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ALGEBRAIC STRUCTURE OF SQUARE MATRICES OVER
RESIDUATED LATTICES

S. BALAEI, E. ESLAMI, AND A. BORUMAND SAEID

ABSTRACT. In this paper, we introduce the algebra My, xn (L) of square matri-
ces over residuated lattice L. The operations are induced by the corresponding
operations of L. It is shown that the defined algebra behaves like a residuated
lattice, but there are some slight differences. The properties of this algebra
with respect to special residuated lattices are investigated. The notions of
filter and ideal together with their roles are specified.

1. INTRODUCTION

Matrix theory plays an important role in various areas of science and engineer-
ing to represent different types of binary relations. For instance, in formal concept
analysis which is initially developed by Wille in the 1980s [I5]. Formal concept
analysis is a data analysis method that extracts certain concepts from the data de-
scribing the relationship between a given set of objects and a given set of attributes
that the objects may or may not have [6].

In applications of formal concept analysis, the relationship between the objects
and the attributes is often not binary; zero or one, but rather that there is only an
extent to which the object has the attribute. Because of existence of such vague
and uncertain data in real world domains like problems in economics, engineering,
social science, medical science, etc., we need some tools to model these uncertain
information. Since these kind of data have very important applications and their
amount is enormously increasing, research on effective and efficient techniques for
handling uncertain data has attracted much interest in recent years. In fact, such
concerns have led some researches to reinterpret the theory of formal concepts in
many-valued logics [3]. These type of problems are initially solved by [0,1]-valued
fuzzy logic. The fuzzy matrices have been proposed to represent fuzzy relations.
Thomason introduced fuzzy matrices and discussed about the convergence of the
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powers of a fuzzy matrix [I3]. The theory of fuzzy matrices were developed by Kim
and Ruosh as an extension of Boolean matrices [§]. Because of some limitations in
dealing with uncertainties by fuzzy sets, Atanassov introduced theory of intuition-
istic fuzzy sets as a generalization of fuzzy sets [2]. Pal introduced the intuitionistic
fuzzy determinant [9]. Using the idea of intuitionistic fuzzy sets, Pal, Khan and
Shyamal introduced the intuitionistic fuzzy matrices and studied several proper-
ties of it [I0]. S. Sriram and P. Murugadas worked on semiring of intuitionistic
fuzzy matrices [12]. A. K. Adak, et al. considered some properties of generalized
intuitionistic fuzzy nilpotent matrices over distributivel lattices [I]. Xiao, et al.
introduced a new kind of intuitionistic fuzzy implication [16]. Moreover, motivated
by results of linear algebra over fields, rings and tropical semirings, Wilding pre-
sented a systematic way to understand the behavior of matrices with entries in an
arbitrary semiring [I4]. He focuses on three closely related problems concerning
the row and column spaces of matrices. In his Ph.D. thesis, he established several
new results about exactness of semirings. He showed that every Boolean ring is
exact . Finally, he considers exactness for residuated lattices, showing that every
involutive residuated lattice is exact [14].

Residuated structures are algebraic models of substructural logics [5]. These
logics include many non-classical logics such as fuzzy logic, linear logic, relevant
logic, many valued logics, intuitionistic logic and Lukasiewicz logic, where the last
two are modelled by the classes of Heyting algebras and MV-algebras respectively.
Therefore to reinterpret the theory of formal concepts in many- valued logics, it
is natural and logical to work with matrices over residuated lattices. The papers
on matrices with entries in lattices (fuzzy, intuitionistic fuzzy, residuated) do not
mention the algebraic structure of the collection of corresponding matrices. This
highly motivates us to consider the set of all square matrices with entries in a
residuated lattice. Some of the results on square matrices can be generalized to
arbitrary matrices, but since our initial goal is finding an inverse to solve systems
of n equations with n unknowns, we restrict our paper to square matrices. This
paper is organized as follows.

In section [2] some definitions and theorems that we need in the remaining, are
given. In section |3} all the required operations on M, (L) are defined. Properties
of these operations are proved in some propositions, lemmas and theorems. In sec-
tion 4l we investigate more properties of M, (L) and establish some connections
between the properties of the residuated lattice L and the corresponding properties
of the algebra M, x,,(L). Finally we end up with conclusion part in which our goal
for the coming paper is given.

2. PRELIMINARIES

In this section, we recall the definition of a residuated lattice and some basic
properties that we need in the sequel.
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Definition 1. [4] An algebra L = (L,V,A\,®,—,~,0,1) of type (2,2,2,2,2,0,0);
is a residuated lattice if it satisfies the following conditions:

(R1): (L,V,A,0,1) is a bounded lattice,
(R2): (L,®,1) is a monoid,
(R3): for all z,y,z € L we have

TOQYUL 2z r<YyYy—28yY< T~ 2.

L is called commutative if the operation ® is commutative. In this case z —
y=x ~y, forall z,y € L. Givenx € L, 2~ =z — 0 and 2z~ = 2 ~ 0. A
residuated lattice L is called complete if for every S C L, \/ S and A S exist, where
VS and A S mean the least upper bound (sup) and greatest lower bound (inf) of
S, respectively.

We give some properties of a residuated lattice L in the following theorem from
[] and [7].

