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POSITION VECTORS OF ADMISSIBLE CURVES IN
3-DIMENSIONAL PSEUDO-GALILEAN SPACE G}

HANDAN OZTEKIN AND HULYA GUN BOZOK

(Communicated by Yusuf YAYLI)

ABSTRACT. In this paper, position vectors of admissible curves in pseudo-
Galilean space G% is studied in terms of Frenet equations. We compute the
position vectors of admissible curves in pseudo-Galilean space G%.Then we give
some examples of position vectors for admissible curves.

1. Introduction

In the local differential geometry, curves are a geometric set of points, or locus.
Intuitively, one can think a curve as the path traced out by a particle moving in
Euclidean 3-space. So, to determine behaviour of the particle ( or the curve, i.e.)
we investigate position vectors of curves.

In the Euclidean space E3, for each unit speed curve o : I — E? with minimum
four continuous derivatives, we can denote orthogonal unit vector fields ¢,n and b
called, respectively, the tangent, the principal normal and the binormal vector
fields. The planes spanned by {t,n}, {¢,b} and {n,b} are called, respectively,
osculating plane, rectifying plane and normal plane of the curve a. If position
vector of a : I C R — E3 always lie in its rectifying plane, the curves a are called
rectifying curves. Similarly, the curves whose position vector o always lie in their
osculating plane and their normal plane, are called ,respectively, osculating curves
and normal curves. In [3] B.Y. Chen expressed characterization of rectifying curve
. Then, the characterization of rectifying curves in Minkowski space is given in [6].

In the Euclidean space E? , the determination of parametric representation for
position vector of arbitrary space with respect to intrinsic equations is still unknown
[5,9]. Generally, to solve the above problem is difficult. But, the problem is solved
some special case for example the event of a plane curve and a helix. Ali give some
differential equation to solve the problem in the event of a general helix and slant
helix in Minkowski 3- space [1,2]. Also, in Minkowski space position vectors of a
spacelike W-curve is given in [8].

The aim of this study is to solve the problem for admissible curves in pseudo-
Galilean 3-space G . First of all, we define the position vector of an admissible
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curve according to the Frenet frame and then we obtain the position vector of an
admissible curve according to standart frame in the way of curvature and torsion
in pseudo-Galilean 3-space G3 .

2. Preliminaries

The pseudo-Galilean geometry is one of the real Cayley-Klein geometries. As in
[4] , pseudo-Galilean inner product can be written as

<’Ul 1]2> _ xri1xra , lf xI1 # 0V i) # O,
’ Y1Y2 — 2122, if 11=0 A x32 =0,

where vy = (z1,91,21) and vy = (x2,y2, 22) and the pseudo-Galilean norm of the
vector v = (z,y, z) defined by

T, x #0,

A vector v = (z,y, 2) is in G3 is said to be non-isotropic if x # 0 , otherwise it
is isotropic. All unit non-isotropic vectors are of the form (1,y,z) . There are four
types of isotropic vectors : spacelike (y2 - 22> 0) , timelike (y2 -2 < 0) and two
types of lightlike (y = +z) vectors. A non-lightlike isotropic vector is unit vector if

2,2 _
Y z° = =+1.
In pseudo-Galilean space a curve is given by

a:I—Gy , a(t)=(z),yt),z(t)

where I C R and x (t),y(t),z(t) € C3 . A curve a given above is called an
admissible curve if x (¢t) #0 .

The curves in pseudo-Galilean space are characterized as follows:

Type 1.

An admissible curve a : I C R — G} can be parameterized by arc length t = s,
given in coordinate form

(2.1) a(s)=(sy(s),z(s)).

Its curvature x(s) and torsion 7(s) are defined by

(2.2) k(s) = VIy? — 22|
det(a(s), a(s), a(s
(o) = fetlathal)al)
K2 (s)
The associated trihedron is given by

t(s) = a(s) = (1,y(s), z (s)),

(2.3) n(s) = ——a(s) = %((xy(s),z(s»?

