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Abstract
In 2014, a new generalized beta function which consist of seven parameters, defined and studied by
Srivastava et al. [H. M. Srivastava, P. Agarwal and S. Jain, Generating functions for the generalized Gauss
hypergeometric functions, Appl. Math. Comput., 247 (2014), pp. 348-352]. In 2015, Srivastava et al. [H.
M. Srivastava, R. Jain and M. K. Bansal, A study of the S-generalized Gauss hypergeometric function
and its associated integral transforms, Turkish J. Anal. Number Theory, 3 (2015), pp. 101-104] called this
generalization as ”S-generalized beta function“ and use it to define S-generalized Gauss hypergeometric
function. In this paper, by using S-generalized beta function, we introduce a new generalization of
Mittag-Leffler function. This new generalization of Mittag-Leffler function is consist of eleven parameters.
We also investigate some of its certain properties such as integral representations, recurrence formulas
and derivative formulas by using classical and fractional derivatives. Furthermore, we determine its
Mellin, beta and Laplace integral transforms.
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1. Introduction and Preliminaries
From the beginning of 20th century, special functions (especially hypergeometric types) attract the great

attention of many researchers because of their important role in the study of differential equations describing by
different phenomenon. Among these functions, Mittag-Leffler type functions are the most popular ones. Many
generalizations of Mittag-Leffler functions have been established and studied by a number of authors in many
different ways [2, 3, 5, 6, 8, 14, 20, 22].

Recently, Özarslan and Yılmaz introduced and studied the extended Mittag-Leffler function E(σ;ρ)
α,β (z; p) defined

by (see, [20, p. 2, Eq. (4)]):

E
(σ;ρ)
α,β (z; p) :=

∞∑
n=0

(ρ)n
Γ(αn+ β)

Bp(σ + n, ρ− σ)

B(σ, ρ− σ)

zn

n!
, (1.1)

(<(p) ≥ 0,<(ρ) > <(σ) > 0)

where Bp (x, y) is the extended Euler’s beta function defined by Chaudhry et al. [10, p. 20, Eq. (1.7)] (see also [11, p.
591, Eq. (1.7)]):

Bp (x, y) :=

∫ 1

0

tx−1 (1− t)y−1
exp

(
−p

t(1−t)

)
dt,

(
<(p) ≥ 0

)
. (1.2)

For p = 0, (1.1) reduces to Mittag-Leffler function with three parameters defined by Prabhakar [22]

Eσα,β(z) :=

∞∑
n=0

(σ)n
Γ(αn+ β)

zn

n!
,
(
<(α) > 0

)
, (1.3)
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and (1.2) reduces to classic beta function [17]

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt, (<(x) > 0,<(y) > 0).

In these days, Mittag-Leffler function and numerous of its generalizations get a new area of research due to the
close connection with fractional calculus and its applications to the study of differential and integral equations. In
the present sequel to the aforementioned and many other recent investigations (see, for example, [2, 3, 5, 6, 8, 13–17];
see also the monograph on the subject of Mittag-Leffler functions by Gorenflo et al. [12]), we introduce a (presumably
new) generalization of Mittag-Leffler function in the following way:

E
(γ,σ,τ ;a,b;κ,µ)
α,β (z; p) :=

∞∑
n=0

(γ)n
Γ(αn+ β)

B
(a,b;κ,µ)
p (σ + n, τ − σ)

B(σ, τ − σ)

zn

n!
(1.4)

(
<(p) ≥ 0,<(α) > 0,<(τ) > <(σ) > 0,min{<(a),<(b),<(κ),<(µ)} > 0),

where B(a,b;κ,µ)
p is the S-generalized beta function defined in [27, p. 350, Eq. (1.13)]:

B(a,b;κ,µ)
p (x, y) :=

∫ 1

0

tx−1 (1− t)y−1
1F1

(
a; b; −p

tκ(1−t)µ
)
dt (1.5)

(
<(p) ≥ 0, min{<(x),<(y),<(a),<(b)} > 0, min{<(κ),<(µ)} > 0

)
.

Clearly, B(a,b;κ,µ)
0 (x, y) = B (x, y), B(a,a;1,1)

p (x, y) = Bp (x, y) and finally B
(a,b;µ,µ)
p (x, y) = B

(a,b;µ)
p (x, y) which

defined by Parmar in [21]. For more information about S-generalized beta and the related functions we refer [18, 29]
to the readers.