Theorem 2. Any residuated lattice L satisfies the following properties: For all
x,y,z €L
Da—(y—2) =0y -2
2) x> (y~z)=(yoz)~ 2
Nre<yiffr oy=1liffc~y=1,
4)x—or=x~z=1,
S)x—l=xz~1=1,
6)0 mx=0~2x=1,
7ze0=00z=0,
8z oy <zAy,
9)(z—y)0r<yandzo(z~y) <y,
10)z<y—(z0y) andz <y~ (yO ),
1)z <y impliesz®z<yOzand z0r<z0Oy,
12) (z —y)Ox<zAyand (x ~y) Oz <z Ay,
13) (x —y)Oz<z<y—(r0y) and (r —y) Oz <y<z—(yOx),
I4)zo@~~y)<y<z~ (@0y) andz© (z~y)<z<y~ (yO)
15)ife<ythenz—ax<z—oyandz~z<z~wy,
16) ife <ytheny - z<z—zandy~ z <z~ 2,
17M1—-z=zandl~z=u,
18)x —y=z— (xAy),
19) z ~y=z~ (zAy),
20)y<z—yandy<z~y, thenzQy<z—yandyOz <z~ Yy,
21)ifx<ythenx <z—yandz < z~y,
22) 20 Ay) < (z0z)A(20Y),
23) (xANy) ©z2< (2@ 2) A (YO 2),
24)z@a~=2"Qr=0andx <z ™,z <z,
25)z0y=0iff <y andyox=0if x <y~,
26)1"=1"=0and 0~ =0~ =1,

)
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27) x@x =z thenzQy=x Ay,

and any complete residuated lattice L satisfies the following additional properties:
For all x,y,z € L

28) (Visy i) =y = Ny (@i = v),

29) (Vizyzi) ~y = NiZy (2 ~ ),

30) Nica(y — =3) =y = Ny (i),

31) Nicy(y ~ @) =y ~ Ny (w4),

32) 2 © (Vier 1) = Vier(x © yi),

33) Viervi) © = Ve (v © 2),

34) 2 © NiZi(wi) < Nia(z © wa),

35) Vier, #) N (Vjen Ui) = Vien, Vjen (i A yj),
36) (Nier, i) N (Njer, 43) = Nier, Njer (i A ys)-

Note that (35) and (36) are also true for finite number of index sets Iy, Ia, ..., L,;
by induction.

Definition 3. [] Let L be a residuated lattice. A nonempty subset F of L is called
a filter of L if the following conditions hold:

i)ifv,y € F, thenx Oy € F,

i) ifreF,ye L andx <y theny € F.

A filter F of L is proper if F' # L. Clearly, F is a proper filter iff 0 ¢ F.

Definition 4. [I1] Let L be a residuated lattice. A subset I of L is called ideal if
the following conditions hold:

i)0el,

i) ife,y €I, thenxVyel,

i) ifv e L,yel andx <y, thenx € I.

An ideal I of L is called proper if I # L. Clearly, I is proper iff 1 ¢ I. The ideal
P of L is called prime if for all z,y € L such that xt Ay € P then x € P or y € P.

In a commutative residuated lattice L we have £~ = ™, and the common value
will be denoted by z* =z — 0.
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Lemma 5. [II] Let L be a commutative residuated lattice. If a,b € L, then
)a<a*™,1*=0,0"=1,

2) a** = a*, a < a™* < a* — a,
3) (aNb)* =a*Vb*, (aVDh)* =a* ANb*,

4) (a AD)** = a** Ab**, (a VD)™™ = a** Vb,
5) (a ® )™ = a™ O b, (a — b)** = a** — b*,

6)a—b"=b—a*"=a" —>b*=(a®b)*.

Lemma 6. [II] Let L = (L,V,A,®,—,0,1) be a commutative residuated lattice.
If v,y € L such thatxVy =1, thenxOy=xAy.

Definition 7. [I1] A lattice (L,V,A) is distributive if for every x,y,z € L we have
xV(yAz)=(xVy)A(xVz) or equivalently x A (yV z) = (x Ay) V (z A 2).

Definition 8. [II] A complete residuated lattice L is called Brouwerian if a A
(V,; b)) = V,(anb;), for all a,b; € L.

Remark 9. Let (L,V,A,0,1) be a bounded lattice. Recall (see [I1]) that an element
a € L is called complemented if there is an element b € L such that aVb =1 and
aNb=0. If such element b exists it is called a complement of a. The set of all
complemented elements of L is denoted by B(L). Complements are not generally
unique, unless the lattice is distributive.

In residuated lattices however, although the underlying lattices need not be dis-
tributive, the complements are unique [I1]. Also, for every commutative residuated
lattice L, B(L) denotes the Boolean algebra of all complemented elements in L.

Definition 10. [II] Let L = (L,V,A,®,—,0,1) be a commutative residuated lat-
tice. Then we say that L is Boolean if B(L) = L.

Definition 11. [II] A commutative residuated lattice L is called a G-algebra if
r@x=uz, forallxz € L.
We note that in every G-algebra L, x ®y =z Ay for all x,y € L.

Definition 12. [I1] We say that a commutative residuated lattice L is locally finite
if for allz € L, x # 1, there is n € N such that 2™ = 0. The least such n is called
the order of x denoted by ord(x).

Proposition 13. [I1] In any locally finite commutative residuated lattice L, for all
x € L:

o<z <liff0<a* <1,

2)z*=0iff v =1,

3)x*=14fx=0.



ALGEBRAIC STRUCTURE OF SQUARE MATRICES 2221

3. MATRICES OVER RESIDUATED LATTICES

Throughout this paper, we assume that L is a commutative residuated lattice,
unless otherwise stated. In this section we consider M, x, (L), the set of all n x n
matrices over L, and define some appropriate operations on M,,«, (L) induced by
L and construct the algebra M, xn(L). A = [aijlnxn, B = [Bijlnxn, C = [¢ijlnxn,
etc.

