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ABSTRACT 

In this study, bending vibrations of a radially rotating beam with end mass subjected to different base 
excitations are investigated. Upon considering the assumption of an Euler-Bernoulli beam in addition to the 
effects of rotary inertia, end-mass, and axial force in association with axial foreshortening, the equations of 
motion are derived by using the Lagrangian’s approach. Due to difficulties in finding an analytical solution, the 
assumed modes method is utilized to obtain approximate solutions. Numerical solutions of the differential 
equations are presented for different base excitations. 
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1. INTRODUCTION 

Rotating beams are very common components of 
rotating machinery such as rotor blades, propellers, 
turbines, robot arms and numerous others. Therefore, 
rotating beams have received considerable attention in 
the literature. Considering a rotor spinning about a fixed 
axis at a constant angular velocity, Wright et al. [1] 
utilized the Hamilton’s principle in order to write the 
equation of motion and used the Frobenius method to 
solve it for exact frequencies and mode shapes. They 
tabulated the results for a variety of situations including 
uniform and tapered beams, with root offset and tip 
mass, and different boundary conditions. Kojima [2] 
investigated the transient vibrations of a beam/mass 
system fixed to a rotating body that has a velocity 
profile of trapezoidal shape. Kane and Ryan [3] 
presented a theory for dealing with small vibrations of a 
general beam attached to a base that is undergoing an 
arbitrarily prescribed motion. Scott and Ulsoy [4] 
investigated flexural motion of radially rotating beam 
attached to a rigid body. They derived fully coupled 
non-linear equations of motion by using the extended 
Hamilton’s principle and investigated the effect of the 
coupling terms upon the vibration waveforms by using 
both linearized analysis and numerical solutions of the 
differential equations. The vibrational behaviour of a 
rotating beam oriented perpendicularly to the spin axis 
was investigated by Bauer and Eidel [5] for all possible 

combinations of free, clamped, hinged and guided 
boundaries. Low [6] developed a model to analyze the 
Euler-Bernoulli beam having a slender payload at the 
free end and attached to a rotating hub at the other end. 
The derived system equations with the complete 
boundary conditions were solved by using the secant 
method. Gürgöze [7] studied the dynamic behaviour of 
an elastic beam attached to a rigid ring rotating with 
constant angular velocity. The aim of the study was to 
provide simple formulas which were obtained via 
perturbation approach and can be useful for design 
engineers. Kuo et al. [8] investigated the influence of 
taper ratio, elastic root restraints, tip mass, setting angle 
and rotating speed on the pure bending vibration of 
rotating non-uniform beams. They neglected the 
Coriolis forces induced from rotation and assumed the 
beams to be symmetric such that the mass axis, 
centroidal axis and elastic axis are coincident. 
Boutaghou et al. [9] proposed an approach dealing with 
an arbitrary representation of the kinematics of 
deformation which may include shear, initial curvature, 
initial twist, arbitrary cross sectional effects, dynamic 
stiffening effects, rotary inertia, von Karman geometric 
constraints and kinematic constraints. They carried out 
an application example for the Euler-Bernoulli beam 
kinematics. Subrahmanyam and Kaza [10] studied the 
individual and collective effects of pretwist, precone, 
setting angle, Coriolis forces and blade thickness ratio 
on the vibration frequencies and buckling boundaries of 
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rotating beams. They employed the finite difference and 
Ritz types of solution procedure for the solution of the 
vibration problem. Yoo and Shin [11] derived three sets 
of linear equations of motion for the modal analysis of 
the rotating cantilever beams by utilizing a new 
dynamic modeling method. Al-Bedoor [12] presented a 
dynamic model for a rotating flexible blade attached to 
a rigid disk by a shaft which is flexible in torsion. The 
author utilized the finite element method in conjunction 
with the Euler-Bernoulli beam theory including the 
axial shortening and gravitational effects. Lee [13] 
formulated the equations of motion in matrix form for a 
pre-twisted cantilever beam with a spinning base 
subject to axial acceleration excitations by using 
Hamilton’s principle and the assumed mode method. 
Tan et al. [14] derived the equations of motion of a 
rotating cantilever beam subjected to base excitation by 
using the Euler beam theory and the assumed mode 
method. They indicated that increasing the hub radius to 
beam length ratio as well as angular velocity tends to 
have a stabilizing effect on the system whereas 
increasing the base excitation force results in a 
undesirable amplitude. 

