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ABSTRACT

Ranked set sampling is a cost efficient sampling technique when actually

SIRALI KUME ORNEKLEMESININ FARKLI TASARIMLARI ALTINDA YIGIN
ORTALAMASINA ILISKiN TAHMIN EDICILERIN ETKINLIKLERININ

measuring sampling units is difficult but ranking them is relatively easy. The
mean of the usual balanced ranked set sample is more efficient as an estimator of
the population mean than the mean of a simple random sample. In this study,
different ranked set sampling plans are considered for estimating of population
mean. These estimators are theoretical compared in terms of relative efficiency
under uniform, normal, exponential and weibull distribution.
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KARSILASTIRILMASI
OZET

Sirali kiime Orneklemesi, ornekleme birimlerini 6lgmek zor ancak bunlar
siralamak daha kolay oldugu durumda maliyet etkili bir 6rnekleme teknigidir.
Y1gin ortalamasmin tahmin edicisi olarak, sirali kiime 6rneginin ortalamasi, basit
tesadiifi 6rnegin ortalamasindan daha etkindir. Bu ¢alismada, y1gin ortalamasinin
tahmini igin farkli sirali kiilme orneklemesi tasarimlari incelenmistir. Bu tahmin
ediciler tekdiize, normal, iistel ve weibull dagilimlar1 altinda goreli etkinlikleri
bakimindan teorik olarak karsilastirilmigtir.

Anahtar Kelimeler: Sirali Kiime oOrneklemesi, Goreli Etkinlik, Ortalama Hata

Kare

1. GiRiS

Sirali Kiime Orneklemesi (SKO) son yillarda, gevre,
ekoloji ve tarim gibi alanlarda oldukca sik kullanilan bir
ornekleme yontemidir. Bu tiir alanlarda, birimlerin
ilgilenilen degisken bakimindan 6l¢iimlerinin yapilmasinin
maliyet, zaman veya diger faktorler bakimindan oldukga
zor oldugu durumlarla karsilagilabilir. Bu gibi durumlarda,
SKO kullamlarak o6rnek secim islemi, basit tesadiifi
orneklemeye(BTO) gore daha diisiik maliyetle ve daha
kisa zamanda gergeklestirilir.

SKO ile segilen drnegin, ilgilenilen degiskenin dagilimi
izerinde iyi bir yayilima sahip oldugu sdylenebilir. Bu
durum 6rnek se¢im isleminin iki agsamada yapilmasindan
kaynaklanmaktadir. Omek seciminde &ncelikle; ilgili
yigindan secilen m* ¢aph tesadiifi bir 6rnek, her biri m
capli m kiimeye tamamen tesadiifi olarak paylastirilir.
Boylece birbirinden bagimsiz m ¢apli m tane tesadiifi
ornek(kiime) elde edilmis olur.

1. INTRODUCTION

Ranked set sampling (RSS) is a common sampling
technique, that is often used recently in some areas such
as; environment, ecology and agriculture. In these areas,
the measurements of the units according to variables of
interest can be quite difficult in some cases, in terms of
cost, time and other factors. In such conditions, by using
the ranked set sampling, the sample selection process is
done by less cost and in less time, than the simple random
sampling (SRS) technique.

It can be said that, the sample that is selected with
ranked set sampling, has a better expansion on distribution
of the interested variable. This situation is sourced by the
sample selection that is based on two stages. While
selecting the sample, a random sample that is of size m?
drawing from the population, is shared randomly into m
sets with m units in each set. So, in the end we have m sets
with size m that are completely independent from each
other.
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Ilk asamada; her bir kiime ilgilenilen X degiskeni
bakimindan hassas Ol¢iim gerektirmeyen bir Olgiimle
kiigiikten biiyiige dogru siralanir. Bu o6l¢iim, maliyet
gerektirmeyen bir 6l¢iim olup, birimlerin siralanmasi, daha
onceki deneyimler, gorsel bir dl¢iim veya bir yardimei
degisken yardimu ile yapilabilir.

Ikinci asamada; kendi icinde siralanan kiimelerin
birincisinden ilk siradaki birim, ikincisinden  ikinci
siradaki birim ve bu sekilde devam edilerek m. kiimeden
m. siradaki birim alinarak istenilen hassasligi saglayan
yiiksek diizeyli bir olgiimle X degiskeni bakimindan
olgilir.

Boylece m c¢aplh Swali Kiime Ornegi Y1,
Y22 Y(mm) $€klinde olusur. Y., m ¢aph sirali kiime
orneginde i.nci kiimedeki i.nci sira istatistigine iliskin
gbzlemi ifade eder. Boyle bir SKO tasarimina genel olarak
dengeli sirali kiime o6rneklemesi (DSKO) denir (6).
Dengeli sirali kiime 6rneginden elde edilecek olan yigin
ortalamasina iligkin tahmin edici, yiginin dagilimi ne
olursa olsun sapmasiz bir tahmin edicidir. Ancak, yiginin
dagilimi biliniyor ise, bu tahmin edici y1gin ortalamasina
iliskin en kiigiik varyansli tahmin edici olmayabilir. Bu
durumda, sirali kiime oOrneklemesinin farkli tasarimlari
kullanilarak, yigina iliskin ortalamanin yansiz ve en kiigiik
varyansli tahmin edicisi bulunabilir.

Bu c¢alismada m=3 olmak iizere; miimkiin tiim farkli
SKO tasarimlari altinda normal, tekdiize, iistel ve weibull
dagilimlart i¢in y1gmn ortalamasma iligkin tahmin ediciler
bulunmustur. Bu tahmin ediciler sapmasizlik ve hata kare
ortalamalar1 bakimindan incelenerek, dagilimin sekline
gore en iyi SKO tasarimu belirlenmeye galisiimistir.

