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ABSTRACT
Tarnauceanu [On the poset of subhypergroups of a hypergroup, Int. J. Open Problems Comp. Math. 3(2) (2010) 505-508]
gave some open problems concerning to the set of subhypergroups of a hypergroup, partially ordered by set inclusion. In this
study, we obtain that some certain subposets of subhypergroups of a hypergroup are modular or distributive lattice.
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1. INTRODUCTION

One of the most important problems in algebra is to obtain some of the properties of algebraic
structures by examining the lattice of subalgebraic structures (such as subgroups of a group, ideals of a
ring, submodules of a module or ideals of a lattice). Until now, many important results have been
obtained in this subject, particularly, in group theory [7]. As a generalization of algebraic structures,
hyper structure was introduced by Marty [4] in 1934. Since then this theory has enjoyed a rapid
development.

In this study, we investigate the properties of closed, invertible, ultraclosed and conjugable
subhypergroups classes. We study when the hypergroups satisfy the property that the hyperproduct of
subhypergroups becomes an operation on the set of subhypergroups. It is investigated in which cases,
the poset of the subhypergroups of a hypergroup is a lattice. It is examined when this lattice is modular
or distributive. Thus some information about a hypergroup may be obtained by investigating the lattice
of its subhypergroups.

2. PRELIMINARIES

We first give some fundamental definitions and results from literature. For more details, we refer to
the references quoted from [1-3].

Now we first introduce the lattice-theoretic base of our work. Let L be a lattice where "<" denotes the
partial ordering of L, the join (sup) and meet (inf) of the elements of L are denoted by "v" and "A",
respectively. We also write 1 and 0 for top and bottom elements of L, respectively. We say that L is a
complete lattice if L is closed with respect to arbitrary suprema and arbitrary infima. It is well known
that a nonempty ordered set L is a complete lattice if it is closed under arbitrary infima.

A lattice L is called distributive if, for any x,y,z € L,

xViyAzZ)=(xVy)A(xV2z).
A lattice L is called modular if, for any x,y,z € L withx < y,

xViyAzZ)=yA(xV2z).
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A lattice is distributive if and only if it is modular and does not contain a sublattice isomorphic to the

five element lattice M.
1
a b /c
0

Figure 1. Hasse diagram of the lattice M5

Let H be a nonempty set and let P*(H) be the set of all nonempty subsets of H. Then a hyperoperation
on Hisamapo:H X H— P*(H) and the couple (H,°) is called a hypergroupoid.

For any two nonempty subsets A and B of H and x € H, the sets Ao B, A o x and x o A are defined by:
AoB=U{acb | a€ADbeB}
Aox =Ao{x},
xoA ={x}oA.

The set A o B is called hyperproduct of A and B.

A hypergroupoid (H,e) is called semihypergroup if for all a, b, c of H we have
ao(boc)=(aob)oc.

A hypergroupoid (H,e) is called quasihypergroup if for all a of H we have
acH=Hoa=H.

A hypergroup is a hypergroupoid which is both a semihypergroup and a quasihypergroup.

(H,°) is called a commutative hypergroup of Hif x o y = y o x for all x,y € H. A nonempty subset K
of a hypergroup (H,°) is called a subhypergroup of H if K e K € K and K is a hypergroup under the
hyperoperation o. In other words, it is a hypergroup according to the hyperoperation on H. K provides
the following conditions:

1. aebc Kforalla, b € K.

2. acK=Koa=K,foralla € K.

A nonempty subset K of a semihypergroup (H,e) is called a complete part of H if the following
implication holds:

Foralln>2, neN andforall (xy,...,x,) € H", [Ile; x; N K # 0 =[], x; C K.
Definition 2.1 [3] A subhypergroup K of a hypergroup (H,°) is called
s closed if forall a,b € Kand x € H,froma € x o b and a € b o x, it follows that x € K;
« invertible ifa € b o K impliesb € acKanda € K o b impliesb € Ko a foranya,b € H;
e ultraclosed if forall x € H,we have Kox N (H\K)ex =@ andx c K N x o (H\K) = 0,

« conjugable if it is closed and for all x € H, there exists x',y' € H such that x' e x € K and x o
y' € K.
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Note that the sets of all subhypergroups, closed subhypergroups, invertible subhypergroups,
ultraclosed subhypergroups and conjugable subhypergroups of H will be denoted by Sub(H),
CSub(H), ISub(H), USub(H) and ConSub(H), respectively. Moreover, we remark that these sets are
partially ordered under the set inclusion. It is clear that K o K = K for any K subhypergroup of H and
ConSub(H) € USub(H) € ISub(H) € CSub(H) < Sub(H).

