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DECISION MAKING FOR PORTFOLIO SELECTION BY FUZZY
MULTI CRITERIA LINEAR PROGRAMMING

SERKAN AKBAŞ AND TÜRKAN ERBAY DALKILIÇ

Abstract. In daily life events, there are many complexities arising from lack
of information and uncertainty. Fuzzy linear programming approach has been
developed to reduce or eliminate this complexity. This approach is the process
of choosing the optimum solution from among the decision alternatives to
achieve a specific purpose in cases where the information is not certain. One
of the fields where uncertainty or the lack of information makes it diffi cult
to decide is financial markets. Investors who have a certain amount of ac-
cumulations aim to increase in various ways as well as protecting the value
of their income. While doing this, investors face the challenge of deciding to
what extent they should invest in which investment instrument. Therefore,
investors use fuzzy linear programming approach to eliminate this uncertainty
and to create the optimal portfolio. In the proposed methods for the portfolio
selection process in the literature, the weights of the criteria are calculated by
using triangular fuzzy numbers. In this study, as an alternative to the Enea
and Piazza’s portfolio selection model, which uses the triangular fuzzy numbers
for criteria weighting, a new model that uses the trapezoidal fuzzy numbers
for the same aim was proposed. With the solution of the linear programming
model which is based on the determined weights, an alternative solution has
been produced to the problem of which investment instrument will be invested
at what proportion. The results regarding to the proposed and the existing
method in the literature were compared.

1. Introduction

The decision-making process is an indispensable part of life, and this process
is happening in every problem that ranges from the simplest to the most compli-
cated. Decision making is a problem-solving process. Basically, the decisions taken
to achieve a single goal have progressed towards systems aimed at realizing more
than one purpose in line with developing understanding and thoughts. In such cases,
Multi-Criteria Decision Making (MCDM) methods have been developed so that the
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correct selection can be made. In the same decision problem for each person, the
level of importance of decision criteria can vary. The Analytic Hierarchy Process
(AHP), one of the MCDM methods, are provided more effective decision-making
in solving such these problems. In order to solve complex problems encountered
in many areas in daily life, MCDM methods are used. One of these areas is the
portfolio selection process. One of the most important topics of portfolio manage-
ment is the modeling of the relationship between risk and return. However, the
fact that financial markets are impress by political, financial and social events and
the estimation of the risk / return factors that are effective in portfolio selection
are cause uncertainty in the portfolio selection process. When there is such an un-
certainty, a fuzzy logic approach is used. Fuzzy Logic approach was first proposed
by L. A. Zadeh in 1965. Zadeh argued that classical mathematical methods were
inadequate when dealing with complex systems in the real world. He stated that it
is fuzzy that the vast majority of human thinking is not certain. Fuzziness means
mathematically multi valuable. There is a binary value in classical logic. Fuzzy
clusters are a set of inadequately defined objects that do not have suffi cient crite-
ria for membership. Zadeh proposed the identification of fuzzy clusters, which are
expressed by a multi value membership function, instead of classical clusters where
the properties are expressed by the binary membership function [1]. In classical
logic, the truth values of variables may only be the integer values 0 or 1. Classical
Logic is based on two values i.e. true and false. It is sometimes inadequate when
describing human reasoning. Fuzzy logic on the other hand is employed to handle
the concept of partial truth, where the truth value may range between completely
true and completely false. In fuzzy logic, information can be in the form of linguis-
tic expressions such as big, small, little, and everything is represented by a certain
membership value in the range [0, 1]. A fuzzy set allows an element to belong to
more than one cluster with different membership grades. Membership functions
are functions that determine how much an element belongs to a set. That is, an
element may be a member of more than one fuzzy set.
There are many studies in the literature that use the portfolio selection process

