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ABSTRACT 

The purpose of the paper is to identify business cycles due to exogenous shocks in a 
global economic growth model with endogenous social status, endogenous 
preferences, and wealth accumulation. The basic model by Zhang (2017) is built on the 
basis of the Solow model, the Uzawa two-sector model, the Oniki-Uzawa trade model, 
and some ideas in the literature of economic growth with endogenous growth. The 
paper introduces various time-dependent exogenous shocks to Zhang’s model. We 
show the existence of business cycles with different exogenous periodic shocks. Our 
comparative dynamic analysis shows, for instance, how exogenous changes in the 
propensities lead to global business cycles and oscillations in global income and wealth 
distribution. The unique contribution is to identify real business cycles in the 
neoclassical growth model with endogenous preference built on microeconomic 
foundation.
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1. Introduction 

It is well known that in The Theory of the Leisure Class Veblen (1899) examined economic 

consequences of conspicuous consumption and social status. Since then some other researchers 

considered conspicuous consumption, social status and spirit of capitalism as important determinants 

of economic development (e.g., Duesenberry, 1949; Frank, 1985; 2001; Rege, 2008). There are also 

formal models on economic growth and social status (e.g., Cole, Mailath, & Postlewaite, 1992; 

Konrad, 1992; Fershtman, Murphy, & Weiss, 1996; Rauscher, 1997). Nevertheless, except in a few 

papers issues related to dynamic interdependence between social status are examined in formal 

economic growth theory with international trade. Zhang (2017) makes a contribution to the literature 

by explicitly introducing social status into formal trade theory. Zhang’s model deals with not only 

interactions between inequalities in income, wealth and economic structures between countries, but 

also introduces dynamics of preferences and social status into the formal trade theory. It is influenced 

by traditional neoclassical growth theory (Solow, 1956; Uzawa, 1961; Oniki & Uzawa, 1965) and 

some ideas about modelling preferences changes and social status (Kurz, 1968; Chang, 2006; Corneo 

& Jeanne, 2001; Clemens, 2004; Fisher & Hof, 2005; Chen & Guo, 2011).  

There is a vast literature on endogenous and exogenous business cycles in theoretical 

economics (Zhang, 1991, 2005, 2006; Lorenz, 1993; Chiarella & Flaschel, 2000; Shone, 2002; 

Gandolfo, 2005; Puu, 2011). Nevertheless, one can find only a few formal economic models with 

interactions between endogenous wealth, endogenous preference, income and wealth distribution 

between nations built with microeconomic foundation. This study makes a contribution to the literature 

of business cycles in a model built with microeconomic foundation. This paper extends Zhang’s global 

economic growth model with endogenous social status, endogenous preferences, and wealth 

accumulation by allowing all constant parameters to be time-dependent parameters (Zhang, 2017). The 

paper is organized as follows. Section 2 introduces time-dependent exogenous changes into Zhang’s 

model. In section 3 we examine the model’s dynamic properties. Section 4 carries out comparative 

dynamic analysis. Section 5 concludes the study. 

2. The Global Growth Model with Free Trade and Endogenous Social Status 

This section makes Zhang’s model (2017) more robust by making time-independent 

parameters to be time-dependent. The extended model explains movement of the system with different 

time-dependent shocks. As it only changes the constant parameters in Zhang’s model, this section 
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simply explains with further referring to Zhang’s model. The world economy consists of different 

national economies, indexed by 𝑗𝑗 = 1, . . . , 𝐽𝐽. The model applies Uzawa’s analytical framework for 

national economy (Uzawa, 1961) to multination economies with free trade (Oniki & Uzawa, 1965). 

National economies produce a homogenous capital good (Ikeda & Ono, 1992). In addition to one 

capital sector, each national economy has one consumer good sector, supplying goods and services for 

domestic consumers. Assets are privately owned. Households’ disposable incomes are used up 

consuming and saving. Input factors, capital and labor, are fully utilized. Markets are perfectly 

competitive. All prices are measured in terms of capital good and the price of capital good is unit. We 

introduce following variables: 

subscript indices 𝑖𝑖 and 𝑠𝑠 - capital goods sector and consumer goods sector, respectively; 

𝑤𝑤𝑗𝑗(𝑡𝑡) - wage rate per unit of human capital and per unit of time in country 𝑗𝑗; 

𝑟𝑟(𝑡𝑡) - rate of interest in global markets;  

𝑝𝑝𝑗𝑗(𝑡𝑡) - price of consumer goods in country 𝑗𝑗; 

𝐾𝐾𝑗𝑗(𝑡𝑡) and �̄�𝐾𝑗𝑗(𝑡𝑡) - total capital stock employed by and total value of wealth owned by country 

𝑗𝑗; 

𝑐𝑐𝑗𝑗(𝑡𝑡)  and �̄�𝑘𝑗𝑗(𝑡𝑡)  - consumption level of consumer goods and wealth owned by the 

representative household in country 𝑗𝑗; 

𝑇𝑇𝑗𝑗(𝑡𝑡) and �̄�𝑇𝑗𝑗(𝑡𝑡) - work hours and leisure hours of the representative household in country 𝑗𝑗; 

𝑁𝑁𝑗𝑗(𝑡𝑡) and 𝐾𝐾𝑗𝑗(𝑡𝑡) - total labor force of and capital stocks employed by country 𝑗𝑗; 

𝑁𝑁𝑗𝑗𝑗𝑗(𝑡𝑡) and 𝐾𝐾𝑗𝑗𝑗𝑗(𝑡𝑡) - labor force and capital stocks employed by sector 𝑚𝑚 in country 𝑗𝑗;  

𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡) - output level of sector 𝑚𝑚 in country 𝑗𝑗; 

ℎ𝑗𝑗(𝑡𝑡) and 𝛿𝛿𝑗𝑗𝑗𝑗(𝑡𝑡) - exogenous human capital and depreciation rate of physical capital in 

country 𝑗𝑗. 