Remark 1.1. Here, it is important to mention that if p = 0, then

E
(γ,σ,τ ;a,b;κ,µ)
α,β (z; 0) =

∞∑
n=0

(γ)n(σ)n
(τ)nn!

zn

Γ(αn+ β)

= α
2M

β
2 (γ, σ; τ, 1; z)

where
α
pM

β
q (a1, . . . , ap; b1, . . . , bq; z) =

∞∑
n=0

(a1)n · · · (ap)n
(b1)n · · · (bq)n

zn

Γ(αn+ β)
, (<(α) > 0)

is called generalized M-series defined in [24, p. 449, Eq. (1)]. Besides,

E
(γ,σ,γ;a,b;κ,µ)
α,β (z; 0) = α

2M
β
2 (γ, σ; γ, 1; z) = Eσα,β(z),

E
(γ,1,γ;a,b;κ,µ)
α,β (z; 0) = α

2M
β
2 (γ, 1; γ, 1; z) = Eα,β(z),

E
(γ,1,γ;a,b;κ,µ)
α,1 (z; 0) = α

2M
1
2 (γ, 1; γ, 1; z) = Eα(z).

And also we have
E

(ρ,σ,ρ;a,a;1,1)
α,β (z; p) = E

(σ;ρ)
α,β (z; p).

Throughout the paper we assume min{<(a),<(b),<(κ),<(µ)} > 0, <(p) > 0, and for the sake of shortness we
use Êα,β(z; p) instead of E(γ,σ,τ ;a,b;κ,µ)

α,β (z; p). Note that, we call (1.4) as S-generalized Mittag-Leffler function.

2. Main Results
In this section, we discuss and derive some properties for the S-generalized Mittag-Leffler function defined by

(1.4) involving integral representations, integral transforms and fractional derivative properties. Our main results
are asserted by theorems below.
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Theorem 2.1. For <(τ) > <(σ) > 0,<(α) > 0, the following integral representation holds true:

Êα,β(z; p) =
1

B (σ, τ − σ)

∫ 1

0

[
tσ−1(1− t)τ−σ−1 (2.1)

× 1F1

(
a; b;

−p
tκ (1− t)µ

)
Eγα,β(zt)

]
dt.

Proof. Using (1.5) in (1.4) and changing the order of integration and summation, we have

Êα,β(z; p) =
1

B (σ, τ − σ)

∫ 1

0

[
tσ−1 (1− t)τ−σ−1

× 1F1

(
a; b;

−p
tκ (1− t)µ

)( ∞∑
n=0

(γ)n
Γ(αn+ β)

(zt)n

n!

)]
dt

which yields the desired integral representation in light of (1.3).

Corollary 2.1. Taking t = u
u+1 in (2.1). Then from Theorem 2.1, we have

Êα,β(z; p) =
1

B(σ, τ − σ)

∫ ∞
0

[
uσ−1

(u+ 1)τ

× 1F1

(
a; b;
−p(u+ 1)κ+µ

uκ

)
Eγα,β

(
uz

u+ 1

)]
du.

Corollary 2.2. Taking t = sin2 θ in (2.1). Then from Theorem 2.1, we have

Êα,β(z; p) =
2

B(σ, τ − σ)

∫ π/2

0

[
(sin θ)2σ−1(cos θ)2τ−2σ−1

× 1F1

(
a; b;

−p
sin2κ θ cos2µ θ

)
Eγα,β

(
z sin2 θ

) ]
dθ.

Theorem 2.2. For <(τ) > <(σ) > 0,<(α) > 0,<(s) > 0, the following Mellin transform holds true:

M
{
Êα,β(z; p)

}
=

Γ(a,b)(s)Γ(τ + µs− σ)

Γ(γ)B(σ, τ − σ)
(2.2)

× 2Ψ2

[
(γ, 1), (σ + κs, 1)
(β, α), (τ + (κ+ µ)s, 1)

; z

]
.

Proof. Taking the Mellin transform (see e.g. [7]) of S-generalized Mittag-Leffler function, we have

M
{
Êα,β(z; p)

}
=

∫ ∞
0

ps−1Êα,β(z; p)dp.