In the literarure, the set {e € H |3x € H such that x € x o e U e o x} denoted by I, and it is called
the set of partial identities of H.

Theorem 2.2 [3, Theorem 2.3.14] A subhypergroups K of a hypergroup (H,°) is ultraclosed if and
only if K isclosed and I, € K.

Theorem 2.3 [6, Corolary 2.11] The non-void intersection of two closed subhypergroups is a closed
subhypergroup.

Theorem 2.4 [2, Theorem 36] A subhypergroups K of a hypergroup H is a complete part if and only
if K is conjugable.

3. MAIN RESULTS

The following proposition can be easily from the axioms:

Proposition 3.1 Let (H,0) be a hypergroup . Then
*ifAS B,thenAoC S BoCandCoA < C o B forevery A,B,C € P*(H),
cifa€ A, thenBea S BoAandaoB S Ao B forevery A,B € P*(H),
sifa€Aandb € B ,thenaob S Ao B forevery A,B € P*(H).

Lemma 3.2 Let K; and K, be invertible subhypergroups of H. Then K; o K, = K, o K; if and only if
K, o K, and K, o K; are invertible subhypergroups of H.

Proof. Assume that K; o K, = K, o K;. Let a € K; o K,. Then there exist k, € K, such that a € K;
k,. Since K; is invertible, k, € K, o a. Hence,

KiocK, =KioKyok,
CK,oK,oK 0a
:KloKloKZOa
=K;°K,oa
On the other hand, since a € K; o K,, there exist k; € K; and k, € K, suchthata € k; o k.
KioK,oa S KyoK,okyok,
=KyoKiokiok,
=Ky oKiok,
=Ki oKy ok,
=Ky 0K,
Hence K; oK, ca =K, oK, forall a € K; o K,. Similarly, a o K; o K, = K; o K.
Leta,b € K, o K,.

aecbh CKioK,oK oK,
=KioKieoK; oK,
=Ki0K;
Hence K; o K, € Sub(H). Let x € K; o K, o y. Then there exists a k € K, o y such that x € K; o k.
Since K; and K, are invertible subhypergroups, we obtain that y € K, ok and k € K; o x. Thus y €
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K, o Ky ox = Ky o K, o x. Similarly, it is easily seen that if x € yoK; o K,, then y € x o K; o K.
Hence K; o K, is invertible subhypergroup of H.

Conversely, assume that K; o K, and K, o K; are invertible subhypergroups of H. Firstly we prove that
KoK oK, CK oK, Leta€K,oK;K,. Since K; oK, oK; o K, = K; o K,, it follows that K; o
a € K; o K,. Then, since K; o a # @, we have there exists x € K; o K, such that x € K; ¢ a. Since K;
isinvertible,a e Ky o x €S K; oK, oK, =K; oK,. Hence K, c K; o K, € K; o K,.

Now, we show that K, c K; € K; o K,. Letb € K, o K;. Thenbo K, € K, o K; o K,. Hence b o K, €
K; © K,. Here, we note that b o K, # @, then there exists x € K; o K, such that x € b o K,. Since K, is
invertible, b € x o K, C K; oK, o K, = K; o K,. Hence K, o K; € K; o K,. Similarly, K; c K, € K, o
K;. Consequently, K; o K, = K, o K;.

The following example shows that the hyperproduct of two closed subhypergroups of a hypergroup
may not be closed subhypergroup.

Example 3.3 Define the following hyperoperation on the real set R:
voy= {0 if x=y,
(min{x,y}, max{x,y}) if x=#y.
Then (R,0) is a hypergroup [3].
It is easy to see that {1} and {2} are closed subhypergroups of (R,). The hyperproduct of {1} and {2}
{1} o {2} = (1,2) is a subhypergroup, but it is not closed.

Lemma 3.4 Let (H,o) be a hypergroup such that aebn{a,b}+# @ for all a,b € H. If K;,K;, €
CSub(H) or K;,K, € ISub(H), then K; N K, # @.

Proof. Suppose that K;, K, € CSub(H). Leta € K; and b € K,. Since (aeb) N {a,b} # P, aE€Eacbh
or b € aob. Since K;,K, are closed subhypergroups, b € K; or a € K,. Therefore, a € K; N K, or
b € K; N K,. Hence K; N K, # @. If K;, K, € ISub(H), then, with the above explanations, a € K; o b
orb€acK, Thisimpliesb € K;eca=K,0ra€ boK,=K,andhence K; N K, # Q.