Ikinci bolimde, DSKQO altinda yigin ortalamasina
iliskin tahmin edicinin beklenen degeri ve varyans
ozellikleri teorik olarak incelenmistir. Farkli SKO
tasarimlarinda yigmn ortalamasina iliskin tahmin edicileri
normal, tekdiize, iistel ve weibull dagilimlar1 altinda
incelemek amaciyla, sira istatistiklerinin momentleri
verilmistir. Ayrica m=3 olmak {izere, miimkiin tiim farkli
SKO tasarimlart olusturularak, bu tasarimlar altinda elde
edilecek yigin ortalamasina iligkin tahmin edicilerin
normal, tekdiize, istel ve weibull dagilimlar1 altinda
beklenen degerleri bulunmustur. Uciincii boliimde ise
miimkiin tim farkli SKO tasarimlar1 normal, tekdiize,
istel ve weibull dagilimlart g6z Oniine alinarak, bu
tasarimlar altinda yigm ortalamasina iligkin tahmin
edicilerin ortalama hata kare (OHK) degerleri bulunarak
BTO’ye gore goreli etkinlikleri (GE) karsilagtiriimistir.

SKO ilk olarak 1952 yilinda McIntyre tarafindan ekili
bir alandaki ortalama iriin miktarint tahmin etmek
amactyla kullanilmigtir. Ancak matematiksel teoriye
dayanmayan bu ilk caligma, daha sonra Takahasi ve
Wokimoto (1968) tarafindan tekrar ele alinarak, gerekli
matematiksel teori altinda incelenmis ve DSKO ile elde

edilen y ornek ortalamasi istatistifinin  y1gin

DSKO
ortalamast /£ igin sapmasiz bir tahmin edici oldugu
gosterilmigtir. Ayrica bu tahmin ediciye iliskin varyans
Var(?DSK()) ’1n, aym drnek gapina sahip BTO yontemi ile

elde edilen Ornek ortalamast Y, ,’na iliskin varyans

In the first stage, each set is ranked according to a
measurement that is not so sensitive in terms of the related
X variable. This measurement doesn’t require a cost, and
ranking of the units can be done with the help of the
previous experiences, a visual measurement or with an
concomitant variable.

In the second stage, from the sets that have ranked
among themselves, we take the first unit from the first set,
the second unit from the second set, and going on like this
we take m.th unit from the m.th set, and measure them by
a high capacity measurement which acquits the desired
sensitiveness, according to the X variable.

Thus, ranked set sample of size m is: Y.,
Y(2)5-- > Y (mm)- Y(iiys 18 the observation of the i.th order
statistic in i.th set for ranked set sample of size m. The
design of such a ranked set sampling is called as balanced
ranked set sampling (BRSS) (6). The estimator for the
population mean, which is obtained from the balanced
ranked set sample is an unbiased estimator in any
distribution case. But if the distribution of the population
is known, this estimator may not be the minimum variance
estimator for the population mean. In such a situation, by
using different RSS designs, the unbiased and minimum
variance estimator for the population mean could be
found.

In this study, for m=3, estimators for the population
mean are found for normal, uniform, exponential and
weibull distributions, under all possible different RSS
designs. These estimators are examined according to the
unbiasedness and mean square errors and best possible
RSS design is defined for the shape of the distribution.

In the second section, the expected value and variance
estimator for the population mean under the BRSS is
examined theoretically. For investigating the estimators
for the population mean in different RSS designs, under
the normal, uniform, exponential and weibull
distributions, moments of order statistics are given.
Moreover, for m=3, all possible different RSS designs are
constituded and then the expected values of the estimators
obtained from these designs for the population mean are
calculated under the normal, uniform, exponential and
weibull distributions. In the third section, all possible
different RSS designs considered for the normal, uniform,
exponential and weibull distributions. Then mean square
error (MSE) values of estimators for the population mean
according to these designs is found and compared with
SRS in terms of the relative efficiency (RE).

Random set sampling is first used by Mclntyre in 1952,
in order to estimate of mean a pasture yields. But this first
study, that didn’t depend on mathematical theory, was
improved later by Takahasi and Wokimoto (1968), and
examined under necessary mathematical theory and the
sample mean ¥, ., that is obtained by BRSS, is shown

as an unbiased estimator for the population mean [/ .
Moreover, the variance of this estimator Var(YBRSS) is
smaller than the variance Var(YSRS)of sample mean,
which is I?'SRS obtained from SRS with same sample size.

Dell and Clutter (1972) showed that the estimator )73 Rss 1S
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Var(me) "dan daha kiigiik oldugu gosterilmistir. Dell ve
Clutter (1972) siralamada hata yapilmasi durumunda da,

Y,

DSK
ozelligini sagladigii  gdstermislerdir. Ayrica siralama
hatas1 olsa bile, ayn1 6rnek ¢apiyla DSKO tasarimi en az
BTO kadar etkindir. Dolayistyla

Var( ?DSKO ) <Var(Ygpgs) olur. SKO yontemi son yillarda

pek ¢ok dagilim parametrelerinin tahmini igin etkili bir
yontem olarak kullanilmaktadir. Ancak bu yontemin
etkinligi, dagilimm sekline gore degismektedir. Bu
nedenle DSKO tasarimi yerine dagilimim sekline gore
SKO’nin farkli tasarimlar1 énerilmistir. Sinha B.K. ve ark.
(1996) normal ve iistel dagilim parametrelerinin tahmini
icin en iyi swali kiime Ornekleme tasarimini
belirlemislerdir. Al- Saleh (2003) tiim SKO tasarimlarn,
tekdlize, normal ve iistel dagilimlari kullanarak, yigmn
ortalamas1 ve varyansi i¢in sapmali ve sapmasiz tahmin
edici ayrimi yapmaksizin OHK degerlerine gore
karsilastirmistir.  Bu karsilastirmada, tahmin edicilerin
beklenen deger ve varyanslari niimerik integral yoluyla
hesaplanmustir.

