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ABSTRACT

In this paper a completion theorem for cone metric spaces and a completion theorem for cone normed
space over a complete locally convex topological vector space E are proved. The completion spaces are de-
fined by means of an equivalence relation obtained by convergence via the topology of the locally
convex space E. Very recently some fixed point theorems obtained in cone Banach spaces are
generalized to locally convex cone Banach spaces. These theorems can not be generalized or proved
trivially by using the nonlinear scalarization function used very recently by Wei-Shih Duin ” A note
on cone metric fixed point theory and its equivalence, Nonlinear Analysis Theory Methods and

Applications 72 (5):2259-2261 (2010)”.
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1. INTRODUCTION

In 2007, Huang and Zhang [1] gave the definition of a
cone metric space (CMS) by using the same idea,
namely, by replacing real numbers with a ordering
Banach space. In that paper,they proved the fixed
point theorem of contractive mappings for cone metric
spaces: Any mapping T of a complete cone metric

space X into itself that satisfies, for some 0 < k < 1,

the inequality d(Tx, Ty) < kd(x, y), for all x,y € X,
has a unique fixed point. Lately, many results on fixed
point theorems have been extended to cone metric
spaces [1-15]. Motivated by that most of those results
have been proved in complete cone metric spaces, the
author in [2] proved completion theorems for cone metric
spaces and cone normed spaces, where the cone of the
real Banach space was assumed to be normal. Recently,
Du [16] gave the definition of generalized cone metric
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space, namely topological vector space-cone metric
space (TVS-CMS), and proved some fixed point
theorem on that class. The author showed also that
Banach contraction principles in usual metric spaces
and in TVS-CMS are equivalent.

In this manuscript, motivated by all the above, we
prove a completion theo- rem for TVS-cone metric
spaces and a completion theorem for TVS-cone
normed spaces. The topological space E under
consideration will be assumed to be complete
Hausdorff locally convex and its cone P will be
normal. Also, we prove some fixed point theorems in
TVS-cone Banach spaces. The proofs will be adap
tation to those in [2] and [8]. However, this will be
possible after proving some technical Lemmas about
convergence in TVS-cone metric spaces.

Throughout this paper, E stands for real topological
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vector space (t.v.s.) with zero vector. A non-empty

subset P of E is called cone if P+P C P,AP CP
for A >0and P Nn(-P) = {0}. The cone P will be
assumed to be closed with nonempty interior as well.
For a given cone P, one can define a partial ordering
(denoted by <: or <p) with respectto P by x <y if

and only if y —x € P. The notation x < y indicates

that x <y and x =y while x y will show y—x €
intP, where intP denotes the interior of P . Continuity
of the algebric operations in a topological vector
space and the properties of the cone imply the
relations:

IntP + IntP < IntP

and

ALntP < IntP (A > 0).
We appeal to these operations in the following.

Definition 1. (see [16-18]) For ¢ €& IntP, the
nonlinear scalarization function ¢c: E — R is

defined by
dely)=mf{t eR:ycte— P}, forallyc E.

Lemma 2. (See [16-18]) For each ‘&

Y€ F the following are satisfied:

and

(D oc(y) steyetc-P,
(ii)oc(y) >tey£tc—P,
(iii) oc (y) 2t @ y £ tc —int(P),

(Vi) pc (y) <teyetc—int(P),

(V) oc () is positively homogeneous and continuous
on E,

(vi) ifyr ey2 +P, then oc(y2) <oc(y1),

(i) oc (Y1 +Vy2) <oc(y1) +oc (y2), for all y1,
y2 €E.

Definition 3. [16] Let X be non-empty set. Suppose a
vector-valued function

p: X xX — E satisfies:

(M1)0<p(x,y) for all x,y €X
(M2) p(x, y) =0 if and only if x =y,

(M 3) p(x, y) = p(y, x) for all x,y €X

(M 4) p(x, y) <p(x, z) +p(z, y), for all x,y,z €X

Then, p is called TVS-cone metric on X, and the pair
(X, p) is called a TVS- cone metric space (in short,
TVS-CMS).