National total labor supply 

A country’s total labor supply is defined as follows: 
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𝑁𝑁𝑗𝑗(𝑡𝑡)  =  ℎ𝑗𝑗(𝑡𝑡) 𝑇𝑇𝑗𝑗(𝑡𝑡) �̄�𝑁𝑗𝑗 (1) 

 

Capital good sectors 

Capital good sectors’ production functions are taken on the following Cobb-Douglass function 

form:  

𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡)  =  𝐴𝐴𝑗𝑗𝑗𝑗 𝐾𝐾𝑗𝑗𝑗𝑗
𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡)(𝑡𝑡) 𝑁𝑁𝑗𝑗𝑗𝑗

𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡)(𝑡𝑡),   𝐴𝐴𝑗𝑗𝑗𝑗(𝑡𝑡),   𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡),   𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡)  

>  0,   𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡)  +  𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡)  =  1, 

(2) 

where 𝐴𝐴𝑗𝑗𝑗𝑗(𝑡𝑡), 𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡), and 𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡) are positive parameters. The marginal conditions imply:  

𝑟𝑟(𝑡𝑡)  +  𝛿𝛿𝑗𝑗𝑗𝑗(𝑡𝑡)  =  
𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡) 𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡)

𝐾𝐾𝑗𝑗𝑗𝑗(𝑡𝑡)
,   𝑤𝑤𝑗𝑗(𝑡𝑡)  =  

𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡) 𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡)
𝑁𝑁𝑗𝑗𝑗𝑗(𝑡𝑡)

 
(3) 

Consumer good sectors 

Production functions are 

𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡)  =  𝐴𝐴𝑗𝑗𝑗𝑗  𝐾𝐾𝑗𝑗𝑗𝑗
𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡)(𝑡𝑡) 𝑁𝑁𝑗𝑗𝑗𝑗

𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡)(𝑡𝑡),   𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡)  +  𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡)  =  1,   𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡),   𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡)  

>  0, 

(4) 

where 𝐴𝐴𝑗𝑗𝑗𝑗(𝑡𝑡), 𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡), and 𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡) are parameters. The marginal conditions are 

𝑟𝑟(𝑡𝑡)  +  𝛿𝛿𝑗𝑗𝑗𝑗(𝑡𝑡)  =  
𝛼𝛼𝑗𝑗𝑗𝑗(𝑡𝑡) 𝑝𝑝𝑗𝑗(𝑡𝑡) 𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡)

𝐾𝐾𝑗𝑗𝑗𝑗(𝑡𝑡)
,   𝑤𝑤𝑗𝑗(𝑡𝑡)  =  

𝛽𝛽𝑗𝑗𝑗𝑗(𝑡𝑡) 𝑝𝑝𝑗𝑗(𝑡𝑡) 𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡)
𝑁𝑁𝑗𝑗𝑗𝑗(𝑡𝑡)

 
(5) 

Current income and disposable income 

Current income consists of interest payment 𝑟𝑟(𝑡𝑡)�̄�𝑘𝑗𝑗(𝑡𝑡) and wage payment ℎ𝑗𝑗(𝑡𝑡)𝑇𝑇𝑗𝑗(𝑡𝑡)𝑤𝑤𝑗𝑗(𝑡𝑡) 

as 

𝑦𝑦𝑗𝑗(𝑡𝑡)  =  𝑟𝑟(𝑡𝑡) �̄�𝑘𝑗𝑗(𝑡𝑡)  +  ℎ𝑗𝑗(𝑡𝑡) 𝑇𝑇𝑗𝑗(𝑡𝑡) 𝑤𝑤𝑗𝑗(𝑡𝑡) (6) 

Zhang’s disposable income is the sum of the current disposable income and the value of wealth 
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𝑦𝑦�𝑗𝑗(𝑡𝑡) = 𝑦𝑦𝑗𝑗(𝑡𝑡) + �̄�𝑘𝑗𝑗(𝑡𝑡). (7) 

Budgets  

The disposable income is used up for saving 𝑠𝑠𝑗𝑗(𝑡𝑡) and consuming 𝑝𝑝𝑗𝑗(𝑡𝑡)𝑐𝑐𝑗𝑗(𝑡𝑡). The budget 

constraint means 

𝑝𝑝𝑗𝑗(𝑡𝑡) 𝑐𝑐𝑗𝑗(𝑡𝑡)  +  𝑠𝑠𝑗𝑗(𝑡𝑡)  =  𝑦𝑦�𝑗𝑗(𝑡𝑡).   (8) 

The time-independent total available time 𝑇𝑇0 is used up for leisure and work:  

𝑇𝑇𝑗𝑗(𝑡𝑡) + �̄�𝑇𝑗𝑗(𝑡𝑡) = 𝑇𝑇0.   (9) 

From (9), (6), and (7) we have  

𝑦𝑦�𝑗𝑗(𝑡𝑡)  =  �̄�𝑦𝑗𝑗(𝑡𝑡)  −  ℎ𝑗𝑗(𝑡𝑡) �̄�𝑇𝑗𝑗(𝑡𝑡) 𝑤𝑤𝑗𝑗(𝑡𝑡), (10) 

in which  

�̄�𝑦𝑗𝑗(𝑡𝑡)  ≡  �1 +  𝑟𝑟(𝑡𝑡)� �̄�𝑘𝑗𝑗(𝑡𝑡)  +  ℎ𝑗𝑗(𝑡𝑡) 𝑇𝑇0 𝑤𝑤𝑗𝑗(𝑡𝑡).  

Substitute (10) into (8) 

ℎ𝑗𝑗(𝑡𝑡) �̄�𝑇𝑗𝑗(𝑡𝑡) 𝑤𝑤𝑗𝑗(𝑡𝑡)  +  𝑝𝑝𝑗𝑗(𝑡𝑡) 𝑐𝑐𝑗𝑗(𝑡𝑡)  +  𝑠𝑠𝑗𝑗(𝑡𝑡)  =  �̄�𝑦𝑗𝑗(𝑡𝑡).  (11) 

Utility functions 

The representative household decides �̄�𝑇𝑗𝑗(𝑡𝑡), 𝑐𝑐𝑗𝑗(𝑡𝑡) and 𝑠𝑠𝑗𝑗(𝑡𝑡). Utility functions are taken on 

the following form  

𝑈𝑈𝑗𝑗(𝑡𝑡)  =  �̄�𝑇𝑗𝑗
𝜎𝜎𝑗𝑗0(𝑡𝑡)(𝑡𝑡) 𝑐𝑐𝑗𝑗

𝜉𝜉𝑗𝑗0(𝑡𝑡)(𝑡𝑡) 𝑠𝑠𝑗𝑗
𝜆𝜆𝑗𝑗0(𝑡𝑡)(𝑡𝑡),   𝜎𝜎𝑗𝑗0(𝑡𝑡),   𝜉𝜉𝑗𝑗0(𝑡𝑡),   𝜆𝜆𝑗𝑗0(𝑡𝑡)  >  0, (12) 

where 𝜎𝜎𝑗𝑗0(𝑡𝑡) is the propensity to use leisure time, 𝜉𝜉𝑗𝑗0(𝑡𝑡) to consume consumer good, and 𝜆𝜆𝑗𝑗0(𝑡𝑡) 

to save. The propensities are time-dependent.  
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Relative wealth 