In this paper, a more general problem of a rotating 
cantilever beam subjected to different base excitations 

is discussed by including most of the effects. These are 
rotary inertia, end-mass, and axial force in association 
with axial foreshortening. The base excitations are 
taken into account by considering a rotating beam 
connected to a whirling shaft. The equations of motion 
and the associated boundary conditions are derived by 
utilizing the extended Hamilton’s principle. Due to 
difficulties in finding a direct analytical solution, the 
assumed modes method is developed in order to obtain 
an approximate solution. In the rest of the paper, some 
simulation results for different base excitations are 
presented. 

2. EQUATIONS OF MOTION 

The dynamic system to be considered is shown in 
Figure 1. It consists of a whirling shaft connected to an 
elastic beam in flexure with a concentrated end-mass 
M. The elements of elastic beam are constrained to 
move on the x-y plane and the gravity is in the direction 
of axis X. The shaft is rotating with the constant angular 

velocity ω and a whirling velocity θ& . The center of the 
shaft displaces with r(t) and the radius of the shaft is 
assumed to be negligible compared with the beam 
length L. 

 
 

 
 

Figure 1. A flexible beam on a rotating shaft subjected to base excitation. 
 
As shown in Figure 1, there are two co-ordinate systems 
to be used in the mathematical analysis of the dynamic 
system. One of them is an inertial co- 
 

 
ordinate system denoted by XYZ. The second is the 
moving co-ordinate system denoted by xyz attached at 
the center of the rotating shaft. 

 

 

 

The equations of motion is derived by using the 
extended Hamilton’s principle  
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where T denotes, as usual, the kinetic energy, V denotes 

the potential energy and δ ' A  represents the virtual 
work done by nonconservative forces acting on the 

system. Here, the virtual work is zero (δ ' A =0 )  
since no external forcing is included. 

 
The kinetic energy consists of two parts which are due 
to translation and rotation of each element of the beam. 
The rotational kinetic energy is 
 
 
 

∫ ′−=
L

dyu
I

T
0

2
1 )(

2
 &ωρ

                                     (2) 
 

where
ρ
shows the mass density, I is the mass moment 

of inertia for the uniform beam cross-section, u(y,t) 
represents the bending displacement corresponding to 
the section of the beam as shown in Figure 1, and ω 
denotes the rotational speed about the z axis. Prime and 
dot in the above equation refer to partial derivatives 
with respect to the position co-ordinate y and time t, 
respectively. Also, the end mass is a concentrated mass 
in which the rotary inertia terms is negligible, otherwise 
it should be included in the equation.

 
In a similar manner, by utilizing the absolute translational velocity vector V with respect to the xyz co-ordinate system of a 

typical element on the elastic beam 
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the translational kinetic energy can be obtained as 
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where A is the cross-sectional area of the beam, and M 
is the concentrated end mass. In equation (4), a spatial 
Dirac delta function is defined as 
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On the other hand, the potential energy consists of three 
parts. The strain energy due to the bending, the potential 
energy associated with the axial force arising due to 
inertial forces in connection with the so-called axial 
foreshortening, and the part due to the gravitational 
effect. The potential energy due to the bending is 
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Here, EI denotes the flexural rigidity. 

Furthermore, the potential energy arising from the axial 
force associated with the foreshortening can be 
expressed as 
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where P(y,t) is the axial force. Differentiating the 
second element of the velocity vector in equation (3), 
the absolute acceleration of a typical element at point E 
on the elastic beam with respect to the axis yA is 
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Using equation (8), the axial force can be expressed as 
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On the other hand, the gravitational potential energy can be expressed as  
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where Er is the position of the element at point E on the elastic beam with respect to the axis X  
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and g is the gravitational acceleration. 