;’in g 'nlin sapmasiz bir tahmin edicisi olma

Bu calismada, tim farkli SKO tasarimlar1 altinda
tekdlize, normal, istel ve weibull dagilimlan
incelenmistir. Tekdiize, iistel ve weibull dagilimlarinda,
tahmin edicilerin beklenen deger ve varyanslari, niimerik
integral yerine, sira istatistiklerinin tiim 6rnek ¢aplari igin
kullanilabilecek momentlerinden yararlanilarak
hesaplanmigtir.  Normal  dagilim i¢in  ise, sira
istatistiklerinin beklenen deger ve varyanslarma iliskin
standart  tablolardan  faydalanilmistir  (2). Ayrica
karsilagtirma yapilirken tahmin edicilerin sapmasizlik
ozellikleri gbz oniinde bulundurulmusgtur.

2. SIRALI KUME ORNEKLEMESINDE YIGIN
ORTALAMASINA ILiSKIN TAHMIN
EDICIiLER VE OZELLIiKLERIi

Sirali kiime 6rnegini olusturmak i¢in yigindan segilen
m® capli tesadiifi drnek, her biri m ¢aphh m kiimeden
olusur. Buradaki m kiime birer basit tesadiifi 6rnek olup,
i.nci kiimenin elemanlan X;;, X5 ,..., Xim (i=1,2,...,m)
olmak iizere, her bir kiime aym F(x;0) dagilim
fonksiyonuna ve f(x; 6) yogunluk fonksiyonuna sahiptir.
inci kiime icin sma istatistikleri Y <Y (i2<...<Y(im)
seklinde tanimlanir. i.nci kiimeden i.nci sira istatistiginin
gorsel olarak veya maliyet gerektirmeyen yontemler
yardimiyla belirlendigi varsayilirsa, m kiime ig¢in i.nci
kiimeden inci sira istatistiginin Olglilmesi ile Y.y,
Y@2)--» Y(mm) Sira istatistikleri dengeli sirali kiime
Ornegini olusturur.

DSKO altinda, herhangi bir dagilima iliskin y1gin
ortalamasinin tahmin edicisi sapmasizdir. Bu 6zellik
teorem 2.1 de verilmistir.

Teorem 2.1:

Y1gn ortalamasi W igin,

also an unbiased estimator of , under the presence of

ranking error. Even if there are ranking errors, BRSS
design is at least as efficient as SRS with the same size.

Thus  Var(Ygpes) < Var(Ygpg) is  observed. RSS

technique is also used for estimating distribution
parameters in recent years. But the efficiency of this
technique changes according to the distribution type.
Because of this reason, instead of the BRSS design,
different ranked set sampling designs is suggested
according to distribution type. Sinha B.K et. al. (1996)
defined the best possible RSS design for the estimations of
the normal and exponential distribution parameters. Al-
Saleh (2003) compared all different RSS designs by using
normal, uniform and exponential distributions according
to MSE values without separating unbiased or biased
estimators for the population mean and the variance. In
this comparison, the expected values and the variances of
the estimators are calculated by the numeric integrals.

In this study, under all different RSS designs, uniform,
normal, exponential and weibull distributions are
examined. In the uniform, exponential and weibull
distributions, instead of numeric integral, expected value
and the variance of estimators are calculated from using
by moments of order statistics which can be used for all
sample size. For the normal distribution, the standard
tables of the expected values and variances of order
statistics are wused (2). Also, when comparing,
unbiasedness properties of the estimators is considered.

2. THE ESTIMATORS FOR THE POPULATION
MEAN AND THEIR PROPERTIES IN
RANKED SET SAMPLING

The random sample of size m? that is chosen to make
the ranked set sample consists of m sets of m size each.
Those m sets are random samples that are elements of i.th
set; Xi1, Xi2 5e..» Xim (i=1,2,...,m), and each set has the
same F(x;0) distribution function and f(x; 0) density
function. The order statistics for the i.th set is defined as
Yin<Yins...<Yim) If we assume that, the i.th order
statistic of the i.th set is defined by the help of visual or
costless methods, for m sets we measure the order statistic
of i.th from the i.th set, we form a balanced ranked set
sample by Y(1.1), Y2:2),---, Y (m:m) Order statistics.

Under the BRSS design, the estimator of population
mean for any distribution is unbiased. This property is
given in the theorem 2.1

Teorem 2.1:

For the population mean p,

[2.1]

331
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sapmasiz bir tahmin edicidir (10).

ispat:

Yi.m; m ¢aplt tesadiifi bir drnekteki i.nci sira istatistigini
ifade etsin. Y ;) ile Yi., ayn1 dagilima sahip oldugundan;

is an unbiased estimator (10).
Proof:

Let Y;., denotes i.th order statistic for a random sample
of size m. Since Y3 and Yi., have same distribution,

( (ll)):E(Yi.'m)
dir. i.nci sira istatistiginin beklenen degeri; If the expected value of i.th order statistic as follow,
seklinde ifade edilirse, from this equation it can be written as,

3 by = m 22

yazilabilir((2),(4)). Burada p;,; m capli tesadiifi bir
ornekteki i.nci sira istatistiginin beklenen degerini ifade
eder. Sira istatistiklerinin (2.2) esitliginde verilen
6zelliginden yararlanarak,

Bkss) -

esitligi yazilabilir. Dolayisiyla, ¥, 'nsk¢ Y18in ortalamasinin

sapmasiz bir tahmin edicisidir (5).

