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CONSTANT SCALAR CURVATURE OF THREE DIMENSIONAL
SURFACES OBTAINED BY THE EQUIFORM MOTION OF A
SPHERE

FATHI M. HAMDOON AND AHMAD T. ALI

(Communicated by Hans-Peter SCHROCKER)

ABSTRACT. In this paper we consider the equiform motion of a sphere in Eu-
clidean space E7. We study and analyze the corresponding kinematic three-
dimensional surface under the hypothesis that its scalar curvature K is con-
stant. Under this assumption, we prove that |K| < 2.

1. INTRODUCTION

An equiform transformation in the n-dimensional Euclidean space E™ is an affine
transformation whose linear part is composed of an orthogonal transformation and a
homothetical transformation. Such an equiform transformation maps points x € E"
according to the rule

(1.1) x— sAx+d, Ae€SO(n), seR—-{0}, deE™

The number s is called the scaling factor. An equiform motion is defined if the
parameters of (1.1), including s, are given as functions of a time parameter ¢. Then
a smooth one-parameter equiform motion moves a point x via x(t) = s(¢).A(t)x(t) +
d(t). The kinematic corresponding to this transformation group is called equiform
kinematic, see [2, 4].

Under the assumption of the constancy of the scalar curvature, kinematic sur-
faces obtained by the motion of a circle have been obtained in [1]. In a similar
context, one can consider hypersurfaces in space forms generated by one-parameter
family of spheres and having constant curvature: [3, 5, 6, 7.

In this paper we consider the equiform motions of a sphere kg in E™. The point
paths of the sphere generate a 3-dimensional surface, containing the positions of
the starting sphere kg. The first order properties of these surfaces for the points of
these spheres have been studied for arbitrary dimensions n > 3 [1]. We restrict our
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considerations to dimension n = 7 because, at any moment, the infinitesimal trans-
formations of the motion map the points of the sphere kg to the velocity vectors,
whose end points will form an affine image of ko (in general a sphere) that span a
subspace W of E"™ with n <7 [8].

On other hand, in the case of cyclic surface foliated by circle, for fixed t, we
have a circle in a fixed frame and its image is an ellipse in moving frame. Then,
we need at least space of dimension 5 (2 for the circle, 2 for an ellipse and one di-
mension for skew) [1]. In the present paper, for fixed ¢, we have a sphere in a fixed
frame and its image is an ellipsoid in moving frame. Then, we need at least space of
dimension 7 (3 for the sphere, 3 for an ellipsoid and one dimension for skew), see [8]).

Let x(6,¢) be a parameterization of kg and let X(¢,0,¢) be the resultant 3-
surface by the equiform motion. We consider a certain position of the moving
space given by t = 0, and we would like to obtain information about the motion
at least during a certain period around ¢ = 0 if we know its characteristics for one
instant. Then we restrict our study to the properties of the motion for the limit
case t — 0. A first choice is then approximate X(t, 6, ¢) by the first derivative of
the trajectories. Solliman, et al. studied 3-dimensional surfaces in E” generated
by equiform motions of a sphere proving that, in general, they are contained in a
canal hypersurface [8].

The purpose of this paper is to describe the kinematic surfaces obtained by the
motion of a sphere and whose scalar curvature K is constant. As a consequence of
our results, we prove:

A kinematic three-dimensional surface obtained by the equiform
motion of a sphere and with constant scalar curvature K satisfies
K| < 2.
Moreover, we show the description of the motion of such 3-surface by giving the
equations that determine the kinematic geometry.

2. THE REPRESENTATION OF A KINEMATIC SURFACE

In two copies ZO, 3" of Euclidean 7-space E’, we consider a unit sphere kg
centered at the origin of the 3-space g9 = [z12223] and represented by
(2.1)

x(0,¢) = (cos(@) cos(¢), sin(6) cos(¢),sin(¢),0,0,0,O)T, 0 €[0,2n], ¢ €0,7].

Under a one-parameter equiform motion of moving space ZO with respect to a fixed
space Y the general representation of the motion of this surface in E7 is given by

X(t,0,0) = s()A()x(0,6) +d(t), telCR.