Note that in [1], the authors considered E as a real
Banach space in the definition of TVS-CMS. Thus, a
cone metric space (in short, CMS) in the sense of
Huang and Zhang [1]is a special case of TVS-CMS

Lemma 4. (See [16]) Let (X, p) be a TVS-CMS.
Then, dp : X xX — [0, ) defined by dp = ¢c (y) p
is a metric.

Remark 5. Since a cone metric space (X, d) in the

sense of Huang and Zhang [1], is a special case of
TVS-CMS, thendp : X xX — [0,00) defined by

dp = ¢c (y) d is also a metric

Definition 6. (See [16]) Let (X, p) be a TVS-CMS,

x € Xand {x,}n=1" a sequence in X.

() {X,Fn=1 TVS-cone converges to x € X whenever
for every 0 <<< ¢ € E there is a natural number M
such that p(x,,x) << c for all n >M and denoted
by cone —limy;;—c0 X, = X (Or X, — X as n — )

(ii) {x, = TVS-cone Cauchy sequence in (X, p)
whenever for every 0 << ¢ € E, there is a natural
number M such that p(x ) << c for alln,m
=M,

n’Xm

(iii) (X, p) is TVS-cone complete if every TVS-cone
Cauchy sequence in X is a TVS-cone convergent.
Lemma 7. (See [16]) Let (X, p) bea TVS-CMS, x € X
and {x, Fn=1" a sequence in X.

Setdp = oc (y) °p. Then the following statements
hold:

@i If {xn}oo N — 0, converges to x in TVS-CMS (X,
p), thendp (X, ., x) — 0 as

(i) If {xn}w is Cauchy sequence in TVS-CMS (X,
p), then {xn}oo is a Cauchy sequence (in usual sense)
in (X, dp),

(i) If (X,p) is complete TVS-CMS, then (X, dp) is a
complete metric space

Regarding (iii) of Lemma 7 above see [19].

Proposition 8. (See [16]) Let (X, p) be a complete
TVS-CMS and T: X — X satisfy the contractive

condition p(Tx, Ty) <kp(x, y)(1) forall x,y € X and
0< k < 1. Then, T has a unique fixed pointin X.

Moreover, for each x € X, the iterative sequence {T"
X}n=1 converges to fixed point.

Definition 9. [20] A cone P of a topological vector
space (X,t) is said to be normal whenever t has a

base of zero consisting of P_ full sets. A subset A of
an order vector space via a cone P is said to be

P_full if for each x,yeA we have {aeX: x<asy}CA.

Theorem 10. [20] (a) A cone P of a topological
vector space (X,t) is normal if and only if whenever

{Xa} and {yo}, o € A are two nets in X with 0 <
Xo <Y for each a € A and yg — 0, then X — 0.

(b) The cone of an ordered locally convex space (X,
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7) is normal if and only

if t is generated by a family of monotone © —
continuous seminorms. Where a seminorm g on X is

called monotone if q(x)<q(y) for all x y € X with
0<x<y.

As a particular case of (b) above, the cone P of a
real Banach space E is called normal if there is a
number K=1 such that for all x,y € E: 0<x<y=
lIxll < Kllyll. The least positive integer K, satisfying
this inequality, is called the normal constant of P .

The following lemma generalizes Lemma 1 and
Lemma 4 in [1].

Lemma 11. Let (X, d) be a cone metric space over a
locally convex space (E, S), where S is the family of
seminorms defining the locally convex topology. Let

X, # be a sequence in E. Then
(i) x, — xin (X, d) if and only if d(x,,x) — 0 in
(E, S).