DSKO tasarimi altinda elde edilecek yigin
ortalamasinin tahmin edicisinin varyansinin, herhangi bir
dagilim igin, aym m 6rnek capli BTO’ye iliskin yigmn
ortalamasinin tahmin edicisinin varyansindan daha kiigiik
oldugu, teorem 2.2 yardimiyla gosterilmistir.

Teorem 2.2:

Kiime icindeki birimlerin gorsel veya maliyet
gerektirmeyen yontemlerle siralanmasinda, herhangi bir

hata yapiimadigi varsaymu altinda, Y DSK

o ne iliskin
varyans

_ m 2 1
Var(Yggss) = *Z -

1 g ;. 2_ 1
—m = | gt =
még m m m

Bigimindedir ((7),(9)). Burada o’ ,y1§in varyansini ve

2 . e . . .
() , Y. sira istatistiginin varyansini ifade etmektedir.
nm

ispat:

Y i ile Yi., aym dagilima sahip olmalarindan dolay;

((2),(4)). In this equation ;.,; will be denoted expected
value of the i.th order statistic for a random sample of size
m. Using by order statistics property, given in equation
(2 2), the expected value can be written as follow,

Z#,m—

Therefore,

[2.3]

YE?RSS is an unbiased estimator for the

population mean (5).

Under the BRSS design, the variance of the estimator
for the population mean, for any distribution, is smaller
than the variance of the estimator for population mean,
which is obtained from SRS for the same sample size m is
shown by theorem 2.2.

Teorem 2.2:

Under the assumption of ranking of the units in the set
without an error, with visual or costless methods, the

variance of Y, BRss Would be;

[2.4]

\gE

2. (tim = #)]

((7),(9)). In this equation o denotes population variance

2 . ..
and O o’ denotes the variance of Y;.;, order statistic.
nm

Proof:

Since Y and Y., have the same distribution,

Var(Y,., )=Var(Y,, )

olacaktir. Buradan,

Then

_ 1 m
Var(Ygpss) = Var(;Z Y(i:i))

olmak iizere, Y ;) sira istatistikleri birbirinden bagimsiz
olduklarnindan; Var( )7D i) esitligi

Since order statistics Y;; are independent from each
other, Var(fBRSS) can be express as,

1 m
Var(YBRSS) - 2 Z V[l}”( tm _22 Oim [2.5]
i=l i=l
olarak ifade edilebilir. Esitlik (2.5)’de Y;, sira In equation (2.5), variance of Y., defined as
istatistiginin varyanst,
lm E( im ﬂlm) ( Jm) ,U, m [26]
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seklinde tanimlanir.Sira istatistiklerinin

S E(Y2)=mE(X°)

Using the following properties of order statistics,

i U[?m = mE(XZ) - i ﬂ[:m

ozelliklerinden yararlanarak,

m

> o2, =m(c® +u*) -

i=1

yazilabilir((3),(5)). Eger (2.5) esitligi (2.8) de yerine
yazilirsa,

_ 1 m 1
VW(YBRSS)=_2 Zo-izzm =— (m
m m

i=1
oldugu ispatlanir.

Esitlik (2.9)daki Var(Y g, )

ornek capli BTO den elde edilen ortalamaya iliskin
varyans,

varyans ifadesi, ayn1 m

uy =mo’ = (1, — 1)
i=1 i=1

"= (Ui — 1))
i=1

it can be written a,s

2 [2.8]
((3),(5)). If equation (2.5) is substituted in equation (2.8),
then it can be proved that

[2.9]

If the variance Var(YB rss) I equation (2.9) compared
to the variance,

2

= o
Var(Ygpe) =—
m

ile karsilagtirildiginda, SKO’niin BTO’den daha etkin
oldugu goriilmektedir.. Dolayisiyla GE,

RE

_ Var(Yeps) _

which is obtained from SRS with the same sample size of
m, it will be seen that RSS is more efficient than SRS.
Thus RE is defined as,

1 [2.10]

— 1 &
Var(Tgess) 1= -3 (i =10 107}

seklinde tanimlanir (10). GE’nin biyikligi inci sira
istatistiginin beklenen degerine baglidir. Bu durum, Dell
ve Clutter (1972) tarafindan farkli dagilimlar altinda
incelenmistir. GE, 1 ile (m+1)/2 arasinda deger alir. En
yiiksek degeri olan (m+1)/2’yi ise tekdiize dagilim altinda
almaktadir. GE’nin  biyiikliigli, yignin dagilimina,
siralamanin dogruluguna ve kiime c¢apt m’ye baglhdir.
Dagilimin ¢arpikligi ve basikligr arttikga, siralamada hata
cogaldlkca ve m kiime ¢apt azaldikca, GE’de
azalmaktadir.