Definition 14. Let My, xn (L) = {[@ijlnxn | 1 < 4,5 <n,a;; € L}. Define:
(1) [aijlnsn U [bijlnxn = [aij V bijlnxn,
(2) [@ijlnxn T Dijlnxn = [@ij A bijlnxn,
(3) [@ijlnxn B [bijlnxn = [Cijlnxn, such that c;j = [, (air © btj),
(4) [aijlnxn > [bijlnxn = [cijlnxns such that ci; = Ni_y (aje — bir),
(5) [ailnxn < [bijlnxn = [Cijlnxn, such that cij = N/_ (a1 — bej).
Let A,B € M, «n(L). Define:
(6) ASBiff ANB=Aiff AUB =B iff aj; < b;j forall1 <i,j <n,
(7) L = laijlnxn where a;; =0 for all 1 <i,j <mn,
(8) T = laijlnxn where a;; =1 for all 1 <i,j <n,

(9) I, = [aijlnxn where a;j =1 if i=j and a;; =0 otherwise.

Based on the above, we may consider (M, x,(L),U,M,E,>,<, 1, T,I,) as an
algebra of type (2,2,2,2,2,0,0,0) and show this algebra by M, «,(L). We see that
the relation < defined by (6) is an order on the M, . (L).

Here are some properties of this structure.

Lemma 15. Let A,B and C € M, «,(L). Then the following hold:
1)AUB=BUA and ANB=BMA.

2) AU(BUC)=(AUB)UC and ANN(BNC)=(AnB)ncC.
3) AUA=ANA=A.

4) AU(ANB)=AN(AuB)=A.

5) AN L=1 and AUT =T.

6) (ADB)OC =AG(BEO).

7)I,DA=AGI, = A.

8) (BUC)HA=(BEAU(CHA).

9) AD(BUC)=(AUB)U(AQC).



2222 S. BALAEI, E. ESLAMI, AND A. BORUMAND SAEID

10) (BNCOYHAX(BOA)N(CHA).

11) AOD(BNC) X (AOB)N(AQCO).

12) A 1l=1THA=1.

Proof. We only prove 6 and 11, the others are similarly proved by using the
definitions of corresponding operations. Let A = [a;i]lnxn, B = [bijlnxn and
C = [¢ijlnxn € Mpxn(L). By definition of [J and Theorem [2} for all 1 <4, j,< n,
we have

(a;y ©byy)) © cij)

t'=1

( \/ (a0 ©byy © cyj))

t'=1

n
azt’@ \/ (byy © ctz))
t=1

( )i

<=
—

(A B)EC);; =

~
Il
_

I
<=

o+

I 1
/‘\w
0 <: I

To prove (11), for all 1 < ,5,<n

(ait © (b A crz))

<z

(AD(BNC)),; =

1

<
3

<\ (@it © bj) A (@ir © cj))

<

n

(aie © bey)) A (\/ (@it © c1))

=(
t=1 t=1

=(ALB); N(ALC)y;.

<-I

Corollary 16. Let L and My x,(L) be as above. Then
(a) (Myxn(L),U,11, L, T) is a bounded lattice,
(b) (Myxn(L),0,1,) is a monoid,
(c) (4,1>) and ([, Q) are two adjoint pairs, i.e.,

AOB=<Ciff AXBrCiff B=XAC, forall A,B and C € M, x,(L).

Proof. (a) (Mpxn(L),U,MN) is a lattice by 1- 4 of Lemma [15| and boundedness fol-
lows from 5 of Lemma [T5
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(b) (Myxn(L),0,1,,) is a monoid by 6 and 7 of Lemma [15]
(c) let A = [aijlnxn, B = [bijlnxn and C = [¢ijlnxn € Myxn(L). Then for all
1<4,5,t<n

n
< \/(ait O b)) < ¢
t=1
Sa; O by < ¢y

Sa;p < btj — Cij

<a;; < bjr — ¢y by interchanging t and j

&ai; < /\(bjt — Cit)
=1
sA<B>C.

To prove the other relation for all 1 < i, j,t < n, we have
ALB<= C@(ADB)U Scij
& \/(ait O byj) < cij
t=1

Sai © by < ey
&by < ag — ¢y
&b < ay; — cgy by interchanging t and i

n

&b < /\(am‘ — Cj)
t=1

&B<A<«C.
O

It is well known that in a commutative residuated lattice (L, V, A, ®, —,0,1) for
all a,be L,a —b=1iff a <b. But in M,,«,, (L) we have the following:

Lemma 17. For every A,B € My, xn(L), A=B iff I, R A B iff , < A1 B.

Proof. A< Bit A=A0I,=1,0A<Biff I, R A>Biff [, < A< B, by
residuation propositionerty part (¢) in Corollary [
Remark 18. If A — ( oy > B= ( - ) € Myyn({0,1}), then A B =
1 1

A<1B:<O1

)#T and A <X B.
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Definition Corollary [16] show that M,,»,(L), has a residuated structure in
which the monoid (M,,«x,(L),d, I,,) is not generally commutative and the identity
element I, is different from the top element T of the corresponding bounded lattice
in (a) of Corollary We will examine some properties of M, x,,(L).

