) from (2.1) we may take

0 — (I=c¢)(cosa— B\, (n>3),
n((k+ 1)n — cosa — B)
where A, > 0(n > 3) and Zf:s An < 1. For each fixed r, we choose the positive

integer ng = ng(r) for which % is maximal. Then it follows that

N A (1 —c¢)(cosa — fB)(ng — p)rmo—1
D (n=plart < o ((h+ Do —cosa—B)

n=3

Hence f(z) is starlike of order p in |z| < r1(a, B, ¢, k, p) provided that

clcosa— B)(2— p)r (1 —c¢)(cosa — B)(ng — p)r"e—1
2(2(k+1) —cosa — ) no((k+ 1)ng — cosa — )

We find the value ro = ro(e, 8, ¢, k, p) and the corresponding integer ng(rg) so that

c(cosa — B)(2 — p)ro (1—c¢)(coser — B)(no — p)rg° "

<1l-—p.

=1—-p.

2(2(k+1) —cosa — f) no((k + 1)ng — cosa — B) P
Then this value 7 is the radius of starlikeness of order p for functions f(z) belonging
to the class k — UCSPT.(a, B). O

We prove the following theorem concerning the radius of convexity of order p for
functions in the class k — UCSPT.(a, 3) .
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Theorem 5.2. Let the function f(z) be defined by (1.6) be in the class k —
UCSPT.(a,B). Then f(z) is convex of order p(0 < p < 1) in the disc |z| <
ro(a, B, ¢, k, p), where ro(a, B, ¢, k, p) is the largest value for which
c(cosa—B)(2—p)r (1 —c)(cosa— B)(n— p)r"1
(2(k+1) —cosa— ) ((k+1)n—cosa—f)
form > 3. The result is sharp for the function f(z) given by .

Sl_pv

6. THE cLASS kK — UCSPT,, n(a, )

We now fix finitely many coefficients instead of fixing just the second coefficients.
Let UCSPT., n(«, ) denote the class of functions in UCSPT,(c, 3) of the form

al cp(cosa — B)2" > n
f(Z) =z—= Z /8) - Z an 2 I
n=2

n(2n — cosa —
n=N+1

where 0 < Y ¢, = ¢ < 1. Note that k—UCSPT,, 5(a, 3) = k—UCSPT,(c, B).

n=2

Theorem 6.1. The extreme points of the class k — UCSPT,, n(«, ) are

al cn(cosa — fB)z"
Z_T;n((k+ 1)n —cosa — )
and
al cn(cosa — B)z" (I =c¢)(cosa— B)z"
: _7;2 n((k+1)n—cosa—pB) n((k+1)n—cosa—f)’

for n=N+1,N+2,....

The characterization of the extreme points enables us to solve the standard
extremal problems in the same manner as was done in k — UCSPT.(«, 3). The
details are omitted.
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