T
Here d(t) = (bi(t)) .4 = 1,2,...,7 describes the position of the origin of $°
T
at time ¢, A(t) = (aij(t)> 24,5 = 1,2,...,7 is an orthogonal matrix and s(t)
provides the scaling factor of the moving system. With s = const. # 0 (sufficient
to set s = 1), we have an ordinary Euclidean rigid body motion. For varying ¢
and fixed x(0, ¢), equation (2.1) gives a parametric representation of the surface
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(or trajectory) of x(6,¢). Moreover, we assume that all involved functions are at
least of class C'. Using Taylor’s expansion up to the first order, the representation
of the motion is given by

X(,0,) = |s(0)A(0) + t(é(O)A(O) + s(o)A(o))]x(e, @)+ d(0) + td(0),

where (.) denotes differentiation with respect to the time t. Assuming that the
moving frames Y. and 3 coincide at the zero position (¢ = 0), we have

A(0)=I s(0)=1, and d(0)=0.

Thus we have
X(t,0,¢) = [I + t(s’I + Q)}x(e, @) + td’,

where Q@ = A(0) = (w;), ¢ = 1,2,...,21 is a skew symmetric matrix, s’ = 5(0),
d’ = d(0) and all values of s,b; and their derivatives are computed at ¢ = 0. With
respect to these frames, the representation of the motion up to the first order is

X4 1+t wit wat w3t wyt ws t weg t
X2 —Ww1 t 1 + S/t wr t ws t Wy t w10 t w11 t
X3 _(JJQt —(JJ7t 1+ S/t wlgt wlgt (JJ14t wlst
(22) X4 = —wst —wsgt —wiat 1+ s't wig t wirt wigt
X5 —wyt —wgt —wigt —wigt 1+t  wigt woot
Xs —wst wiot —wiut —wirt —wigt 1+ s't wor t
X7 —We t —W11 t —W15 t —Ww18 t —W20 t —Ww91 t 1 + Slt

cos(f) cos(@)) (v,

sin(6) cos(¢) b,

sin(@) | o

X 0 AR

0 b

0 A

0 bl

or in the equivalent form

X 4 1+5't wrt
X A —wi t 1+ st
X3 é —W9 t —Ww7 t
(2.3) Xy| = b |+eos@rcos(d)| —wgt |+sin(0) coss)| —wgt
X5 bg —wyt —Wo t
XG % —Whs t —Ww10 t
X7 (7 —We t —Ww11 t
w2 t
wr t
1+s't
+  sin(e)| —wiat
—W13 t
—W14 t
—W15 t

—

(2.4) = tb+ cos(6) cos(¢) & + sin(f) cos(¢) &, + sin(¢) &s.



CONSTANT SCALAR CURVATURE OF THREE DIMENSIONAL... 71

For any fixed t in equation (2.3), we generally get an ellipsoid for 8 € [0,2n] and
¢ € [0, 7] centered at the point t(b],bh, b5, b, b, bg, b). The latter ellipsoid turns
to a 2-dimensional sphere if a, a;, and a; form an orthonormal basis. This gives
the following conditions:

6 11

(2.5) Zwi Wits = Wiwr — sz‘ Wity = Wi wa + Zwi wita =0,
; i=3 =8
6 11
(2.6) Zw? = Zw%, w1+2w fw7+2w
=2 =7 =12

3. SCALAR CURVATURE OF THE KINEMATIC SURFACE

In this section we shall compute the scalar curvature of 3-surfaces in E” generated
by equiform motions of a sphere which satisfies the conditions (2.5)-(2.6). The
tangents to the parametric curves ¢ = const., § = const., and ¢ = const. at the zero
position are

X, = [S/I n Q}x+ d, X, = [I+ (3’1 4 Q)t]m X, = {I n (s'I + Q)t} X4
The coordinate functions of the first fundamental form of X(¢,0, ¢) are

g1 = XTI Xe, g12=X/} X, g13=X} Xy,
ga2 = X Xg,  gaz = X Xy, g3z = X X

Under the conditions (2.5)-(2.6), we obtain

g1 = 7+ ascos(2¢) + agsin(¢) + 2 cos(¢) {cos(¢) <a4 cos(20) + ay sin(26))
+ sin(6) (a7 + as sin(qb)) + cos(6) (a6 —2a3 sin(qﬁ))} ,
g12 = cos(¢) {215 cos( (a1 cos(20) — ay sin(29)> — w1 cos(¢)