By using (2.1) we obtain

M
{
Êα,β(z; p)

}
=

1

B (σ, τ − σ)

∫ ∞
0

[
ps−1

∫ 1

0

tσ−1 (1− t)τ−σ−1

× 1F1

(
a; b;

−p
tκ (1− t)µ

)
Eγα,β(zt)dt

]
dp.

Interchanging the order of integration we have

M
{
Êα,β(z; p)

}
=

1

B (σ, τ − σ)

∫ 1

0

[
tσ−1 (1− t)τ−σ−1

Eγα,β(zt) (2.3)

×
∫ ∞

0

ps−1
1F1

(
a; b;

−p
tκ (1− t)µ

dp

)]
dt.
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By taking p
tκ(1−t)µ = u in second integral of (2.3) and after simplification, (2.3) can be expressed as

M
{
Êα,β(z; p)

}
=

Γ(a,b)(s)

B (σ, τ − σ)
(2.4)

×
∫ 1

0

tσ+κs−1 (1− t)τ−σ+µs−1
Eγα,β(zt)dt,

where Γ(a,b)(s) is a specific case (p = 0) of the extended gamma function defined by Özergin et al. [19, p. 4603, Eq.
3]:

Γ(a,b)
p (s) =

∫ ∞
0

us−1
1F1

(
a; b;−u− p

u

)
du,

(<(p) ≥ 0,<(a) > 0,<(b) > 0,<(s) > 0).

Considering the definition (1.3) in (2.4) and making some computations, we get

M
{
Êα,β(z; p)

}
=

Γ(a,b)(s)Γ(τ + µs− σ)

Γ(γ)B (σ, τ − σ)
(2.5)

×
∞∑
n=0

Γ(γ + n)Γ(σ + κs+ n)

Γ(αn+ β)Γ(τ + (κ+ µ)s+ n)

zn

n!
.

Using the definition of Wright hypergeometric function (see, e.g., [28, p. 21])):

pΨq

[
(α1, A1) , . . . , (αp, Ap)
(β1, B1) , . . . , (βq, Bq)

; z

]
=

∞∑
k=0

∏p
j=1 Γ (αj +Aj k)∏q
j=1 Γ (βj +Bj k)

zk

k!
,

where the coefficients A1, . . . , Ap ∈ R+ and B1, . . . , Bq ∈ R+ satisfying

1 +

q∑
j=1

Bj −
p∑
j=1

Aj ≥ 0,

(2.5) is expressed in terms of 2Ψ2 function to yield the right-hand side of (2.2).

Corollary 2.3. Taking s = 1 in (2.2) and Γ(a,b)(s) = Γ(a−s)Γ(b)Γ(s)
Γ(a)Γ(b−s) (see [19]), we have∫ ∞

0

Êα,β(z; p)dp =
Γ(a− 1)Γ(b) Γ(τ + µ− σ)

Γ(a)Γ(b− 1) Γ(γ)B (σ, τ − σ)

× 2Ψ2

[
(γ, 1), (σ + κ, 1)
(β, α), (τ + κ+ µ, 1)

; z

]
.

Corollary 2.4. Taking inverse Mellin transform of (2.2), we get the following integral representation

Êα,β(z; p) =
1

2πiΓ(γ)B(σ, τ − σ)

∫ δ+i∞

δ−i∞

{
Γ(a,b)(s)Γ(τ + µs− σ)

× 2Ψ2

[
(γ, 1), (σ + κs, 1)
(β, α), (τ + (κ+ µ)s, 1)

; z

]
p−s
}
ds.

Theorem 2.3. For <(τ) > <(σ) > 0,<(α) > 0,<(β) > 0,<(ω) > 0, the following beta transform holds true:

B
{
Êα,β(xzα; p);β, ω

}
= Γ(ω)Êα,β+ω(x; p).

Proof. Using the definition of beta transform (see e.g. [25]) and equation (1.4), we have

B
{
Êα,β(xzα; p);β, ω

}
=

∫ 1

0

zβ−1(1− z)ω−1Êα,β(xzα; p)dz

=

∞∑
n=0

B
(a,b;κ,µ)
p (σ + n, τ − σ)

B (σ, τ − σ)

(γ)n
Γ(αn+ β)

[∫ 1

0

zαn+β−1(1− z)ω−1dz

]
xn

n!