Theorem 3.5 Let (H,o) be a commutative hypergroup such that ae b n{a,b} # @ for all a,b € H.
Then (ISub(H), <) is a lattice such that K; VK, = K; e K, and K; AK, = K; N K, for all K;,K, €
ISub(H).

Proof. Let K;,K, € ISub(H). Then by Lemma 3.2, we have K; o K, is an invertible subhypergroup.
Firstly we prove that K; UK, € K; o K,. Let x € K;. Then, since K, # @, there exists b € K,.
Therefore, by hypothesis, x e xeborb€xob. If x Exob,thenx €K ;o K,. Ifb € xob,thenb €
xoK, Thus x € bo K, = K,. Therefore x € x o x € K; o K,. Hence K; € K; o K,. Similarly, K, €
K, o K,. Hence, K; UK, C K; o K,.

Now we prove that K; o K, is the smallest invertible subhypergroup containing K; and K. Let K5 be a
invertible subhypergroup such that K; € K; and K, € K;. Then K;°K, € K;oK; =Kj.
Consequently K; VK, = K; o K,.

Next, we prove that K; A K, = K; N K,. By Lemma 3.4, K; N K, # @. It is enough to show that K; n
K, € ISub(H). ltisclearthataecb S K; N K, andae (K; NK,) € (K; NK,) forall a,b € K; N K,.
Letx e K;NK,. Asx €EacK; and x € a o K,, there exist k; € K;,k, € K, suchthat x e ao ky,x €
a o k,. Inside the proof of Lemma 3.4, we have k; € K; N K, or k, € K; N K,. Therefore, x € a o
(K1 N K,). This implies that K; N K, = a o (K; N K;) for every a € K; N K,. By the commutativity,
K;NK, =(K;NK,)oa. Hence, K; N K, € Sub(H). Further, if cedo (K; NK;), then ced oK,
and cedoK,. As K;, K, are invertible, d €coK; and d € coK,. By repeating the above
techniques, d € c o (K; N K,). By the commutativity, K; N K, € ISub(H).
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Theorem 3.6 Let (H,o) be a commutative hypergroup such that a e b n {a, b} # @ for all a,b € H.
Then (ISub(H), €) is a distributive lattice.

Proof. Let Ky, K,, K3 € ISub(H). Since the distributive inequality is valid for every lattice, we have
(K; ANKy) V (Ky AK3) € Ky A (K, VKS).

Let x € K; A (K, V K3). Then x € K; N (K, © K3). Since x € K, o K3, there exists b € K, and ¢ € K3
such that x e boc. We know that b€ boc or c€boc. Since K, and K; are invertible
subhypergroups of H, we obtain b € K5 or ¢ € K.

If ce K,, then xeboc C K, and so x € K; N K,. Similarly, if b € K3, then x € K; N K3. Hence
KiNn(K,°K3) € (K;NK;)U (K;yNK;). By Theorem 3.5, (K;NK;)U (K;NK3) S (KyNK;,)o
(K1 N K3). Hence, K; N (K, o K3) S (K1 N Ky) o (K; N K3). It follows that (K; AK,)V (K3 AK3) =
K; A (K, V K3). This establishes the result.

Even if a hypergroup satisfies the condition of Theorem 3.6, (ISub(H), <) is not be a complete lattice.
We can see this in the following example.

Example 3.7 Let us consider the group (Z, +) and the subgroups S; = 2‘Z, where i € N. For any x €
Z\{0}, there exists a unique integer n(x), such that x € Sy,(x)\Snx)+1- Define the following
commutative hyperoperation on Z\{0}:

if n(x) <n(y), thenx oy =x+ Spe;

if n(x) =n), thenx oy = 5, \{0};

ifn(x) >n(y), thenxoy =y + Sp).

Notice that if n(x) < n(y), then n(x + y) = n(x). Then (Z\{0},°) is a commutative hypergroup and
for all i € N, S;\{0} is an invertible subhypergroup of Z\{0} [3]. Also ISub(Z\{0}) = {S;\{0}| i €
N}. Hence we obtain that /Sub(Z\{0}) is distributive lattice.

Nien Si\{0} = @. So it isn’t complete lattice, although ISub(Z\{0}) is lattice.

