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ABSTRACT. In this paper, we consider Randers change of m-th root Finsler
metrics. We find necessary and sufficient condition under which a Randers
change of an m-th root metric be locally dually flat. Then we prove that the
Rander change of an m-th root Finsler metric is locally projectively flat if and
only if it is locally Minkowskian.

1. INTRODUCTION

A change of Finsler metric F' — F is called a Randers change of F, if

(1'1) F(J?,y) = F('r’y) +ﬁ(x,y),

where 3(z,y) = b;(x)y’ is a 1-form on a smooth manifold M. It is easy to see that,
if Supp(, =1 [bi(x)y’| < 1, then F is again a Finsler metric. Hashiguchi-Ichijyo
showed that if 3 is closed, then F' is pointwise projective to F. The notion of a
Randers change has been proposed by Matsumoto, named by Hashiguchi-Ichijyo
and studied in detail by Shibata [7][9][12]. If F' reduces to a Riemannian metric then
F reduces to a Randers metric. Due to this reason the transformation (1.1) has been
called the Randers change of Finsler metric. For other Finslerian transformations
see [12][17].

The Randers change is projective if and only if b;(x) is locally a gradient vector
field. According to Hashiguchi-Ichjyo, a Randers change is projective, if and only if
bi; = bj|i, that is b;(x) is locally a gradient vector field and symbols “|” mean the
covariant derivatives in F with respect to Berwald connection [7]. It is remarkable
that, if F' is absolutely homogeneous then the necessary and sufficient condition
for F' to have reversible geodesics is that 3 is closed and it is a first integral of
the geodesic flow of ' [6]. Consider the Randers metric F = a + 3, where a =
Vaij(@)ytyd and ||B]] := |a;;b'b| < 1. If B is a closed 1-form, then F has reversible
geodesics and if it is parallel with respect to a (i.e., b;; = 0) then F' has strictly
reversible geodesics.
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In [2], Amari-Nagaoka introduced the notion of dually flat Riemannian metrics
when they study the information geometry on Riemannian manifolds. Informa-
tion geometry has emerged from investigating the geometrical structure of a family
of probability distributions and has been applied successfully to various areas in-
cluding statistical inference, control system theory and multi-terminal information
theory [1]. In Finsler geometry, Shen extends the notion of locally dually flatness for
Finsler metrics [11]. A Finsler metric F on a manifold M is said to be locally dually
flat if at any point there is a coordinate system (x?) in which the spray coefficients
are in the following form G* = —%ginyj where H = H(z,y) is a C* homogeneous
scalar function on T'My. Such a coordinate system is called an adapted coordinate
system [14]. Indeed, a Finsler metric F' on an open subset U C R" is called dually
flat if it satisfies

0?r? OF?
Yyt =2 .
Oxk oyt Ox!
Let (M, F) be a Finsler manifold of dimension n, TM its tangent bundle and (%, y*)
the coordinates in a local chart on T M. Let F' be the following function on M, by
F = /A, where A is given by A := ai, i, (T)yry' . yim with a;,. ;. symmetric
in all its indices (for example see [3][4][5][10][13][14][15][16]). Then F is called an
m-th root Finsler metric. Suppose that A;; define a positive definite tensor and
A% denotes its inverse. For an m-th root metric F', put

0A o %A 04
8yi7 1y ﬁyj(‘)yj’ Tt T 61"',
In this paper, we consider Randers change of an m-th root Finsler metric and find

necessary and sufficient condition under which a Randers change of an m-th root
metric be locally dually flat. More precisely, we prove the following.

Theorem 1.1. Let F = XA be an m-th root Finsler metric on an open subset
U C R™, where A is irreducible. Suppose that F = F + 3 be Randers change of F
where = b;(x)y*. Then F is locally dually flat if and only if there exists a 1-form
0 = 0,(z)y" on U such that the following hold

(1.2) BoiB + Bifo = 281,

1
(1.3) A = %[mAel + 2914[]7
(19 (o DAAT B+ (AoB) — 3A.8 + A = A28 — ),

where ﬁOl = ﬂxkylyk; Bml = (bi)zlyia BO = ﬁzlyi and BOI = (bl)O-

A Finsler metric is said to be locally projectively flat if at any point there is
a local coordinate system in which the geodesics are straight lines as point sets.
It is known that a Finsler metric F'(z,y) on an open domain U C R™ is locally
projectively flat if and only if

G'L — Pyl,
where P(z, \y) = AP(x,y), A > 0 [8]. Projectively flat Finsler metrics on a convex

domain in R" are regular solutions to Hilbert’s Fourth Problem: determine the
metrics on an open subset in R”, whose geodesics are straight lines.
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Theorem 1.2. Let F = /A be an m-th root Finsler metric on an open subset
U C R”, where A is irreducible. Suppose that F = F + 3 be Randers change of
F where 3 = b;(x)y’. Then F is locally projectively flat if and only if it is locally
Minkowskian.

