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APPROXIMATION PROPERTIES OF
BERNSTEIN-KANTOROVICH TYPE OPERATORS OF TWO
VARIABLES

DONE KARAHAN AND AYDIN IZGI

ABSTRACT. In this study, the generalized Bernstein-Kantorovich type opera-
tors are introduced and some approximation properties of these operators are
studied in the space of continuous functions of two variables on a compact
set. The rate of convergence of these operators are obtained by means of the
modulus of continuity. The Voronovskaya type theorem is given and some
differential properties of these operators are proved.

1. INTRODUCTION

In 1912, for a function f defined on the closed interval [0, 1], the expression

B, (fix) = kz:f (5) (})sta-ar (1)

was called the Bernstein polynomial of order n of the function f in [I]. In [2], Ko-
rovkin’s theorem sometimes also called Bohman-Korovkin theorem, arose from the
study of the role of Bernstein polynomials in the proof of the Weierstrass approxi-
mation theorem. Later, the various generalizations of Bernstein polynomials (|1.1))
were investigated in [3]-[9]. In 1930, L.V. Kantorovich constructed and studied the
linear positive operators K, : L1([0,1]) — C([0,1]) defined by

(Kmf)(@) = (m+1))_ pmi(x) /m+ f(s)ds. (1.2)
k=0 m+T

The operators are known as the Kantorovich operators. These operators are
obtained from the classical Bernstein operators (1.1). In [9], Kahvecibasi studied
approximation properties of generalized Bernstein-Kantorovich operators on closed
interval [—1,1].
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There are many investigations devoted to the problem of approximating contin-
uous functions by classical Bernstein polynomials, as well as by two dimensional
Bernstein polynomials and their generalizations. We refer to papers [11]-[14].

In this note, inspired by the operators and , we consider generalized
Bernstein-Kantorovich operators for functions of two variables. To this end, let
f € C(A), where A = [—1,1] x [-1,1] and define the linear positive operators
Dy (f;2,y), n,m € N in the following way:

1 1 0 25
Dym(fiwy) = =" ZZ@,M z,y / e / T F(t u)dtdu,
k=0 j3=0 m+1
(1.3)
with
Ot (2,9) = @ k(X)) (1.4)
and

On i) = 2% <Z> 1+ x)k(l — x)”_k. (1.5)

As usual, let C'(A) be the the space of all real valued continuous functions on A
endowed with the norm

£l sy = max, 1£(z.9)l
Let f € C(A).The full modulus of continuity of f is defined as follows:

w(f,0) = max If (x1,91) — f (w2,92) | (1.6)
Vi —22)2+ (11 —y2)2 <6
(z,y) € A

Partial modulus of continuity with respect to  and y is defined by

w(f,8) = max If (@1,y) — f (22,9)], (1.7)
(xlay)7 ($27y) € A
|£I,‘1 — $2| S (5

w(z)(.fa 5) = max |f(:17>y1) - f(m,yZ) " (18)
(mvyl)’ (x,yQ) €A
ly1 —y2| <0

respectively. It is known that the full and partial modulus of continuity satisfy the
following properties:

W(f,0) < (14 N (f0),  Jimw(f,6) =0. (19)
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2. MAIN RESULTS

In this section we give some classical approximation properties of the operators
Dy, ., on the set A.
Then by simple calculations, one can obtain the following lemmas.

Lemma 2.1. For V(z,y) € A and VYn,m € N, Bernstein-Kantorovich operators
satisfy the following equalities:

Dn,m(l;xvy) = ]-7 (21)
T
Dy m(t;z,y) =2 — meTER (2.2)
Y
Dy (ws2,y) =y — mal (2.3)
3nz? 4+ 12 —n—1 3my? +y? —m— %
D, . (2 2, .2 3 2 3 (24
3 2.3 3 2 2
+ 6n“x° 4 3nx°® — 3n“x + 6n + Tnx + 6N
D,y o (£3 + u: _.3_7T
5 ( +'U/,$,y) z (TL+1)3
3+ 6m2y® + 3my® — 3my +6m + 7 6my?
3 Y Y my m-y + om + imy + bmy (2.5)
Ty (m 1) ’ '
10n3z* — 52zt + 10nz* — 2* + 6n32? + 6na?
D, . (t* 4, 4
s ( +u,m,y) T (n+1)4
10n222 4+ 4nx — 3n? — 4n — %
(n+1)%
e 10m3y* — 5m2y* 4+ 10my* — y* + 6m3y? + 6my?
(m+1)*
2,2 _ 2 _ _ 1
10m~y +4zny+ 13)711 dm — ¢ (2.6)
m
From Lemma 2.1, we obtained following lemmas.
Lemma 2.2. For the operators D,, , in , we have
322 —3nz? +3n+1
Dy ((t —2)%,y) = , 2.7
ml(t = 2)%2,7) e (27)
3y% — 3my? +3m +1
Dnm - 2; ) = ’ 2.8
m((uw—y)%z,y) Sim 1 12 (2.8)

n2x* 4 8nat + zt + 44na? 4+ 20n%2? 4 24n’x + 24n223
(n+1)*
24na® + 20nz + 227 + 3n? + 4n + }
(n+1)*

Dy ((t — )2, y) =
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m2y* + 8my* + y* + 4dmy? + 20m2y? + 24m3y + 24m?2y°
(m+1)%

. 24my? + 20my + 2y? + 3m? + 4m + %

(m+1)*

Dn,m((u - y)4§$a y) =

(2.10)

Lemma 2.3. For every fized (xo,y) € A there exists a positive constant M (xo)
such that for n € N, Dy, ,,((t — z0)*; 0,y) < My (mo)n 2.

Theorem 2.1. (See [10]) If (Th,m) is a sequence of linear positive operators satis-
fying the conditions

lim HTan(lvxvy) - 1HC'(X) =0

n,m— 00

lim ||Tn,m(tax7y) _ivHC(X) =0

n77’.n—><>0 (2.11)
n Tlirgoo HTmm(u,x,y) B yHC(X) =0
. 2 2. _ 2 2 —
m [|T (4 w?i2,9) = (@ 447 g =0
then for any function f € C(X), which is bounded in R?,
lim | T (f52,9) — f (=, y)HC(X) =0 (2.12)

where X is a compact set.

In the following theorem we show that the linear positive operator D, ,, in (1.3
converges to f uniformly with the help of Theorem 2.1.

Theorem 2.2. For every f € C(A), the the operators D,, ,,, defined by con-

verge uniformly to f on the set A as n,m — oo.

Proof. From —, we have
lim ||Dn7m(1;x,y) — 1HC(A) =0

n,Mm— 00

lim || D (62, 9) = ] o) = 0

n,m— 00

. (2.13)
Wlﬁgoo ||Dn,m(u; T,y) — yHC(A) =0
N 7111L§00 HDn,m(t2 + uQ;x, y) - (‘rQ + yQ)HC(A) =0.
([l

Applying Theorem 2.1, we obtain the desired result.
Theorem 2.3. For f € C(A), the the following inequalities hold:

Do (Fi.9) — e <2 (wm (f; %) +w® (f; jm)) (2.14)
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[ D (f32,9) = £l gay < 20 (f;\/iﬂL;L) (2.15)

where w, w and w® are given by @, and @, respectively.

Proof. From (1.3)) and (2.1]), we can write

|Dn,m(f;m,y) - f(x7y)|
< Dn,m(lf(tay) - f(x7y)\;x7y) + Dn,m(lf(t ’LL) - f(t,y)l;x,y)