Lemma 3.8 Let (H,o) be a hypergroup. If K;, K, € USub(H), then K; N K, € USub(H).

Proof. Let K;, K, € USub(H). Ky, K, are closed subhypergroup. Then, by Theorem 2.2, I, < K; and
Ip € K, . Using Ip # @, we obtain that K; N K, # @. Hence K; N K, € CSub(H). According to
Theorem 2.3, K; N K, € USub(H), since Ip € K; N K.

Lemma 3.9 Let (H,°) be a hypergroup and K;,K, € USub(H). K; e K, = K, o K; if and only if K; o
K, and K, o K; are ultraclosed subhypergroups of H.

Proof. Let K;,K, € USub(H) such that K; o K, = K, o K;. According to Lemma 3.2, K; c K5, K, o
K; € ISub(H).

It is easily seen that Ip € IpoIp and Ip € K; o K,. Using Theorem 2.2, we obtain that K; o K, €
USub(H).

Conversely, let K; o K, and K, o K; be ultraclosed subhypergroups of H. By Lemma 3.2, K; ¢ K, =
K, o Kj.

Theorem 3.10 Let (H,o) be a commutative hypergroup. Then (USub(H), €) is a lattice such that K; v
Kz = K1 o K2 and K1 A Kz == K1 ] KZ fOI’ a“ Kl,Kz € USU,b(H)

Proof. Let K; and K, be ultraclosed. Since K; € K; o Ip S K; o K,, we obtain that K; UK, € K; o K,.
Suppose that L € USub(H) suchthat K; UK, S L.SinceK; e K, S LoL =L, K;VK, =K, °K,.
By Lemma 3.8, K; AK, = K; N K, forall K;,K, € USub(H). Hence (USub(H), €) is a lattice.

Theorem 3.11 Let (H,o) be a commutative hypergroup. Then (USub(H), €) is modular lattice.
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Proof. Let K;,K, and K3 be ultraclosed subhypergroups such that K; 2 K,.Since the modularity
inequality is valid for every lattice, we have K, V (K; AK3) € K; A (K, V K3).

Letx € K; A (K, VK3). x € Ky and x € K, o K3. There exists b € K, and ¢ € K5 such that x € b o c.
We know x, b € K;.Thus ¢ € K; since the closeness of K;. x Eboc S K, 0o (K NK3) =K, V (Ki A
K3).

Hence K;A(K,VK3)<S K,V (K;AK3z). This establishes that the lattice of ultraclosed
subhypergroups of H is a modular lattice.

The following example shows that the lattice (USub(H), €) does not have to be distributive.
Example 3.12 Let us consider the Klein four-group.

V=<ab|a>=b*>=(ab)’=1>
Then (V,) is a hypergroup with the hyperoperation a o b = {ab} for all a,b € V. In this situation,
USub(V) = L(V), where L(V) is the set of subgroups of V. Since the lattice structure of L(V) forms
Ms, USub(V) isn’t a distributive lattice.

Lemma 3.13 Let (H,°) be a hypergroup and K;, K, € ConSub(H). The following statements are hold.
1. K; NK, € ConSub(H)
2. Ky oK, =K, oK, ifand only if K; ° K, and K, o K; are conjugable subhypergroups of H.

Proof. Let K;, K, € ConSub(H).

1. Since Lemma 3.8, K; N K, # @. By Theorem 2.4, K;, K, are complete part of H. Now, we show
that K; N K, is complete part.
Let (xq,...,x,) € H and [T, x; N (K; N K,) # @. Then

LixiNK;#@ and [, x;NK,#0
Since K, K, are complete part,
[l x;cKy and i, x; €K,
[liz1 xi c K1 N K,
Thus K; N K, is complete part. Using Theorem 2.4, K; N K, is conjugable subhypergroup of H.

2. Let x € H. Since K;,K, € ConSub(H), there exists y;,y, € H such that x cy; € K; and x o
Y, € K,. In this case, xcaS xoy,oxoy, CK;0oK,, for all a€y;oxoy,. S0 KjoK,is
conjugable subhypergroups of H. Similarly, it is easily seen that K, o K; is conjugable. The opposite
can be clearly seen with Lemma 3.2 since ConSub(H) S ISub(H).

Corollary 3.14 Let (H,°) be a commutative hypergroup. (ConSub(H), <) is a lattice. Moreover it is
modular.

Proof. It is obvious from Theorem 3.10 and Theorem 3.11.
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