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ABSTRACT. Let GL(n, R)be the general linear group of all n x n real regular
matrices. GL(n, R) acts by (g,2) — gz on R™ where gz is the multiplication
of a matrix g and a column vector x € R™. Let Af(n) denote the group of
all transformations F' : R™ — R™ such that F(z) = gz + b for g € GL(n, R)
and b € R™. Definitions of C'*°-ruled surface in R", invariant differential
rational functions of a C°°-ruled surface and the affine equivalence of C'°°-
ruled surfaces are introduced. A generating system of the differential field
of invariant differential rational functions of a C°°-ruled surface is described.
Conditions of affine equivalence of ruled surfaces are given in terms of the
generating differential invariants.

1. INTRODUCTION

This paper is concerned with the problem of equivalence of affine ruled surfaces.
The first comprehensive treatment of affine ruled surfaces is given in the work of
Blaschke [1]. For further developments of the subject we refer the reader [2], and
the more modern texts ([3], [4], [5]), and survey paper [6]. The applications of
invariant theory to differential geometry are given by Khadjiev [7]. Global integral
and differential invariants of n-dimensional equi-affine curves are given in [8] and
global integral and differential invariants of n-dimensional centro-affine curves are
given in [9].

Ruled surfaces are investigated first by Monge [10]. The investigations of Mayer
on centro-affine geometry of ruled surfaces [11] were continued by Magazinnikov
[12]. Ruled surfaces in R® are widely applied in civil engineering and architecture
[13].

Let R be the field of real numbers, and (0, 1) be the open interval of R and n > 1.

Definition 1.1. A C*°-map f : (0,1) — R"™ will be called a parametric curve in
R™.
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Definition 1.2. a C*°-map = : (0,1) x (0,1) — R" will be called a C*° -parametric
ruled surface if z(u,v) = z1(u) + voe(u), where 21 : (0,1) — R", x5 : (0,1) — R
are parametric curves.

Let GL(n, R) be the general linear group of all n x n real regular matrices. We
denote the group

{F:R"— R"F(z)=gr+b, g€ GL(n,R), b€ R"}
of all affine transformations of R™ by Af(n), where gz is the multiplication of a
matrix g and a column vector x € R™.

Definition 1.3. Two ruled surfaces x(u,v) and y(u,v) in R™ will be called affine

Af(n)
equivalent and written  ~ y if there exists g € GL(n, R), b € R" such that

y(u,v) = go(u,v) +b
for all u,v € (0,1).

Let x1 and x5 be parametric curves inR"™.

Definition 1.4. A polynomial, P (azl, To, T, Xh, ..., :rgm), xém)), which depends on

21, x2 and a finite number of their derivatives with the coefficients from R, will be
called a differential polynomial of 1, z5. It will be denoted by P {x1,z2}.

The derivative P’ {z1,x2} of P{x1,z2} can be get from the rules

2 =, (") =™ i= 1,2

Definition 1.5. The quotient, Q (z1,x2) = %, where P, and P, are dif-
ferential polynomials of both x1, o, P {z1, 22} # 0, is called differential rational
function of z; and xs.

Definition 1.6. A differential rational function @ is called affine invariant if

Q(gz1 + b, gr2 +b) = Q (71, 22)
for all g € GL(n, R) and b € R™.

Affine invariant differential polynomial is defined with the same equation replac-
ing @ by P.

There is no affine invariant polynomial except constant polynomial. But there
is an affine invariant rational function which is not constant. For example, for
n =1, R" = R and GL(1, R) = {all real numbers except zero}. We define x; :
(0,1) = R, z2 : (0,1) — R as parametric curves in 1-dimensional space R, then
Q (x1,m2) = % is an invariant differential rational function.

Let us denote the set of all differential rational functions of z; and xo by
R {x1,z5). On this set for all Q1,Q2 € R{x1,22) and A € R we define the sum
@1+ Q2, multiplication by a scalar A\Q1, the multiplication Q1 Q- and for all Q5 # 0
the quotient % Therefore R (1, z2) is a field. Furthermore R (x1, z3) is an algebra

over R. The derivative of QQ = % € R(x1,x2) is defined by

o — <P1> _ kP —P1P2'.
Py (P)?



110 OMER PEKSEN

Accordingly, VQ1,Q2 € R {x1,z2) and A € R the following properties are satis-
fied:

(@1 +Q2) = Q) +Qy,
(AQ1) = AQ.,
(Qle)/ = Q;Qz + Q1Q/27

(@) _ Q1@ — Q1@
Q2 (Q2)*

Therefore R (x1,x2) is a differential field and algebra.

Let G = Af(n) and let us denote the set of all affine invariant differential rational
functions of z; and 2o by R{zy,22)¢. R{z1,25)¢ is a differential subfield and
subalgebra of R (z1,x2).

Definition 1.7. A subset S = {Q1, ..., Qx} of R (x4, :@)G will be called a generating
system of R (x1, x2>G if the smallest differential subfield and subalgebra containing
Sis R (zy,25)€.

2. DIFFERENTIAL INVARIANTS OF RULED SURFACES

ail Qan1
For a4, ...,a, € R™ the determinant, : : : , where ay; are the coor-

A1p - Qpn
dinates of ay, will be denoted by simply [a;...a,].

Theorem 2.1. The following system
{x'l...x&ifl)xgwrl)mg”l)...ajgn)}

w;(z) = i=1,...,n

and
{x’l...x(li_l)xg - x1x§i+1)...$§n)}

[x’lxgn)] 7

is a generating system of R (xl,:cg)G

zi(x) = i=1

N

There are 2n elements in this system.

3. THE PROBLEM OF AFFINE EQUIVALENCE

Definition 3.1. A parametric ruled surface z(u,v) = z1(u) + vaa(u) is called

regular parametric ruled surface if [x’l:zrgn)} # 0 for all w € (0,1).

Let z(u,v) and y(u,v) be two ruled surfaces and f € R(xhxg)G, where G =
Af(n). If z £ y then f(z) = f(y) always satisfied. Conversely, is it always possible

to say that x < y, when f(z) = f(y)?. There are examples to show that this is not
true.
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Theorem 3.1. Let x and y be two reqular parametric ruled surfaces. If

[10]
(11]

(12]

(13]

wi(z) = wi(y),i=1,...,n

and

zi(x) = zi(y),i=1,...,n
then x < Y.
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