Genel olarak tiim SKO tasarimlarmi ortaya ¢ikarmak
tizere, Y 1Xj1, X2 ---.Xjms kiimesindeki (j=1,2,...m}
i.nci sira istatistigine iliskin gézlemi ifade eder ve m capl
tesadiifi bir ornekteki i.nci sira istatistigi Y, ile ayni
dagilima sahiptir. ij; jnci kiimeden alinacak birimin sira
numarasini gostermek tiizere, (iy, is,...,in) SKO tasarimina

karsilik gelen ornek, Y Y, Y(W ) seklinde

(1:dp)> 7 (2:40y)2"
olusacaktir. Burada toplam m™ tane SKO tasarimi vardur.
m=3 i¢in olusacak 27 tasarimin hepsi birbirinden farkli
degildir. Dolayisiyla, bu 6rnekleme tasarimlarindan ayni
olanlar ve kullanilacak tasarimlar tablo 1’de verilmistir.
Burada (i,j,k) tasarim1 1.nci kilmeden i.nci, 2.nci kilmeden
jonci, 3.ncii kiimeden k.nci sira istatistiginin sirali kiime
ornegini olusturdugunu gosterir. Ornegin (1,1,2), (1,2,1)
ve (2,1,1) tasarimlarindan elde edilecek tahmin edicilerin
her birinin beklenen degeri, SKO’de sira istatistiklerinin
bagimsizliklarindan ~ dolayi, ayni  olacagindan bu
tasarimlardan herhangi birini kullanmak yeterlidir. Ayni

i=1
(10). The greatness of RE depends on the expected value
of the i.th order statistics. This situation is examined by
Dell and Clutter (1972) under various distributions. RE
takes a value between 1 and (m+1)/2. It takes the greatest
value of (m+1)/2 under the uniform distribution. The
greatness of RE depends on the distribution of the
population, the accuracy of the ranking and the set size m.
If the kurtosis and the skewness of the distribution
increases, the errors in ranking increases and m set size is
decreases, then RE would also be decreased.

Generally, for identifying all ranked set sampling
designs, Y|j.j denotes the observation of i.th order statistics
in the set {Xj;, Xj> ....Xjm}, (=1,2,...m}and i.th order
statistics in the sample if size m has the same distribution
with Yi, As ij would be the rank score the sample of

Y Y Y

(L )0 2y ) 0 Lm0
i5,...,im) RSS design. There are m™ RSS designs. The 27
designs that would occur for m=3 wouldn’t be different
from each other. Therefore, the same designs and the
designs that would be used are represented in table 1.
Here, the (i,j,k) design shows that the i.th order statistic
from set 1, j.th order statistic from the set 2, and k.th order
statistic from set 3 shows a ranked set sample. For
example, the expected values of the estimators which are
obtained by the designs (1,1,2), (1,2,1) and (2,1,1), that
would be same because of the independencies of the order
statistics in the RSS, it would be adequate to use any one
of those designs. The same property is valid for the

would be corresponding to (ij,
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6zellik varyans i¢in gegerlidir.

Table 1. Possible designs for m=3
Cizelge 1.m=3 i¢in miimkiin tasarimlar

variance.

Possible Designs/ Design for use/

Miimkiin tasarimlar Kullanilacak tasarimlar
(1,1,1) (1,1,1)
(1,1,2),(1,2,1),(2,1,1) (1,1,2)
(1,1,3),(1,3,1),(3,1,1) (1,1,3)
(1,2,2),(2,1,2),(2,2,1) (1,2,2)
(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2),(3,2,1) (1,2,3)
(1,3,3),(3,1,3),(3,3,1) (1,3,3)
(2,2,3),(2,3,2),(3,2,2) (2,2,3)
(2,3,3),(3,3,2),(3,2,3) (2,3,3)
(2,2,2) (2,2,2)
(3,3,3) (3,3,3)

Bu tasarimlar altinda elde edilecek y18in ortalamasina
iliskin SKO tahmin edicileri genel olarak;

YRSS(A sJ2eendm)

seklinde ifade edilir. Bu tasarimlar, yigin ortalamasin
tahmin etmek tizere tekdiize, iistel, normal ve weibull
dagilimi altinda incelenmistir. Bu dagilimlar i¢in y1gimndan
secilen m ¢apli tesadiifi bir 6rnekteki i.nci sira istatistigine
iliskin k.nci momentler asagidaki gibidir. Bu momentlere
dayali olarak, tiim farkli sirali kiime 6rnekleme tasarimlari
altinda, yigin ortalamasma iliskin tahmin edicilerin
ozellikleri ele alinmistir.

2.1 Tekdiize Dagihm
X1,Xs,..., X tesadiifi 6rnegi;
f(x)=1 0<x<1

dagilimina sahip olsun. Bu dagilimin ortalamasi E(x)=1/2
varyansi ise Var(x)=1/12 dir. Bu Ornege iliskin sira

<Y <
n 2:m

istatistikleri Y ’in

f ...<Y  olmak iizere, Y.
m m:m m

k.nct momenti,

ub =EXL)=B(i+km—i+1)/B@i,m—i+1)

seklinde tanimlanir (2). Burada B(i,)); beta fonksiyonudur.
Dolayistyla, (2.11) esitligi,

The RSS estimators for the population mean obtained
by these designs are;

m
ZYE,':;,)
_ J=l
m
These designs are examined under normal, uniform,
exponential and weibull distributions to estimate the
population mean. For these distributions, the k’th
moments for the i’th order statistics in a random sample of
size m from the population is as following. According to
those moments, under all the different RSS designs, the
properties of the estimators for the population mean are
considered.