The vectors t(s) , n(s) and b(s) are called the vectors of tangent, principal normal
and binormal line of « , respectively. The curve « given by (2.1) is timelike, if n(s)



POSITION VECTORS OF ADMISSIBLE CURVES... 23

is spacelike vector. For derivatives of tangent vector ¢(s) , principal normal vector
n(s) and binormal vector b(s) , respectively, the following Frenet formulas hold

t(s) = K(s)n(s),
(2.4) n(s) = 7(s)b(s),

b(s) =71(s)n(s) .
Type I1.
An admissible curve 3 : I C R — G4 is given by S (z) = (x,y(z),0) and for
this admissible curve, the curvature x(x) and the torsion 7(z) are defined by

(25) (@) = y(z).
() = ay(z)
= )

where a(z) = (0, az(x), as(z)) . The associated trihedron is given by
t(x) = (1,y(x),0),

(2.6) n(z) = (0,az2(x), az(x)),

b(x) = (0, az(z), as(z)).
For tangent vector ¢(x) , principal normal vector n(z) and binormal vector b(zx) ,
the following Frenet formulas hold

t(z) = k(z)(cosh ¢(x)n(x) — sinh ¢(x)b(x)),
(2.7) n(z) = 7(2)b(z),

b(z) = 7(z)n(x) .
where ¢ is the angle between a(x) and the plane z = 0 [4].

3. Position vectors of admissible curves in pseudo-Galilean space G}

In this section, we give the position vectors of admissible curves according to
Frenet frame in pseudo-Galilean space G} .

Theorem 3.1. Let o (z) = (z,y (x),2 (z)) be an admissible curve with curva-
ture x(z) and torsion 7(z) # 0 in G1. Then its position vector is given by

(3.1) a(z) = (z+c)t(x)+ |:82 — %(1‘ + cl)n(x)eT(z)dzdx} {efr(x)dx(n(m) n b(x))}

- { + %@ + cl>n<x>eT“”>“””dx] [ (b() — n(a)]

where ¢; , co and c3 are arbitrary constants.

Proof. Let a(z) = (z,y(x),z(x)) be an admissible curve in G3. If \(x) , p(z)
and 7(z) are differentiable functions of zel C R, then we can write the position
vector of « in the following form

(3.2) a(z) = A@)t(z) + px)n(z) + y(x)b(z).
Differentiating the equation (3.2) with respect to = and considering the Frenet
equations (2.4), we get
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(3-3) A(@)r(z) + p(z) +7(x)7(r) = 0,

()7 (@) +7(x) =0 .
Using the first equation of (3.3), we find

(3.4) Az) =2+ 1,

where ¢; is an arbitrary constant. We can consider the variable ¢t = 7(x)dz . So,
all functions of x will turn into the functions of ¢ . The dot is used to denote the
derivation with respect to t (prime is used to denote the derivative with respect to
x) . We can write the third equation of (3.3) as follows

(3.5) ult) = —3(t)

Considering the equation (3.5) with the second equation of (3.3), we obtain
. At)k(t

(5:6) 30— = 2050,

7(t)
Then the solution for the above equation is written
LAWK , Y LAGR®) N
. t) = - = dt — dt
(3.7) ~(t) (CQ 0 e e "+ 63+2 ) e e',

where ¢y and c3 are arbitrary constants. If we differentiate the equation (3.7) with
respect to ¢ and substituting this in the equation (3.5), we have

(3.8) u(t) = <62 — ;)\(i)(;(t)etdt> et — (c?, + ;)\(i)(/;;)(t) etdt> el
So, the equations (3.7) and (3.8) can be written

1
(3.9) V() = <02 — 5@+ q)ﬁ(ﬂﬂ)e“““dm) e T(@dz
1 —7(z)dz 7(x)dx
+ 03+§(I+01)Ii($)6 dz | e ,
1
(3.10) w(z) = (Cg — 5(‘73 =+ cl),{(x)e‘r(w)dacd$> e~ T(@)dz

1 YV
- (03 + g(ac + cl)/i(ac)e_T(”“)d”“dx) e7(@)dz

If we use the equations (3.4) ,(3.9) and (3.10) in (3.2) we obtain equation (3.1). O

Theorem 3.2. Let 8 (z) = (z,y (z),0) be an admissible curve with constant ¢
angle and constant torsion 7(z) in G3. Then its position vector is given by

(3.11) B(x) = (z 4 c1)t(x) + cpe TR Pn(z)

where ¢; , co and c3 are arbitrary constants.

Proof. Let B(z) = (z,y(z),0) be an admissible curve in G3. Then we write its
position vector in the following form

(3.12) Bla) = AMa)t(x) + p(x)n(x)
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where A(z) and u(x) are differentiable functions of xel C R .We can suppose 7, ¢ are
constants. If we differentiate the above equation with respect to z and considering
Frenet equations (2.7), we get

Az)—1=0,
(3.13) AMz)kcosh o + p(z) =0,

— M)k sinh ¢ + p(x)r = 0.