and the fuzzy logic approach [2—6]. Xu et al. proposed a new fuzzy model for
portfolio selection problem. Their proposed model also regards the elastic incre-
ment of decision-making risk, background risk, and other financial risks. They
presented a modified evolutionary algorithm called modified chaos fruit fly opti-
mization algorithm in their study [7]. Ostermark proposed a portfolio management
model using the fuzzy decision-making principle, taking into account the fuzzy of
objective functions and constraint functions [8]. Ramaswamy developed a fuzzy
portfolio selection model [9]. Inuiguchi and Ramik compared stochastic program-
ming and mathematical programming methods for the portfolio selection problem.
They point out the advantages and disadvantages of these two methods for portfo-
lio selection problems [10]. Wu and Liu proposed a fuzzy expectation-spread (E-S)
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model for the portfolio problem [3]. Sadjadi et al. addressed fuzzy linear program-
ming method, which determines the amount of investment in different time periods.
They expressed the rate of return and borrowing rates as triangular fuzzy numbers.
Using fuzzy set theory, they developed a model for the cash amount and profits
of investors [11]. Ghapanchi et al. noticed that when studying the literature, the
majority of work is the study of the interaction between projects in deterministic
environments. But they realized that work in the stochastic environment do not
take project dependencies into account. They intended to fill this gap in their
work. They used Data Envelopment Analysis to select the best portfolio of IS/IT
projects while taking both project uncertainties and project interactions into con-
sideration simultaneously [12]. Rahmani et al. defined decision criteria for project
selection in information technology. The decision criteria were weighted using the
AHP method [13]. Gupta et al. proposed a three-stage multi-criteria decision-
making model for portfolio selection. They used the AHP method to compare the
criteria [14]. Yue and Wang proposed a new algorithm for portfolio selection. They
included various portfolio selection methods in order to evaluate the performance
of the proposed algorithm [15]. Kemaloglu et al. investigated the differences be-
tween the two kinds of portfolio optimization problems which are the risk aversion
portfolio optimization problem based on the classical Markowitz framework and
the max-min counterpart problem based on the robust optimization framework, in
their study [16]. In their work, Kim and Kim developed a new approach for the
optimal Liquefied Natural Gas (LNG) import portfolio. Their approach consists
of a two-step portfolio model combining the mean-variance (MV) portfolio and the
linear programming (LP) model [17]. Liagkouras proposed a new algorithm for
the solution of portfolio optimization problem. He tested the performance of the
proposed algorithm to the optimal allocation of limited resources to a number of
competing investment opportunities for optimizing the objectives [18].
In this study, a linear programming model is proposed for solution of portfolio

selection process problems under fuzziness. In the proposed model, instead of the
triangular fuzzy numbers used in the Constrained Fuzzy AHP method proposed by
Enea and Piazza in the literature for the portfolio selection problems, the weights
of the criteria were determined by defining the trapezoidal fuzzy numbers (TrFNs).
In addition, a linear programming model using the obtained weights has been de-
veloped. The Constrained Fuzzy AHP method uses only the opinions in the form of
triangular fuzzy numbers obtained from the decision makers. Instead of using tri-
angular fuzzy numbers, this study focused on TrFNs to characterize fuzzy measures
of linguistic values. The reason for using the TrFNs is that it is more representa-
tive to linguistic estimations in portfolio selection. TrFNs provide more flexible and
successful results than triangular fuzzy numbers in terms of optimal solution cover-
age. The weights of stocks are determined by using the decision makers’opinions.
Asset allocation is made according to determined stock weights. In this paper, in
addition to decision makers’opinions, financial ratios belonging to stocks are also
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used. Moreover, a novel method was proposed by modifying the Constrained Fuzzy
AHP method for the case where the decision makers’opinions were TrFNs. In the
application part of the study, the results obtained from the existing method and
the results obtained from the proposed model were compared. According to the
results, asset allocation was realized. Then, monthly return rates were obtained
according to the asset allocation. In order to investigate the effectiveness of the
model, the monthly return rates obtained from the two methods were compared.
With the proposed algorithm, an alternative method has been produced to the
problem of which stock will be invested at what proportion. Thus, a more effi -
cient asset allocation plan was achieved by using more information in the method.
The organization of the paper is as follows: In Section 2, basic information about
portfolio selection and the literature on portfolio selection are given. In Section 3,
multi-criteria decision making, and fuzzy logic approach are included. In Section
4, proposed algorithm which uses TrFNs to weight the objective functions is briefly
mentioned. In Section 5, the proposed algorithm is applied to an example existing
in the literature and the results, existing in the literature and obtained with the
proposed algorithm, were compared.

2. Portfolio Selection

A portfolio is a financial asset held in the hands of a specific person or group,
mainly comprised of various securities such as stocks, bonds. This financial asset
can consist of just one securities or it can be created by bringing together more
than one securities according to the investor’s attitude. The risk of portfolio; is
measured by the standard deviation or average absolute deviation of the securi-
ties in the portfolio. The higher the mean absolute or the standard deviation, the
higher the risk. For an investor avoiding risk, investing more than one securities is
more advantageous than investing a single security. In the portfolio selection, the
economic situation in the country and the investment instruments must be carefully
monitored in this situation. In addition, the investor must establish an optimum
balance between the available opportunities and objectives. Today’s developments
in the economy cause a rapid change in capital markets. With capital markets be-
coming operational and savings shifting to capital markets, portfolio-related issues
have begun to gain importance [19]. Depending on these developments, investors
have turned to various investment instruments and started to evaluate their savings
in these markets. Investors need to invest in a portfolio consisting of more than
one stock, instead of investing in a single stock, in order to minimize the risk or to
maximize the profit. The diversity of the securities varies according to the risk level
of the investor. As financial markets are affected by economic, social and political
events, uncertainty arises in the portfolio selection process. Due to the fact that
the risk and return information effective in portfolio selection cannot be predicted,
uncertainty comes to the fore. Therefore, this situation needs to be considered in
portfolio selection problems. In such cases of uncertainty, the fuzzy logic approach,
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which is an effective method, should be preferred. Enea and Piazza aim to select
the best among multiple project options using the Fuzzy AHP method. In their
work, they mentioned the shortcomings of the Extended Analysis Method in Fuzzy
AHP and proposed Constrained Fuzzy AHP approach to make up this deficiency.
In this approach, it is stated that the uncertainty would be reduced by decreasing
the interval values of the fuzzy numbers [20]. The Constrained Fuzzy AHP method
focuses on the constraints within the Fuzzy AHP method in order to take for all
available information into consideration. This method is also used to calculate the
weights of alternatives in the portfolio selection process. In this method, weights of
alternatives are calculated using triangular fuzzy numbers. The formulas used in
the calculations are given in Equations (1-3). Let Si = (Sli, Smi, Sui) be the fuzzy
score for the ith criterion of triangular fuzzy pairwise comparison matrix, where the
indices l,m and u denote its lower, medium and upper respectively. According to
the Constrained Fuzzy AHP method, the center value of the fuzzy score related to
ith criterion (Smi) is calculated by Equation (1) [20].