=

(a6 —2a5 bln(¢)> + b +wo sin(qﬁ)}

+ cos(6 [t <O¢7 + 209 Sin((/))) + bl? +wr Sin(¢)” ’

- bln

g3 = 2tcos(20) <a2 sin(6) — s cos,(o)) — tsin(2¢) (a5 + au cos(20)
— sin(29)) — sin(¢) [(b’l + toq;) cos(8) + (b’2 + ta7> sin(&)} ,
g2 = cos?(¢) [1 +2ts + 212 (5 — aycos(20) — ag sin(ze))} ,
g3 = [2 cos?(¢) (a2 cos(6) + sin(e)) + sin(29) (a4 sin(26) — au cos(w)ﬂ :
g3 = 1428 +12 [’y — B — a5 cos(2¢) + 2sin?(¢) (a4 c0s(20) + au sin(20))

+ 2sin(29) (ag cos(f) — s sin(9))} ,
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where

I -
ay = % [Zizz Wi Wi+5}7
042—% w1 W2+Zgigwiwi+4:|a
063:? w1 W7_Z?:3wiwi+9:|,
044:%{2?2 (w?—w?%)},
as = ; w%—2w§—2w$+z£1wf—2(zzimwf)],
046:6’15’721 lewz 1s
ay =bjwy +bhs ZZ 3 b Wiy,

ZQ[bIWQ-i-wa?—l—b:),S _2’2'724b;,wi+8i|’
6 Zz 1b227
1

V:5+5/2+Z[2(W%+W§+W$)+Z; w; +Z7, 12 W}
5= 267 +ud) + T w?].

The conditions (2.5)-(2.6) lead to the following relations
ap=ay=03=m=a;=0, yv=LF+20.

In order to calculate the scalar curvature, we need to compute the Christoffel sym-
bols of the second kind, which are defined as

= = G - )
where i, j, [ are indices that take the values 1,2,3, 1 = t,z02 = 0,23 = ¢, and (glm)
is the inverse matrix of (gij). Then the scalar curvature of the surface X(t, 6, ¢) is
l
K(t,0,0) = g [(2;7 - gl;’l + T, T, — TR T .
At the zero position (¢t = 0), the scalar curvature of X(¢, 6, ¢) is given by
P( cos(n10 £ mi¢),sin(n16 + m1¢>)>

Q ( cos(n26 £ magd), sin(nqf + mggi))) .

(3.2) K =K(0,6,¢9) =

This quotient writes then as
(3.3)

P(cos(m@im1¢),sin(n1¢9im1¢)) — KQ(cos(n29imgqﬁ),sin(ngﬂimgqb)) =0

The assumption on the constancy of the scalar curvature K implies that equation
(3.3) is a linear combination of the functions cos(nf £ m @), sin(nf + m ¢). Be-
cause these functions are linearly independent , the corresponding coefficients must
vanish. Throughout this work, we have employed the Mathematica programm in
order to compute the explicit expressions of these coefficients.
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Assumption 3.1. Without loss of generality, we assume that the two conditions

(2.5)-(2.6) are satisfied and there are no translation motions in the plane which
contain the starting sphere, i.e.,

3.1. Kinematic surfaces with zero scalar curvature. We assume that K = 0.
From the expression (3.2), we have

P(cos(mG + m1¢),sin(n19:tm1q§)>

12 12
- Z Z (Ai’j cos(i0+j @)+ Bj jsin(i0 + j (;5)) =0.
i=0 j=—12

In this case, a straightforward computation shows that the coefficients of cos(12¢),
cos(66 + 12¢) and sin(660 + 12¢) are

3 2 3
Ap12 = 3192 [16w? — 120w (w% +w$> +9w? <w§ + w?) -5 (w% —i—w?) },
3
Ag12 = 37768 {wg — 15w w2 4+ 15w3 wi — w?},
3
36,12 = 16334 Wo Wy (3 Wo — w?) (w% — 3&1?)

