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for the hyperbolic Fibonacci sequence and Lorentzian inner product, cross product and
mixed product for the hyperbolic Fibonacci vectors.

1. Introduction
For the Fibonacci sequence
1,1,2,3,5,8, 13,21, 34, 55, 89, 144, 233,... |F,,...

defined by the recurrence relation

Fi=F1+F-, (n23)>
with F| = F> = 1, it is well known that the n-th term of the Fibonacci sequence (F;,) [1]-[3]. Some recent generalizations have produced a
variety of new and extended results,[4]-[8].
Hyperbolic numbers have applications in different areas of mathematics and theoretical physics. In particular, they are related to the
Lorentz-Minkowski (Space-time) geometry in the plane as well as complex numbers are to Euclidean one [9]. The work on the function
theory for hyperbolic numbers can be found in [10]-[15]. The set of hyperbolic numbers H can be described in the form as

H={z=x+hy|h¢ R, i* =1, x,y e R}. (1.1)

Addition, substraction and multiplication of any two hyperbolic numbers z; and z, are defined by

21 x20 =(x1 +hy) £ (2 +hy2) = (x1 £x2) +h(y1 £2),

(1.2)
21 X 22 =(x1 +hyr) x (x2+hy2) =x1x2+y1y2 +h(x1y2 +y1x2).
On the other hand, the division of two hyperbolic numbers are given by
2 _ X +hyt
2 xthy (13)
(xt +hy)(xa—hy2)  xixo4+y1y2 |, (x1y24+y1x2) ’
- s Th 2_2
(x2+hy2)(x2 —hy2) =y 2=
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If x2 y2 # 0, then the division 2 Z‘ is possible. Therefore, the hyperbolic number system is a non-division algebra.
The hyperbolic conjugation of z = x-+ hy is defined by

7=7 =x—hy,7=z.

For any z;, zo hyperbolic numbers, can be written as follows:

utn= zZ1+2,
UX2= X2,
IZIP = exz=2-2.

where z is time-like if H 7”2 > 0, light-like if H? H2 =0 and space-like if H 7“2 < 0. The ring of hyperbolic numbers has zero-divisors.
Moreover, these zero-divisors are also idempotent elements {e, eT} for hyperbolic numbers, given by

I+h  1-h
e= el =——.

2 2
where ee’ =0, 2 =¢, (e"')2 =ef, e+ef =1 and e—e' =k. Then, each hyperbolic number z can be written as follows:
z=x+hy=(x+y)et+(x—y)e =zie+znel.

These numbers are also called double, split, perplex, Lorentz and duplex numbers [12].

2. Hyperbolic Fibonacci sequence
The hyperbolic Fibonacci sequence defined by

Fo=F,+hFy, (B =1) @
with fl =1+h, fg =1+ 2h where h* = 1. That is, the hyperbolic Fibonacci sequence Fy, is

h,14h, 14+2h,243h, 34+5h,...,(1+h)F,+hF,_,... (2.2)
Using the equations (2.1) and (2.2) , it was obtained

Fuyr = (14h) Fopy +hF,

Fupo = (142h) Fyp1 +(1+h) F,
Fry3 = (2+3h) n+1+(1+2h)
. (2.3)

Fn+r (F +th+1) r+1+( n71+th)Fr

For the hyperbolic Fibonacci sequence, it was obtained the following properties:

1+F —2F2n+1+an+27

Fn+l_F 1_2F2n+F2n+17
Fn+r—FFr+1+F,, 1F (n>3)
Fn an+l F _h( )
Fo ,Fn+r—F2 h(=1)"" 4 F?,
FP+hF} =P,
FnEn+Fn+1Fm+l —2Fn+m+l +Fn+m+27
FnFm+1 Fn+1Fm—h( 1) Fo— m
%7&7 i1+ (—1)'F,

Theorem 2.1. If F, is the hyperbolic Fibonacci number, then

F. o?
n—soo Fn a?—1

where o = (1 + ﬁ)/Z = 1.618033.. is the golden ratio.

Proof. We have for the Fibonacci number F;,,

F
lim 2 — o
n—eo  Fy

where o = (1+ ﬁ)/Z = 1.618033.. is the golden ratio [3].
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Then, using this limit value for the hyperbolic Fibonacci number F,,, we obtain

. F, . P +hFo - (Fup1+hFup) (Fi—hF)
lim =L = lim 2222 = lim
n—yoo Fy n—soo Fnthbuii n—yoo F2—Fu1?

