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ON (A, A) —STATISTICAL CONVERGENCE OF ORDER «

HACER SENGUL AND OZLEM KOYUN

ABSTRACT. In the paper [B. de Malafosse and V. Rakocevi¢, Linear Alge-
bra Appl. 420, no. 2-3, (2007), 377-387], authors defined the concept of
(A, A) —statistical convergence. In this paper, the concept of (A, A) —statistical
convergence is generalized to (A, A) —statistical convergence of order a. Also,
we introduce the concept of strong (V, A, A) —convergence of order « and give
some inclusion relations between the concepts of (A, A) —statistical conver-
gence of order a and strong (V, A, A) —convergence of order a.

1. INTRODUCTION

In 1951, Steinhaus [34] and Fast [22] introduced the concept of statistical con-
vergence and later in 1959, Schoenberg [32] reintroduced independently. Some
arguments related to statistical convergence and its applications may be found in

(21, 151, [6], [, [8], [, [10],[18],019], [20, [23], [35], [25], [26], [31], [16], [15], [38],
301, [33], [, [7], [241).

Let A = (A,) be a non-decreasing sequence of positive real numbers tending to
oo such that A\,11 < A, +1, Ay = 1. The generalized de la Vallée-Poussin mean is

defined by
1
t, (z) = . Z Tk,
kel,
where I, = [n— A, +1,n] for n = 1,2,... . A sequence x = (xj) is said to

be (V,\) —summable to a number L if ¢, () — L as n — oo. If A, = n, then
(V,\) —summability is reduced to Cesaro summability. By A we denote the class
of all non-decreasing sequence of positive real numbers tending to oo such that
Ang1 <A +1, A = 1.

A = (\) sequence spaces were studied in ([I1],[12],[21],[27], [28],[13],[14],[29],[36] )

and A—statistical convergence for A = (a;;) an infinite matrix of complex numbers

were studied in ([I5],[14],[37],[3],[4]).
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Recently, the concept of S (A, A) —convergence was defined by de Malafosse and
Rakocevi¢ [14] as below:

Let A = (ag,) be an infinite matrix of complex numbers and [AX], = A (X) =
> | QkmTm for k > 0. A sequence X = (z,,),,~, is said to be (\, A) —statistically
convergent to L ( or S (\, A) —convergent to L) if for every ¢ > 0,

1
lim I Hkel,:|[AX]r — L| >e}|=0
where I, = [n — A\, + 1,n]. In this case we write zx — L(S (A, A)). The set of all
A—statistically convergent sequences will be denoted by S (A, A). If A, = n, we
write z;, — L(S (A4)) and in the special case A = I, we write x; — L(S (I)) means
that z, — L(S).

2. MAIN RESULTS

In this section, we will give the definition of S (A, A) —convergence and strong
Wi (A, A) —convergence for 0 < p < oo where A = (ag,,) is an infinite matrix of
complex numbers and 0 < a < 1 and give some results related to these concepts.

Definition 1. Let o € (0,1] and A = (agm) be an infinite matriz of complex
numbers. A sequence X = (xy) is said to be (A, A) —statistically convergent of
order a to L ( or S* (A, A) —convergent to L) if for every e > 0,

1
lim — {kel,:|[AX]y—L| >} =0
n—0oo >\TL

where I, = [n— X, +1,n] and X denotes the ath power (A\,)" of \., that is
AY = (A)) = (AT, A, ., AS, ). In this case we write S* (A, A) — limzy, = L
or x — L(S* (A, A)). The set of all (A, A) — statistically convergent sequences of
order o will be denoted by S« (A, A). For A\, = n, we shall write S* (A) instead of
S (N A) and in the special case A =1, « =1 and )\, = n we shall write S instead
of S (N, A).

The (A, A) —statistical convergence of order « is well defined for o € (0,1], but
it is not well defined for a > 1 in general. X = (x,,,) and A = (akm) are defined
as follows: For A = (agm) row matriz and i = 1,2, ...

Im—{ 3, if m=3i

0, if m#3i.
and

2 if m=3i
m =0, if m# 3i.

Both for every e >0

1 1
k€I [[AX] — 6] > e}| < tim 2ol

1
—
o0 n

A 5w
n

=0
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and

1 2[\,] + 1
lim )\—a|{k:€In:|[AX]k—0| > e} < lim [3%:0

fora >1.80S5%(\ A)=limz, =6 and S* (A, A)—lim z;, = 0, but this is impossible.

Theorem 2. Let o € (0, 1] be positive real number. If S* (A, A) —limxy, = Ly and
S (N A) —limay = Lo, then Ly = Lo.