Using the first equation of (3.13), we find
(3.14) Az) =z + ¢,

where ¢; is an arbitrary constant. If we use the second and third equation of (3.13),
we have

(3.15) W (z) + 7 coth pu = 0.

The general solution of these equation is

(3.16) p(z) = cge” T Ot 9T

Substituting equations (3.14), (3.16) to (3.12), we obtain equation (3.11) . O

4. Position vectors of admissible curves with respect to standart frame
of G}
Theorem 4.1. Let a(z) = (x,y(x),z (x))be an admissible curve with curvature

k(z) and torsion T(x) in the pseudo-Galilean space G3.

i) if « is an admissible curve with spacelike normal, then the position vector of
« is given

(4.1)

oz) = (a? / ( / () cosh( / T(x)da:)dx) da, (H(x) sinh( / T(x)dm)dm) dx) .

ii) if v is an admissible curve with timelike normal, then the position vector of
« is given

(4.2)

o(z) = (a? / ( / () sin( / T(m)dm)daﬁ) da, (Fa(m) cosh( / T(m)dm)dm) dx) .

Proof. If a () is an admissible curve in G} , then from the second equation of (2.4)
we obtain

1
b(z) = —n(x).
T
Using the third equation of (2.4) we have
1
(Tn(m)> —7(x)n(z) = 0.
We can write the above equation by the form
d*n
where ¢ = [ 7(z)dz .
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i) Let « be an admissible curve with spacelike normal. The principal normal
vector can be written

n = (0,cosh @ (t),sinh 6 (¢))

Considering the vector n in the equation (4.3) we have

[
=

(92(15) - 1) coshd (t) + H(t) sinh 6 (t)

I
e

.2 .
(0 (t) — 1) sinh € (t) + 6(t) cosh 6 (¢)
Using above equations we get

0(t) =+1 , 0(t) =0,

and from above equation we have 0(t) = +t = + [ 7(z)dz. We can take the positive
sign for 6(t). Then the principal normal vector can be written

n(z) = (o,cosh( / +(2)dz)dz, sinh( / T(x)dx)dx) .

Using the principal normal vector we have

t(z) = /n(x) (O,cosh(/T(:c)dz),sinh(/ T(J:)dﬂ:)) +c,

where ¢ is a constant vector. We can take ¢ = (1,0, 0) because of the first component
of tangent vector and then

t(x) = <1,/n(m) COSh(/T(:C)d(E)d:E,/KJ(iC) sinh(/T(x)d:v)dx).

Using above equation we find

o(z) = / (1, / () cosh( / (@) da)da, / () sin( / T(x)dm)dx) do

So the equation (4.1) is obtained.
ii) Let a be an admissible curve with timelike normal. The principal normal
vector can be written

n = (0,sinh(6 (t)), cosh(f (1)) .

Considering n in the equation (4.3) we obtain

(é (t) — 1) sinh (6 (t)) + 6(t) cosh (6 (t))

I
o

|
e

<é (t) — 1) cosh (6 (t)) + 6(t) sinh (6 (t))
Using above equations we get
o(t) = +1 , 6(t) =0,

and from above equation we have 0(t) = &+t = £ [ 7(x)dz. We can take the positive
sign for 6(t). Then the principal normal vector can be written

w1 (s [ i) oo [ i) ).
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Using above equation we have

t(z) = / K(z) (O,Sinh ( / T(z)das> , cosh ( / T(:c)dx>> +e

where ¢ is a constant vector. We can take ¢ = (1,0, 0) because of the first component
of tangent vector and then

t(z) = (17 / k(z) sinh ( / T(:C)d;t) dz, / k(z) cosh ( / T(x)dx) dx) .

Using above equation we obtain

olz) = / (1, / () sinh ( / T(a:)dx) da, / () cosh ( / T(x)da:) dx) da.