Proposition 19. Let A,B,C be elements of Myxn(L) such that A < B and
C =< D, then for every Z € My x,(L)

()AL C < BOD,

(b)ZEH A= ZEB,

() Z>A<Z>Band Z1A=XZ<B,
(d)B>Z < A>Z and BQZ 2 A< Z,
(e)A<B>(AEB) and A= B<(BHA),
(NA>T=AQT =T,

Nl A=1<A=T,
K)I,>1l=I,<l=1,
OTel,=T<I,=1,

MT>A<Aand TIA=<XA

Proof. All of the above can be readily obtained by using the definitions of corre-
sponding operations. For instance, for (a) since in residuated lattice L we have
it © ¢y < bit ® dtj forall 4,5,t=1,2,...,n,

(ADC)” = \/?Zl(ait@ctj) S V?:l(bithtj) = (BDD)W Then (ABC) j (BDD)
(¢c) Let A = B. Then a; < by for all 1 < 4,¢t < n, by Theorem [2[ (15) we have
zjit — ai < zjt — by. Then A'_ (zjt — air) < Niq(zj+ — bit). So we get
Z 1> A =< Zr> B. The relation Z << A < Z < B, is proved similarly. For the last
part we have (T > A);; = Al (1 — air) = Ajy aie < ai; for all 1 < 4,5 <n, then
T A= A. The others are similarly proved. O

Let A€ Myxn(L). Weput A= = A 1 and A~ = A< L. Then we prove:
Proposition 20. A" HA=1 and A A~ = 1, for every A € My xn(L).

Proof. Let A~ [0 A = [@ijlnxn. Then z;; = Vi_,(bit ® ay;) for all 1 < i,j < n,
where by = Aj_;(am — 0). So z;; = Vi (Ap—y(a — 0) ® ar;) = 0, because
when k = j, (a;; = 0)®ay; =0, forall t =1,...,n. O
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Corollary 21. 1= =1~"=Tand T- =T~ = L.

Proposition 22. The following properties hold for all A, B,C' € M xn(L).
1) (ADB)>C=Ap> (B>C),
2)(BOA)<aC=A<x(B<C),
3) A< B> (AUB),
4) A=< B<(BHA),

5)(AuB)>C (A>C)n (B> C),
6) (AUB)<C=(A<C)N(B<0O),
)(AHB)> =(AC)U (B> (0),
§) (ANB)<1C=(A<C)u(B<«(C),
) (B>C)HO(A>B) <A C,
10)(A<B)D(B<C)=A«C,

1INA<(A> 1)<,

12J A< (A< Ll)> L.
Proof. We prove only (1),(3),(9),(11) and (12). The others are similarly proved. To
prove (1) we have: (AQB)>C);; = /\?Zl(c;-t — ¢;¢) such that c;-t =Vi_, (ay ©
b,,). Then by Theorem

= /\( /\ ((ajt’ ®byy) = cit))
= /\( /\ (ajt’ — (byy — cit)))

= /\ (/\(ajt’ — (byy = cit)))

= /\ [(ajt’ - (/\(bt’t — ¢it))]

= /\ (a;y — (b3,)) where b, = /\(bt/t — Cit)
=1 t=1

=(A> (B> C))ij.

Then (ADB)>C=A> (B>C).
To prove (3), we have

((AuB) > C)y

j _)czt

n>:
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=(

=

(aje V bjt) — cit) where c§, = (aj¢ V bjt)

~~
Il
—

=

=(

[(aje — cit) A (bjr — cit)])

~

Sl

—

k

=[Alaje — ci)] AL\ (bjr — cir)]]

:(A > C)” [ (B > C)”

Then (AUB)>C = (A>C)N (B> C). For (9) take D = A> B. Then in
particular D < A> B so D[ A < B. Similarly, if we take D' = B C, then we
have D' 1B < C, and thus D'[1(DEA) = (D' EID)HA < D' B < C. Therefore
D'ED < A C, which means that (B> C)E(A> B) < A C. The proof of (10)
is similar. (11) and (12) follows from Proposition O

Theorem 23. If L is a complete residuated lattice, A € Myx,(L) and (B;)cr s
a family of elements of M, xn(L), then

1) AQ (WierB;) = Uier (AW By),
2) (WierBi) O A =U;ier(B; A,
3) AL (Mie1Bi) = Mier (AU By),
4) (MierBi) B A 2 Migr(B;  A),
5) A (MierB;) 2 Mier(A> By),
6) A< (MierBi) 2 Mier(A< B;) ,
7) (WicrB;) > A 2 Mier(B; > A),

8) (I_IielBi) <A< ITZEI(Bi < A)

Proof. We prove only (1),(5) and (7). The others are similarly proved. For (1)
Clearly, AL B; = AU (UserB;), for each i € I. Therefore Uje; (AL B;) < A
(UWserB;). Conversely, since for every i € I, AL B; < Uie;(ADB,), B X A<
[UiEI(A ] BIL)] So UierB; = A [uiEI(A (] Bz)} Therefore A [ (|_|,'€]Bi)
U;er (A B;), and we obtain the requested equality.

To prove (5) it is enough to set M;e;B; = B. Then B =< B; for each ¢ € I.
So A B < A B; and we have A > (MierB;) <X Mier(A > B;). For (7) put

A



ALGEBRAIC STRUCTURE OF SQUARE MATRICES 2227

B = UerB;, then B; < B for every i € I, so B> A < B; > A. Therefore
(l—IiEIBi) > A = ﬂie[(BZ' > A) 0

Proposition 24. Let A = [a;j]nxn, B = [bijlnxn € Myuxn(L). If AUB =T, then

AN B = [¢ijlnxn = [aij © bijlnxn, for all1 <i,j <n.

Proof. If AUB =T, then a;; Vb;; = 1for 1 <4,57 <n. By Lemma@we have a;; A

bij = a;; ©b;j for 1 <4, j < n. Therefore ANB = [a;; Abijlnxn = [aij Obijlnxn. O
We note that if L is a G-algebra, we have always AN B = [a;; © bijlnxn.