The average wealth of global economy is: 

�̄�𝑘(𝑡𝑡)  =  
1

�̄�𝑁(𝑡𝑡)
 ��̄�𝑘𝑗𝑗(𝑡𝑡) �̄�𝑁𝑗𝑗(𝑡𝑡)
𝐽𝐽

𝑗𝑗=1

.  
(13) 

Country 𝑗𝑗′𝑠𝑠 per household relative wealth 𝑘𝑘�𝑗𝑗(𝑡𝑡) is:  

𝑘𝑘�𝑗𝑗(𝑡𝑡)  =  
�̄�𝑘𝑗𝑗(𝑡𝑡)
�̄�𝑘(𝑡𝑡)

. 
(14) 

National relative social status and propensities 

We consider national social status are positively related to national relative wealth. As in 

Zhang (2017), social status of the representative household is as follows: 

𝜔𝜔𝑗𝑗(𝑡𝑡)  =  𝜔𝜔0𝑗𝑗(𝑡𝑡)  +  𝜔𝜔𝑗𝑗𝑗𝑗(𝑡𝑡) 𝑘𝑘�𝑗𝑗
𝜔𝜔𝑗𝑗(𝑡𝑡), (15) 

where  𝜔𝜔𝑗𝑗(𝑡𝑡), 𝜔𝜔0𝑗𝑗(𝑡𝑡) and 𝜔𝜔𝑗𝑗𝑗𝑗(𝑡𝑡) are positive parameters. It is assumed that the propensities to 

consume and to save are affected by social status as follows  

𝜎𝜎𝑗𝑗0 �𝜔𝜔𝑗𝑗(𝑡𝑡)�  =  �̄�𝜎𝑗𝑗0(𝑡𝑡)  +  𝜎𝜎�𝑗𝑗0(𝑡𝑡) 𝜔𝜔𝑗𝑗(𝑡𝑡),   𝜉𝜉𝑗𝑗0 �𝜔𝜔𝑗𝑗(𝑡𝑡)�  

=  𝜉𝜉𝑗𝑗0(𝑡𝑡)  +  𝜉𝜉𝑗𝑗0(𝑡𝑡) 𝜔𝜔𝑗𝑗(𝑡𝑡), 

𝜆𝜆𝑗𝑗0 �𝜔𝜔𝑗𝑗(𝑡𝑡)�  =  �̄�𝜆𝑗𝑗0(𝑡𝑡)  + �̃�𝜆𝑗𝑗0(𝑡𝑡) 𝜔𝜔𝑗𝑗(𝑡𝑡),   

(16) 

where ( ),0 tjσ 𝜉𝜉𝑗𝑗0(𝑡𝑡)  and �̄�𝜆𝑗𝑗0(𝑡𝑡)  are positive parameters, and 𝜎𝜎�𝑗𝑗0(𝑡𝑡),  𝜉𝜉𝑗𝑗0(𝑡𝑡),  and �̃�𝜆𝑗𝑗0(𝑡𝑡)  are 

parameters which may be either positive, zero, or negative.  

Optimal decisions by households 

The marginal conditions of maximizing the utility subject to the budget constrain means 

ℎ𝑗𝑗(𝑡𝑡) 𝑤𝑤𝑗𝑗(𝑡𝑡) �̄�𝑇𝑗𝑗(𝑡𝑡)  =  𝜎𝜎𝑗𝑗(𝑡𝑡) �̄�𝑦𝑗𝑗(𝑡𝑡),   𝑝𝑝𝑗𝑗(𝑡𝑡) 𝑐𝑐𝑗𝑗(𝑡𝑡)  =  𝜉𝜉𝑗𝑗(𝑡𝑡) �̄�𝑦𝑗𝑗(𝑡𝑡),   𝑠𝑠𝑗𝑗(𝑡𝑡)  

=  𝜆𝜆𝑗𝑗(𝑡𝑡) �̄�𝑦𝑗𝑗(𝑡𝑡),  

(17) 
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where 

𝜎𝜎𝑗𝑗(𝑡𝑡)  ≡  𝜌𝜌𝑗𝑗(𝑡𝑡) 𝜎𝜎𝑗𝑗0(𝑡𝑡),   𝜉𝜉𝑗𝑗(𝑡𝑡)  ≡  𝜌𝜌𝑗𝑗(𝑡𝑡) 𝜉𝜉𝑗𝑗0(𝑡𝑡),   𝜆𝜆𝑗𝑗(𝑡𝑡)  ≡  𝜌𝜌𝑗𝑗(𝑡𝑡) 𝜆𝜆𝑗𝑗0(𝑡𝑡), 

𝜌𝜌𝑗𝑗(𝑡𝑡)  ≡  
1

𝜎𝜎𝑗𝑗0(𝑡𝑡)  +  𝜉𝜉𝑗𝑗0(𝑡𝑡)  +  𝜆𝜆𝑗𝑗0(𝑡𝑡)
. 

 

Wealth accumulation 

The change in wealth is savings minus dissavings: 

�̇̄�𝑘𝑗𝑗(𝑡𝑡)  =  𝑠𝑠𝑗𝑗(𝑡𝑡)  −  �̄�𝑘𝑗𝑗(𝑡𝑡). (18) 

Full employment of resources  

Full employment of national resources implies 

𝐾𝐾𝑗𝑗𝑗𝑗(𝑡𝑡)  +  𝐾𝐾𝑗𝑗𝑗𝑗(𝑡𝑡)  =  𝐾𝐾𝑗𝑗(𝑡𝑡),  𝑁𝑁𝑗𝑗𝑗𝑗(𝑡𝑡)  +  𝑁𝑁𝑗𝑗𝑗𝑗(𝑡𝑡)  =  𝑁𝑁𝑗𝑗(𝑡𝑡). (19) 

The total capital stocks employed by nations is the wealth owned by all households 

𝐾𝐾(𝑡𝑡)  =  �𝐾𝐾𝑗𝑗(𝑡𝑡)
𝐽𝐽

𝑗𝑗=1

 =  ��̄�𝐾𝑗𝑗(𝑡𝑡)
𝐽𝐽

𝑗𝑗=1

 =  ��̄�𝑘𝑗𝑗(𝑡𝑡)
𝐽𝐽

𝑗𝑗=1

 �̄�𝑁𝑗𝑗(𝑡𝑡). (20) 