k+1
1 1 — 2ol
gw(l)(f;an) 1+—nJr E gpnk(x)/ [t — x|dt
O0n 2 o ’ 2.k

n+1

1 m+1 & ==

+ol® (i) |14 2S00 [T gl
5m 2 =0 > 2#4_1

Applying the Cauchy-Schwartz inequality once more, we get

| D (f32,9) — f(2,9)]
1 1
k41 3 k41 3
1 1 2kl g 2ktl_
w® (f:6,) 1+—n+ Zg@nk / |t — a|2dt dt
2%—1 zﬁ—l
1 m - 25551 : 2551 :
Fl? (fi60) | 1553 (/ |u—y2du> (/ du)
om 2 = 21 1 2l 1
Applying the Cauchy-Schwartz inequality once more, we get
‘ n,m fvx y
n+1 3 /n ghtl_ 3
W (f36,) ) (Zm ) (an,k(x) / |t—m|2dt)
k=0 25471
1
j+1
+w® (f;6, P
w? (f; Zcpmj v) Zwm,j  |u—yPdu
§=0 =0 e
l

= wW (f;0,) [1+ m((t =) }
1
2

|

Fo® (fi0 [1 =y 21))

[N
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From (2.7) and (2.8), we obtain the (2.14)) inequality. Now we prove the (2.15))

inequality:
|Dn,m(f;xay) - f(may” S Dn,m(|f(ta u) - f(mvy”;xay)

I nd+lm+1l <& &
<0 (fidum) |14 5— DO dnda(z.y)

2 2 -
k=0 j=0

k+1

/ nt+i / 7n+1

m.+ 1

Vit —2)2+ (u— y)Qdudtl .

Applying the Cauchy-Schwartz 1nequahty once more, we get
|Dn,m(f§ z,y) — f(z,9)|

1 n—|—1m+1
<w(fi0nm) |1+ ZZ@snmxy

0
nym k=0 j=0

1

2
t —2)? + (u— y)Qdudt>

o kt1
77,+1 -1

1

o (fibm) [1 # g (D= 2P+ (= 90 y>)5]

From and ., we obtain inequality ([2.15) - O

Now, we obtain a Voronovskaya-type theorem and some differential properties
for the positive linear operators D, ,, in (L.3) for n = m.

Theorem 2.4. For every f € C?(A), we have
nh—{r;o n{Dn,n(fa x,y) - f(x?y)}

= —afy(z,y) —yfy(z,y9) + %{(1 — @) i) oy (@)} (2.16)
Proof. Let (z,y) € A and f € C?(A). Define the function v by
Pt u; z, y)
) { f(t:u%f(wyy)*fﬁ(t*w)*fy('u*\’y/)(;%l{l)f;iEZ:M;>)24+2I'wy(t*w)(u*y)ﬂ"w(u*y)z} . (bu) # (z,)
0 () = (z,y).

Then by assumption we get ¥(.,.;x,y) = ¢¥(.,.) € C(A). By the Taylor formula for
f € C(A), we have

f(t,u) = f(x y) + fo(z,9)(t — ) + fo(z,y)(u—y)
{ (@) (=) + 217, (z,y)(E — 2)(u—y) + fr, (z,y) (uw—y)*}
+w(t7U)\/(t—x)4+(u—y)4
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Since the operator D, ,, is linear, we obtain

Drn(f(t,u); 2, y)

= f(z,9) + fo(2,9) Do n((t — 2);2,9) + f(2,9) Dnn((u — y); 2,y)

5 @)Dt = 2)%52,9) + 242, (0, 9) D¢ — )5, 9) Do((u — ) 2,9)
+ 11y (@, 9) Dyn (= y)*s 2, )]

+ Do (0t ) =)+ (= y) T2,

(2.17)
Applying the Cauchy-Schwartz inequality for the last term on the right-hand side

of (2.17)), we get

Do (6t 0/ =2 + (W= )i,y |

S {Dn,n (wz(t’u);xay)}%{Dn,n ((t - 37)4 + (u - y)4; a:,y)}%

= Dy (V2 (t,u);2,9) Y2 { Dy (8 — 2) %52, y) + Dy ((w — 9) %52, 9) ) 2
Theorem 2.2 implies

nlirr;o Dy, (1/)2(t, w);w,y) = V3 (x,y) = 0. (2.18)
Using and Lemma 2.3, we obtain
nh_)n;o nDy, n (w(t, u)y/(t —2)* + (u — y)4; y) =0. (2.19)
Using and Lemma 2.1, we derive (2.16) from (2.17). (]
Theorem 2.5. For every f € CY(A) such that f., f, € C(A), we have
Jim %Dn,n(f;%y) = %(w,y), v#-11 (2.20)