We showed that M, x, (L) behaves like a residuated lattice. But there are some
differences. There are some properties of residuated lattices which do not hold in
M, 5n (L)

Example 25. Let L = {0,a,b,1} with 0 < a,b < 1 such that a,b are incompa-
rable. Then L is a commutative residuated lattice relative to the following operations

®|0 a b 1 =0 a b 1
0|0 0 0 O 0|1 1 1 1
al|l0 a 0 a alb 1 b 1
b0 0 b b bla a 1 1
110 a b 1 10 a b 1

by counter examples we show that the following properties do nmot hold in the
algebra My, xn (L), for every A, B,C € Myyn(L).

1)A>A=T,

2) ALIB = AT B,

3) T>A=A,

4) if A= B then A <C 1> B, in particular A 2 C > A,
5) AOB =< A B,

6) if ADA= A then ADB = AN B,

7) A (A B) < B,

8) (A B)=Ar (AN B),

9) B<X A B.
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Proof. We get these matrices of Maxo(L). (1) if A = (
L#T.

. a b a 1 a aVb
(2)1fA—<O O)andB—(O b).ThenADB—(O 0 >ﬁAI‘IB—
a b
(5 4)-+
3)put A=1I, then T>I, =1 and I, # L.

(
(4)1etA—<8 g>andB—<g }))andC—(ll) i) Then C > B =

8 8 we get AXC>B,and Ci>A=1 then A £ L.

(5)putA:<1 1)amdB:(O O)thenAE]B:((l) é)andADB:

2) Then A> A =

O =

N

0 0 1 1
0 1
(1 1),80ADB£A>B.

(6) set A=1I,and B = (1) (1) then ADA=Aand AOB=B#ANB=1.
11 0 0 0 1
(7)letA—<0 O)andB—<1 1).ThenA>B—(1 1>andAD(A>

11 0 0
m=(o o) o= (V)
1 0 0 1 0 1
(8)1etA-<0 1)andB—<1 0).ThenA>B—<1 O)andAD(AI_I
0 0
m-(00)
(9)put B=1I,, A=T then T>>Ip, =L and I, A L. O

Remark 26. The results that we have proved so far for commutative residuated
lattices can be extended to generalized residuated lattices, i.e., not necessarily com-
mutative ones (Definition . In this case the operations > and < are defined in
terms of — and ~~ respectively.

Now, we show that the basic Corollary[16] is extended to matrices over generalized
residuated lattices.

The results of Corollary [L6] can be extended to matrices over generalized resid-
uated lattices as follows:

Theorem 27. Let L be a generalized residuated lattice and My, (L) be the set of
all square matrices over L. Then
(a) (Myxn(L),U,M, L, T) is a bounded lattice,

(b) (Myxn(L),0,I,) is a monoid,
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(c) (B, >) and (4, <) are two adjoint pairs, i.c.,

AOB=C iff AXBr>Ciff BXAC, forall A,B and C € M,xn(L).
Proof. Let [aijlnxns [bijlnxn, [Cijlnxn € Mpxn(L). It is enough like the previous

case [aij]an > [bij}nxn = [Cij]nxyu such that Cij = /\?:l(ajt — bz{») and define:
[aij]nxn < [bij]nxn = [Cij]nxna such that Cij = /\?:1(0,“ ~ btj)~ The pI‘OOf is similar
to Corollary O

4. SOME MORE PROPERTIES OF M,y (L)

In this section, we investigate more properties of M, «,,(L). In the following we
are going to establish some connections between the properties of the residuated
lattice L and the corresponding properties of the M, (L).

Proposition 28. M, (L) is distributive iff L distributive.
Proof. Let A = [aijlnxn, B = [bijlnxn, C = [Cijlnxn € Mpxn(L). Then the result
follows from the following identities:
(AN(BUC))i; =aij A (bij V cij)

=(aij A bij) V (aij A cij)

=(ANB); V(ANC),;

=((ANB)U(ANC));.

(Il

Definition 29. The element A € My «n(L) is called complemented if there is an

element B € Myxn(L) such that AUB =T and AN B = L. Such an element B
is called a complement element of A.

The following proposition together with Remark [0} show that if L is comple-
mented, then every A € M,,«,,(L) has a unique complement B denoted by B = A°.
The set of all complemented elements of M,,«, (L) is denoted by B(M,,x»(L)).

Proposition 30. L is complemented iff M, x,, (L) is complemented.

Proof. Let A = [a;j]lnxn € Mpxn(L). Then a;; € L for all ¢,j =1,2,3,...,n. Since
L is complemented, there is unique b;; € L such that a;; Vb;; = 1 and a;; Ab;; =0
for all 4,7 =1,2,3,...,n. Put A° = [bijlnxn, we get AUA°=T and AMMA° = L.
Then M,,«,(L) is complemented.

Conversely, let M, (L) be complemented, i.e., for any A = [a;j]nxn € Myxn(L),
there is A® = [bi;]nxn such that AUA® =T and AMA° = 1. Then a;; Vb;; =1
and a;; Abj; =0 forall 4,5 =1,2,3,...,n, ie., L is complemented. [l

Corollary 31. M, (L) is Boolean iff L is Boolean.

Let A = [aijlnxn € Mpxn(L). Define A* = [a;‘j]nXm where aj; = a;; — 0 for all
1<i,j<n.
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Theorem 32. If A, B € M,,«,(L), we have

1) if A X B, then B* < A*,

2 A<A™, T*=1, 1*=T,

3) A*** = A*,

4) (AN B)* = A*UB*, (AUB)* = A* N B*,

5) (AN B)* = A** N B**, (AU B)** = A** U B**,

6) (A B*) = (AQ B)*.
Theorem 33. Let C € B(Myxn(L)). Then C°=C* and C** = C.