Proof. Since S (A, A) —limxy, = L; and S (A, A) — limxy, = Lo, we can write

1
lim)\—a Hkel,: |[AX]g— L1| > ¢} =0
and )
hm)\—a keI, :|[AX]r — La| > €} =0.
We have

|Ly — La| = |Li — Lo+ [AX], — [AX]i]
< |[AX]k — L] + [[AX]) — Lof

for I, = [n — A\, + 1,n]. We get

1 1
Flk el L= Lol 2 e}l < sel{ke Lot [[AX]x = L] > ¢}

1
+ya [k € Ln ¢ [[AX], — La| 2 €}
This is possible with Ly = Lo. O

Theorem 3. Let « € (0,1] be positive real number, A = (arm) be an infinite matriz
of complex numbers and X = (x), Y = (yr) be sequences of real numbers, then
(¢) If S* (M A) = limzy, = xo and S* (N, A) — limy, = yo, then S* (N, A) —
lim (zx + yx) = (xo + yo) ,
(w) If S* (A, A) —limay, = 20 and ¢ € C, then S* (A, A) — lim (czy) = cxo.

Proof. Ommited. O

Definition 4. Let o € (0,1], 0 < p < 00 and A = (agm) be an infinite matric of
complex numbers. We say that the sequence X = (xy,) is strong (V, A\, A) — convergent
of order o to a number L (or Wi¥(\, A)—convergent to L) if

. ]- P
nler;OE > [AX] - LIP = 0.
kel,

In this case, we write Wi'(\, A) —limzy = L or z — LW (A, A)).

Theorem 5. Let a € (0, 1] be positive real numbers and A = (agm) be an infinite
matriz of complex numbers, then W¥(A, A) C S (A, A) and the inclusion is strict.
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Proof. ¢ > 0 and z — L(W*(A, A)). In this case, we have
S NAX), = LP > e [{k € I, : [[AX]x — L| > €}
kel
and ) )
— . _ = TP
o |k € L AX) ~ L 2 ) < 5oy 3 IlAXD— LP
kel
So x, — L(S* (A, A)).
To show that the inclusion is strict define a sequence X = (z,,) and a row matrix
A = (agm) such that for i = 1,2, ...

[ 4, iftm=2
Tm =0, ifm#i?

and
1, ifm=2
@m =0, it m £ 2
Let)\n:n,pzlandL:O.For%<a§1

1
k€ Lt [AX]e = 0] 2 e} < n@ - 0.

ie. z) — 0(S*(\,A)). For0<a< i

1 1L 4y/n
3w 2o Nl = o = 03 jlax)) < S - o
kel, k=1
and for a = %
n
LS jaxy < 2y
ne n<
k=1
ie. xp - O(W;(A,A)). O

Theorem 6. Let o, € (0,1] be positive real numbers such that o < 3, then
S (N, A) C S8 (N A).

Proof. For ¢ > 0, we can write

1
{kel, |[AX]y — L| > e}| < o Hk € I, : |[AX]r — L| > ¢}].

n

1
7 |
So S¥(N\,A) CSPF (N A) for0<a<p<1.
To show that the inclusion is strict define a sequence X = (zy) by

_— 3, if k is square
= o, otherwise

Let A=1I.Then X € S% (X A) for 8 € (3,1], but X ¢ S* (X, A) fora € (0,3]. O
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Theorem 7. Let a € (0,1], S* (A, A) — limzy, = xg and S* (A, A) — limy, = yo.
If [ AX k| = 1A (X)) = | D2 akmxm‘ <M, (M >0), then
m=1

limy oo 55 [{k € In  |([AX]1[AY k) = (zoy0)| > €}| = 0.

Proof. For € > 0, we can write

1

o [tk € In ¢ |([AX]k[AY k) — (zoyo)| = €}l

= s k€ L [[AXJGAY ) — (rogo) + [AXwo — [AX]igol > <}

= s k€ L [[AX) (AY T — o) + w0 ([AX]s — 20)| > )
< 5w |{k et AX) (Y1 - )1 = 5|
1w {1l (14X — 20 = 5|

n

= sm |{ren k-l g > 5}

n

1 €
— 1skel,: |([AX]r — > .
B { & (AXSe = ol = 2lyolH
Therefore, lim,, oo 1= [{k € I : [([AX]k[AY]k) — (zoyo)| > €} = 0. O

Theorem 8. Let a € (0,1]. S(A) CS* (N, A) if and only if
lim inf A > 0. (1)
n—oo n
Proof. For a given € > 0, since
{k<n:|[AX]y —L| >¢e} D {kel,:|[AX]; — L| > ¢},

we can write

k< [AX] - L] 2 €}

v

1

Lk e 1 ax) - 1 2 )
A 1
n Ay

{kel,:|[AX]x — L| > €}].
Conversely, suppose that lim,,_, . inf % = 0. We can choose a subsequence
(n(4))j=, such that ) % Define a sequence X = (zy) by for j = 1,2, ...

n(j)
B 1, ifke In(])
T = { 0, otherwise
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Let A = I. Then X € S(A), but X ¢ S(A\ A). From Theorem 6, since
S (N A) CS(AA), we have X ¢ S (A, A). Hence (1) is necessary. O
Theorem 9. Let o, € (0,1] be positive real numbers such that @ < 3, then
Wi\, A) € Wpﬁ()\, A).

