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MEAN ERGODIC TYPE THEOREMS

G. OGUZ AND C. ORHAN

ABSTRACT. Let T be a bounded linear operator on a Banach space X. Re-
placing the Cesaro matrix by a regular matrix A = (an;) Cohen studied a
mean ergodic theorem. In the present paper we extend his result by taking a
sequence of infinite matrices A = (A(9)) that contains both convergence and
almost convergence. This result also yields an A-ergodic decomposition. When
T is power bounded we give a characterization for T to be A-ergodic.

1. INTRODUCTION

Let X be a Banach space and T' be a bounded linear operator on X into itself.

I &y
By M, (T') we denote the Cesaro averages of T' given by M, (T') := 1 E 7.
n
=0

An operator T € B(X) is called mean ergodic, respectively uniformly ergodic,

if {M,(T)} is strongly, respectively uniformly, convergent in B(X). Cohen [3]
considered the problem of determining a class of regular matrices A = (an;) for

which
o0
L, = Z an; TV
j=1

converges strongly to an element invariant under 7. It is the case when {L,z : n €
o0
N} is weakly compact and liin > |an,j+1 — anj| = 0 uniformly in n (see also [I1]).
j=k
Observe that Cohen’s result is an extension of the mean ergodic theorems due to
von Nuemann [I0], F. Riesz [§] and K. Yosida [12].
In the present paper, replacing the matrix A = (an;) by a sequence of infinite
matrices (A(")) = (asj)) we study results in an analogy of Cohen.
Now, we give some basic notations concerning the sequence of infinite matrices.
Let A be a sequence of infinite matrices (A(*)) = (aifj)) Given a sequence z = (z;)
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we write
> .
Agl’)x = Z aS;xj
j=1

if it exists for each n and ¢ > 0. The sequence (z;) is said to be summable to the
value s by the method A if

AWy — s (n — oo, uniformly in i). (1)

If (1)) holds, we write x — s(A).

The method A is called conservative if x — s implies x — s'(A). If A is
conservative and s = s’, we say that A is regular. We now recall a theorem which
characterizes the regularity of the sequences of infinite matrices.

Theorem 1 ([2, 9]). Let A be the sequence of infinite matrices (A®)) = (agfy))
Then, A is reqular if and only if the following conditions hold:

DY |a£f])| <00, (for allm, for alli),
J

. . . (@)
(2) There exists an integer m such that sup - |a,;| < oo,
i>0,n>m j

J
(4) liﬁnZaEg =1, (uniformly in i).
j

(3) for all j, lim agf) =0, (uniformly in i),

In addition, we write
Al = sup D lay)]. (2)
ni
and ||A|| < co to mean that, there exists a constant M such that > |a£fj)| < M,
J
(for all n, for all i) and the series }_ aﬁf} converges uniformly in 4 for each n.
J

Throughout the paper we assume that the sequence of matrices (A®)) = (aglij)- )
satisfies the following conditions:

(i) A is regular,

(i) [JA]l < oo,
(iii) li}gn sup |as))j_‘_1 - agl}| =0.
1, j=k

2. MAIN RESULTS

In this section, using a sequence of infinite matrices we give a theorem analogous
to one of Cohen [3].
We now present a lemma which will be used in the proof of the main theorem.
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Lemma 2. Let T and AS? be bounded linear operators on a Banach space X into
itself such that TA,S) = Agf)T for alln and i. If

lim A9 (z —Tx) =0, (uniformly in i), (3)

n—0oo
and
AWy — zo(w), (n — oo, uniformly in i),

then Txg = xo, where (w) indicates the weak convergence.

