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ABSTRACT: Circular pools or buildings may be encountered in production of maps for making development plans, in the
first facility cadaster and on land. Geodetic measurements may be made on at least three different points of the circle-
shaped pool or building to obtain positions in a coordinate system of measurement points with a geodetic ground-based
electronic tachometer after connection to another polygon. It is possible to get a circle from these three points where the
coordinates can be calculated, the coordinates of the center of the circle and the radius of the circle with the help of drawing
programs (Netcad, Carto CAD, GEOCAD ...). In drawing programs related to cartography, the details of passing the circle
from three points, the coordinates of the center of the circle and the radius of the circle cannot be accessed because the
details are kept proprietary by software companies. We have been curious about how the coordinates of the center of the
circle or the radius of the circle in question are calculated by using the subprograms on a computer. Apart from the
information hidden by software companies, two studies which are indirectly close to the subject mentioned in the
application have been identified with respect to the solution of the problem on the computer. However, it was found that
these studies did not directly illuminate our research topic, so, this issue should be investigated. This study presents
theoretical solutions for the topic, makes numerical implementations and provides findings and interpretations.

Keywords: Polar Coordinates, Coordinates Calculation, Polar Measurements, Circle Center Coordinate Calculation,
Radius Calculation
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1. INTRODUCTION

Nowadays, in production of maps for construction of
city and town development plans and in the first facility
cadastral works, it is possible to encounter pools or
buildings in circular form. After connecting to another
polygon with an electronic tachometer installed at a
polygon point installed in the field, the coordinates of the
measurement points may be obtained by making geodetic
measurements on at least three different points of the
circular pool or building. With the help of drawing
programs related to cartography (such as Netcad, Carto
CAD, GEOCAD ..), it is possible to obtain the
coordinates of the center of a circle and the radius of this
circle from these three points, the coordinates of which
may also be calculated in the computer environment.

It is not possible to access this information in
mapping programs for cartography because the details of
passing an area from three points in a coordinate system,
coordinates of the center of the circle and the radius of the
circle are kept proprietary by software companies. We
have been curious about how the coordinates of the center
of a circle or the radius of the circle in question are
calculated using the subprograms on a computer.

In relation to the solution of this problem, two studies
that are indirectly close to the subject mentioned in
practice have been identified (Kasa, 1976; Coppe, 1993).
However, it was found that these studies did not directly
illuminate our research topic, so this issue should be
investigated. Since no study was found in practice
regarding the solution of this problem, it is necessary to
investigate this problem. This study presents theoretical
solutions for the topic, makes numerical implementations
and provides findings and interpretations.

A new method is not proposed in this study. As the
basic principle of the study, the passage of a circle
through three points, the details of obtaining the
coordinates and the radius of the center of the circle are
intended to be clarified as they are kept secret by software
companies.

In field studies related to cartography, it is always
possible to encounter a drawing of a circular pool and a
building in practice. Therefore, related software is used
by practitioners. Since the content of other related
software is kept confidential by the related commercial
companies, it is not known what kind of problems exist in
other software and calculations. In this study, theoretical
solutions for the topic are presented, and numerical
applications are provided.

The aim of this study is to determine the positions of
three points on a circle with polar measurements made
from a polygon point and find the coordinates of the
circle’s center and radius by taking advantage of
geometric positions. After finding the coordinates of the
points on the circle, the circle equation can be solved with
the help of the coordinates of these points, and the
coordinates of the center of the circle can be found in
reference to the offset of indirect measures in the least
squares method. However, such a solution takes a lot of
time in comparison to the method mentioned in this study.
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2. CALCULATION OF THE
COORDINATES OF MEASURING
POINTS FROM A POLYGONAL POINT
TO THREE-POINT POLAR
MEASUREMENTS ON A CIRCLE

In the vicinity of a circular pool or building, an
electronic tachometer is installed at a previously
established P1 polygon site, and a connection to another
previously established P2 point is made. Three separate
points (A, B, C) are marked on the tracks near the pool or
the floor of the building. Horizontal angles and horizontal
distances (Ba, B8, Bc, Sa, Ss, Sc) are measured by holding
the marked point reflector (Figure 1).
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Figure 1: Measurement of points A, B, C with the
electronic tachometer installed at point P1.

The coordinates of the points A, B and C are
calculated with the following relationships by using the
coordinates of the stationary point and the connected
points P1and P2 (Y1, X1, Y2, X2) (Wolf and Ghilani, 2008;
Ulvi and Toprak, 2016).