2. PROOF OF THE THEOREM 1.1

In this section, we will prove a generalized version of Theorem 1.1. Indeed we find
necessary and sufficient condition under which a Randers change of an generalized
m-th root metric be locally dually flat. Let F' be a scalar function on T M defined

by following
F=+/A2/m B,
where A and B are given by
(2.1) A= agy e, ()Y oy’ ™, B = b)Yty

Then F' is called generalized m-th root Finsler metric. Suppose that the matrix
(A;;) defines a positive definite tensor and (A%) denotes its inverse. Then the
following hold

Aw—?
9ij = — 5~ [mAAy + (2 —m) 4 A5] + b,
0A %A 0B 0’B
Ai=o, Ajj=5-—7— Bi=——, Bij=5-—7-,
oy* Oy’ Oy’ oy’ 0y’ Oy’
Azi = 8714" AO = Amiyi7 Bzi = aiB., Bo = BmLyl
ox* ox*

Now, we are going to prove the following.

Theorem 2.1. Let F =/ A2/™ + B be an generalized m-th root Finsler metric on
an open subset U C R™, where A is irreducible. Suppose that F = F + 3 be Randers
change of F where 3 = b;(x)y'. Then F is locally dually flat if and only if there
exists a 1-form 0 = 0;(z)y' on U such that the following holds

(2.2) BouB + BiBo + Bor = 2[BBy + By,
1
(2.3) Axl = 37m[m140[ + 2914[],
(2.4) T Top =27 [(TOlﬁ + Yof + Y180 — 21 8) + 2Y (Bor — 28,1) |,

where Boy = Buryy®, Bor = (0:)ay’, Bo = (bi)oy’, Bor = (bi)o, T := A% + B and
2

2 _
T, = —Av 14, + By,
2 2
Ty, = —Am 2[(= — 1)A, A, + AA By,
Op m [(m ) pAo + 0p]+ Op

To prove Theorem 2.1, we need the following.

Lemma 2.1. Suppose that the equation PAW 2+ UAm 1 +0 =0 holds, where
®, U, O are polynomials in y and m > 2. Then & =V =0 = 0.



ON RANDERS CHANGE OF m-TH ROOT FINSLER METRICS 17

Proof of Theorem 2.1: Let F be a locally dually flat metric. We have
F? = A% + B +2B(A% + B)'/? + 3,
_ 2 2
(F)os = = AR Agu + Bya + (A% 4 B) VA AT A+ B

+ 2(A% + B)Y?Bk + 28,4 0.

Then
[F?] gy = %A%Q [(% — 1) A Ao + AAn] + 2(BuB + BiBo) + Boi
— (A% £ B)SPTTp 4 (A% 4 B) Yo
+ (AW 4+ B)Y2Y08 + (Am + B)"V2Y, 80 + 2(Am + B)Y?By,.
Thus, we get
%A%—Q (% — 1A Ag + AAg — 2AA .

-1

+(Aw + B)™3/? — TiToB + (A% + B)(ToB + Tofy + Tifo — 2701 3)

+2(A% + B)*(Bor — 2B,1) | + 2(BoiB + BiBo — 2841 8) + Boy — 2By = 0.