Proof. By X’ we denote the dual space of X. Let f € X ’. Then, by weak conver-
gence (uniformly in i) of (Agf )a:) we have

lim sup f(AWz — z4) = 0. (4)
n i
Since T is a linear and continuous operator on X, we also have
lim sup F(TAD g — Tag) = 0. (5)
It follows from and the fact that f € X/,
lim sup F(AD g — ADTz) = 0. (6)

Using the commutativity TAY = ADT for each n and i, one may write
flao = Tao) = flwo — AV x) + f(APz — ADTw) + f(TADz — Tag).  (7)
Applying the operator limsup to both sides of we get that
L
<

limsup f(xo — T'zo) +

K2

limsup f(wo — AW yg)

lim sup F(ADz — ADTg)

+ . (8)

Then by (@), ), (6) and (), we conclude that f(zg — Two) = 0 for all f € X'.
This implies that Txzo = xg. ([l

lim sup FTADz — Tay)

We now present the main result of the paper.

Theorem 3. Let X be a Banach space and T : X — X be a bounded linear

operator. Suppose that there exists an H > 0 such that | T7|| < H for all j € N.
(i)

Suppose that the sequence of infinite matrices (A®)) = (apn;

) satisfies the conditions

(i)-(iit) and define Ay = > affj)»zj. Assume that there exists a subsequence
i=1
{Agfga:} C {Agf);r} such that

limsup AWz = 20(w), 9)
P P
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where xg € X. Then, Txy = xg and lim Ag)x = xg (uniformly in i). Denote by

P the strong limit in B(X) of {Agf)x} Then it is the projection onto the space
N(I —T) of T-fized points corresponding to the ergodic decomposition
X=RI-T)®N(I-T) and P = P> =TP = PT.

Proof. From the hypothesis there exists an H > 0 such that |77 < H for all
j € N. Since || A]| < o0, for € X we have

|4 = |3 alria| < H )3 o)
=1 =t

< H |la|[sup Y |al)] < H|z| ||A]. (10)

n,s j=1

Since X is complete, each {Ag)m} is defined on X. By taking supremum over
[z]| =1 in both sides of (10)), we get, for all n and i, that

14D < H|lAJ. (11)
Also we have
TAD g = ZGS;T7+1Q} = AT, (12)
j=1

By the hypothesis, we have for any € > 0 that there exists a ko = ko(e) € N such
that for all k& > kg

o
, () (@)
bup |a'n,j+1 - an_]| <Ee.
im

j=k

Hence, we get, for each x € X, that

e ] [ RS S
j=1

ko—1 o]
< H |z (sup laf] +sup Y [ty —al +sup Y [aly —al)l)
I3 (3 j:1 ,n _'I:k()

ko
< H |zl |2sup Y lal)] +¢

nj
% i=1

k?() .
Then, for n > n. we also have sup > \aﬁfj)| < & which yields
i g=1

HAgp(x - Ta:)H < H ||z|| 3e.
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This implies
lim A9 (z —Tz) =0, (uniformly in 7). (13)

Furthermore, from @[), and , the conditions of Lemma [2| are satisfied.
Thus, one can get Tz = xg.
Now, we consider the linear subspace X spanned by z — Tz for z € X. We will
show that zp — z € Xy. To achieve this, we follow the idea given by Cohen [3].
Assume that zo — z ¢ Xy. Then, one can easily see that there exists an f € X’
such that

flu)=0, weXo; flz—m0)=1
Since TFx — Tz € X, for k = 0,1,2,..., we have f(T*x — T**'x) = 0. Then,
it is easy to show that f(z —T7z) = 0. So we obtain

fl@)=f(T'z), j=12,... (14)
Moreover, from and , it follows that
limsup ADu =0, wue X (15)
noog

Since f € X', one can get by that

FAD2) ="l p(mie) = [ Y al) | f()
j=1 j=1
which yields
limsup f(Az) = f(x). (16)
By @D and we obtain
0 = limsup f(A)z — o) = limsup(f(A})z) — f (o))
= f(x) = f(z0) = f(z — o).