(P1P2)=arctan (y’ Yl) 1)
(P1A)=(P1P2)-Ba 2
(P1B)=(P1P2)-Bs ®3)
(P1C)=(P1P2)-Bc (@)
Ya=Y1+ Sa*sin (P1A), Xa= X1+ Sa*cos (P1A) (5)
Ye=Y1+ Sg*sin (P1B), X8 = X1+ Sg*cos (P1B) (6)
Yc=Y1+ Sc*sin (P1C), Xc = X1+ Sc*cos (P1C) @)

The AB and BC chord lengths are found from the
following relations;

AB:\/(YB Y2+ (Xp
BC:\/(YC - YB)Z + (XC

— XA)Z
— XB)Z

®)
©)

The fourth point can also be marked and measured to
check the traces of the circular pool or building near the
ground. In this case, the horizontal angle and horizontal
distances measured for the fourth point are used in the
relations formed similar to the relations above, the
coordinate of the fourth point and the beam length
between the nearest measuring point can be calculated.
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3. CALCULATION OF THE CENTER
COORDINATES AND RADIUS OF A
CIRCLE WITH CHORD POINTS

The chord points may be marked on the circle as
equal or different chord lengths.

3.1. Calculation of the Center Coordinates and Radius of
a Circle with Points Marked on Equal Chord Lengths

If the chord lengths at the points on the circle are equal to
each other (AB = BC) (Fig. 2), then the angles of the base
at points A, B and C (o) in the isosceles triangles formed
in the circle will be equal to each other.

The angles a and ¢ are obtained from the following
relations (Allan et al., 1968; Anderson and Mikhail, 1998;
Kavanagh, 2000; Kavanagh, 2003; Kavanagh, 2009; Ince
and Erdem, 2019).

(BC):arctan(%) (10)
C— 4B
(BA)=arctan (%) (11)

ATAB
o= (BC);(BA) (12)
g= 200-2a (13)

X
y

Figure 2: Radius (R) account with the dots marked at
equal chord lengths.

In Figure 2, R = AO = BO = CO is found with the

following relations;
AO = ABsina (14)

sine

_ BCsina

BO (15)

sine

The bearing angles ((AO), (BO), and (CO)) are

obtained from the following equations from the points A,
B and C to point O;

(AB)=(BA) + 2009 (16)
(CB) = (BC) + 2009 17)
(AO) = (AB) - o (18)
(BO) = (BA) + .= (BC) - a (19)
(CO)=(CB) +a (20)

The coordinates of the center of the circle (YO, XO) are
derived from the following relations;
A—Yo=Ya+Rsin (AO), Xo=Xa+ R cos (AO) (21)
B—Yo=Ys+ R sin (BO), Xo=Xs+ R cos (BO) (22)
C—Yo=Yc+Rsin (CO), Xo=Xc+ Rcos (CO) (23)
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(Bannister et al., 1992; Bannister et al., 1998, Erdem and
ince, 2016)

3.2. Calculation of the Center Coordinates and Radius of
a Circle with Points Marked on Different Chord Lengths

If the chord lengths between the points marked on the
circle are different, then the base angles (au, a2) in the
OAB and OBC triangles are not equal to each other. In
Fig. 3, the angle (p) between the BA and BC chords at
point B and a1 are expressed by the following relations
(Kavanagh and Bird, 2000; Kavanagh, 2003; Kavanagh,
2009);

¢=(BC) - (BA) 24
0= -0 (25)
|
|
.-,

Figure 3: Radius (R) account with the points marked on
different chord lengths.

In Fig. 3;
a=AB/2 (26)
b =BC/2 27)

D: the midpoint of the AB chord, E: the midpoint of the
BC chord, and the following equation is written for R in
the right triangles of ODB and OBE.

_ a _ b
R= cosaq - cos(p—ay) (28)
(29)

a cos (p-a1) = b cosos

The cos (¢-01) equation is explained, and as a result of
the necessary simplification, ou is expressed as follows:

asing
V(@ wsw—b)2+(asin<p)2)) (30)

o1=arccos (

a1, which is calculated by the equation (30) is
substituted at the bond (28) to obtain R. az is substituted
in the relation (25), and a2 is calculated. (AO), (BO) and
(CO), which contain the points O, A and B, and C are
obtained from the following equations;

(AO) = (AB) - a1 (31)
(BO)=(BA)+m (32)
(BO)=(BC) - a2 (33)
(CO)=(CB) + 02 (34)

The coordinates of the center of the circle (Yo, Xo) are
obtained from the points A, B and C by the relations (21),
(22) and (23) (Wilfred, 2001; Wolf and Ghilani, 2008).