Proof. Let C € B(Mpxn(L)). Put A=C° then CUA =T and CMA = L. Since
CMA=1,wehavec; Aa;; =0, forall 1 <4,j <n. But ¢;; ®a;; <cjAaj; =0
implies that ¢;; © a;; = 0. By adjoint property a;; < ¢;;. Then
(HA=Cc=C".
On the other hand
c; =10c;

=(cij V C;j) O ¢

=(cij © ;) V(¢ © ¢5j)

=0V (¢c;; ©cjj)

:(C;j © er) < C;j
Then ¢j; < c;j and it follows that

(2) C* =2 C° = A.
From (1) and (2) we have C* = C¢ and C** = C°° = C. O

Corollary 34. The following conditions are equivalent:
i) C € B(Myxn(L));
i) CLuC =T.
Proof. To prove (ii) from (i), for every C € M, x,(L) let C € B(Myxn(L)). Then
CuC®=CUuUC*=T, by Theorem [33]
Conversely, if C UC* = T, by Theorem[32] T* = L = (CUC*)* = C* N C* =
C*NC. SoC*NC = L. We get C € B(Myxn(L)). O

Proposition 35. Let L be a complete residuated lattice. Then M, «n (L) is Brouw-
erian iff L is Brouwerian.
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Proof.
AN (Ukek Bi) = Urex (AN By) (AN (Uker Br))ij = (Ukex (AN By))ij

laig A\ b)) = (V (@i Abr,y)),

keEK keK

forall 1 <i,5 <mn. O

For A € M,,x,(L). The powers of A, A™ for integers n > 0 are defined inductively
as: A =1, and A" = A" 1O A.

Definition 36. An element A € M,,,,(L) is called idempotent iff A2 = A, and it
18 called nilpotent if there exists a natural number n such that A™ = 1. The least
such n is called the nilpotence order of A and is denoted by ord(A); if there is no
such n then ord(A) = co.

Theorem 37. L is locally finite, if and only if My« (L*) is locally finite (every
A € My xn(L*) is nilpotent), where L* = L\ {1}.

Proof. LetD = {a1,as,...,a;} denote the set of all elements (entries) of A €
Mysn(L*). Put s = maz{t € N | al = 0; foralll < i < k}. Let s = sk.
Then A° — 1, because ® is commutative and if A** = [a;;]nxn, then a;; =
Vi, (ait ® atj) such that a;; is entries of As5=1 Then a; = Vy_i(a;y ®ay,) so
ai; = Vi_ (V7 _,(a;y ®ay,) ©ay;), where a,, is entries of A**~2 and a,/, is entries
of A. By continue this process we get a;; = 0.

The converse is trivially true, because for every a € L, a # 1, we may consider
A = [alpxn. |

For every A € Myxn(L), we define A* = [a};];xn Where A = [a;j]nxn. Then

Proposition 38. If L is locally finite, then for every A € M, x,(L)
A =1L iff A=T,
2) A" =T iff A= 1,
3) L<A<Tiff L<A*<T.

Proof. Let A = [aij]lnxn. Then a;; = 1iff aj; = 0 for all 1 < 4,5 < n, that imply
A* = 1 iff A= T. The proof of (2) is similar. For (3), let L < A < T. So there
is a;; € A such that 0 < a;; < 1, for some 1 < 7,5 < n. Then by Proposition @,
0<aj; <1landweget L <A"<T. O

We note that nilpotent matrices over rings are matrices whose diagonal entries
are zero, but this is not true in the case of matrices over residuated lattices as the
following example shows:

Example 39. Let L = {0,a,b,¢,1}, where 0 < a < b < ¢ < 1 and the operations
©®,— given by the following tables. Then L = (L,V,A,®,—,0,1) is a commutative
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residuated lattice and we have: ord(0)=1, ord(a)=2, ord(b)=2, ord(c)=3. Thus, L
is a locally finite commutative residuated lattice [4].

®l0 a b ¢ 1 — 10 a b ¢ 1
0/0 0 0 0 O 0|1 1 1 1 1
al0 0 0 O a alc 1 1 d 1
b0 0 0 0 b b|b ¢c 1 1 1
cl|0 0 a a c c|lb ¢ ¢ 1 1
110 a b ¢ 1 1({0 a b ¢ 1

Then A = ( 8 2 ),B = < 8 g ) € Myyo(L) are two nilpotent matrices, be-

cause A2 =RB%= 1.

It is well known that filters and ideals play important roles in algebras specially in
defining congruence relations and corresponding quotient algebras. This motivates
us to define ideals, filters of M, «, (L) . We give some examples and establish some
relations between these subsets of M,,x, (L) and the corresponding ones in L. We
will employ these properties to characterize invertible matrices in M, x, (L).

Definition 40. A nonempty subset S of Myxn, (L) is called a filter of My xn(L) if
the following conditions hold:

1)if A,B€S, then ADB €S,

2)ifAeS, Be Myxn(L) and A <X B then B€ S.

A filter S of M,,«n(L) is proper if S # M, «n(L). Clearly, S is a proper filter iff
1 ¢85.

Example 41. Let L be a residuated lattice defined in Example [25, Then S =
1 a 1 b 1 1 .
{( 11 ),( 11 >,< 11 )}, is a proper filter of Maoyo(L).

Theorem 42. M, ., (F) for F C L is a filter of Mpxn(L) iff F is a filter of L.