O

Theorem 4.2. Let §(x) = (z,y (z),0) be an admissible curve with curvature r(x)
and torsion 7(z) in the pseudo-Galilean space G3.

i) if 8 be an admissible curve with spacelike normal, then the position vector of
[ is given

B(z) = (a: / [ / () <cosh¢cosh ( / T(a:)dx) _ sinh ¢ sinh ( / T(a:)dx)) dm] da,
(4.4) / { / k(@) (cosh¢sinh ( / T(x)dx) _ sinh ¢ cosh ( / T(x)daj)) dx} dx)

ii) if 8 be an admissible curve with timelike normal, then the position vector of
B is given

B(z) = (x/ [/ ) <cosh¢>sinh (/T(x)dg;> _ sinh ¢ cosh </ T(x)dx>> dg;] dz,
(4.5) / { / k() (cosh¢cosh ( / T(Jc)dx) _ sinh ¢ sinh ( / T(Jc)dx)) dx} dx)

Proof. i) Let 8 be an admissible curve with spacelike normal. If 8 (z) is an ad-
missible curve in G} , then the Frenet equations (2.7 ) are hold. From the second
equation of (2.7), we have

1
b(x) = —n(x) .
T
Using the third equation of (2.7), we have

So the above equation can be written

d*n

where ¢ = [ 7(x)dz .The principal normal vector can be written as follows
n = (0,cosh@ (t),sinh @ (1)) .
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If we use the vector n in the equation (4.6) we obtain

|
e

(éZ (t) — 1) cosh 6 (t) + H(t) sinh 6 (t)

Il
e

<92 (t) — 1) sinh 0 (t) + G(t) cosh 6 (1)

Then we get
0(t)=+1 , 6(t)=0

and from above equation we have 0(t) = &+t = £ [ 7(x)dz. We can take the positive
sign for 6(¢) . Then

n(z) = (0, cosh ( / T(:C)d:t) dz, sinh < / T(:z:)dx) dz).

Since 3 () is an admissible curve in G} , the Frenet equations (2.7) are hold. From
the third equation (2.7), we have

n(x) = %b(m)

If we put the above equation in the second equation of (2.7) we obtain the differential
equation with respect to principal normal vector n

The above equation can be written as follows

d*b
72_17:0,

(4.7) o

where t = [ 7(z)dxz .We can write the binormal vector in the following form
b= (0,sinh 6 (t),coshé (1)) .

Considering the second and the third components from the vector n in the equation
(4.7) we obtain

I
=)

<é2 (t) — 1) sinh 6 (£) + 0(t) cosh 6 (t)

|
e

.2 .
(9 (t) — 1) cosh @ (t) + 6(t) sinh 0 (¢)
So, using the above equations we get

0(t) = +1 , 0(t) =0,

and from above equation we have §(t) = +t = + [ 7(z)dz . We can take the
positive sign for 8(¢) . Then the principal normal vector is written as follows

b(z) = ((),sinh ( / T(a:)dx) dz, cosh ( / T(a:)dx) da:)
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Using first equation of (2.7), we can write

Ha) = n@ymm¢<QC%h(/T@mm>d%smh</7@ym>¢0
—m@hmh¢@@mh(/T@M%%Mm%h(/ﬂ@MJma.

If we integrate the above equation with respect to x , we have the equation (4.4).

ii) Let 8 be an admissible curve with timelike normal. If 8 (x) is an admissible
curve in G} , then the Frenet equations (2.7) are hold. From the second equation
of (2.7), we obtain

b(z) = %n(m) .

Considering the above equation to the third equation of (2.7) we obtain

(lmm>7@m@ga

T

We can write the above equation in the following form
(4.8) — —n =0,

where ¢t = [ 7(z)dz . The principal normal vector can be written
n = (0,sinh 6 (t) , cosh 6 (t))
Using the equation (4.8) we have

.2 .
@(w—1>mm9@+wun%hmo

I
o

|
e

<92 (t) — 1) cosh 6 (t) + 9(t) sinh 6 (t)
So,
0(t) = £1 , 0(t)

and from above equation we have 0(t) = £t =+ [ 7
sign for 6(¢t). Then

n@)z(mmm(/Tum{ymﬂwh(/ﬂ@m0¢Q.

Since (3 (z) is an admissible curve in G . From the third equation (2.7), we have

n(x) = %b(m)

Considering the second equation of (2.7) we have

(1Mx0-—ﬂxwm):0.