Fouit (Fa—Fui2)+h(Fy Fua—F2 )

lim

n—soo (F2=F2))
. —F? . (=
lim il 4+ h lim
n—yoo F7127Fr12+l n—o0 E127Fn2+l
2
= 1—0:12 +0
_ o
T ar-1

where the identities Fj,,» = Fy, + F,1 and Fy F,_j — F,> = (—1)" are used.

Theorem 2.2. The Binet formula ' for the hyperbolic Fibonacci sequence is as follows;

~ 1
Fo=

Proof. If we use definition of the hyperbolic Fibonacci sequence and substitute first equation in footnote, then we get

(aa"—Bp").

fn :F11+th+l

_ ((X”*ﬁ" ) +h(a/1+17ﬁn+l )

oa—p a—pf
_ a"(l+ho)—B" (14+hB)
i
_ Qo -Bp"
= B

where@=1-+ho and B =1+hp.
3. Hyperbolic Fibonacci vectors

Letz] = (x1,x2,x3) and o= (y1,y2,v3) be vectors in R3. The Lorentzian inner product of z; and z, is defined as [16]

SN
21.20 = (21,23 ) = X1 Y1 +X2y2 — X3 3.

This space denote by L2 or Lorentz 3 — space 1.3.
A hyperbolic Fibonacci vector is defined by

= ~ ~ ~
Fn = (Fn s Fn+1: Fn+2)

Also, from equations (2.1) and (2.3) it can be expressed as
=
Fn = ?n +h ?nJrl

where ?n = (Fn, Fyy1, Fyi2) and ?m—l = (Fyt1, Fuio, Fyy3) are the hyperbolic Fibonacci vectors.
_>

The product of the hyperbolic Fibonacci vector F, and the scalar A € R is given by

=
AFn=AFnt+hAFou

= =
and F,, and F, are equal if and only if

F, = Fy
Fori = Fanl
Foip = Fpio.

! Binet formula is the explicit formula to obtain the n-th Fibonacci and Lucas numbers. It is well known that for the Fibonacci and Lucas numbers, Binet formulas are

ot — B"
F,= b
a—p

and
L,=a"+"

respectively, where o+ =1, a— B = /3, aff = —1 anda:(l+\f5)/2,ﬁ:(17\/§)/2 L7181,
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Some examples of the hyperbolic Fibonacci vectors can be given easily as;
_)

F =R, F)
=R, FB)+h(B, B F)
= (14+h, 1 4+2h,243h)

—

F, =k, B F)
= (P, F3, Fy) +h(F3, Fy, Fs)
=(1+42h2+3h,34+5h)

= = = =
Theorem 3.1. Let Fy, and Fy, be two hyperbolic Fibonacci vectors. The Lorentzian inner product of Fy, and Fy, is given by

= =
<Fn7Fm> = (FnerJrl - Fn+m+4) +h(3Fn+m+2 +2Fn+m+3 - Fn+1 Fm+1 ) (3.1
L

= ~ ~ ~ = -~ o~ ~
Proof. The Lorentzian inner product of Fy, = (F,, Fy41, Fyy2) and F oy = (Fu, Fpt1, Fipyo) defined by

<§7§1> :Efm+ﬁl+lﬁm+l _FnJrZﬁerZ
L
= <?n7?m>+<?n+17?m+l>
+h[<?n 7?m+1> + <?n+1 7?m>}

where 1?,: = (Fy, Fyy1, Fu12) is the hyperbolic Fibonacci vector. Also, the equations (1.1), (1.2) and (1.3), we obtain

(Fa.Fn) = FaFiut Fast Fat = Fusa Pz (3:2)
(Fusts Frni) = Bt it + Fusa iz = Fag Fsa (3:3)
<?n7?m+l> Fn m+l+Fn+1Fm+2_Fn+2Fm+3 (34)
and
<?n+17? > n+lFm +Fn+2Fm+l Fn+3Fm+2 (3-5)
Then from equation (3.2), (3.3), (3.4) and (3.5), we have the equation (3.1). O
=

Special Case-1: For the Lorentzian inner product of the hyperbolic Fibonacci vectors F, and F 1, we get