Demand and supply for consumer goods 

National market equilibrium for consumer good implies  

𝑐𝑐𝑗𝑗(𝑡𝑡)𝑁𝑁𝑗𝑗(𝑡𝑡) = 𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡), 𝑗𝑗 = 1, . . . , 𝐽𝐽.   (21) 

Trade balances 

Global supply of capital good equals global net savings 

𝑆𝑆(𝑡𝑡)  −  𝐾𝐾(𝑡𝑡)  +  �𝛿𝛿𝑗𝑗𝑗𝑗(𝑡𝑡) 𝐾𝐾𝑗𝑗(𝑡𝑡)
𝐽𝐽

𝑗𝑗=1

 =  𝐹𝐹(𝑡𝑡),    (22) 

in which 
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𝑆𝑆(𝑡𝑡)  ≡  �𝑠𝑠𝑗𝑗(𝑡𝑡) �̄�𝑁𝑗𝑗(𝑡𝑡)
𝐽𝐽

𝑗𝑗=1

,   𝐹𝐹(𝑡𝑡)  ≡  �𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡)
𝐽𝐽

𝑗𝑗=1

. (23) 

The change in global capital stock is the global capital output minus total depreciations of capital  

�̇�𝐾(𝑡𝑡)  =  𝐹𝐹(𝑡𝑡)  −  �𝛿𝛿𝑗𝑗𝑗𝑗(𝑡𝑡) 𝐾𝐾𝑗𝑗(𝑡𝑡)
𝐽𝐽

𝑗𝑗=1

.   (24) 

Trade balances of national economies are 

𝐵𝐵𝑗𝑗(𝑡𝑡) = ��̄�𝐾𝑗𝑗(𝑡𝑡) − 𝐾𝐾𝑗𝑗(𝑡𝑡)� 𝑟𝑟(𝑡𝑡). 

When 𝐵𝐵𝑗𝑗(𝑡𝑡)  is positive (negative), country 𝑗𝑗  is in trade surplus (deficit). When 𝐵𝐵𝑗𝑗(𝑡𝑡)  is zero, 

country 𝑗𝑗′𝑠𝑠 trade is in balance.  

3. Global Economic Dynamics 

We built a multi-country model which is subject to different time-dependent exogenous shocks. 

This modelling framework is very robust as it allows us to analyze almost any types of exogenous 

changes. It should be emphasized that traditional theoretical trade models of heterogeneous households 

and multiple sectors fail to deal with this kind of complicated issues. It is often easier to develop an 

economic dynamic model than to solve it. This section shows how to compute the model.  Before 

providing a computational procedure, we define a new variable: 

𝑧𝑧1(𝑡𝑡)  ≡  
𝑟𝑟(𝑡𝑡)  +  𝛿𝛿𝑗𝑗1(𝑡𝑡)

𝑤𝑤1(𝑡𝑡)
. (25) 

Lemma 

The dynamics of the world economy is given by 𝐽𝐽 differential equations system with  𝐽𝐽 

variables, 𝑧𝑧1(𝑡𝑡), �𝑘𝑘�𝑗𝑗(𝑡𝑡)�, where �𝑘𝑘�𝑗𝑗(𝑡𝑡)� ≡ �𝑘𝑘�2(𝑡𝑡),⋯ ,𝑘𝑘�𝐽𝐽(𝑡𝑡)�  

�̇�𝑧1(𝑡𝑡)  =  𝛺𝛺1�𝑧𝑧1(𝑡𝑡), �𝑘𝑘�𝑗𝑗(𝑡𝑡)�, 𝑡𝑡�, 

𝑘𝑘�̇𝑗𝑗(𝑡𝑡)  =  𝛺𝛺𝑗𝑗�𝑧𝑧1(𝑡𝑡), �𝑘𝑘�𝑗𝑗(𝑡𝑡)�, 𝑡𝑡�,   𝑗𝑗 = 2, . . . , 𝐽𝐽,                              
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where 𝛺𝛺𝑗𝑗 are functions of 𝑧𝑧1(𝑡𝑡), �𝑘𝑘�𝑗𝑗(𝑡𝑡)� and 𝑡𝑡 defined in the Appendix. The other variables are 

determined as functions of  𝑧𝑧1(𝑡𝑡), �𝑘𝑘�𝑗𝑗(𝑡𝑡)� and 𝑡𝑡   by: 𝑧𝑧𝑗𝑗(𝑡𝑡) by (A3) → 𝑟𝑟(𝑡𝑡) and 𝑤𝑤𝑗𝑗(𝑡𝑡) by 

(A2) → 𝑘𝑘�1(𝑡𝑡) by (A17) → 𝜔𝜔𝑗𝑗(𝑡𝑡) by (15) → 𝜎𝜎𝑗𝑗0(𝑡𝑡), 𝜉𝜉𝑗𝑗0(𝑡𝑡), and 𝜆𝜆𝑗𝑗0(𝑡𝑡) by (16) → 𝜎𝜎𝑗𝑗(𝑡𝑡), 

𝜉𝜉𝑗𝑗(𝑡𝑡) and 𝜆𝜆𝑗𝑗(𝑡𝑡) by (16) → 𝐾𝐾(𝑡𝑡) by (A20) → �̄�𝑘(𝑡𝑡) = 𝐾𝐾(𝑡𝑡)/�̄�𝑁 →  �̄�𝑘𝑗𝑗(𝑡𝑡) by (14)→ 𝐾𝐾𝑗𝑗(𝑡𝑡) by 

(A14)→ 𝑁𝑁𝑗𝑗(𝑡𝑡) by (A10) → 𝑁𝑁𝑗𝑗𝑗𝑗(𝑡𝑡) by (A7) → 𝑁𝑁𝑗𝑗𝑗𝑗(𝑡𝑡) by (A11) → 𝐾𝐾𝑗𝑗𝑗𝑗(𝑡𝑡) and 𝐾𝐾𝑗𝑗𝑗𝑗(𝑡𝑡) by 

(A1) → �̄�𝑦𝑗𝑗(𝑡𝑡) by (A5) → 𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡) and 𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡)  by the definitions → 𝑝𝑝𝑗𝑗(𝑡𝑡) by (A4) → �̄�𝑇𝑗𝑗(𝑡𝑡), 

𝑐𝑐𝑗𝑗(𝑡𝑡) and 𝑠𝑠𝑗𝑗(𝑡𝑡) by (13) →𝑇𝑇𝑗𝑗(𝑡𝑡) = 𝑇𝑇0 − �̄�𝑇𝑗𝑗(𝑡𝑡). 