2.1 Uniform Distribution

Let X,X,,...,X,, random sample has the following
distribution,

f(x)=1 0<x<1

Expected value and variance of this variable are E(x)=1/2
and Var(x)=1/12. Order statistics of this sample is

Y <Y <.<Y . Sokthmomentof?  is

i=1,2,.m [2.11]

(2). In this equation B(i,j) is beta function. Therefore
equation (2.11) can be written as

| i -1
ﬂfm __m! (i+k-1)! [2.12]
T ma k) (i—1)!
olarak yazilir. Bu ifade, k=1 i¢in; In this equation if k=1 then;
:utm :E(Km):l/(m + 1) [213]



Comparing The Efficiency Of The Estimators .../ Sirali Kiime Orneklemesinin Farkli Tasarimlari...

olur. Var(Y,.) ise;

Var(Yi:m) = ﬂl(frl) - (/ui:m )2 =

seklinde ifade edilir.
2.2 Ustel dagilim
X1,X2,. .., X, tesadiifi 6rnegi;

f)y=e"

0<x<o0

335

Also Var(Yi.,) is

i(m+1-1)

L amri=l [2.14]
(m+1)*(m+2)

2.2 Exponential Distribution

Let X,X,,...,X, random sample has the following
distribution,

f)=e"

0<x<o0

dagilimma sahip olsun. Bu dagilimmn ortalamasi E(x)=1

varyanst ise Var(x)=ldir.

1:

k.nct momenti, asagida verilen esitlikler ve integral

yardimiyla hesaplanabilir.

Bu 0Ornege
istatistikleri ¥, <Y, <..<Y  olmak iizere, ¥ ’in
m m m.m mm

Expected value and variance of this variable are E(x)=1 anc
Var(x)=1. Order statistics of this sample is

Y <Y, <.<Y . Sokth momentof ¥ = can be

iliskin ~ sira

calculated by the equation (2.15) and integral.

N
k
(k) _ (k=1)
Him = Him
m
> [2.15]
k) — (k) + E (k=1)
/ui:m - /Ii—lzm—l lui:m
m .
1=2,3,....m )
Burada beklenen deger ve varyans ifadeleri From these equations expected value and variance are,
S 1 i=1,2,3,...,m [2.16]
fom — E Y = _— 255~"s >
Hip = E(Y,,) ;(m_rﬂ)
i 1 i=1,2,3,....m [2.17]
Var(Y, Y= u® —(u, V=S ——
ar( t.m) :ul.m (/ul.m) z(m_r+1)z
bi¢imindedir(2). 2).
2.3 Normal dagihm 2.3 Normal Distribution

X1,X2,- .., X, tesadiifi 6rnegi;

dagilimma sahip olsun. Bu dagilimm ortalamasi E(x)=0
Bu 0Ornege

varyanst ise Var(x)=1dir.

Let X,,Xy,...,X, random sample has the following
distribution.

Xz
1 0 7

f(X)=m

-00<X<00

Expected value and variance of this variable are
iligkin ~ sira E(x)=1/2 and Var(x)=1/12. Order statistics of this sample

istatistikleri ¥ <Y, <..<Y - olsun. Y, in knet is ¥, <Y, <..<Y . Calculation of moment of ¥,

1:

momentini hesaplamak oldukc¢a zordur. Fakat i.nci sira
istatistigine iliskin beklenen deger ve varyans degerleri
farkli m 6rnek ¢aplart igin tablolar gelistirilmistir (2).

2.4 Weibull dagilimi

X1,X2,. .-, X, tesadiifi 6rnegi;

is very complex. For expected value and variance of i.th
order statistics and different value of m, tables are
developed (2).

2.4 Weibull Distribution

Let X;,Xj,...,X;y random sample has the following

distribution,
f(x) = e—x"x6—15 0<X<(X), >0 )
) f(x)=e xS 0<x<o0, 5>0
dagilimma sahip olsun. Bu dagilimin ortalamasi ’
varyansi ise Expected value and variance of this variable are

E(x) = r[% + 1)

Var(x) = F(§+ lj —[F (é+ IJT bi¢giminde tanimlanir. Bu

<Y, <

ornege iliskin sira istatistikleri ¥,

2
E(x):l"(é_p]j and Var(x):r‘£§+lj—|:r(%+lj:| .
<Y

Order statistics of this sample is ¥ <Y, <.. .
m m m.m
w<SY

So k.th moment of ¥, is
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olmak tizere, Y, ’in k.nct momenti,

k m!

koo - m E \- 1y i—1 . 1+(k[S)
ﬂ,-,,,,—E(Y,._.m)_(i_])/(m_i)!r(ugj;( 1) ( . )/(m i+r+1)

seklindedir. Burada beklenen deger ve varyans ifadeleri
(2.18) esitliginden yararlanarak elde edilmistir (2).

2.5 Yigin Ortalamasma iligkin Tahmin Edicilerin
Beklenen Degerlerinin Karsilastirilmasi

m=3 iken, farkli SKO tasarimlarma gére yigin
ortalamasina iliskin tahmin edicilerin beklenen degerleri,
dagilimlara iligkin sira istatistiklerinin  beklenen
degerlerinden yararlanarak hesaplanmis ve elde edilen
sonuglar tablo 2’de verilmigtir. Tablo 2’de tahmin
edicilerin beklenen degerleri;,

[2.18]

Expected value and variance can be calculated from (2.18)
2.

2.5 The Comparison of The Expected Values For The
Population Mean

For m=3, the expected values of the estimators for the
population mean of RSS designs, are calculated using to
expected values of order statistics related with the
distributions, and the results which have been obtained are
given in table 2. The expected values of the estimators in
table 2 obtained as;

ZE(Y)

E(YRSS(iI,iZ,...,im )) =

seklinde elde edilir. Ornegin m=3 igin tekdiize dagilim
altinda, (1,1,2) tasarimina iliskin tahmin edicinin beklenen
degeri (2.13) esitliginden faydalanarak;

E(Y(lzl))+E(Y(Zzl))+E(Y(3:Z)) _ E(Yl:3)+E(Yl:3)+E(Y2:3) _ 0.25+0.25+0.50

m

For example; for m=3, under a uniform distribution, by
using the equality (2.13), the expected value of the
estimator for the (1,1,2) design is found as;

E(Z{SS(I,I,Z)) =

seklinde bulunur.