The fourth point in equal spacing can also be measured
on the traces of the circular pool or building near the
ground for control purposes. In this case, the calculated
coordinates of the fourth point as defined in the first
section and the correlations formed similar to the one
above are used, and the coordinates of the circle center O
and the radius of the circle can be calculated. If significant
differences are observed in the calculation results, the
measurements and calculations are repeated. If there are
small differences (1-2 cm) between the results, the results
that are obtained are averaged.

4. NUMERICAL IMPLEMENTATIONS
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Numerical Implementation 1:

The points A, B and C are marked on the same radius
of 5.00 m chord lengths on a circle with an unknown
radius shown in Figure 1. These points are measured by
the polar method with connection to the point P2 by an
electronic tachometer installed at the point P1. Using the
given measurements and the coordinates of the polygon
points given in Table 1, we calculate the coordinates of
the marked points of A, B and C, the radius of the pool
and the coordinates of the center of the pool.

Table 1- Coordinates of polar coordinates and polygons made from point P1

Station Number of points of Horizontal Horizontal v X
number observation Angle Distance
P1 8210.227 7215.475
P2 0.0000 8560.735 7225.608
A 25.9550 83.065
B 23.0359 86.219
C 21.8019 90.915
Numerical Implementation 2:
Solution;
AYpip2 = 350.508 m., AXppz = 10.133 m., (PiP2) = The points A, B and C are marked on the chord lengths
arctan (22222 — 9891601 of 5.00 m. and 8.00 m. on a circle-shaped pool with an

10.133
Ba= 2599550, B = 239.0359, Bc=219.8019, SA=83.065
m., Se=86.219 m., Sc=90.915 m.

The angles of the points that are required to obtain the
coordinates of the points A, B and C from the point P1
are obtained from the following equations.

(P1A) = (P1P2) - pa=729.2051, (P1B) = (P1P2) — B =75
9.1242 and
(P1C) = (P1P2) - Bc = 76 9.3582

Using the equations (5), (6) and (7), the coordinates of
the points A, B and C are obtained.
Ya=8285.500 m., XA =7250.600 m.
Yg=8289.947 m., XB=7248.314 m.

Yc=8294.945 m., XC =7248.467 m.

(BA) = 400 - arctan (;5-7) = 330°.2285

(BC) = arctan (22) = 989.0518

The AB and BC chord lengths are obtained from the
following equations (7) and (8).
AB =5.000 m., BC =5.000 m.

a=BO=CBD _ 8399116, R =22 = 9.9986 m. ~ 10.00 m.
2 cosa

The bearing angles from A, B and C to the center point
O are obtained from the following equations.
(AO) = (AB) - a=469.3169, (BO) = (BC) - 0 = 149.1302,
(CO) = (CB) + a.=3819.9634
Using the equations (21), (22) and (23), the coordinates
of the center O are obtained as follows.
A—Yo0=8292.150 m., Xo= 7258.068 m.
B—Yo=8292.148 m., Xo= 7258.069 m.
C—Yo=28292.150 m., Xo= 7258.068 m.
The exact coordinates of O: Yo = 8292.149 m., Xo =
7252.068 m.
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unknown radius as shown in Fig. 4. These points are
measured by the polar method with connection to the
point P2 by an electronic tachometer installed at the point
P1. Using the given measurements and the coordinates of
the polygon points given in Table 2, we calculate the
coordinates of the marked points A, B and C, the radius
of the pool and the coordinates of the center of the pool.

Figure 4: A pool with an unknown radius.
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Table 2- Coordinates of polar coordinates and polygons made from point P1

Station Number of points Horizontal Horizontal v X
number of observation angle Distance
P1 7802.318 5335.972
P2 0.0000 7595.612 5230.674
A 187.8733 83.065 64.192
B 191.9292 86.219 66.943
C 195.3468 90.915 73.995
Solution;
(P1P2) = 200 + arctan (%) = 2709.0059 3- Enter Measured Horizontal Angles and Horizontal
Ba= 1879.8733, fa = 191 -9.9292’ Bc= 19593468, Sa= Lengths of the Points A, B and C Measured on the Circle

64.192 m., Se=66.943 m. and
Sc=73.995 m.

The angles of the points that are required to obtain the
coordinates of the points A, B and C from the point P1
are obtained from the following equations.