The rest of this section summarizes the results in Zhang (2017) when all the parameters are 

constant. It is a special case of the model in this study. The simulation is for a3-country global economy. 

The parameters are taken on the following values:     

𝑇𝑇0 = 24, 

�
𝑁𝑁1
𝑁𝑁2
𝑁𝑁3
�  =  �

10
20
30
� ,   �

ℎ1
ℎ2
ℎ3
�  =  �

6
3
1
� ,   �

𝐴𝐴1𝑗𝑗
𝐴𝐴2𝑗𝑗
𝐴𝐴3𝑗𝑗

�  =  �
1.7
1

0.8
� ,   �

𝐴𝐴1𝑗𝑗
𝐴𝐴2𝑗𝑗
𝐴𝐴3𝑗𝑗

�  =  �
1.5
0.9
0.7

� , 

�
𝛼𝛼1𝑗𝑗
𝛼𝛼2𝑗𝑗
𝛼𝛼3𝑗𝑗

�  =  �
0.31
0.31
0.31

� ,   �
𝛼𝛼1𝑗𝑗
𝛼𝛼2𝑗𝑗
𝛼𝛼3𝑗𝑗

�  =  �
0.33
0.33
0.33

� ,   �
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

�  =  �
1
1
1
� ,   �

𝜔𝜔10
𝜔𝜔20
𝜔𝜔30

�  =  �
0.15
0.1

0.05
�, 

�
𝜔𝜔1k
𝜔𝜔2k
𝜔𝜔3k

�  =  �
1
1
1
� ,   �

�̄�𝜆10

�̄�𝜆20

𝜆𝜆30

�  =  �
0.8
0.7
0.6

� ,   �
�̄�𝜉10

�̄�𝜉20

�̄�𝜉30

�  =  �
0.12
0.12
0.13

� ,   �
�̄�𝜎10
�̄�𝜎20
�̄�𝜎30

�  =  �
0.15
0.16
0.17

�,                                                

 �
�̃�𝜆10

�̃�𝜆20

�̃�𝜆30

�  =  �
0.1
0.1
0.1

� ,   �
𝜉𝜉10

𝜉𝜉20

𝜉𝜉30

�  =  �
0.05
0.05
0.05

� ,   �
𝜎𝜎�10
𝜎𝜎�20
𝜎𝜎�30

�  =  �
0.05
0.05
0.05

� ,   �
𝛿𝛿1𝑗𝑗
𝛿𝛿2𝑗𝑗
𝛿𝛿3𝑗𝑗

�  =  �
0.05
0.04
0.04

� 

The initial conditions are  

𝑧𝑧1(0)  =  0.04,   𝑘𝑘�2(0)  =  0.95,   𝑘𝑘�3(0)  =  0.15. 

The motion of the variables is plotted in Figure 1. In Figure 1, the global income is 

𝑌𝑌(𝑡𝑡)  =  𝑌𝑌1(𝑡𝑡)  +  𝑌𝑌2(𝑡𝑡)  +  𝑌𝑌3(𝑡𝑡),   𝑌𝑌𝑗𝑗(𝑡𝑡)  =  𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡)  +  𝑝𝑝𝑗𝑗(𝑡𝑡) 𝐹𝐹𝑗𝑗𝑗𝑗(𝑡𝑡), 
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Figure 1. The Motion of the Economic System. 

The system has a stable equilibrium and the equilibrium point is listed as follows: 

𝑌𝑌 =  3615,   𝐾𝐾 =  12362,   𝑟𝑟 =  0.0458, 

�
𝑌𝑌1
𝑌𝑌2
𝑌𝑌3
�  =  �

2312
1027
276

� ,   �
�̄�𝐾1
�̄�𝐾2
�̄�𝐾3
�  =  �

7264
4069
1029

� ,   �
𝐾𝐾1
𝐾𝐾2
𝐾𝐾3
�  =  �

7878
3916
568

� ,   �
𝐵𝐵1
𝐵𝐵2
𝐵𝐵3
�  =  �

−28
7

21
�, 

 �
𝑝𝑝1
𝑝𝑝2
𝑝𝑝3
�  =  �

1.08
1.07
1.23

� ,   �
𝑤𝑤1
𝑤𝑤2
𝑤𝑤3

�  =  �
2.52
1.23
0.67

� ,   �
𝐹𝐹1𝑗𝑗
𝐹𝐹2𝑗𝑗
𝐹𝐹3𝑗𝑗
�  =  �

422
150
43

� ,   �
𝐹𝐹1𝑗𝑗
𝐹𝐹2𝑗𝑗
𝐹𝐹3𝑗𝑗

�  =  �
1754
820

2017
�, 

�
𝑁𝑁1𝑗𝑗
𝑁𝑁2𝑗𝑗
𝑁𝑁3𝑗𝑗

�  =  �
115.4

84
44.2

� ,   �
𝑁𝑁1𝑗𝑗
𝑁𝑁2𝑗𝑗
𝑁𝑁3𝑗𝑗

�  =  �
501.8
478.3
231.7

� ,   �
𝐾𝐾1𝑗𝑗
𝐾𝐾2𝑗𝑗
𝐾𝐾3𝑗𝑗

�  =  �
1365.9
540.9
84.2

� ,   �
𝐾𝐾1𝑗𝑗
𝐾𝐾2𝑗𝑗
𝐾𝐾3𝑗𝑗

�  =  �
6511.8
3375.5
483.4

�, 

�
𝑘𝑘�1
𝑘𝑘�2
𝑘𝑘�3
�  =  �

3.53
0.99
0.17

� ,   �
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

�  =  �
3.68
1.08
0.22

� ,   �
𝜆𝜆1
𝜆𝜆2
𝜆𝜆3
�  =  �

0.65
0.68
0.66

� ,   �
𝜉𝜉1
𝜉𝜉2
𝜉𝜉3
�  =  �

0.17
0.15
0.15

�, 

�
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
�  =  �

0.19
0.18
0.19

� ,   �
�̄�𝑘1
�̄�𝑘2
�̄�𝑘3
�  =  �

726.4
203.5
34.3

� ,   �
𝑐𝑐1
𝑐𝑐2
𝑐𝑐3
�  =  �

175.4
41
6.9

� ,   �
�̄�𝑇1
�̄�𝑇2
�̄�𝑇3
�  =  �

13.7
14.6
14.8

�. 

 
The three eigenvalues are as follows: 

−0.37,   − 0.33,   − 0.24. 