By solving the three equations Ag 12 = 0, Ag,+12 = 0 and Bg 112 = 0, we get

Then
3 2 2 2
B09 = ﬁag |:a876<046+047)i|,
3
Agg = ﬁ 6(30[% a%),
3
Bsg = ﬁon(a?—?)ag)

The three equations By g = 0, Az 9 =0, and B3¢ = 0 imply
g = Xy = Qg = 0.

From these values, equation Ay s = 0 leads to

(6+26)<B+s’2726> —0.

It is worth to point out that the quantities 8 and § are positive and thus we obtain
the following condition

5:%<ﬂ+s’2).

At this time, the explicit computations of coeflicients imply that all A; ; and B, ;
are equal zero. So, we have the following:
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Theorem 3.1. A kinematic 3-surface in E7 foliated by spheres and with zero con-
stant scalar curvature satisfies

wp = wr=wr=0,
7 7 7
/ /
E bjwi—1 = g b wita = g b; wits = 0,
i—4 i—4 i
6 7
2 2
oWl o=
i=3 =4

3.2. Kinematic surfaces with non-zero constant scalar curvature. We as-
sume that the kinematic 3-surface has constant scalar curvature K # 0. From (3.1),
we have

P(cos(m@ + my¢),sin(n0 + mmﬁ)) - K Q(cos(m@ + mag),sin(nqf £ mgqb))

12 12

= > N (Am- cos(if +j ¢) + Bi Sin(i9+j¢)) =0

j=—121i=0

In this case, a straightforward computation shows that the coefficients of cos(12¢),
cos(120 + 6¢) and sin(126 + 6¢) are

1 2 3
Ap12 = T63sd (K + 6) [160}53 — 120w} (wg + w?) + 90w} (wg + w?) -5 <w§ + w?) },
1
Aoiz = oo (K +6) [wf — 150wd wf + 150wt — o],
1
Bg12 = 39768 wa Wy (K + 6) (3w2 — wg) (w% - 3w$>.
We consider the three equations Ag 12 = 0, Ag 12 = 0, and Bg 12 = 0. From here,
we discuss two possibilities: K = —6 and w; = wy = w7y = 0.

(1) Case K = —6. A computation of coefficients yields

1

Asn = 2048 [aﬁ (w;l — 6w§ w? +w‘71> — 4oy wo w7(w§ — w?)} =0
1

Bsi = M[m(w;‘ - ng w? +w?> + 4o wa m(w% —w%)] =0.

We consider two cases: ag = a7 = 0 and wg = w7 = 0.

Case (1): We assume ag = a7 = 0. The computation of coefficients

leads to
1 4 2 2 2 2 2 2
B0711 = m Qg [8(,01 — 24w1 <w2 +W7) —+ 3 (WQ +w7> :| = O’
1
A4’11 = E ag Wa W7(w$ — w%) = O,
By = 2048 ©8 (wg — 6wl w? +w$) =0,

which implies two subcases: ag = 0 and w; = ws = wy = 0.
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Subcase (1.1): If ag = 0, then we have

1 2
Ap10 = 1024 [80.}% —wf(w% —|—w$) +3 (w% —l—w?) }(64—3'2 +686 —w? — w2 —w?)

1
As10 = ——wowy (aé —6w§w$+w?) (B+8’2 +66 —wi —wh —w?)

' 2048

1

Byio = 51 W2 (w? fwg) (ﬁJrs’2 +66—wi — w3 ch?).
The last term in the above three equations is not zero because
7 11 6
B48?+60—w?—ws —wi= be + w? +Zw?+2[28'2 +w%—|—2wﬂ > 0.
i=4 i=8 i=3

The three equations Ag 190 =0, A4,10 =0, and By 10 =0 lead w; = wy =
w7 = 0. Now, the coefficient Ay ¢ must equal zero, that is,

(8+ 25)2 (28+85-57) =0,
contradiction.

Subcase (1.2): If w1 = wy = w7 = 0 and ag # 0, the equation By g =0
implies that ag = 0: contradiction.

Case (2): If wy = wy = 0 and ag, a7 # 0, the computation of coefficients
yields

4
B5’11 = 5 Qrwy = 0.

Because ag # 0 and a7 # 0, we conclude wy; = 0. New computations give

A379 = iaﬁ (Olg — 30&%),

256
9
B3g = 25627 (3 ag — a%).
By solving the equations A3 g9 = 0 and Bsg = 0, we get ag = a7 = O:

contradiction.