By Lemma 2.1, we have
2
(2.5) (% — 1A Ay + AAg = 2A Ak,
-1
(2.6) 7T1T0ﬁ + C[Tolﬁ + YoB; + Y180 — 2Tmzﬂ] = 202(2ﬁxl — 501),
(2.7) 2(BoB + BiBo — 2B, 8) = 2B, — Bo,
One can rewrite (2.5) as follows
2
(2.8) A(2A, — Ag) = (E — 1A Ap.
Irreducibility of A and
deg(A)) =m—1
imply that there exists a 1-form § = 6;5' on U such that
(2.9) Ag = 0A.
Plugging (2.9) into (2.8), we get
(2.10) Ag = Ab0,+0A;, — A

Substituting (2.9) and (2.10) into (2.8) yields (2.3). The converse is a direct com-
putation. This completes the proof. [
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3. PROOF OF THE THEOREM 1.2
In this section, we will prove a generalized version of Theorem 1.2. Indeed we
study the Randers change of an generalized m-th root metric
F =\/A% + B,
where A and B are given by
A= ajy ., ()Y oy ™, B = by(v)y'y?

and A is irreducible. More precisely, we prove the following.

Theorem 3.1. Let F = /A= + B be an generalized m-th root Finsler metric on
an open subset U C R™, where A is irreducible. Suppose that F = F + 3 be Randers
change of F where B = b;(x)y*. Then F is locally projectively flat if and only if it
is locally Minkowskian.

To prove Theorem 3.1, we need the following.

Lemma 3.1. Let (M, F) be a Finsler manifold. Suppose that F=F+pbea
Randers change of F. Then F is a projectively flat Finsler metric if and only if the
following holds

(31) Fo— Fu = (bl)w’yz - (bl)O-

In local coordinates (z%,y*), the vector filed
0 ;0

G=y'— —2G" —
y@xl oy*

is a global vector field on T My, where G* = G'(x,y) are local functions on T'M,
given by following

i L il{ O2F% . OF?

- _ . yeT,M.
e (’)x’fayly axl} Y

A Finsler metric F' is called a Berwald metric if
. 1. .
G = STi @)y
is quadratic in y € T, M for any x € M. The projection of an integral curve of G
is called a geodesic in M. In local coordinates, a curve ¢(t) is a geodesic if and only
if its coordinates (c'(t)) satisfy & + 2G*(¢) = 0 [18].
Now, by using Lemma 3.1, we are going to prove the following.

Proposition 3.1. Let F = \/Aw + B be an generalized m-th root Finsler metric
on an open subset U C R™, where A is irreducible, m > 4 and B # 0. Suppose
that F = F + B be Randers change of F where 8 = bi(x)y'. In that case, if F is
projectively flat metric then F' reduces to a Berwald metric.
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Proof. By Lemma 3.1, we get
. 2A2/msz + mAsz

1

’ omAVAZ + B
and
1, 2A42/™m A 2A2/m A 2
Foyy® = —E(A; +B)/? (WO +Bo)(Wl + By)(A= + B)™*
1 2 Lija| AAYMAGAL  24%M Ay 2A%MAGA
+2(A +B) ( m2A2 + mA mA?2 + Bo) |-

By (3.1), we obtain the following
PAW + VAW +0O =0,
where
o= —%mA [AoBl + BoA; + 2B(Ay — Ag)) + mA(B, — Boy)| — (m — 2)AgA, B,
U =mA(Ag — Ay) — (m —1)Ag4y,
o= im2A2 [ — 2BuB + BoBy + 2B, B| + ()0 — (bi)wy'-

By Lemma 2.1, we have

(3.2) P =0,

(3.3) U =0,

(3.4) 0=0

By (3.3), we result that

(35) mA(AOl - Aml) = (m — 1)A0Al.

Then irreducibility of A and deg(A;) = m —1 < deg(A) implies that Ay is divisible
by A. This means that, there is a 1-form 6 = 6;3' on U such that,

(3.6) Ag = 2mA».

Substituting (3.6) into (3.5), yields

(3.7) Ay = Ay + 2(m — 1)0A;.
Plugging (3.6) and (3.7) into (3.2), we get

(3.8) mA(20B; — By, + B,:1) = A;(4Bf — By).

Clearly, the right side of (3.8) is divisible by A. Since A is irreducible, deg(4;) and
deg(20B — 3 B) are both less than deg(A), then we have have

(3.9) By = 4B6.
By (3.6) and (3.9), we get the spray coefficients G* = Py* with P = 6. Then F is
a Berwald metric. ]

Proof of Theorem 3.1: By Proposition 3.1, if F' is projectively flat then it
reduces to a Berwald metric. Now, if m > 4 then by Numata’s Theorem every
Berwald metric of non-zero scalar flag curvature K must be Riemaniann. This is
contradicts with our assumption. Then K = 0, and in this case F' reduces to a
locally Minkowskian metric. [
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