(P1A) = (P1P2) + Ba— 400 = 579.8792, (P1B) = (P1P2) + fs
—400 =619.9351,
(P1C) = (P1P2) + Pc— 400 = 659.3527

Using the equations (5), (6) and (7), the coordinates of
the points A, B and C are obtained.
Ya=7852.965 m., Xa=5375.412 m.
Ys=7857.647 m., Xg =5373.656 m.

Yc=7865.622 m., Xc=5374.284 m.

(AB) = 200 - arctan (y=22) = 1229.8430

_ 7975,
(BC) = arctan (M) =949.9972

The AB and BC chord lengths are obtained from the
following equations (7) and (8).
AB=5.00 0Om., BC =8.000 m.
¢ = (BC) - (BA) + 400 = 1729.1542,

01 = arccos ( 25wsing ) =899.3394
\/[(2.5*605(p—4)2+(2.5*s[n(p)z]
2= @ -01=829.8148, R = 25 - 14999 m., R=—*2
cosal cosa2

=14.999 m., R =15.00 m.

The bearing angles from A, B and C to the center O are
obtained from the following equations.
(AO) = (AB) - a1 = 469.3169, (BO) = (BA) + a1— 400 =
129.1824
(BO) = (BC) - 02 = 129.1824, (CO) = (CB) + a2 = 377
9.8120

Using the equations (21), (22) and (23), the coordinates
of the center O are obtained as follows.
A—Yo=7860.499 m., Xo=5388.382 m.
B—Yo=7860.500 m., Xo=5388.382 m.
C—Yo=7860.500 m., Xo=5388.381 m.

The exact coordinates of O: Yo = 7860.500 m., Xo =
5388.382 m.

5. ALGORITHM FOR CALCULATION OF
THE CENTER AND THE RADIUS

1- Enter the stationary point number and coordinate (P1,
YP1, and XP1)

2- Enter the starting point number and coordinate (P2,
YP2, and XP2)
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Arch (BTA, BTB, BTC, SA, SB, SC) (Explanation:
Horizontal Angles are Ba= BTA, Bs =BTB, pc=BTC.
Horizontal Lengths are SA=Sa, SB=Sg, SC=Sc)

4- The (P1P2) bearing angle is calculated based on the
differences in the coordinates (AYP1P2 and AXP1P2)
AYP1P2=YP2-YP1

AXP1P2=XP2-XP1

The Bearing Angle Calculation Subprogram, by taking
into account the expressions of AYP1P2, AXP1P2 and
(P1P2), calculates the angle of the bearing angle in radian
units and converts it to grad units.

5- Calculation of the bearing angles [(P1A), (P1B),
(P1C)] for the points A, B and C from the point P1 in grad
and radian units;

Calculation of the bearing angles in grad units from the
point Pz to the points A, B, C

(P1A)= (P1P2)-BTA

(P1B)= (P:P2)-BTB

(P1C)= (P1P2)-BTC

p=200/n

Conversion of the bearing angles into radians

(P1A)= (P1A)/p

(P1B)= (P1B)/p

(P1.C)= (P:C)/p

6- Calculating the coordinates of the points A, B and C
from the point Py;

YA=YP1+SA*sin(P1A)

XA=XP1+SA*cos(P1A)

YB=YP1+SB*sin(P1B)

XB=XP1+SB*cos(P1B)

YC=YP1+SC*sin(P1C)

XC=XP1+SC*cos(P1C)

7-Calculating the angle of bearing (BC) and bearing
(BA);

AYBC=YC-YB

AXBC=XC-XB

The subprogram for calculating the bearing, by taking
into account the signs of AYBC and AXBC, calculates the
angle of the bearing (BC) in radian units and converts it
to grad units.

AYBA=YA-YB

AXBA=XA-XB

The subprogram for calculating the bearing, by taking
into account the signs of AYBA and AXBA, calculates
the angle of the bearing (BA) in radian units and converts
it to grad units.



8- Calculation of the chord lengths BA and BC;
BA= \/ ((AYBA?) + (AXBA?))

BC= J ((AYBC?) + (AXBC?))

9- Comparison of the BA and BC chord lengths
If BA=BC go to step 10
If BA#BC go to step 14

10- Calculation of base angles and R values of triangles
a= ((BC)-(BA))/2

Conversion of a to radian units

a=a/p

e=n-2a

Calculation of R, AO, BO and average R

R=A0=BO

AO=AB*sino/sing

BO=BC*sina/sing

R=(A0+BO0)/2

Conversion of the (BA) and (BC) bearing angles to radian
units

(BA)=(BA)/p

(BC)=(BC)/p

11- Calculation of the bearing angles [(BO1), (AO),
(BO2), (CO)] from the points A, B and C points to the
center of the circle

(BO1) = (BA)-a

If (BA) > then (AB) = (BA)-t

If (BA) <r then (AB) = (BA) +x

(AO)= (AB)-a

(BO2)= (BC)-a

If (BC) >x then (CB) = (BC)-n

If (BC) <z then (CB) = (BC) +x

(CO)=(CB) +a.