The equilibrium point is stable.  
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4. Comparative Dynamic Analysis 

The previous section simulated the global economy. It shows how the system over time from 

the initial state to the equilibrium point. The simulation was conducted when all the parameters are 

time-independent. This section shows existence of business cycles when economies receive different 

exogenously periodic perturbations. We apply a variable �̄�𝛥𝑥𝑥𝑗𝑗(𝑡𝑡) to stand for the change rate of the 

variable, 𝑥𝑥𝑗𝑗(𝑡𝑡), in percentage due to changes in a parameter. 

4.1. Weights Given to Relative Wealth in Determining Social Status Periodically Oscillate 

We first show how global economy is affected if the weights given to relative wealth in 

determining social status are exogenously periodically changed as follows:  

𝜔𝜔𝑗𝑗1(𝑡𝑡)  =  𝜔𝜔𝑗𝑗2(𝑡𝑡)  =  𝜔𝜔𝑗𝑗3(𝑡𝑡)  =  1 +  0.05  𝑠𝑠𝑖𝑖𝑠𝑠(𝑡𝑡). 

The weights that the three nations value their relative economic positions in determining social 

status oscillate over time. The simulation result is given in Figure 2. We see that all the variables 

change periodically over time.  

Figure 2. Weights Given to the Relative Wealth in Social Status Periodically Oscillate. 

4.2. The Strengths That the Propensities to Save Are Affected by Social Status Oscillate 

We now show another case that the global economy experiences business cycles. The strengths 

that the propensities to save are affected by social status exogenously periodically oscillate as follows  
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�̃�𝜆10(𝑡𝑡)  =  �̃�𝜆20(𝑡𝑡)  =  �̃�𝜆30(𝑡𝑡)  =  0.1 +  0.01 𝑠𝑠𝑖𝑖𝑠𝑠(𝑡𝑡). 

The simulation result is given in Figure 3.  

Figure 3. The Strengths the Propensities to Save are Affected by Social Status Oscillate. 

4.3. Country 1’s Social Status Oscillates  

We now study a case that country 1’s social status oscillates as follows:  

𝜔𝜔01(𝑡𝑡)  =  0.15 +  0.01 𝑠𝑠𝑖𝑖𝑠𝑠(𝑡𝑡). 

The simulation result is given in Figure 4. Different from the previous two cases, this time only 

one country experiences exogenous shocks. We see that country 1’s macroeconomic variables and 

microeconomic variables oscillate greatly, while the other two economies’ some of the 

macroeconomic variables change greatly but the microeconomic variables are affected slightly.  
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Figure 4. Country 1’s Social Status Oscillates. 
 
4.4. Country 1’s Human Capital Oscillates  

Human capital is changed either exogenously or endogenously in economic theory. This study 

assume human capital exogenous. Nevertheless, our model is robust enough to analyze any time-

dependent exogenous changes in human capital. We now examine a case that country 1’s human 

capital oscillate as follows:  

ℎ1(𝑡𝑡)  =  6 +  0.05 𝑠𝑠𝑖𝑖𝑠𝑠(𝑡𝑡). 

The simulation result is given in Figure 5. We see that all the variables in the global system are 

affected by country 1’s changes in human capital. The capital goods sectors and oscillate in similarly 

among the economies. The wage rates change similarly among the economies but in the opposite 

direction to the rate of interest.  
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Figure 5. Country 1’s Human Capital Being Enhanced. 
 

5. Conclusions 

This paper extended Zhang’s global economic growth model with endogenous social status, 

endogenous preferences, and wealth accumulation by allowing all constant parameters to be time-

dependent parameters (Zhang, 2017). The basic model is built on the the Solow model (Solow, 1956), 

the Uzawa two-sector model (Uzawa, 1961), and the Oniki-Uzawa trade model (Oniki & Uzawa, 

1965), and some ideas in the literature of economic growth with endogenous growth. This model 

introduced various time-dependent exogenous shocks to Zhang’s model. We simulated a few cases to 

demonstrate existence of business cycles with different exogenous periodic shocks. In the literature of 

real business cycles, there are a few models built on microeconomic foundation with complicated 

interdependence among many variables. The unique contribution is to identify real business cycles in 

the neoclassical growth model with endogenous preference built on microeconomic foundation. It 

should be mentioned that as Zhang’s original analytical framework is general, it is possible to 

generalize and extend the model in different aspects.  
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Appendix: Proving the Lemma 

We omit the time variable in the Appendix. Equations (3) and (5) imply 

𝑧𝑧𝑗𝑗  ≡   
𝑟𝑟 +  𝛿𝛿𝑗𝑗𝑗𝑗
𝑤𝑤𝑗𝑗

 =  
𝑁𝑁𝑗𝑗𝑗𝑗

�̄�𝛽𝑗𝑗𝑗𝑗 𝐾𝐾𝑗𝑗𝑗𝑗
,   𝑗𝑗 =  1, . . . , 𝐽𝐽,   𝑚𝑚 =  𝑖𝑖, 𝑠𝑠,    (A1) 

where �̄�𝛽𝑗𝑗𝑗𝑗  ≡  𝛽𝛽𝑗𝑗𝑗𝑗/𝛼𝛼𝑗𝑗𝑗𝑗. Inserting (A1) in (3) gives 

𝑟𝑟 = 𝛼𝛼𝑗𝑗𝑗𝑗𝑧𝑧𝑗𝑗
𝛽𝛽𝑗𝑗𝑗𝑗 − 𝛿𝛿𝑗𝑗𝑗𝑗,𝑤𝑤𝑗𝑗 = 𝛼𝛼𝑗𝑗𝑧𝑧𝑗𝑗

−𝛼𝛼𝑗𝑗𝑗𝑗 , (A2) 

in which 

𝛼𝛼𝑗𝑗𝑗𝑗  =  𝛼𝛼𝑗𝑗𝑗𝑗  �̄�𝛽𝑗𝑗𝑗𝑗
𝛽𝛽𝑗𝑗𝑗𝑗  𝐴𝐴𝑗𝑗𝑗𝑗 ,   𝛼𝛼𝑗𝑗  =  

𝛽𝛽𝑗𝑗𝑗𝑗 𝐴𝐴𝑗𝑗𝑗𝑗
�̄�𝛽𝑗𝑗𝑗𝑗
𝛼𝛼𝑗𝑗𝑗𝑗 .  

With (A2) we get  

 

𝑟𝑟 =  𝛼𝛼𝑗𝑗𝑗𝑗  𝑧𝑧𝑗𝑗
𝛽𝛽𝑗𝑗𝑗𝑗  −  𝛿𝛿𝑗𝑗𝑗𝑗  =  𝛼𝛼1𝑗𝑗 𝑧𝑧1

𝛽𝛽1𝑗𝑗  −  𝛿𝛿1𝑗𝑗,   𝑗𝑗 =  1,   . . . . ,   𝐽𝐽. 
 