(ii)xis Cauchy in (X, d) if and only if lim
d(x )=0in (E, S)

m,n—oo

n’ Xm
Proof. (i) Suppose {x_} converges to x. Let €=>0 and p

€ S be given, choose p () >> 0 such that p(c)<e.
This is possible by taking c=c c¢/2P(cy), where ¢,
is an interior point of P. Then there is n, such that
d(x,,x) <<g¢, for all n > n, . Then by normality of
the cone P we have p(d(x,, x))<p(c)<for all n>ng. This
means d(x,x) —0 in (E,S). Conversely, suppose that
d(x,,x)—0 in (E,S). For ¢ € Ewith ¢>>0 find 6 >0
and p € S such that p(b) < & implies b << c. For this &
and this p find n, such that p(d(xn , x)) < & for all
n>n, and so d(x,,x) << c for all n > n,. Therefore
X, — X in (X,d).

(if) The proof is similar to that in (i)

Definition 12. A TVS-cone normed space is an
ordered pair (X, II. llg) where X is a vector space over R
and |I.1lc: X — (E, S) is a function satisfying:

C1) 1ixlig =0, for all x € X.
C2) lixIlg =0 if and only if x = 0.
C3) 1 xIllg = |alkxkc, for each x € X and a €R.

C4) 1l x+y le <l xlig+ Iy llg for all x,y € X.

It is clear that each TVS- cone normed space is TVS-
cone metric space. In fact, the cone metric is given by
dix, y) = Il x-y llg . Complete TVS-cone normed

spaces are called TVS-cone Banach spaces.

According to the definition of convergence in TVS-cone
metric spaces and Lemma 11, we see that X, — X in

(X, . llc ) if and only if for all c >> 0 in E there
exists n,such that Il x»-x llc << ¢ for all n >n, and,

if the cone is normal if and only if limm n—oo
q(kxn—XxXmkc) =0, forall ge S

Example 13. Let X = RZ, P = {(xy): x>0, y>0}
c RZ and 11(x, y)llc = (alx|, Blyl), 0=0, B> 0. Then, (X,
I1lc) is a cone normed space over RZ

Example 14. Let X = w: the vector space of all
real sequences, E = w and P = {x = {Xxj}:xj >0, for
all i}. Then w is a complete metrizable locally convex
space (Frechet space) when its topology is generated
by the seminorms {dk : k = 1,2,3, ..} where gk (x)
=3¥_1 IXi|, x = {Xj} €. Clearly P is a normal
cone in E. On X define d(x, y) = {|xi —vil}i, x =
{Xi},y ={Yi} €X. Then (X, d) is a TVS-cone metric
space over E.

2. COMPLETION THEOREMS

Before proceeding to prove a TVS-completion
theorem, we first give the meaning of isometries of
cone metric spaces.

Definition 15. Let (X, d) and (Y, p) be TVS-cone
metric spaces over the same TVS E. A mapping T of
X into Y is said to be an isometry if it preserves cone

distances, that is, if for all x1 ,x2 €X,

p(TX , TX, ) =d(X, ,%,) 2)

Throughout, we shall say that the TVS- cone metric
space X is isometric with the TVS-cone metric space Y
if there exists a bijective isometry of X onto Y. In the
sequel, one has to note that every cone isometry is
one to one. The following two lemmas are essential to
prove the completion Theorems.

Lemma 16. Let {xn} and {yn} be two Cauchy
sequences in a cone metric space (X, d) over a normal
cone of a complete locally convex space (E, S). Then,
limn—ood(Xn,yn) exists in (E,S).

Proof. Since (E,S) is complete, it will be enough to
show that the sequence {d(x,.y,)} is Cauchy in

(E,S) To this end, let >0 and p € S be given, then

choose ¢ € E with ¢ >> 0 such that p(c) < (€/6).
Since {x,} and {y,} are Cauchy sequences, there
exists a natural number n, such that

d(Xi Xj) << c andd(yi,yj) <<c¢ (©))

for all i, j =ng . Then, we have,

d(xi,yi) <d(xi,xj) +d(xj,yj) +d@yj.yi) =d(xj,
yj)+2c “

and

d(xXj.yj) <d(xj,xi) +d(xi,yi) +dyi,yj) <dxi,
i) +2c (5)

and hence, (4) and (5) lead to

0 <d(xj,yj) +2c —d(xi,yi) =d(xj,yi) +2c+2c
—d(xi,yi) =4c (6)
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Since the cone P is normal, then (6) implies that
p((xj.yj) +2c —d(xj,yi)) =<4p(c) )