=

∞∑
n=0

B
(a,b;κ,µ)
p (σ + n, τ − σ)

B (σ, τ − σ)

(γ)n
Γ(αn+ β)

Γ(αn+ β) Γ(ω)

Γ(αn+ β + ω)

xn

n!
,
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which gives the desired result in accordance with (1.4).

Theorem 2.4. For <(τ) > <(σ) > 0,<(α) > 0,<(β) > 0,<(s) > 0, the following Laplace transform holds true:

L
{
zβ−1Êα,β(xzα; p)

}
= s−βF (a,b;κ,µ)

p

(
γ, σ; τ ;xs−α

)
.

Proof. Applying the Laplace transform (see e.g. [25, 26]) and using (1.4), we have

L
{
zβ−1Êα,β(xzα; p)

}
=

∫ ∞
0

e−szzβ−1Êα,β(xzα; p)dz

=

∞∑
n=0

B
(a,b;κ,µ)
p (σ + n, τ − σ)

B (σ, τ − σ)

(γ)n
Γ(αn+ β)

{∫ ∞
0

e−szzαn+β−1dz

}
xn

n!

=

∞∑
n=0

B
(a,b;κ,µ)
p (σ + n, τ − σ)

B (σ, τ − σ)

(γ)n
Γ(αn+ β)

Γ(αn+ β)

sαn+β

xn

n!
.

Using the definition of S-generalized Gauss hypergeometric function [27, 29]

F (a,b;κ,µ)
p (γ, σ; τ ; z) :=

∞∑
n=0

(γ)n
B

(a,b;κ,µ)
p (σ + n, τ − σ)

B (σ, τ − σ)

zn

n!(
|z| < 1; <(p) ≥ 0,<(τ) > <(σ) > 0,min{<(a),<(b),<(κ),<(µ)} > 0

)
,

we obtain the result.

We shall also present the recurrence relation involving the Êα,β(z; p).

Theorem 2.5. For <(τ) > <(σ) > 0,<(α) > 0, the following recurrence relation holds true:

Êα,β(z; p) = βÊα,β+1(z; p) + αz
d

dz
Êα,β+1(z; p).

Proof. Inserting the recurrence relation

Eγα,β(z) = βEγα,β+1(z) + αz
d

dz
Eγα,β+1(z),

which given in [9], into equation (2.1) we get the result.

Theorem 2.6. The following derivative formulas are valid:

dn

dzn

{
Êα,β(z; p)

}
=

(γ)n(σ)n
(τ)n

E
(γ+n,σ+n,τ+n;a,b;κ,µ)
α,β+nα (z; p),

dn

dzn

{
zβ−1Êα,β(λzα; p)

}
= zβ−n−1Êα,β−n(λzα; p),

dn

dpn

{
Êα,β(z; p)

}
=

(−1)n(a)n
(b)n

B(σ − nκ, τ − σ − nµ)

B(σ, τ − σ)

× E(γ,σ−nκ,τ−nκ−nµ;a+n,b+n;κ,µ)
α,β (z; p).

Proof. These formulas can easily obtained by induction on n.

We also recall the Riemann-Liouville fractional integral Iνc+ and the fractional derivative Dν
c+ (see, e.g., [17, 23])(

Iνc+f
)

(z) =
1

Γ(ν)

∫ z

c

(z − t)ν−1f(t)dt, (2.6)

and (
Dν
c+f

)
(z)=

(
d

dz

)n(
In−νc+ f

)
(z), (2.7)

where ν ∈ C,<(ν) > 0, n = [<(ν)] + 1.
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Theorem 2.7. Let c ∈ R+ = [0,∞), ν, λ ∈ C, <(ν) > 0, <(α) > 0, <(β) > 0, <(τ) > <(σ) > 0. Then(
Iνc+

{
(t− c)β−1Êα,β(λ(t− c)α; p)

})
(z) (2.8)

= (z − c)β+ν−1Êα,β+ν(λ(z − c)α; p)

and (
Dν
c+

{
(t− c)β−1Êα,β(λ(t− c)α; p)

})
(z) (2.9)

= (z − c)β−ν−1Êα,β−ν(λ(z − c)α; p)

are valid.