Smi =

 n∏
j=1

mij

1/n

n∑
k=1


 n∏
j=1

mkj

1/n


(i, j, k = 1, ..., n) (1)

Sli can be evaluated using the crisp mathematical programming model:

Sli = min



 n∏
j=1

aij

1/n

n∑
k=1


 n∏
j=1

akj

1/n



(i, j, k = 1, ..., n) (2)

subject to akj ∈ [lkj , ukj ], ∀j > k; ajk =
1

akj
, ∀j < k; ajj = 1 and similarly, Sui

can be evaluated using the crisp mathematical programming model,

Sui = max



 n∏
j=1

aij

1/n

n∑
k=1


 n∏
j=1

akj

1/n



(i, j, k = 1, ..., n) (3)
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subject to akj ∈ [lkj , ukj ], ∀j > k; ajk =
1

akj
, ∀j < k; ajj = 1.

Tiryaki and Ahlatcioglu used the Fuzzy AHP method in the problem of portfolio
selection. They intended to decide the content of the portfolio that will be created.
To do this, they handled the Fuzzy AHP method proposed by Enea and Piazza.
Then, they proposed Revised Constrained Fuzzy AHP method by revising some
mistakes in this method [21]. Ahari et al. planned to allocate a limited funds among
the stocks of some pharmaceutical companies in the Tehran stock market, in their
study. They used two Fuzzy AHP method which proposed by Enea - Piazza and
Van Laarhoven-Pedrycz [22]. Krejci et al. interested Fuzzy AHP method in their
paper. The aim of their paper is to highlight the necessity of applying the concept of
constrained fuzzy arithmetic in a fuzzy extension of AHP. They considered a fuzzy
extension of the geometric mean method and simplified the formulas proposed by
Enea and Piazza [23]. In their study, Dong and Wan developed a new method
for the fuzzy linear program in which all the objective coeffi cients, technological
coeffi cients and resources are TrFNs [24]. The aim of Ebrahimnejad’s article is to
introduce a formulation of FLP problems involving interval-valued TrFNs for the
decision variables and the right-hand-side of the constraints. He proposed a new
method for solving this kind of FLP problems based on comparison of interval-
valued fuzzy numbers by the help of signed distance ranking [25].

3. Fuzzy Multi Criteria Linear Programming

Decision-making is the process of defining and selecting alternatives that will
yield the best solution based on various factors and the expectations of decision-
makers. The diversity of the set of criteria used in the evaluation of alternatives
in the decision-making process leads to complexity. In many of the multi-criteria
decision-making problems, the purpose functions collide with one another, and dif-
ferent group decision-makers can participate in the process. In order to overcome
such diffi culties in the decision-making process, MCDM methods are used. For
example; even in the simplest individual decision-making processes such as buy-
ing a new house, a number of criteria are taken into consideration, such as price,
proximity to the city center, and security. As another example, an investor must
also include the risk, market share, sales rate of assets, average profit, liquidity,
price/earnings and asset criteria of the investment instruments to be used in the
decision process. Therefore, MCDM methods are used in decision problems that
deal with more than one criterion simultaneously. The MCDM method is an an-
alytical method that can evaluate strategically factors that can be measured or
not.
The Multi-Criteria Decision-making method can be defined as the process of

choosing among multiple alternatives under contradictory criteria. The main ob-
jective of the this method is to keep the decision-making process under control in
case of alternative and criterion diversity and to reach the decision as quickly and
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easily as possible. The general mathematical structure of multi-criteria decision-
making models is,

P1



max Z1 = cx = f1
...