Finally, by the triangle inequality of the seminorm p and
(7) we have

p(d(xj,yj) —d(xi.yi)) =p(d(xj.yj)+2c —d(xj.yi)+2p(c) <6p(c)<€

®

Therefore, {d(xj,yi )} is Cauchy in (E,S) and hence
convergent

Lemma 17. Let {x,} {x'.}; {y.} {y'n} be sequences of a
cone metric space (X; d) over a normal cone P in a
locally convex space (E;S). If lim _..d(x,; x',) =0 and
lim . d(Yn ¥ =0in (E;S), then

lim o d(Xn; Yo)=lim . d(X'y; yh) in (E; S) )

Proof. Let €> 0 and p € S be given, then choose ¢ € E
such that ¢ >> 0 and p(c) < (€/6) .

For this ¢ >> 0 find 5 > 0 and q € S such that

q(b) < & implies ¢ - b € Int(P) (10)

By assumption, for the above & > 0 and q fin ny such that
for all n > ny we have

q (d(Xn; X'n)) <& and q(d(yn; Y'n)) <3 (11)
But then (10) and (11) imply that
d(Xp; X'n)<< cand d(y,; y'h<<c (12)

for all n > ny. Now, by the triangle inequality and (12),
for all n > ny we have

Ad(Xns Yn) < d(Xp; X'p) + d(X'ns Y'n) +d(Y'n s Yn) < d(Xn ')

+2c (13)
and

d(X'ns ¥'n) < d(Xn; X'n) + d(Xn; Yo ) + A Vo) < d(Xns Vo) +
2c (14)

and hence, (13) and (14) lead to

0< d(xln; yln)+ 2¢c- d(Xn; Yn ) < d(Xn; Yn )+2C+2C' d(Xn;
yn)= 4c (15)
Since the cone is normal, then (15) together with the
choice of ¢ >> 0 imply that

P(d(Xn;yn)- d(X'nsy'n)) < P(A(Xn; Y'n)) + 2C - d(Xn; Yo )) +
p(20)<€ (16)
for all n > ng, which completes the proof.

Theorem 18. For a TVS-cone metric space (X, d)

over a normal cone there exists a complete TVS-cone
metric space (Xs, ds) which has a subspace W that is

isometric with X and dense in Xg. The space (X3, ds) is

unique except for isometries, that is, if Z is any
complete cone metric space having a dense subspace U

isometric with X, then Z and XS are isometric.

Proof. The proof will be divided into four steps. We
construct:

@ (X%,ds),

(b) an isometry T of X onto W, where W is dense in
XS,

Then, we prove

(c) completeness of XS,

(d) uniqueness of XS except for isometries
Here are the details of these steps:

(@) Let (x,) and (x',) be Cauchy sequences in (X,
d). Define (x,) to be equivalent to (%), written (x_n)
), if

lim _,.d(Xy; X'») =0 in (E; S) a7

Let X S be the set of all equivalence classes x°, yS,
of Cauchy sequences. We write {x_ } € xS to mean
that {xn } is a member x5 ( a representative of
the class x5). We now set

ds (<, y®)= lim ,_,..d(Xy; Yo) (18)

By Lemma 16, the limit in (18) exists and by Lemma
17 it is independent of the particular choice of the
representatives. The rest of the proof is the same as in
[2].

As every TVS-cone normed space is TVS-cone metric
space and TVS-cone metric spaces can be completed,
as we have done above, we can also complete TVS-
cone normed spaces. Before stating and proving this
result we define the meaning of isometry of TVS-
cone normed spaces.