The above equations give 

𝑧𝑧𝑗𝑗(𝑧𝑧1)  =  �
𝛼𝛼1𝑗𝑗 𝑧𝑧1

𝛽𝛽1𝑗𝑗  +  𝛿𝛿𝑗𝑗𝑗𝑗  −  𝛿𝛿1𝑗𝑗
𝛼𝛼𝑗𝑗𝑗𝑗

�
1/𝛽𝛽𝑗𝑗𝑗𝑗

,   𝑗𝑗 =  2, . . . . , 𝐽𝐽.   (A3) 

Equations (4) and (5) imply 

𝑝𝑝𝑗𝑗(𝑧𝑧1)  =  
�̄�𝛽𝑗𝑗𝑗𝑗
𝛼𝛼𝑗𝑗𝑗𝑗  𝑧𝑧𝑗𝑗

𝛼𝛼𝑗𝑗𝑗𝑗  𝑤𝑤𝑗𝑗
𝛽𝛽𝑗𝑗𝑗𝑗 𝐴𝐴𝑗𝑗𝑗𝑗

.   (A4) 

The definitions of �̄�𝑦𝑗𝑗 imply 

�̄�𝑦𝑗𝑗  =  (1 +  𝑟𝑟) �̄�𝑘𝑗𝑗  +  ℎ𝑗𝑗  𝑇𝑇0 𝑤𝑤𝑗𝑗 .   (A5) 
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Inserting 𝑝𝑝𝑗𝑗 𝑐𝑐𝑗𝑗   =   𝜉𝜉𝑗𝑗  �̄�𝑦𝑗𝑗 in (23) gives 

𝜉𝜉𝑗𝑗  �̄�𝑁𝑗𝑗  �̄�𝑦𝑗𝑗   =   𝑝𝑝𝑗𝑗  𝐹𝐹𝑗𝑗𝑗𝑗.   (A6) 

Insert (A5) in (A6) gives 

𝑁𝑁𝑗𝑗𝑗𝑗  =  𝑔𝑔𝑗𝑗 𝜉𝜉𝑗𝑗  �̄�𝑘𝑗𝑗  +  𝜉𝜉𝑗𝑗  �̄�𝑔𝑗𝑗,    (A7) 

in which we apply𝑤𝑤𝑗𝑗𝑁𝑁𝑗𝑗𝑗𝑗 = 𝛽𝛽𝑗𝑗𝑗𝑗𝑝𝑝𝑗𝑗𝐹𝐹𝑗𝑗𝑗𝑗 and 

𝑔𝑔𝑗𝑗(𝑧𝑧1)  ≡  �
1 +  𝑟𝑟
𝑤𝑤𝑗𝑗

�  𝛽𝛽𝑗𝑗𝑗𝑗 �̄�𝑁𝑗𝑗,   �̄�𝑔𝑗𝑗  ≡  𝛽𝛽𝑗𝑗𝑗𝑗 ℎ𝑗𝑗  𝑇𝑇0 �̄�𝑁𝑗𝑗. 

Equations (A5) and (17) imply: 

�̄�𝑇𝑗𝑗  =  
(1 +  𝑟𝑟) 𝜎𝜎𝑗𝑗 �̄�𝑘𝑗𝑗

ℎ𝑗𝑗  𝑤𝑤𝑗𝑗
 +  𝜎𝜎𝑗𝑗  𝑇𝑇0.   (A8) 

From (A8) we solve 

𝑇𝑇𝑗𝑗  =  �1 −  𝜎𝜎𝑗𝑗� 𝑇𝑇0  −  
(1 +  𝑟𝑟)
ℎ𝑗𝑗  𝑤𝑤𝑗𝑗

 𝜎𝜎𝑗𝑗 �̄�𝑘𝑗𝑗 .  (A9) 

Equations (A9) and (1) give: 

𝑁𝑁𝑗𝑗  =  �1 −  𝜎𝜎𝑗𝑗� 𝑅𝑅0𝑗𝑗  −  𝑅𝑅𝑗𝑗  𝜎𝜎𝑗𝑗  �̄�𝑘𝑗𝑗 ,  (A10) 

in which  

𝑅𝑅0𝑗𝑗  ≡  ℎ𝑗𝑗  �̄�𝑁𝑗𝑗 𝑇𝑇0,   𝑅𝑅𝑗𝑗  ≡  
(1 +  𝑟𝑟) ℎ𝑗𝑗  �̄�𝑁𝑗𝑗

ℎ𝑗𝑗  𝑤𝑤𝑗𝑗
. 

By (11) we get 

𝑁𝑁𝑗𝑗𝑗𝑗 = 𝑁𝑁𝑗𝑗 − 𝑁𝑁𝑗𝑗𝑗𝑗 .   (A11) 

By (A1) and (19), we obtain 



Wei-Bin Zhang   31 
 

 

 
 
 

𝑁𝑁𝑗𝑗𝑗𝑗
𝑧𝑧𝑗𝑗  �̄�𝛽𝑗𝑗𝑗𝑗

 +  
𝑁𝑁𝑗𝑗𝑗𝑗
𝑧𝑧𝑗𝑗  �̄�𝛽𝑗𝑗𝑗𝑗

 =  𝐾𝐾𝑗𝑗 . (A12) 

From (A11) in (A12) we solve 

𝛽𝛽�𝑗𝑗𝑁𝑁𝑗𝑗 + �̄�𝛽𝑗𝑗𝑁𝑁𝑗𝑗𝑗𝑗 = 𝐾𝐾𝑗𝑗 , (A13) 

in which 

𝛽𝛽�𝑗𝑗  ≡  
1

𝑧𝑧𝑗𝑗  �̄�𝛽𝑗𝑗𝑗𝑗
,   �̄�𝛽𝑗𝑗  ≡  �

1
�̄�𝛽𝑗𝑗𝑗𝑗

 −  
1
�̄�𝛽𝑗𝑗𝑗𝑗
�  

1
𝑧𝑧𝑗𝑗

.  