Proof. Let F' be a filter of L. We prove that conditions (1) and (2) of Definition
hold. For(1l) let A,B € M,x,(F). Take A = [ajjlnxn , B = [bijlnxn for
all 1 <4,7 < mn and a;5,b;; € F, but F is a filter of L, then a; ® by; € F for all
1 <4,¢t < n. On the other hand we know that a;; ©by; < \/:L=1 a;tOby; = (AOB);; €
F. So AL B € Mpyn(F). For (2) let A < B and A = [aijlnxn € Myxn(F)
but because we assume that F is a filter and a;; < b;; we have b;; € F, then
B = [bij]an S Mnxn(F)

Conversely, let M,,x,(F) for F C L be a filter of M,,«, (L), we show that F is a
filter of L, i.e., the conditions (i) and (ii) of Definition[3]is hold . For (i) let a,b € F
and put A = [a]lpxn, B = [blnxn. Then A, B € M,,xn(F) so AL B = [a® blyxn €
My xn(F), then a ©b € F. Finally to prove (ii) let a € F, b € L and a < b. We set
A =[alnxn » B = [blnxn € Mpxn(L), clear that A < B, but M,,«,(F) is a filter of
Mysn(L) then B € Myyn(F), ic., b€ F. O
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Corollary 43. M, x,(F) for F C L is a proper filter of My x,(L) iff F is a proper
filter of L.

Proposition 44. Let F be a filter of L. Then:

1) T € Myxn(F),

2)If A, B € Myxn(F), then AN B € My xn(F),
3)IfA,Ar> B (A, A< B) € Mpsn(F), then B € Myxn(F).

Proof. (1) holds because 1 € F. For (2) let A = [a;5]nxn, B = [bijlnxn € Mpxn(F).
Then a;5,b;; € F, but I is a filter of L, then a;; © b;; < a3 Abyj € F. So
AN B € M, x,(F). To prove (3), we know that (A> B);; = \j_,(aj: — bi) € F
1 < 4,7 < n. Recall that if a € F and a — b € F imply that b € F because
a®(a—b) <b Now aj; — by > N\/_,(aj: — b;y) € F implies that aj; — by € F
for every 1 < 4,j,t < n and from above it follows that b;; € F for 1 < i,t < n.
Then B € M,,x,(F). The proof of another case is similar. O

Corollary 45. If Fy, Fy are two filters of L such that Fy N Fy = {1}, then for every
A€ Myxn(F1) and B € My, «n(Fs) such that A # T # B, we have At>B(A<B) ¢
Myxn(F1) and B> A(B <9 A) & My xn(Fo).

Remark 46. The Proposition does not hold for every filter of My, xn(L). For
instance, in Ezample if we set A = ( L a ) and B = ( Lo ) Then

1 1 1 1
1 0
anm=(10)¢s

Lemma 47. If F; are filters of Mypxn(L), then (,o; Fi is a filter of My, xn(L).

iel
Proposition 48. If L is a residuated lattice, then the sets M,x,(L)~ = {A €
Mpxn(L) | A= = L} and Myxn (L)~ = {A € Myxn(L) | A~ = L} are proper
filters of My xn(L).

Proof. If A,B € M, x,(L)~, then by Proposition we have (AL B)” = (A>
B )=(A>1)=1. SO AOB € Muxn(L)". T A€ Myyn(L)", BE€ Myxn(L)
such that A < B, then by Proposition B <A =1. So B~ =1, and
B € Muxn(L)~. But by Corollary 1 ¢ M,xn(L)", and we conclude that
M, «n (L)~ is a proper filter of M,,x,(L). Similarly for the case of M, x,(L)~. O

Definition 49. A subset S C M, x,(L) is called an ideal of My« (L) if the fol-
lowing conditions hold:

i) Les,

i) if A,B€S, then AUB€S,

i) if A€ Myxn(L), BES and A < B, then A€ S.

An ideal S of My, xn(L) is called proper if S # Myxn(L). Clearly, S is proper iff
T ¢ S. The ideal S of Myxn(L) is called prime if for all A,B € My x,(L) such
that AN B €S, then A€ S or BeS.
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Theorem 50. M, «,(I) for I C L is an ideal of Myx, (L) iff I is an ideal of L.
Corollary 51. For ideal I of L, M« (I) is proper iff I is proper.

Definition 52. For X C M, x,(L), B € M, x,(L), we define
[X,B] ={A € M,xn(L) | AQ B € X}, in particular if X = {L}, then [{L}, B] is
called an annihilator of the matriz B. Generally for X, Y C My« (L), we define

(X, Y]={A € M,xn(L) | AUB € X; for all BeY}.

Theorem 53. For subsets X, Y C M, xn(L), if X is an ideal of M,xn(L), then
[X,Y] is an ideal of Myxn(L).

Proof. If X is an ideal of M,,«, (L), then L € X, and we know that 1 1B = 1 for
all BeY,so L e [X,Y]. We assume that A, A" € [X,Y], then for all B € Y we
have AL B, A 1B € X. But X is an ideal of M, (L), so (A B)U (A 0 B) =
(AUA)EB e X. Therefore ALIA" € [X,Y]. On the other hand if we put A < A’
and A" € [X,Y], then for all B € Y we have A’ [0 B € X. But since X is an ideal
and A B < A' [ B, we get A € [X,Y]. Then [X,Y] is an ideal of M, x,(L). O

Corollary 54. For every B € M, xn(L), [{L}, B] is an ideal of My,xn(L).

Theorem 55. Let L a Godel residuated lattice. If X is a prime ideal of My xn (L),
then [X,Y] is a prime ideal, for every Y C Mpxn(L).