= = ~ ~
<Fn7Fn+l> FF +Fn+1Fn+2_Fn+2Fn+3
? n+1> <?n+17?n+2>
+h <?n7?n+2>+<?n+l ?n+]>
= (FPoant2 = Fanys) + h (2 Fani3 + Fants — Fupa Fuy3)
and
- = ~ ~
<Fn7Fn> :Fn2+Fn2+l Fnz+2
L
<?n 3 ?n> + <?n+1 ) ?n+1> +h <?n P ?n+1>

= (Fant1 — Fanta) + 20 (Fony2 — B2 Fry)-

Then for the Lorentzian inner product of the hyperbolic vector 2, we have, using identities of the Fibonacci numbers

F2+F2, = P
Fr12+3 - Fl12+l = w2
FnFm+Fn+1Fm+l = Fn+m+1

(see, [11]), we have

|

2Lorentzian inner product of hyperbolic number as follows:

=
Fn n+l n+2

2 = = ~
= <Fn,Fn =F2+F2, —F?
L
= (Fans1 = Fong2) + 20 (Fony2 — 2F, 12 Foy3) -

<7,7>L =x24x0%—x?, [11].
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The Lorentzian cross product [16],[17] of the vectors z_f and z_2> in L3 is
—i —j k
z_f XL _2> = |X1 X2 X3
yrooy2 »3
= —i(xy3—x3y2) +j(x1y3 —x3y1) +k(x1y2 —x201).
= = = =
Theorem 3.2. Let F,, and Fy, be two hyperbolic Fibonacci vectors. The Lorentzian cross product of F, and Fy, is given by
= =
Fo X B =h(=1)"Fy_p (i+ j+k). (3.6)
= =
Proof. The Lorentzian cross product of F,, = ?n + h?m-l and F,,, = ?m + h?m_‘_] defined by
= =
Fp x Fpy = (?n X ?m) + (?n-H X ?m+1) +h (?n X ?m+l +?n+l X ?m
ﬁ . . . . . . ﬁ
where F, is the hyperbolic Fibonacci vector and ?n X ?m is the Lorentzian cross product for the hyperbolic Fibonacci vectors F , and F p,

Now, we calculate the cross products ?n X ?m, ?nﬂ X ?m+1, ?n X ?m+1 and ?n+l X ?m: Using the property FF 1 — Fpy1 Fn =

(=1)" Fp—p, we get

Fax Fm=(=1)"Fppm (it j+k)
?[H»] X ?m+l = (_1)m+1 Fom (i+j+k)

Fox Fmpt = ()" Bt i+ +K)
and
Fopt X Fm = (—1)" Fypir (i + ).

Then from the equations (3.7), (3.8), (3.9) and (3.10), we obtain the equation (3.6).

= = =
Theorem 3.3. Let Fy, Fyy and Fy be the hyperbolic Fibonacci vectors. The Lorentzian mixed product of these vectors is

= = =
<Fn XLFm, F[> =0.

Proof. Using the properties

= =

Fo xFn = (?n X ?m) + (?HH X ?m+1) +h (?n X ?m+1 +?n+1 X ?m)
and

=
Fy =?4+h?z+1

we can write,

(Fuxs B B) = (Fux BB (P« Pt o)
+h[ ?nX?m7?€+l + ?n+1><?m+l:?€+l>]
+h[(Fax Bt Fr)+ ?n+1><?m7?z>]
+< n X ?m+17ﬁé+l>+<?n+l X ?m7?l+l> .

(3.7)

(3.8)

(3.9)

(3.10)

3.11)

Then from equations (3.7), (3.8), (3.9)and (3.10) and by using the Lorentzian inner product definition of the hyperbolic number, we obtain

_>
((i+)+K).F) = Fo+ Fpa —Fryn =0,
—
((i+j+K).Feyi

Thus, we have the equation (3.11).

> =F1+Fu2—Fru3=0.
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4. Conclusion

The hyperbolic Fibonacci sequence defined by
fn :Fn+th+l ) (h2 = l)a

withFy =14h, b =1+2h where h> =1,.

In addition, limit for the hyperbolic Fibonacci sequence and Binet’s formula for the hyperbolic Fibonacci sequence is given. Furthermore,
vectors and the Lorentzian inner product, cross product and mixed product of these vectors are given.
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