max Zj = cx = fj

gk(x) 6 0, (k = 1, ...,K; j = 1, ..., J)
x > 0

(4)

where,
fj : jth objective function,
J : The number of objective functions,
gk : k. constraint function,
K : The number of constraint functions,
x : The decision variables vector.
In daily life events, there are many complexities arising from lack of information

and uncertainty. For this reason, it is diffi cult to be completely objective in the
decision-making process. Fuzzy linear programming model has been developed to
reduce or eliminate this complexity. This model is the process of choosing the opti-
mum solution from among the decision alternatives to achieve a specific purpose in
cases where the information is not certain. One of the areas of application of fuzzy
logic theory introduced by Zadeh in the mid-1960s is fuzzy linear programming.
Fuzzy linear programming approach is an optimization method in which the para-
meters in the optimization model are not known precisely. Here, the coeffi cients of
the objective function, the constraints, the input-output coeffi cients are not com-
pletely known, and some of the inequalities may have uncertain boundaries. Fuzzy
linear programming approach was used as a decision model for the first time by
Zimmerman [26]. For the models of fuzzy objective and fuzzy constrained linear
programming, Zimmerman suggested that the decision maker could determine the
amount of tolerance that he/she aims for the objective function, prior to the so-
lution. The fuzzy linear programming problem identified by Zimmerman can be
expressed as;

max λ

cTx > b0 − (1− λ)p0
(Ax)k 6 bk + (1− λ)pk
x > 0, λ ∈ [0, 1]

(5)

In Equation (5), b0 and bk stand for the goal and the constraint while p0 and pk
represent their tolerances, respectively.
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There are many studies about fuzzy linear programming in the literature. Sharma
and Aggarwal focused on Fully Fuzzy Multi-Objective Linear Programming (FF-
MOLP) problem in which all the coeffi cients and decision variables are LR flat
fuzzy numbers. They proposed a new algorithm for solving FFMOLP problem [27].
Nakamura solved the multi-objective linear programming models, which are repre-
sented by triangular membership functions, by transforming them into fuzzy linear
programming models with partial membership functions [28]. Tanaka and Asai
used objective function coeffi cients and right-hand side coeffi cients of constraints
as fuzzy functions in their studies [29]. Verdegay argued that the solution of a fuzzy
constrained linear programming model should be represented by a fuzzy set [30].
Financial markets are one of the areas where lack of information or uncertainty

makes it diffi cult to make decisions. Investors with a certain accumulation aim to
increase the value of their income in a variety of ways. While doing this, investors
trying to create a portfolio from various securities, encounter the problem of de-
ciding to which investment vehicle they need to invest in what extent. A fuzzy
linear programming approach is used to eliminate this uncertainty and to create
the optimal portfolio.

4. An Algorithm for Portfolio Selection with Linear Programming

The Analytic Hierarchy Process (AHP) was originally developed by Thomas L.
Saaty in the 1970s. This method is one of the most criticized decision-making tech-
niques used in the analysis of complex decision problems [31]. AHP is a method
used to select from a large number of alternatives and in which more than one
decision maker can take part in the process. In the selection process, decision mak-
ers’ experience and knowledge are incorporated into the decision-making process
through the AHP method. The elements are compared with matrices according
to the criteria determined in the hierarchy and thus weights are obtained. This
weighting process is transformed into a broad eigenvector problem and results in
a normalized weight vector. These weights help to prioritize the distribution of
resources [32].
Although AHP’s aim is to reveal the knowledge of decision makers, conventional

AHP still do not reflect the human thought accurately. In addition, the AHP is
criticized for its inability to address uncertainty and indecision in the binary com-
parison process. For these reasons, the proposed Fuzzy AHP method is different
from the AHP in which the exact values are used, in that the decision-maker opin-
ions are in a range of values. This situation makes easier to overcome uncertainty
in the decision-making process [33].
In this study, as an alternative to the Constrained Fuzzy AHP approach, which

uses the triangular fuzzy numbers for criteria weighting, a new algorithm that uses
the TrFNs for the same aim was proposed. In proposed algorithm, the weights of
the criteria were obtained by using TrFNs. The obtained weights were used in the
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objective function of the proposed linear programming model by carried out the
following algorithm steps.

Step 1: n being the number of criteria and p being the number of decision
makers involved, comparison values (bijp) relative to each criterion are determined
by the decision makers as in Table 1.

Table 1. General form of the comparison matrix of each criterion
with each other

C1 C2 · · · Cn
(1 1 1 1) b121 b1n1

C1
...

...
...

...
(1 1 1 1) b12P b1nP
b211 (1 1 1 1) b2n1

C2
...

...
...

...
b21P (1 1 1 1) b2nP

...
...

...
. . .

...

bn11 bn21 (1 1 1 1)

Cn
...

...
...

...
bn1P bn2P (1 1 1 1)

A TrFN consists of four parameters indicated as b1, b2, b3, b4 and is expressed as
follows:

bijp =
(
b1ijp b2ijp b3ijp b4ijp

)
(6)

bijp : The importance value of mth criteria corresonding to nth

criteria, according to pth decision maker,
i, j, k : The number of criteria (i = 1, · · · , n; j = 1, · · · , n),
p : The number of decision maker(p = 1, · · · , P ).