Proof. For ¢ > 0, we can write

1 1

XEEZHAﬂk—LVSXEE:HAXh—LW~

n kel, " kel,
So Wit (A, A) C WI;B()\,A) for0<a<pg <L

To show that the inclusion is strict define a sequence X = (zy) by
| 2, if kis square
= o, otherwise

?etljﬁl = I. Then X € Wpﬁ(/\,A) for B € (%,1], but X ¢ Wi\, A) for a €
0,5]- O

’ 2

Theorem 10. Let A = (\,), 1 = (u,,) € A such that A\, < p,, for alln € N and
a, B € (0,1] be positive real numbers such that 0 < a < 8 < 1.

() If
N v
lim inf —% > 0 (2)
n—oo I,
then SP(u, A) C S*(\, A),
(id) If
lim £ —1 (3)

then S*(\, A) C S8(u, A), where I, = [n — Xy + 1,n], J,, = [n — p,, + 1,n].

Proof. (i) Suppose that A\, < pu,, for all n € N and let (2) be satisfied. For given
€ > 0 we have

(k€ Ju i [AX)y— L] = e} 2 {k € L : |[AX]x — L] > e}

and so

1 Y1

M—B ke J,:|[AX]x — L| > €}| > f)\io‘ {k eI, :|[AX]r — L| > ¢}
for all n € N.

(13) Let X = (xx) € S¥(\, A) and (3) be satisfied. We have

1
lim 1o [{k € I, : |[AX]x — L| > e}| = 0.

Since I, C J,, for ¢ > 0 we may write
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1
7@|{k € Jy: |[AX]7€ _L| Z€}|
1
= S Hn-—p, +1<k<n—XA:[[AX], - L| > €}
Lin

1
+7ﬁ |{k‘ el,: HAX]k - L| > e’:‘}|
Hn

(N’n — A )
1 /\a
M — )‘EL
AP

n

Fon 1
< — — —WHkel,:|[AX], — L| >
< (B -1)+ et aXL -2z )

for all n € N. This implies that S*(\, A) C S%(u, A). O

IA

{k € In: [[AX]x — L| = €}

1
< + 5w [k € In ¢ |[AX]x — L 2 €}

Corollary 11. Let A = (A,), pp = (i) € A such that A, < p,, for alln € N and
0<a<p<l.
If (2) holds, then
(i) §° (1, A) C S%(A, A),
(i) (11, A) C S*(\, A),
(#73) S(u, A) C S(A,A).
If (3) holds, then
(1) S*(A, A) € 5w, A),
(i1) S°(A, A) C S(p, A),
(iid) S(\, A4) C S(y, A).

Theorem 12. Let A = (\,), u = (u,) € A such that A\, < p,, for alln € N and
0<a<pB<1. Then

(i) If (2) holds, then Wp (p, A) C WS (X, A),

(i1) If (3) holds and supy, |Ag (x)| < oo then W (X, A) C W/ (u, A).
Proof. (i) Suppose that A\, < pu,, for all n € N and let (2) be satisfied. For given
€ > 0 we have

X1
Z [AX], — L|” > —g—a Z I[AX], — L|P.
,LLTL kEJ 'n, n I
This implies that W/ (u, A) C W (), A).
(43) Let X = (zx) € W3H(A, A) and suppose that (3) holds. Then
lim — Z [AX], — L|P =

n—oo
” kel,
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Since supy, |Ax (x)] < oo then there exists some M > 0 such that |[AX];, — L| < M

for

for

all k. Now, since I,, C J,, and X\, < p,, for all n € N, we may write
1 1 ) 1
LS AN - L = ST AN - P+ 5 3 A - L
Hn peyg, Hn e, -1, Hn ke,
Ho, — An
< g Mu— > IAX, - L
ﬂ’n ’L k.e[
B
I A
< (Hn_Zn Mp—i-— [AX]), — LI”
NV & A
< ("g— )M”—i— > IAX] - LI
An An keI,
every n € N. Therefore W(X, A) € W/ (u, A). O

Corollary 13. Let A = (A\y), 1= (1,,) € A such that A, < p,, for alln € N and
O<a<p<l.

If (2) holds, then

(i) Wgk(, A) © W (X, 4),
(ZZ) WP(NJ& A) - Wa()‘a A)a
(ii8) Wy, A) © Wy, A).

If (3) holds and supy, |Ag (z)| < oo, then
(1) Wir(\, A) C W“(M’ A),
(1) We (A, A) C Wiy (g, A).
(ii1) Wp(A, A) € Wy (p, A).
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