Insert (A7) and (A10) in (A13)  

𝐾𝐾𝑗𝑗  =  𝑅𝑅𝑗𝑗𝑗𝑗  �̄�𝑘𝑗𝑗  + 𝑅𝑅�0𝑗𝑗, (A14) 

in which  

𝑅𝑅𝑗𝑗𝑗𝑗  ≡  �̄�𝛽𝑗𝑗  𝑔𝑔𝑗𝑗 𝜉𝜉𝑗𝑗  −  𝑅𝑅𝑗𝑗  𝜎𝜎𝑗𝑗  𝛽𝛽�𝑗𝑗 ,   𝑅𝑅�0𝑗𝑗  ≡  �1 −  𝜎𝜎𝑗𝑗� 𝛽𝛽�𝑗𝑗 𝑅𝑅0𝑗𝑗  +  �̄�𝛽𝑗𝑗  𝜉𝜉𝑗𝑗  �̄�𝑔𝑗𝑗.  

Summing equations (A14) yields 

𝐾𝐾 = �𝑅𝑅𝑗𝑗𝑗𝑗�̄�𝑘𝑗𝑗

𝐽𝐽

𝑗𝑗=1

+ 𝑅𝑅0, (A15) 

in which 

𝑅𝑅0 ≡�𝑅𝑅�0𝑗𝑗

𝐽𝐽

𝑗𝑗=1

. 

By (13) and (14) we get 

�̄�𝑘𝑗𝑗  =  𝜙𝜙𝑗𝑗�𝐾𝐾, �𝑘𝑘�𝑗𝑗��  ≡  
𝐾𝐾 𝑘𝑘�𝑗𝑗
�̄�𝑁

,   𝑗𝑗 = 2, . . . , 𝐽𝐽.   (A16) 
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Using 

�𝑘𝑘�𝑗𝑗  �̄�𝑁𝑗𝑗

𝐽𝐽

𝑗𝑗=1

 =  
�̄�𝑁
𝐾𝐾
��̄�𝑘𝑗𝑗  �̄�𝑁𝑗𝑗

𝐽𝐽

𝑗𝑗=1

= �̄�𝑁,  

we solve: 

𝑘𝑘�1  =  𝜙𝜙𝑗𝑗��𝑘𝑘�𝑗𝑗�, 𝑡𝑡�  ≡  ��̄�𝑁  −  �𝑘𝑘�𝑗𝑗  �̄�𝑁𝑗𝑗

𝐽𝐽

𝑗𝑗=2

�  
1
�̄�𝑁1

.  (A17) 

We thus get:  

�̄�𝑘1  =  𝜙𝜙𝑗𝑗�𝐾𝐾, �𝑘𝑘�𝑗𝑗�, 𝑡𝑡�  ≡  
𝐾𝐾 𝑘𝑘�1
�̄�𝑁

.   (A18) 

Inserting (A16) and (A18) in (A15) gives 

𝐾𝐾�𝐾𝐾, �𝑘𝑘�𝑗𝑗�, 𝑡𝑡�  =  
𝐾𝐾
�̄�𝑁

 �𝑅𝑅𝑗𝑗𝑗𝑗  𝑘𝑘�𝑗𝑗

𝐽𝐽

𝑗𝑗=1

 +  𝑅𝑅0.  (A19) 

By (A19) we get: 

𝐾𝐾 =  𝜙𝜙�𝑧𝑧1, �𝑘𝑘�𝑗𝑗�, 𝑡𝑡�  ≡  𝑅𝑅0 �1 −
1
�̄�𝑁

 �𝑅𝑅𝑗𝑗𝑗𝑗 𝑘𝑘�𝑗𝑗

𝐽𝐽

𝑗𝑗=1

�

−1

.  (A20) 

We thus confirmed the procedure in the Lemma. By the procedure in the Lemma, (23) and (18), we 

get: 

�̇�𝐾  =  𝛬𝛬𝐾𝐾�𝑧𝑧1, �𝑘𝑘�𝑗𝑗�, 𝑡𝑡�  ≡  𝐹𝐹 −  �𝛿𝛿𝑗𝑗𝑗𝑗  𝐾𝐾𝑗𝑗

𝐽𝐽

𝑗𝑗=1

, (A21) 

�̇̄�𝑘𝑗𝑗 =  𝛬𝛬𝑗𝑗�𝑧𝑧1, �𝑘𝑘�𝑗𝑗�, 𝑡𝑡�  ≡  𝜆𝜆𝑗𝑗  �̄�𝑦𝑗𝑗  −  �̄�𝑘𝑗𝑗 ,   𝑗𝑗 =  1, . . . ,   𝐽𝐽.    (A22) 

Taking derivatives of (A16) in 𝑡𝑡, we get 
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�̇̄�𝑘𝑗𝑗  =  
𝑘𝑘�𝑗𝑗
�̄�𝑁

 �̇�𝐾  +  
𝐾𝐾
�̄�𝑁

 𝑘𝑘�̇𝑗𝑗 ,   𝑗𝑗 = 2, . . . , 𝐽𝐽.    (A23) 

From (A21) - (A23) we get 

𝑘𝑘�̇𝑗𝑗  =  𝛺𝛺𝑗𝑗�𝑧𝑧1, �𝑘𝑘�𝑗𝑗�, 𝑡𝑡�  ≡  
𝛬𝛬𝑗𝑗  �̄�𝑁
𝐾𝐾

 −  
𝑘𝑘�𝑗𝑗  𝛬𝛬𝐾𝐾
𝐾𝐾

, 𝑗𝑗 = 2, . . . , 𝐽𝐽.    (A24) 

Take derivatives of (A20) in time 

�̇�𝐾  =  
𝜕𝜕𝜙𝜙
𝜕𝜕𝑧𝑧1

 �̇�𝑧1  +  
𝜕𝜕𝜙𝜙
𝜕𝜕𝑡𝑡

 +  �𝛺𝛺𝑗𝑗 
𝜕𝜕𝜙𝜙
𝜕𝜕𝑘𝑘�𝑗𝑗

𝐽𝐽

𝑗𝑗=2

,   (A25) 

in which we use (A19). From (A19) and (A25), we get 

�̇�𝑧1  =  𝛺𝛺1�𝑧𝑧1, �𝑘𝑘�𝑗𝑗�. 𝑡𝑡�  ≡  �𝛬𝛬𝐾𝐾  −  
𝜕𝜕𝜙𝜙
𝜕𝜕𝑡𝑡

 −  �𝛺𝛺𝑗𝑗  
𝜕𝜕𝜙𝜙
𝜕𝜕𝑘𝑘�𝑗𝑗

𝐽𝐽

𝑗𝑗=2

�  �
𝜕𝜕𝜙𝜙
𝜕𝜕𝑧𝑧1

�
−1

.   (A26) 

In summary, we proved the Lemma. 
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