Step 2: New TrFNs are obtained with pairwise comparisons of n criteria shown
in Table 1. For the comparison of Ci and Cj criteria, bijp =

(
b1ijp b2ijp b3ijp b4ijp

)
,

where
a1ij =

(
b1ij1 b1ij2 · · · b1ijp

)1/p
...

a4ij =
(
b4ij1 b4ij2 · · · b4ijp

)1/p (7)
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Aij =
[
a1ij a2ij a3ij a4ij

]
(8)

The new TrFNs, which express the decision makers’opinions, are obtained by
repeating the same process n times for each paired comparison, using geometric
mean [34]. The obtained new TrFNs are given in Table 2.

Table 2. The comparison matrix of each criterion, which consists
of the new trapezoidal fuzzy numbers obtained

C1 C2 · · · Cn
C1 (1 1 1 1) a12 · · · a1n
C2 a21 (1 1 1 1) · · · a2n
...

...
...

. . .
...

Cn an1 an2 · · · (1 1 1 1)

Step 3: The weights of the alternatives or criteria are calculated with the pro-
posed method using TrFNs. The formulas used in the calculations are given in
Equations (9-12). Let Si = (Sli, Sm1i, Sm2i, Sui) be the fuzzy score for the i

th cri-
terion of trapezoidal fuzzy pairwise comparison matrix, where the indices l,m1,m2

and u denote its lower, medium1,medium2 and upper respectively.
Sli and Sui can be evaluated using the crisp mathematical programming model,

Sli = min


(∏n

j=1 aij

)1/n
∑n

k=1

[(∏n
j=1 akj

)1/n]
 (i, j, k = 1, ..., n) (9)

Sui = max


(∏n

j=1 aij

)1/n
∑n

k=1

[(∏n
j=1 akj

)1/n]
 (i, j, k = 1, ..., n) (10)

subject to ain ∈ [lin, uin], ∀n > i; ani =
1

ain
, ∀n < i; ann = 1. Sm1i and Sm2i

are calculated by Equation (11,12).

Sm1i =

(∏n
j=1m1ij

)1/n
∑n

k=1

[(∏n
j=1m1kj

)1/n] (i, j, k = 1, ..., n) (11)
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Sm2i =

(∏n
j=1m2ij

)1/n
∑n

k=1

[(∏n
j=1m2kj

)1/n] (i, j, k = 1, ..., n) (12)

The weights obtained by the proposed method are shown in Table 3.

Table 3. Fuzzy weights of criteria / alternatives

Criteria Weights (TrFNs)
C1 (Sl1 Sm11 Sm21 Su1)
...

...
Cn (Sli Sm1i Sm2i Sui)

Step 4: A linear programming model which is proposed for portfolio allocation,
is composed by defuzzification of the fuzzy weights for the alternatives obtained as
a result of the solution process started by using the fuzzy importance degree.
Defuzzification can be called the inverse of the fuzzification process. Defuzzi-

fication operations are performed using membership functions of the fuzzy scores
resulting from the fuzzy operations [35]. Equation (13) is used to defuzzification
the fuzzy weights obtained for each alternative. To evaluate a crisp weight for each
stock, one can use the defuzzification method to replace the fuzzy numbers by crisp
numbers. A ranking method which uses the defuzzification function is as follows:

F (A) = 1/2

1∫
0

[aa +a a] da (13)

where a and a are the infimum and supremum of α-cut of the fuzzy number A
defined for x ∈ R, respectively [22]. The exact weights after defuzzification are
given in Table 4.

Table 4. The exact weights of criteria / alternatives

Criteria C1 C2 · · · Cn
The exact weights w1 w2 · · · wn
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Step 5: By utilizing wl obtained by TrFNs, corresponding to opinion of decision
makers, the linear programming problem given by Equation (14) is modeled.

max
L∑
l=1

wlλl +
T∑
t=1

βtγt

λl 6 µzl(x), l = 1, ..., L (for all objective functions),

γt 6 µgt(x), t = 1, ..., T (for fuzzy constraints),

L∑
l=1

wl +
T∑
t=1

βt = 1

gk(x) 6 bk, k = 1, ...,K (for deterministic constraints),

λl, γt ∈ [0, 1]; wl, βt > 0; xm > 0, (m = 1, ...,M).

(14)

In Equation (14), wl, βt are the weights coeffi cients that present the relative
importance among the fuzzy goals and fuzzy constraints. λl and γt represents the
constraint and the fuzzy constraint parameters. The flow chart of the proposed
method is illustrated in Fig. 1.