 

Consequently, summing the kinetic and potential energy terms as 
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and finally making use of Hamilton’s principle given in equation (1), one can obtain after lengthy calculations the 

equation of motion for the rotating beam as 
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and the associated boundary conditions are 
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Due to difficulties in finding an analytical solution, using the assumed mode method the quantities u(y,t) can be expressed 
as 
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where ej are the admissible functions that satisfy the geometric boundary conditions at the clamped end of the beam and qj 
are the time dependent generalized co-ordinates to be determined. Here, the eigenfunctions of a clamped-free beam are 
chosen as the admissible functions 
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in this expression 
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and jλ̂  are the weighted frequencies determined from the solution of the characteristic equation  
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Now, substituting the infinite series given by (18) into the kinetic and potential energy terms given by (2), (4) and (6), (7)-
(12), then using them in the Lagrange’s equations according to the assumed mode method, the equations of motion may be 
obtained in the discretized form as follows 
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The equation (22) completely governs the vibrational behaviour of the rotating beam with an end-mass and will be used 
for the simulation studies. Since the boundary conditions of the system have also been taken into account, there is no 
remaining condition term to be satisfied. 
 

3. NUMERICAL RESULTS 

 

The approximate equations of motion of the dynamic 
system can be solved by using one of the common 
Runge-Kutta computational algorithms. Taking finite 
series instead of the infinite ones given by (18), the 
simulation studies are performed for the typical cases. 
Due to its importance, the tip deflections of the beam 
are calculated in the simulation studies by taking 2 
terms. In the numerical examples, it is assumed that the 
beam material is aluminum having a density of 

3/ 2700 mkg=ρ  and a modulus of elasticity of 

210 /107 mNE ×= . For the beam geometry, the 
following values are used; the cross-sectional area 

20001.0 mA = , the moment of inertia 
410102.1 mI −×= , and the length of the beam L=1 

m, which makes the beam very slender. As the end-
mass, M=0.1 kg is used. In the simulation studies 
different base excitations are used in order to 
investigate base excitations effects on the vibration. 

As an initial simulation study, Figure 2 represents 
the tip deflections of the rotating beam without 
any base excitation. The hub is rotating with a 
constant angular velocity. 
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Figure 2. Tip deflections for L=1 m, r(t)=0 m, ω=1500 rpm, M=0.1 kg, T=0.5 s. 
 

Figure 3 illustrates the tip deflections for the case when 
the rotating hub is excited along only one axis. This 
case is similar to the study of Tan et al [14]. The 
deflections in Figure 3 are larger than those of Figure 2, 

showing that the given base excitation to the hub 
increases the tip deflections of the beam. 
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Figure 3. Tip deflections for L=1 m, rx=0, mtry  )sin(1.0 θ&= , 7502/ ==ωθ& rpm, ω =1500 rpm,  M=0.1 kg, 

T=0.5 s. 

 

On the other hand, the rotation of the plane containing 
the bent shaft about the bearing axis is known as 
whirling, which was investigated for a rigid shaft 
carrying a disk by Meirovitch [15]. Upon considering 
the beam connected to a whirling hub, Figure 4 shows 

the tip deflections. In this case, the hub rotates and 
whirls with the same angular velocity, known as 
synchronous whirl there the center of the hub describes 
a circle. As seen from Figure 2 and Figure 4, this type 
of excitation results in the larger tip deflections. 
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Figure 4. Tip deflections for L=1 m, )cos(1.0 trx θ&= m, )sin(1.0 try θ&= m, θ&= ω =1500 rpm, M=0.1 

kg, T=0.5 s. 

 

Furthermore, Figure 5 illustrates the tip deflections of the beam as the center of the hub describes an ellipse. In case shown 
in (a), the rotation and whirling are the same sense, but in case shown (b), the center of the hub whirls in the opposite 
sense of the rotation. In these two cases, the vibrations of the tip point of the beam have similar mode shapes but slightly 
different frequencies and magnitudes. 
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     a) For ωθ =&                                                                   b) For ωθ −=&  

Figure 5. Tip deflections for L=1 m, )cos(15.0 trx θ&= m, )sin(1.0 try θ&= m, θ&=ω=±1500 rpm, M=0.1 kg, 

T=0.5 s. 
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4. CONCLUSIONS 

The flexural vibrations of a flexible linear beam with 
different base excitations are investigated. The effects 
of the rotational inertia, the axial force associated with 
the axial shortening and the end-mass are considered 
together with the Euler-Bernoulli beam assumption. The 
equations of motion are derived by using the 
Lagrangian’s approach. Since they form a very complex 
boundary value problem for which an exact solution is 
not possible, the assumed modes method is used to 
obtain an approximate solution. The corresponding 
numerical results are presented in the form of plots. 
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