12- Calculating the coordinates of the center of the circle
from the points A, B and C;

YOA=YA+R*sin(AO)

XOA=XA+R*cos(AO)

YOB=YB+R*sin(BO)

XOB=XB+R*cos(BO)

YOC=YC+R*sin (CO)

XOC=XC+R*cos (CO)

13- Printing the radius R of the circle and the coordinates
of the center O

14- Calculation of the angle ¢ between the chords BA and
BC cat the point B and the values a and b

¢=(BC)-(BA)

9=0lp

a=AB/2

b=BC/2

15- Calculation of the base angles (a1, a2) of triangles and
R;

oa=arccos (a*sing/y/((acos@ — b)? + (asing)?))
2=0-01

Ri1=a/cosou

R2=b/cosaz

R=(R1+R2)/2
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16- The points A, B and C from the center of the circle
for the calculation of the angle;

(BO1)=(BA)+ou1

If (BA)>r then (AB)=(BA)-n

If (BA)<r then (AB)=(BA)+n

(AO)=(AB)-a1

(BO2)=(BC)-a2

If (BC)>x then (CB)=(BC)-t

If (BC)<x than (CB)=(BC)+r

(CO)=(CB)+az

17- Go to step 13 to calculate the coordinates of the center
of the circle at the points A, B and C.

6. DISCUSSION

(1), (10) and (11) in the case of zero in the case of
division; In equation (1), XP1 = XP2, in equation (10),
XB = XC and (11) must be XB = XA. The equation (1)
can be XP1 = XP2. However, considering that the points
A, B, C are on the circle arc, it is not possible to have XB
= XC, XB = XA. The results of equations (21), (22) and
(23) must be equal to each other.

However, due to incidental errors that cannot be
avoided during measurement, there may be little
differences in cm units in the calculated coordinate
results. In this case, it would be more appropriate to
obtain the average of the results gathered from the
equations. In cartography, one tenth of the circle radius is
taken as the best distance between the points to be applied
on the circle arc.

In determining the center, the distance to be taken
between the points to be marked on the circle arc should
be carefully selected to not be less than one tenth of the
circle radius length. If a point is taken in a range smaller
than the specified value, the lines connecting these points
to the center O of the circle intersect at a very narrow
angle. This will negatively affect the position accuracy of
the point O.

More than three points can be taken on the circle
arc. In this case, the coordinate of the center and the
length of the radius, will be calculated with the least
squares method according to the adjustment calculation.

The positioning of the three points on the circle can
be achieved in two ways, as stated in the article. In the
first method, the points are positioned on the circle so that
they are of equal beam length. In the second method, the
points are positioned at different beam lengths. For ease
of calculation, it is recommended to position the points on
the circle according to the first method.

7. CONCLUSIONS

e The length of a chord and the horizontal
distances to be measured to determine the
radius and center coordinates of a circular pool
of unknown radii; measurements should be
made in millimetric precision for control and
consistency of results.

e In measurements to determine the radius of a
building with a radius of unknown radius and
the coordinates of its center; a) The reflector



used to measure the sharpness of the reflector
head will not be exactly perpendicular to the
projection of the building due to the thickness
of the head, b) the distance from the building
line to the pointed end of the reflector should be
added to the horizontal distance measured with
the aid of a ruler in millimetric precision.

e  Where the chord length is directly measured,
the equal chord length method should be
applied in the calculation of the circle radius
and the circle center coordinate, because of the
ease of calculation.

e Where the chord length cannot be measured
directly, three points on the circle arc should be
marked very precisely so as to cover half the
circumference of the entire circle.

e At places where the beam length cannot be
measured directly, at least three separate points
should be marked very precisely on the arc of
the circle to cover half of the circumference of
the entire circle and for control purposes.

e  The reflector used in polar measurements must
be as sharp as possible in the tip that comes into
contact with the floor.

On the subject of the Type Reconstruction Regulation;

e Width of road in 3-storey buildings (excluding
basement): 7.00 - 10.00 m

e Width of road in 4-storey buildings (excluding
basement): 10.00 - 12.00 m.

e Width of road in 5-storey buildings (excluding
basement): 12.00 - 15.00 m, this cannot be less, and
provisions are included.
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