Figure 1. Flow chart of the proposed method
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5. Application

In this section, the method based on triangular fuzzy numbers proposed in the
literature and a portfolio selection problem solved with this method are addressed.
This problem solved by proposed method in this study. The hierarchical structure
created for the application is given in Figure 2 [36]. The constructed hierarchy
consists of seven most important criteria which are: Price/Earnings (P/E), Net
Profit/Stockholder’s Equity (NP/SE), Net Debt/Marketing Value (ND/MV), Cur-
rent Ratio (CR), Marketing Value/Carrying Amount (MV/CA), Net Profit/Sales
Revenue (NP/SR) and Net Profit/Total Assets (NP/TA). In the study, 5 stocks
were determined using past price movements obtained from BIST; Anadolu Cam
(ANACM), Trakya Cam (TRKCM), Mardin Cimento (MRDIN), Eregli Demir Ce-
lik (EREGL) and Izmir Demir Celik (IZMDC).

Figure 2. Hierarchy of the problem

Price/Earnings, Net Profit/Stockholder’s Equity, Net Debt/Marketing Value,
Current Ratio, Marketing Value/Carrying Amount, Net Profit/Sales Revenue and
Net Profit/Total Assets criteria are represented by C1, C2, C3, C4, C5, C6 andC7
respectively. While the current ratio is different in each sector, it is generally
considered to be suffi cient if this ratio is 2. In this study, the current ratio is
used as a fuzzy constraint between 1.4 and 2.5. The financial ratios of ANACM,
TRKCM, MRDIN, EREGL and IZMDC are given in Table 5.
In the aforementioned study by Ahlatcioglu, four decision makers used the lin-

guistic variables shown in Table 6 to assess the importance degree of criteria [36].

In this study, the importance scale given as a triangular fuzzy number is trans-
formed into TrFNs as shown in Fig. 3. The triangular fuzzy number on the existing
importance scale in the literature has been converted into TrFNs by keeping the
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Table 5. Stocks and financial ratio

C1 C2 C3 C4 C5 C6 C7
ANACM 10.7 11.5 10.0 1.3 12.6 7.6 2.04
TRKCM 8.9 12.5 0.2 1.2 18.3 8.6 2.17
MRDIN 7.1 23.4 -26.2 1.9 34.9 20.7 5.83
EREGL 3.6 18.1 -9.0 0.7 18.0 12.7 1.86
IZMDC 4.1 30.8 2.8 1.3 9.8 19.9 1.55

Table 6. Importance ratings of criteria determined by the four
decision makers

C1 C2 C3 C4 C5 C6 C7
Decision Maker 1 (5 7 9) (7 9 10) (5 7 9) (5 7 9) (7 9 10) (5 7 9) (3 5 7)
Decision Maker 2 (7 9 10) (5 7 9) (5 7 9) (7 9 10) (7 9 10) (5 7 9) (3 5 7)
Decision Maker 3 (9 10 10) (7 9 10) (5 7 9) (9 10 10) (7 9 10) (5 7 9) (5 7 9)
Decision Maker 4 (5 7 9) (9 10 10) (5 7 9) (7 9 10) (9 10 10) (5 7 9) (3 5 7)

upper and lower bounds of the fuzzy numbers constant and spreading the center to
a certain range.

Figure 3. Transform from triangular fuzzy number to trapezoidal
fuzzy number

The importance degree of criteria given in Table 6 are transformed into the trape-
zoid fuzzy number and Table 7 is obtained by operating the proposed algorithm.

The seven criteria are compared with respect to the goal "portfolio selection",
and the corresponding fuzzy pairwise comparison matrix is solicited from the deci-
sion makers and presented in Table 8.
The fuzzy weight of each criterion is calculated by applying the Constrained

Fuzzy AHP method which is formed by using TrFNs for the portfolio selection.
The fuzzy weights for each criterion are summarized in Table 9.
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Table 7. The importance degrees of criteria given by decision
makers transformed into TrFNs

Criteria Decision Maker
C1 (6.30 7.69 8.49 9.49)
C2 (6.85 8.22 8.95 9.74)
C3 (5 6.5 7.5 9)
C4 (6.85 8.22 8.95 9.74)
C5 (7.45 8.79 9.43 10)
C6 (5 6.5 7.5 9)
C7 (3.41 4.93 5.94 7.45)

Table 8. Fuzzy pairwise comparison matrix for criteria with re-
spect to goal "portfolio selection"

Goal C1 C2 C3 C4
C1 (1 1 1 1) (0.65 0.86 1.03 1.39) (0.70 1.03 1.31 1.90) (0.65 0.86 1.03 1.39)
C2 (0.72 0.97 1.16 1.54) (1 1 1 1) (0.76 1.10 1.38 1.95) (0.70 1.03 1.31 1.90)
C3 (0.53 0.76 0.97 1.43) (0.51 0.72 0.91 1.32) (1 1 1 1) (0.51 0.73 0.91 1.31)
C4 (0.72 0.97 1.16 1.54) (0.70 0.92 1.09 1.43) (0.76 1.10 1.37 1.96) (1 1 1 1)
C5 (0.79 1.03 1.22 1.59) (0.76 0.98 1.15 1.45) (0.83 1.18 1.45 2.00) (0.76 0.98 1.14 1.45)
C6 (0.53 0.76 0.97 1.43) (0.51 0.72 0.91 1.32) (0.56 0.87 1.15 1.79) (0.51 0.72 0.91 1.32)
C7 (0.36 0.58 0.78 1.18) (0.35 0.55 0.72 1.09) (0.38 0.66 0.92 1.49) (0.35 0.55 0.72 1.09)