Proof. Let A, B € My,xn(L) be arbitrary elements such that AN B € [X,Y] and
A/ B ¢ [X,Y]. Since L is Godel, then by using Theorem |2} for every D € Y,
(ANB)OD =(AQD)N(BED) € X. But X is a prime ideal. Then AL D € X
or BOD € X for every D € Y, and we get A € [X,Y] or B € [X,Y], which
contradicts A, B ¢ [X,Y]. O

Lemma 56. Let X, X1, X5,Y.Y1,Ys and X;,Y;, @ € I, be arbitrary subsets of
M, sn(L). Then

1) If X, C€ Xy then [X1,Y] C [Xa,Y],
2) If Y, C Vs then [X,Y3] C [X, V1],
3) IfY = ¢ then [X,Y] = Myxn(L),
DIFX=6,Y #¢ then [X,Y] =0,
5) IfY = {I,}, then [X,Y] = X,

6) {1} AL} = Musn(L), {THATH =A{T, In}.
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7)[X,Y] = Npey X, B,
8) [X, Muxn(L)] C X,
9) [X, Mysn(L)] = ¢ iff L ¢ X,
10) [X, 1] = Myxn(L) iff L € X,
11) ([X1, Y1) N[ X2, Y2]) C [X1 N X5, Y1 N Y3,
12) [X, Uie[ Y] = ﬂieI[X7 Y] € UieI[X7 Y] C X, ﬂie] Yil,

13) Nief[Xo, YT = [Mies Xi, Y] and Uy [Xi, Y] € [Uies X, Y-

Proof. (1) Let A € [X;,Y] be an arbitrary matrix. Then for every B € Y,
AL B € X1. On the other hand X; C X5, therefore for every B €Y, AL B € Xs.
Then A € [X2,Y]. (2) is proved similarly.

(3)IfY = ¢, then [X, ¢] = {A € Myxn(L) | ADB € X; for all B € ¢} = My (L).
(4) is proved similarly.

(B5) Y = 1I,, then [X,{[,}] ={A € Myxn(L) | ALL, = A€ X} = M,xn(L)N
X = X. (6) proved similarly.

(M Ae[X,)Y]iffforall BeY, ALDB e X iff for every Be Y, A € [X,{B}] iff
A€ Npey [X.{BY].

(8) Let A be an arbitrary element of [X, My, (L)]. Then for all B € M, x,(L),
AB B € X. Therefore AT, =A¢€ X. So [X,M,xn(L)] C X.

(9) Let [X, My xn(L)] # ¢. Then there is A € [X, M,,xn(L)] and we have AL L =
1 € X, which contradicts L ¢ X. Conversely, let L € X. Then for every
A € Myxn(L) we have LA = 1 € X. Therefore L € [X, M,,xn(L)] which
contradicts [X, My xn(L)] = ¢. So L ¢ X.

(10) Let L € X then [X,{L}] = Mpxn(L). Conversely, let 1 ¢ X, then [X,{L}] =
¢, which contradicts [X, {L}] = M,xn(L).

(11) Let A € ([X1,Y1] N [X2,Y2]) be an arbitrary element. Then for every B € Y;
and C € Y5, ALDB € Xy and ALDC € X,. Since Y1 NY; C Yq,Ys, for every
DeYi NYy, wehave ADD € X1 NX5. So A€ [Xl NXs, Y ﬁng]

(12) For every i € I, Y; € UU;c;Yi- Then by (2) we have for every i € I,
[X,U;c; Y] € [X,Yi]. Therefore for every i € I, [X,{J;c;Yi] is a lower bound
for [X,Yi]. Then [X,U;c;Yi] € N [X,Yi]. Conversely, let A € [;;[X,Y;] be
an arbitrary element. Then for every i € I, B; € Y;, AL B; € X. Now we let
C € U;¢; Yi be an arbitrary element. Then there is j € I, such that C € Y. So
ABC € X and we get A € [X,J,c; Vil

Again by (2), for every i € I, [X,Y;] € [X,,c;Yi]. Then for every i € I,
[X, ;e Yi], is an upper bound for every [X, Y;]. Therefore |J,;[X,Yi] C [X, (¢, Yil-

(13) For every i € I, ();c; Xi € X;. Then by (1) we have for every i € I,
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Nicr Xi, Y] € [X;, Y], Then [V,c; Xo, Y] € ;e [Xi, Y], Conversely let A €
Nic:[Xi, Y] be an arbitrary element. Then for every i € I, B e Y, AL B € X;.
Therefore for every B € Y, AL B € (,c; Xy, s0 A € [, X4, Y]. Similarly we can
prove that | J;c;[Xi, Y] C [U;c; Xi, Y. O
Remark 57. The converse of 4,5 and identities, in 8 and 11 are not necessarily
true, because for (4) if we let X = {T}, Y ={L}. Then [X,Y]| =¢, Y # ¢ but
X +# 6.

For (5) set X = Myxn(L), Y ={L}. Then [X,Y] =X, and Y # {I,,}.

For (8) put X = {L,I,,, T}. Then, [X, Mpxn(L)]={L}Cc{L,L,, T} =X.

For (11) it is enough to put X1 = {L,I,,, T}, Xo = {L,I,}, Y1 = M,,xn(L) and
Y2 = {J_} Then [Xl,Yl] = {J_}, [XQ,YZ} = Man(L) So ([Xl,Yl] n [XQ,YQD =
{1} C [X1 N X2, Y1 NYs] = [X2, Y] = Myxn(L).

5. CONCLUSION

We introduced the algebra of square matrices over a commutative residuated
lattice L and investigated some properties of this structure. We showed that this
algebra behaves like a residuated lattice, but there are some differences. We ex-
plored a set of like and unlike properties of M,,«,(L). Also, in this paper we studied
relationship between the residuated lattice L and M,,«,(L). In the next paper, we
discuss the notion of invertibility of matrices. We give necessary and sufficient
conditions on matrices to be invertible. We use invertible matrices for solving rela-
tional equations over residuated lattice. In fact our main goal is solving the system
of equations with coefficients from residuated lattices. As noted we need to know
the algebraic structure of matrices over residuated lattices.
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