3

=0.333333
3 3

Table 2. The Expected Values of The Estimators For RSS Designs Under The Normal, Uniform, Exponential And

Weibull Distributions

Cizelge 2. Normal, Tekdiize, Ustel ve Weibull dagilimlar altinda SKO tasarimlarmin tahmin edicilerinin  beklenen

degerleri
Possible Different
designs/ Normal/ Uniform/ Exponential/ Weibull (6=2)/
Miimkiin farkl Normal Tekdiize Ustel Weibull (6=2)
tasarimlar
(1L,L,1) -0.846284 0.25 0.333333 0.511648
(1,1,2) -0.564189 0.333333 0.5 0.626639
(1,1,3) -0.282094 0.416667 0.833333 0.771209
1,2,2) -0.282094 0.416667 0.666667 0.741630
(1,2,3) 0 0.50 1 0.886200
(1,3,3) 0.282094 0.583333 1.333333 1.030769
(2,2,3) 0.282094 0.583333 1,166667 1.001190
(2,3,3) 0.564189 0.666667 1.5 1.145761
2,2,2) 0 0.50 0.833333 0.856623
(3:3.3) 0846284 075 1-833333 1290330

Ayrica yigin ortalamalart normal dagilim igin O, Furthermore, the population means are; 0 for the

tekdiize dagilim icin 0.50; stel dagilim i¢in 1 ve weibull
dagilimi i¢in 0.8862 dir. Buna gore tablo 2 den goriildiigi
gibi, simetrik dagilimlarda (tekdiize, normal) yigin
ortalamasinin sapmasiz tahmin edicileri (1,2,3) ve (2,2,2)
SKO tasarimindan elde edilen tahmin edicilerdir. Fakat
ayni durum simetrik olmayan dagilimlarda (iistel, weibull)
gecerli degildir. Simetrik olmayan dagilimlarda sadece
(1.2.3) SKO tasarimi vigin ortalamasinin sapmasiz bir

normal distributions, 0.5 for uniform distributions, 1 for
the exponential distributions, and 0.8862 for weibull
distribution. Thus it is seen in table 2, the unbiased
estimators of the population means in symmetrical
distributions (normal and uniform) are the estimators that
are obtained by the (1,2,3) and (2,2,2) RSS designs. But
same situation is not valid in nonsymmetrical distributions
(exnonential and weibull). In nonsvmmetrical distributions
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tahmin edicisini verir.

3  YIGIN ORTALAMASINA iLiSKiN TAHMIN
EDICiLERIN VARYANSLARININ
KARSILASTIRILMASI

Bu bolimde SKO altinda olusan 10 farkli tahmin
edicinin BTO’ye gore GE degerleri teorik olarak
karsilagtirilmistir. Bu karsilagtirmay1 yapmak i¢in tahmin
edicilerin OHK’leri kullanilmuistir. OHK;

only (1,2,3) RSS design gives the unbiased estimator for
the population mean.

3. THE COMPARISON OF THE VARIANCES OF
THE ESTIMATORS FOR THE POPULATION
MEAN

In this section, the RE values of 10 different estimators
which have occurred under RSS, are compared
theoretically. To make this comparison, MSE’s of the
estimators have been used. MSE is defined as ;

MSE=E(Y - u) =E(Y~ED)) +(ED) - )’

seklinde tamimlanmak iizere; BTO’ye gore, GE;

and the RE with respect to SRS is written as follow,

V (Ysrs)

 MSE(Ypgs)

bi¢imindedir. Burada

MSE(?RSS([, ,[z,...,fm)) = j=172+ E(%RSS([\,:’Z,...,[,”))_ H:I

seklindedir.

Normal ve Tekdiize dagilimlar i¢in (1,2,3) ve (2,2,2)
tasarimlari, Ustel ve Weibull dagilimlar igin ise (1,2,3)
tasarimi sapmasiz tahmin edici vermelerinden dolay1
GE’ler varyanslarindan hareketle bulunurken, diger
tasarimlar i¢in GE’ler OHK yardimiyla elde edilir.

Ornegin m=3 igin tekdiize dagilim altinda SKO’ne gore
(1,1,2) tasarimina iliskin tahmin edicinin OHK’si (2.19)
esitliginden faydalanilarak;

V(%) +V (Yon) 4V (Yon)

where

[2.19]

Since (1,2,3) and (2,2,2) designs of normal and uniform
distributions, and (1,2,3) design of exponential and
weibull distributions are given unbiased estimators, for
these designs RE’s are obtained from variances, but for
the other designs, RE’s are obtained from mean square
errors.

For example; under a uniform distribution, for m=3, the
mean square error, the expected value of the estimator
related with the (1,1,2) design by using the (2.19) equality,
is found as;

MSE (?115‘5(1,1,2) ) =

_0.0375+0.0375+0.05

+ |:E (?Rss(l.ll) ) - H]z

seklinde bulunur. Ayrica BTO’ye goére tahmin edicinin
varyanst, y(y y= 1712 =0.0277 oldugundan, GE degeri
BTO :
3

z = 0.0277 — 067 Olacaktir.
0.0.4168

Bu ¢alismada ele alinan dagilimlara gore, teorik olarak
elde edilen OHK ve varyans degerleri ile bunlara baglh
olarak hesaplanan GE degerleri tablo 3’de verilmistir.