Corollary 3.1. There are no kinematic 3-surfaces in E7 foliated by spheres
and with scalar curvature K equal —6.

(2) Case w; =wy =wy =0 and K # —6.
A computation of the coeflicients yields

1
Boy = %ag{a§—6<a§+a$)}(2K+3)=O,
1
A379 = ﬁ&(} (30[? — O[g) (2K+3> = 0,
1
Bso = ﬁcw(a;f?)aé)(ZKJr?)):O,
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. . 3
which gives two cases: K = —5 or ay = ag = ag = 0.

3
Case (1): Assume K = —5 Now, we obtain

1
Apg = — [ag — (a% —a%)} (65—/)’—25'2>,
’ 64
1
Asg = o (ag — a%) (65 -B- 23’2>7
ng = iOZ7(ZY6(6(5 —B — 28’2).
’ 32
Solving the three equations Apg =0, Az g =0, and By g = 0, we find two
B+ 25"
cases: 0 = 6 and ag = a7 = ag = 0.
2 2
Case (1.1): If § = u, we obtain

1
Ao = = 28+ ) 425+ )2 =9 (ad +4(af +0B) ).
which leads the following condition
A28+ 522 =9 (a§ +A(a2 + o@)).

At this point, all coefficients A; ; and B; ; are equal zero.

2 12
Case (1.2): Assume ag = a7 = ag = 0 and § # “TS The
1
coefficient Ag ¢ is Ag s = 3 (ﬁ + 25) [145 — 8- 45’2}. From Ap¢ =0, we
conclude
ﬁ 4 4812
6= ——.
14
As a consequence, all coefficients A; j and B, j,4=1,2,...,12, j = —12,...,12
are zero.

From the above reasonings, it follows the next:

Theorem 3.2. A kinematic 3-surface in E7 foliated by spheres and with
3
K = —5 satisfies w1 = we = wy = 0 and one of the following pairs of

equations:
6 7
3’2—&-320./? = Zb?,
i=3 i=4
7 7 9 7 9 7 9
9 |:< Z b;wi_;'_s) + 4( Z b;wi_1> + 4( Z b;wi+4) :| y
i=4 i=4 i=4

4 {5’2 +2)° bﬂ
i=4
or

7 7
2 : / 2 : / 2 : /
bi Wi—1 = bz Witq4 = bi Wi4+8 = O7
i i=4 i=4
6 7

34Ty wl o= > bR

i=3 i=4
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3
Case (2): Assume ag = a7 = ag = 0 and K # —3 In this case we
obtain

Ao = %<B+26)2[K(6+26) —2(20-8-52)| =0,
which yields

2(26 — B —s"?)
3.4 K=—7%7——
(3.4) B+26
From here, all coefficients A; ; and B; ; are equal zero. So, we have the
following:

Theorem 3.3. A kinematic 3-surface in E7 foliated by spheres and with
constant scalar curvature

2[2?:3 wiz - EZ:4 b

K= 2 6 2 T2
$P D Wit i
satisfies
W1 = Wy =Wwr = 0,
7 7 7
} : / } : / } : /
bi Wij—1 = bz Wit4 = bz Wi48 = 0.
=4 1=4 =4

From the expression (3.4), we can write the quantity 8 in the form

g

As (8 is positive, we have two cases:

(a) Case K+ 2 < 0 and (2 - K)5 — 5% < 0. This implies

28 — s 230 w2
K<-2 and K> T 2himse

2 6 2
0 §? 4+ Wi

which is a contradiction.

(b) Case K +2 > 0 and (2 - K)(S — & > 0. This gives the following
condition for K:

— g 250 w2
—2<K<25 LA 2izs Wi < 2.

2 6 2
0 §% 4+ s w;

As consequence of Theorems 3.2 and 3.3, we have the next statement, which was
established in the Introduction.

Corollary 3.2. A kinematic three-dimensional surface in ET obtained by the equiform
motion of a sphere and with constant scalar curvature K satisfies |K| < 2.
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