Definition 19. Two TVS-cone normed spaces (X, ILII
c1) (Y, LIl ¢2 ), over the same TVS E are said to be

isometric if there exists a bijective linear operator T:
X — Y such that,

NI, =1xIl,  forall x €X

Theorem 20. Let (X, Il . 1l;) be a TVS-cone normed
space over a normal cone. Then there is a TVS- cone
Banach space (XS II. Il and an isometry T from X
onto a subspace W of XS which is dense in XS. The
space XS is unique, except for isometries.

The proof is the same as in [2] except we make use
of Theorem 18 above.

3. FIXED POINT THEOREMS

The following lemma will be useful in proving the fixed
point theorems in this section and elsewhere.

Lemma 21. Let (X, d) be a TVS-cone metric space
over a normal cone of a locally convex space (E, S),
where is the family of seminorms defining the locally
convex topology. Let {x_ } and {y,} be two sequences
in Xand X —X, y,—Y. Then d(X,; yn) — d(x; y) in (E; S)

Proof. Let €= 0 and p € S be given. Choose ¢ € E
with ¢>>0 such that p(c) < (€ /6). From xn — X and
yn—Y, find n, such that for all n > ng, d(x,,x) <<c¢
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and d(y,,,y)<<c. Then for all n > n,we have

d(Xn,yn) <d(Xn,Xx) +d(x, y) +d(y, yn) <d(x, y) +
2c

and

d(x, y) <d(x, xn) + d(Xn,yn) +dyn,y) <d(Xn,yn)
+2c

Hence
0 <d(x, y) +2c—d(xn,yn) <4c
and so by the normality of P we obtain

p(d(xn,yn) —d(x, y)) <p(d(x, y) +2¢—d(xn,yn)) +
p(2c) <6p(c) < €
Therefore d(xn,yn) — d(x, y) in (E, S)

Theorem 22.Let a € R with a > 1 and (X, d) be a
complete TVS-complete cone metric space (the cone
not necessary normal) and T: X — X an onto mapping
which satisfies the condition

d(Tx, Ty) >ad(x, y)
Then, T has a unique fixed point

Proof. The proof is the same as in Theorem 13 [8].
However, in place we make use of Theorem 2.3 in
[16].

From now on, throughout this section X = (X,kkc)
will be a TVS-cone Banach space, P a normal cone in
a locally convex Hausdorff topological vector space (E,
S) and T a self-mapping defined on a subset C of X.
Also d will be the TVS-cone metric induced by the
TVS-cone norm k.kc . The proof of the main results of
this section will be generally adaptation to the proof
of the main results in [8] and by making use of Lemma
21 which generalizes Lemma 5 in [1].

Theorem 23. Let C be a closed and convex subset of
a TVS-cone Banach space X with the TVS-cone norm
d(x, y) = kx—-ykcand T : C — C a mapping which
satisfies the condition

dx, Tx) +d(y, Ty) <qd(x, y) (19)

for all x,y € C, where 2<q < 4. Then, T has at least
one fixed point.

Proof. The proof is the same as in Theorem 16 in [8]
except we make use of Lemma 21.

Analogously as in [8] we can also state Theorem 24.
Let C be a closed and convex subset of a TVS-cone
Banach space X with the TVS-cone norm d(x, y) = kx—
ykc and T : C — C a mapping which satisfies the

condition

d(x, Tx) +d(y, Ty) <qd(x, y) (20)

for all x,y € C, where 0 <r < 2. Then, T has at least
one fixed point.

Theorem 25. Let C be a closed and convex subset of
a TVS-cone Banach space X with the TVS-cone norm

d(x, y) = kx —ykc and T : C — C a mapping which
satisfies the condition

d(Tx, Ty) + d(y, Ty) +d(x, Tx) < rd(x,y)D (21)

for all x,y € C, where 2 <r <5. Then, T has at least
one fixed point.

Proof The proof is the same as in Theorem 16 in [8]
except we make use of Lemma 21.
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