Goal C5 C6 C7
C1 (0.63 0,82 0,97 1,27) (0,70 1,03 1,31 1,90) (0,85 1,29 1,72 2,78)
C2 (0.69 0,87 1,02 1,31) (0,76 1,10 1,38 1,95) (0,92 1,38 1,82 2,86)
C3 (0.50 0.69 0.85 1.21) (0.56 0.87 1.15 1.80) (0.67 1.09 1.52 2.64)
C4 (0.69 0,87 1,02 1,31) (0.76 1.10 1.38 1.95) (0.92 1.38 1.82 2.86)
C5 (1 1 1 1) (0.83 1.17 1.45 2.00) (1.00 1.48 1.91 2.93)
C6 (0.50 0.69 0.85 1.20) (1 1 1 1) (0.67 1.09 1.52 2.64)
C7 (0.34 0.52 0.68 1.00) (0.38 0.66 0.92 1.49) (1 1 1 1)

Table 9. Fuzzy weights of criteria

Criteria Weights (TrFNs)
C1 (0.09 0.14 0.16 0.21)
C2 (0.10 0.15 0.17 0.23)
C3 (0.09 0.12 0.14 0.21)
C4 (0.11 0.15 0.17 0.23)
C5 (0.11 0.16 0.18 0.23)
C6 (0.09 0.12 0.14 0.21)
C7 (0.05 0.09 0.11 0.17)

The asset allocation is realized by defuzzification of fuzzy weights related to
criteria obtained as a result of the solution process started with using fuzzy im-
portance degree. The defuzzification can be called the inverse of the fuzzification
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process. Defuzzification are performed using membership functions for the fuzzy
scores obtained as a result of the fuzzy operations. The certain weights obtained
for the criteria after the defuzzification process are given in Table 10.

Table 10. Evaluation of exact weights of alternatives

P/E NP/SE ND/MV MV/CA NP/SR NP/TA CR
Weights of criteria 0.148 0.158 0.133 0.159 0.167 0.132 0.103

The multi-objective linear formulation of numerical example is given as P1.
P1 : ZP/E(min) = 10.7x1 + 8.9x2 + 7.1x3 + 3.6x4 + 4.1x5

ZNP/SE(max) = 11.5x1 + 12.5x2 + 23.4x3 + 18.1x4 + 30.8x5

ZND/MV (min) = 10.0x1 + 0.2x2 + 26.2x3 − 9.0x4 + 2.8x5
ZMV/CA(max) = 1.3x1 + 1.2x2 + 1.9x3 + 0.7x4 + 1.3x5

ZNP/SR(max) = 12.6x1 + 18.3x2 + 34.9x3 + 18.0x4 + 19.9x5

ZNP/TA(max) = 7.6x1 + 8.6x2 + 20.7x3 + 12.7x4 + 19.9x5

ZCR(1.46CR62.5) = 2.04x1 + 2.17x2 + 5.83x3 + 1.86x4 + 1.55x5

x1 + x2 + x3 + x4 + x5 = 1

x1, x2, x3, x4, x5 > 0

The seven objective functions ZP/E , ZNP/SE , ZND/MV , ZMV/CA, ZNP/SR,
ZNP/TA and ZCR are respectively P/E, Net profit / Stockholder’s Equity, Net
Debt / Marketing Value, Marketing Value / Carrying Amount, Net profit / Sales
Revenue, Net Profit/Total Assets and Current Ratio goals, xi is the percentage of
the ith stock to be invested.
The maximum and minimum values for each objective function were determined

under the constraints of the model by using WinQSB software. Solutions for each
of 6 objective functions are given in Table 11.

Table 11. The maximum and minimum values of the objective functions

Objective fuction µ = 0 µ = 1 µ = 0− µ = 1
ZP/E(min) 10.7 3.6 7.1

ZNP/SE(max) 30.8 11.5 19.3
ZND/MV (min) 10 -26.2 36.2
ZMV/CA(max) 1.9 0.7 1.2
ZNP/SR(max) 34.9 9.8 25.1
ZNP/TA(max) 20.7 7.6 13.1
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The structure of the new fuzzy multi-objective linear model created using the
final weights obtained from the proposed algorithm is given as P2.