0,
(z)dx. We can take the positive

.
The above equation can be written
d?b

(4.9) =

—b=0,

where ¢ = [ 7(z)dz .Thus
b= (0,cosh(t),sinhé (1))
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Using the equation (4.9) we have

I
(=)

<92 (t) — 1) cosh 0 (t) + 0(t) sinh 6 (¢)

|
e

(éQ (t) — 1> sinh 0 (t) + 9(t) cosh 6 (t)

Then
0(t) = +1 , 0(t) =0,

and from above equation we have 0(t) = +t = £ [ 7(x)dz. We can take the positive
sign for 6(¢). Then

b(z) = (o,cosh ( / T(J:)dx) dz, sinh ( / T(m)dx) dm)

Using first equation of (2.7), we can write

t(x) = r(x)cosho <0,sinh ( / T(x)dx> da, cosh ( / T(x)d$> d:c)
—k(z) sinh ¢ <O,cosh < / T(I)d:c) daz, sinh ( / T(Jc)dz) dx) .

If we integrate the above equation with respect to z , we get the equation (4.5)
O

Example 4.1. Let o be a straight line with respect to the Frenet frame in G3. If
we take k(x) = 0 and consider this in the equation (4.1) and (4.4), then its position
vector can be written

a1(x) = (z, 1 + o, c3x + ¢4)
and
a1(x) = (z,c1 — cox + €3, c4 + c5T + C5),
respectively, where ¢; , i = 1,2,3,4,5,6 are arbitrary constants.
Example 4.2. Let 8 be a planar curve with respect to the Frenet frame in G3. If

we take 7(z) = 0 and consider this in the equation (4.1) and (4.2), then its position
vector can be written

By(z) = <x,cosh77 / ( / k() dx) da, sinh 7 / ( / () dac) dx)
Ba(x) = (z,sinhy / ( / v (2) dx) dz, cosh / ( / v (2) da:) dz),

respectively, where 7 is arbitrary constant. If we take 7(z) = 0 and consider this
in the equation (4.4) and (4.5), then its position vector can be written

Bs(z) = (:w/(/ (z) cosh ¢(x )dm) dw—é/(/ ) sinh ¢(z)d )d:v,
5 / < / /—i(:z:)coshqﬁ(:r)dx) dz — v / ( / K () sinhgb(:z:)dx) d:z:)

and
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and

Be(z) = (xé/ (/m(x) coshqb(x)dac) dx—y/ </ﬁ(x) sinh¢(x)dx> dz,
v / < / K (2) coshqb(x)d:c) dz — § / ( / K (x) sinhd)(:v)dx) dac) ,

respectively, where 1, v and § are arbitrary constants, cosh [] = v and sinh [n] = 0.

Example 4.3. Let v be an admissible curve with x(x) = const. and 7(z) = const.in
pseudo-Galilean space G3 . If we take r(z) and 7(x) are constants and put it in
the equation (4.1) and (4.2), we obtain

v, = (z, & cosh (rx), " sinh (T:IZ))

2 2
and
K K
v, = (a:, — sinh (77) , — cosh (Tx)) ,
T T
respectively.

If we take k(z) and 7(z) are constants and consider this in the equation (4.4)
and (4.5), we get

S (M / ( / (cosh ¢(z) cosh (1) — sinh ¢(z) sinh (T:E))d&@) dz,
K / ( / (cosh ¢(z) sinh () — sinh ¢(z) cosh (T:c))da?> d:r))

and

b = (z,m / / (coshgb(z)sinh(Tx)—sinhqﬁ(:z)cosh(Tx))dz) dz
p / ( / cosh é(z) cosh (r2) — sinh ¢(z) sinh (Tx))dx) dm),

respectively.

Example 4.4. Let ¢be an admissible general helix in pseudo-Galilean space G3.
Then if we take 7 () = mk (), where m is arbitrary constant and consider this in
the equation (4.1) and (4.2), we get

by = <x / { / k() (cosh (m / m(w)dw) sinh <m / H(x)dx)) da:] d:c)

and

o = (x / [ / w(z) (sinh (m / n(x)dx) , cosh (m / n(m)dm)) dx} da:) ,

respectively.
If we take 7 () = mk (z), where m is arbitrary constant and consider this in the
equation (4.4) and (4.5), we get
Y3 = (x,/ [/ k(z) (cosh ¢ cosh [£(x)] — sinh O sinh [£(z)]) d:v] dz,

/ U () (cosh g sinh [¢()] — sinh 6 cosh [¢()]) d:c} dz)
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d
vy = (:v,/ [/ k(z) (cosh ¢ sinh [£(x)] — sinh 6 cosh [f(:c)])dx] dx,

/ [ / #(x) (cosh ¢ cosh [€(x)] — sinh § sinh [¢(2)]) dx} dz),

respectively, where m [ k(z)dz = £(x).
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