This is a contradiction. Then we necessarily have zg — z € Xy. Since Txg = xg we

have T7zy = o for j = 1,2,.... Hence we have
AD gy = ZaS;zjo = Zafg Zo (17)
j=1 j=1

from which we immediately get

lim sup Ag)xo = 0. (18)

n i

Since z = xg + (& — xg), we get from and that

lim sup AWz = ,
nooy
which proves the first claim.
We can write © = xo+ (z—xo) such that ©g € N(I-T) and (x—=z¢) € R(I-T) C
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R(I—-T). Nowlet ¢ >0 and let z € R(I —T)NN(I —T). Following [4] we then
have ||z — (u — Tu)| < ¢/(3H ||A||) for v € X. Hence

HA?QA{ufTMW< §§¢gw W—(ufTMH<§. (19)

Since z € R(I —T) N N(I —T), we observe that

Agf)z = Z aE:J)TJz = Z affj) (20)
j=1

from which we get
hm bupA z=2z. (21)

By { . and ( ., we conclude that
Iz|l = Hz - Agf z+ A,Z)ZH < Hz — AW zH—!—HASf)(z —(u— Tu))H—!—HAgf)(u - Tu)H <e
Hence, we find that R(I — T) N N(I — T) = {0}, which implies that
X=R(I-T)aN{I-T).
On the other hand, we know that lim sup Agf):c = xo. Let Pz := limsup Ag)x = xo.
Then, since Trg = zg and Pz = x: onle can obtain, for all z € X:L thiat
Txog =TPx =xy = Pz,
which yields TP = P. Also, we have TP = P for all j € N. Hence, we observe

that
Px = Za(z TIPg = Za ) pye

Applying the operator hm sup to both sides we ﬁnd P2 =p.

In addition, from ( we obtaln Px = PTx for all x € X, that is P = PT. This
concludes the proof O

Remark 4. If we define the sequence of matrices (A"W) = (a (1)) by

1 S
O e
nj
0 , otherwise

then A reduces to almost convergence method of Lorentz [6]. Observe that (asj))
defined as above satisfies the conditions (i)-(ii) imposed in Section 1. Some results

concerning the almost convergence of the sequence of operators may be found in [I]
and [7].
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Given a sequence A of matrices (A()) = (asfj)-), if the limit of { A%z | exists then

we call the operator T' an A-ergodic operator. Motivated by that of Proposition
2.2 in [5] we have the following

Theorem 5. Let X be a Banach space, T be a bounded linear operator on X into
itself. Assume that there exists an H > 0 such that | T?|| < H for all j € N. Let

(AW = (affj)) be a sequence of infinite matrices satisfying the conditions (i)-(iii).
Then, the operator T is A-ergodic if and only if (I —T)(I -T)X = (I —-T)X.

Proof. Let the operator T be A-ergodic. Then, by Theorem [3| we have

X=RI-T)&NI-T).

The necessity is proved by applying the operator (I —T).
Assume that (I —T)(I —T)X = (I —T)X. We have, for x € N(I — T), that

AWy = ZaS}TJa: = Zagm.
j=1 j=1

Hence, we get
|ADgz — x| - 0, (n — oo, uniformly in 7). (22)
Now, let € R(I —T). Hence, there exists z;, € R(I —T) so that x; — x. One
can get
Ja0a] < ] + 450 -]

If we choose k in order to make ||z, — x| sufficiently small, we find that || A, (zr —2)]|
is also sufficiently small (no matter what n may be) because of the fact that A
satisfies (ii) and T is power bounded.Combining this with , we observe, for

x € R(I —1T), that

||AS)IH — 0, (n — oo, uniformly in 7). (23)

Thus, by and the sequence {Agf )} is strongly convergent on

RI-T)® N(I-T). Since /] —T)(I-T)X = (I -T)X, for y € X there exists
z€ R(I —T) such that (I —T)z= (I —T)y. Wethenget h=y—2z€ N(I-1T).
Since we have y = h + z such that h € N(I —T) and z € R(I — T), the proof is
completed. 0O
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