P2 : max 0.148λ1 + 0.158λ2 + 0.133λ3 + 0.159λ4 + 0.167λ5 + 0.132λ6
+0.103λ7

λ1 6
10.7− (10.7x1 + 8.9x2 + 7.1x3 + 3.6x4 + 4.1x5)

7.1

λ2 6
(11.5x1 + 12.5x2 + 23.4x3 + 18.1x4 + 30.8x5)− 11.5

19.3

λ3 6
10.0− (10.0x1 + 0.2x2 − 26.2x3 − 9.0x4 + 2.8x5)

36.2

λ4 6
(1.3x1 + 1.2x2 + 1.9x3 + 0.7x4 + 1.3x5)− 0.7

1.2

λ5 6
(12.6x1 + 18.3x2 + 34.9x3 + 18.0x4 + 9.8x5)− 9.8

25.1

λ6 6
(7.6x1 + 8.6x2 + 20.7x3 + 12.7x4 + 19.9x5)− 7.6

13.1

λ7 6
2.5− (2.04x1 + 2.17x2 + 5.83x3 + 1.86x4 + 1.55x5)

0.5

λ7 6
(2.04x1 + 2.17x2 + 5.83x3 + 1.86x4 + 1.55x5)− 1.4

0.6
x1 + x2 + x3 + x4 + x5 = 1

x1, x2, x3, x4, x5 > 0

WinQSB is used to solve the problem. The optimal solution for the model is ob-
tained as follows: 5.557 and 5.476 are the results that are obtained from the solution
of the Price/Earnings and Net Debt/Marketing Value objective functions respec-
tively, which are required to be minimized. 24.618; 1.322; 21.652 and 17.047 are the
results that are obtained from the solution of the Net Profit/Stockholder’s Equity,
Marketing Value/Carrying Amount, Net Profit/Sales Revenue and Net Profit/Total
Assets objective functions respectively, which are required to be maximized. Fi-
nally, 2.423 is the result that is obtained from the solution of the Current Ratio
objective function. In the view of these results, the decision variables of the model
are obtained as x1 = 0.05, x2 = 0.14, x3 = 0.17, x4 = 0.11 and x5 = 0.53.

6. Conclusion

The results regarding to the proposed and the existing method (Constrained
Fuzzy AHP method using triangular fuzzy numbers) (see also [20]) and the re-
turns on assets ratios of 5 stocks between the dates February-May 2018 are pre-
sented together in Table 12. The table also includes the return investments for the
months covering the dates February-May 2018. For both proposed and existing



PORTFOLIO SELECTION USING FMCLP 2255

methods, the return investments were calculated by multiplying the asset alloca-
tion results with the monthly returns on assets ratios. The fact is that financial
markets are impressive in terms of portfolio selection. In the case of uncertainty,
the fact that the investment is not planned can be encountered with unexpected
losses to the investor. It is aimed to help investors who invest in uncertainty with
the proposed model for the most appropriate portfolio selection. For the exist-
ing method, the calculated return investments for February, March, April, and
May were 12.76%,−2.37%, 12.03% and −1.52% respectively, whereas return the
investments of the proposed method were 13.41%, 1.19%, 11.92% and −0.48% re-
spectively. Based on this, it can be concluded that the proposed method manages
to supply better asset allocation.

Table 12. The solutions obtained from the application of different methods

Stocks Asset
allocation

Return on assets ratio
(Monthly)

Return on investment
(Asset allocation x Return on assets ratio)

Feb.08 Mar.08 Apr.08 May.08 Feb.08 Mar.08 Apr.08 May.08

T
h
e

re
su
lt
s
o
f

th
e

p
ro
p
o
se
d

a
lg
o
ri
th
m

ANACM 0.05 7.12 -11.99 7.65 -4.25 0.36 -0.60 0.38 -0.21
TRKCM 0.14 7.15 -29.98 13.57 -7.25 1.00 -4.20 1.90 -1.02
MRDIN 0.17 12.5 1.14 21.38 0.05 2.13 0.19 3.63 0.01
EREGL 0.11 19.24 7.47 20.86 -3.12 2.12 0.82 2.29 -0.34
IZMDC 0.53 14.72 9.39 7.01 2.03 7.80 4.98 3.72 1.08
Total 13.41 1.19 11.92 -0.48

T
h
e

re
su
lt
s

ex
is
ti
n
g
in

th
e

li
te
ra
tu
re

ANACM 0.09 7.12 -11.99 7.65 -4.25 0.64 -1.08 0.69 -0.38
TRKCM 0.22 7.15 -29.98 13.57 -7.25 1.57 -6.60 2.99 -1.60
MRDIN 0.11 12.5 1.14 21.38 0.05 1.38 0.13 2.35 0.01
EREGL 0.14 19.24 7.47 20.86 -3.12 2.69 1.05 2.92 -0.44
IZMDC 0.44 14.72 9.39 7.01 2.03 6.48 4.13 3.08 0.89
Total 12.76 -2.37 12.03 -1.52

In the later study, the proposed algorithm can be extended using more objective
function, constraint function and decision variables to solution of multi-criteria
decision problems like portfolio selection problems.
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