+(0.333333-0.50)> = 0.04168

Moreover, since the variance of the estimator based on

1/12

SRS is; V(YSRS) — =0.0277 > the RE would be

_0.0277
0.0.4168
For the investigating distributions in this study, RE’s

which are calculated according to MSE and the variance
values are given in the Table 3.
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Tablo 3. The RE values of estimators of the RSS design according to normal, uniform, exponential and Weibull

distributions ) ) )
Cizelge 3. Normal, Tekdiize, Ustel ve Weibull dagilimlarina ait SKO tasarimlarinin tahmin edicilerinin BTO’ye gore GE
degerleri
Possible Different
designs/ Normal/ Uniform/ Exponential/ Weibull (6=2)/
Miimkiin farklt Normal Tekdiize Ustel Weibull (5=2)
tasarimlar
(1,1,1) 0.37 0.37 0.69 0.44
(1,1,2) 0.68 0.67 1.06 0.76
(1,1,3) 1.25 1.43 1.64 1.50
(1,2,2) 1.38 1.25 1.64 1.40
(1,2,3) 1.91 2.00 1.064 1.90
(1,3,3) 1.25 1.43 0.78 1.05
(2,2,3) 1.38 1.25 1.29 1.32
(2,3,3) 0.68 0.67 0.56 0.62
(2,2,2) 2.23 1.67 2.25 2.1
3:353) 637 637 629 633
GE degerlerini hesaplarken, gerekli OHK degerleri, While calculating the relative efficiencies, the

tekdiize, iistel ve weibull dagilimlari igin, (2.14), (2.17) ve
(2.18) esitliklerinden, normal dagilim igin ise standart
tablolardan(2) yararlanilarak bulunmustur.

Tablo 3’ten de goriildiigii gibi normal iistel ve weibull
dagilimlart i¢in (2,2,2) tasarimi en yiiksek etkinlik
degerlerini vermektedir. Ancak (2,2,2) tasarimi sadece
normal dagilim i¢in sapmasizlik 6zelligini gostermektedir.
Tekdiize dagilimda ise, en iyi tasarim (1,2,3) tasarimidir.
Ayn1 zamanda sapmasizlik 6zelligini saglar. Tablo 3’ ten
goriilecegi gibi, simetrik dagilimlarda (Tekdiize, normal)
(i,j,k) tasarimi ile (m+1-i,m+1-j,m+1-k) tasarimlar1 aym
GE degerini vermektedir. Ayrica bu dort dagihm igin
ortalamayr tahmin etmede en kot tasarim (3,3,3)’tiir.
Dikkat edilecek olursa dagilimin sekline gére GE degerleri
farkl tasarimlarda farkli degerler almaktadir.

Bu calismada yigin ortalamasini tahmin etmekte
kullanilabilecek miimkiin farkli SKO tasarimlarmin tiimii,
normal, tekdiize, istel ve weibull dagilimlar1 altinda
incelenmistir. Oncelikle, tim m 6rnek gaplar igin y1gin
ortalamasina iligkin tahmin edicilerin beklenen degerleri
ve GE degerlerinin bulunmasinda kullanilabilecek, sira
istatistiklerinin moment formiilleri verilmistir. Tablo 2 ve
3’deki  dagilimlardan tekdiize, {stel ve weibull
dagilimlarina goére tahmin edicilerin beklenen degerleri ve
OHK degerleri bu formiiller yardimiyla elde edilmistir.
Boylece, miimkiin farkh SKO tasarimlarindan y1gmn
ortalamasi i¢in sapmasiz tahmin edicileri verenler ve en
etkin tasarimlar belirlenmistir.

Bu c¢alisma yigin varyansinin tahmini igin de
genigletilebilir.  Ayrica m>3  durumu ig¢in  yigmn
ortalamasini tahmin etmede GE degerleri momentler
yardimiyla incelenebilir. Ancak m™ tane farkli tasarim

necessary MSE values are found from (2.14),(2.17) and
(2.18) equations for the uniform, exponential and weibull
distributions, for the normal distributions the standard
tables are used (2).

As it is seen in the table 3, for the normal, exponential
and weibull distributions, (2,2,2) design is giving the
greatest relative efficiencies. But design (2,2,2) is an
unbiased only for the normal distribution. The best design
for the uniform distribution is (1,2,3). It is also get the
property of unbiasedness. As it is seen in the table 3, in the
symmetrical distributions (uniform and normal) both
(i,j,k) and (m+1-i,m+1-j,m+1-k) designs gives the same
RE value. Furthermore, the worst design to estimate the
mean is the (3,3,3) design. Note that, according to the
distribution type, the RE values take different values in
different designs.

In this study, all possible different RSS designs that
could be used for estimating the population mean are
examined under normal, uniform, exponential and weibull
distributions. Firstly, the moment formulas of the order
statistics that could be used to find the expected values
and RE values of the estimators for the population mean
are given for sample size m. For uniform, exponential and
weibull distribution in Table 2 and 3 the expected values
and MSE values are found by these formulas. So, the
unbiased estimators for population means and most
efficient designs among the possible different RSS designs
are determined.

This work can also be extended for estimating the
population variance. Moreover, the RE values would be
investigated in order to estimate the population mean by
the help of moments for the situation of m>3. Since there



Comparing The Efficiency Of The Estimators .../ Sirali Kiime Orneklemesinin Farkli Tasarimlari... 339

olacagindan bu tasarimlarin tiimiiniin incelenmesi oldukca would be m™ different designs, investigating all of them
karmagiktir. would be quite complicated.
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