Tim. (%Dn,n(f;x,w =

of
== -1,1. 2.21
@) v# L (221)
Proof. We shall prove only (2.20) because the proof of (2.21)) is identical. Let
(z,y) € A for  # —1,1 be a fixed point. From (|1.3)) it follows that

9 n
%Dn,n(f(t,u);x7y) = 7mDn,n(f(t7U)§xay)
2
T AT gy Pk G u)ey), e,

By the Taylor formula for f € C'(A), we have
ftw) = fla,y) + fo(@,y)(t —2) + fi(z,9)(w—y)
+x(tusz,y)V/(E—2)2 + (u—y)%,  (tu) €A
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Sflxy)

Dy (fx,y)
Dss(fix,y)
Dss(fix.y)
B po(fix,y)

where x(.,;z,9) = x(.,.) € C and x(z,y) = 0.

From (2.1) and (2.7), we get

Dt u); )
n 2
= f(:&y){ 1 an,n<1;xay) + ml)n,n(kéxﬁy)}
! n . 2 .
+ f (LE y){ - mDn,n(t — T, xvy) + mDn,n(k(t - m),x,y)}

+ f{,(%y){ — 7 ilanl,n(u —yz,y) + u_;mDnm(k(u - y);x,y)}

+ ++$)Dnm ((22 - — 1) X(t,u)V/(t — ) + (u—y)?;w, Zl/)

(1 —a)(
From Lemma 2.1, we obtain
9 n ’ n k
gg Drnf b wWiay) = Som fel@y) + sy Do ((% e 1)
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Using the Cauchy-Schwartz inequality, we get

Do (25 0= 1) Mt VT2 )

<{D.. ((27’2 1) y> V0D, () (¢ - )+ (- ))m) }

< {DM ((22 - 1)2;x,y> }

+ 2Dn,n ((t - x)Q;xay))Dn,n ((u - y)Q);vay) + Dn,n ((u - y)4)7$7y)} } .

[SIE

{nQDn,n (xX*(t,uw);2,y) [Dnn (= 2)");2,y)

-

From (1.3)), we obtain
k ? Kk
Dy.n, <<2 -z — 1) ;x,y) =Dpn (42 —d—(z+1)+ (z+ I)Q;x,y>
n n

n

4
- ﬁ(x + 1)Dn,n(k§xa y)
+ (x+1)*Dp (1 2,y).

4
= ?Dn,n(ka z, y)

From (2.1) and
—1)(1 2 1
’ 4 2
1
Dy z,) = w

equalities, we get

k 2 1— 22
Dn,n<<2—x—1) ;x,y>= =
n n

So, we obtain from Lemma 2.2 and Lemma 2.3

n| Dy ((22 .~ 1) x(tu)/(t — )2 + (u— y)2;m,y> |

< M(z,y)n "t (Do (Xt 0);2,)) *

From Theorem 2.2, we get

lim Dy, (X*(t,u);z,y) = x*(z,9) =0, (z,y) €A

n—oo

which used to ([2.23)) gives
k

lim nD,, <(2 -z - 1> x(t,u)/(t — x)2 + (u —y)2; y) =0.
n

(2.23)

[\

n—oo

N|=



2322 DONE KARAHAN AND AYDIN 1ZGI

Consequently, we obtain from ([2.22))

0
li —Dyn 3 L, =
im_ o Dna(f;2,y)

n—oo

of

m Sy

B D, (fixy)
Das(fix,y)
Dss(fx.y)

B p(fixy)

FIGURE 1. Approximation to the function f(z,y) = (2% +
y?)sin(z +y) by the generalized Bernstein-Kantorovich operators.
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