Proof. By making use of (2.6) and (1.4) and applying term-by-term fractional integration by virtue of the formula
(see, e.g., [23]) (

Iνc+
{

(t− c)β−1
})

(z) =
Γ(β)

Γ(β + ν)
(z − c)β+ν−1

,

(β, ν ∈ C,<(β) > 0,<(ν) > 0)

we have (
Iνc+

{
(t− c)β−1Êα,β(λ(t− c)α; p)

})
(z)

=

∞∑
k=0

(γ)k
Γ(αk + β)

B
(a,b;κ,τ)
p (σ + k, τ − σ)

B (σ, τ − σ)

λk

k!

(
Iνc+

{
(t− c)β+αk−1

})
(z)

= (z − c)β+ν−1
∞∑
k=0

(γ)k
Γ(αk + β + ν)

B
(a,b;κ,τ)
p (σ + k, τ − σ)

B (σ, τ − σ)

(λ(z − c)α)k

k!
.

Again using (1.4), we are led to the desired result (2.8) of Theorem 2.7.

Next, taking into account (1.4), (2.7), (2.8) and the second equality of Theorem 2.6, we have(
Dν
c+

{
(t− c)β−1Êα,β(λ(t− c)α; p)

})
(z)

=

(
d

dz

)n (
In−νc+

{
(t− c)β−1Êα,β(λ(t− c)α; p)

})
(z)

=

(
d

dz

)n {
(z − c)β+n−ν−1Êα,β+n−ν(λ(z − c)α; p)

}
= (z − c)β−ν−1Êα,β−ν(λ(z − c)α; p),

which gives (2.9).

Now, we shall discuss about extended Riemann-Liouville and Caputo fractional derivatives related to the
Êα,β(z; p) given by (1.4). Recently, Agarwal et al [4] and Agarwal and Agarwal [1] introduced the extended
Riemann-Liouville and Caputo fractional derivative operators respectively.

Definition 2.1. The extended Riemann-Liouville fractional derivative is defined as [4]:

Rν,p;κ,µz f(z)=
1

Γ(−ν)

∫ z

0

(z − t)−ν−1f(t)1F1

(
a; b;

−pzκ+µ

tκ (z − t)µ
)
dt, (2.10)

where <(p) > 0, <(κ) > 0, <(µ) > 0 and <(ν) < 0.
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Definition 2.2. The extended Caputo fractional derivative is defined as [1]:

Cν,p;κ,µz f(z) =
1

Γ(m− ν)

∫ z

0

[
(z − t)m−ν−1 (2.11)

× 1F1

(
a; b;

−pzκ+µ

tκ (z − t)µ
)
dm

dtm
f(t)

]
dt,

where <(p) > 0, <(κ) > 0, <(µ) > 0, m− 1 < <(ν) < m, m ∈ N.

In the case p = 0, (2.10) and (2.11) becomes classical Riemann-Liouville and classical Caputo fractional deriva-
tives, respectively.

Theorem 2.8. For <(τ) > <(σ) > 0,<(α) > 0, the following formula holds true:

Rσ−τ,p;κ,µz

{
zσ−1Eγα,β(z)

}
= zτ−1 Γ(σ)

Γ(τ)
Êα,β(z; p). (2.12)

Proof. Using (2.10) by replacing ν by σ − τ and applying on zσ−1Eγα,β(z), we obtain

Rσ−τ,p;κ,µz

{
zσ−1Eγα,β(z)

}
=

1

Γ(τ − σ)

∫ z

0

[
(z − t)τ−σ−1

× 1F1

(
a; b;

−pzκ+µ

tκ (z − t)µ
)
tσ−1Eγα,β(t)

]
dt.

Taking t = uz and considering integral representation (2.1), we get

Rσ−τ,p;κ,µz

{
zσ−1Eγα,β(z)

}
=

zτ−1

Γ(τ − σ)

∫ 1

0

[
uσ−1(1− u)τ−σ−1

× 1F1

(
a; b;

−p
uκ (1− u)

µ

)
Eγα,β(uz)

]
du

=
zτ−1

Γ(τ − σ)
B(σ, τ − σ)Êα,β(z; p),

which gives (2.12).

Theorem 2.9. For m− 1 < <(σ − τ) < m < <(σ),<(α) > 0, the following formula holds true:

Cσ−τ,p;κ,µz

{
zσ−1Eσ−mα,β (z)

}
= zτ−1 Γ(σ)

Γ(τ)
E

(σ,σ−m,τ ;a,b;κ,µ)
α,β (z; p). (2.13)

Proof. Using (2.11) by replacing ν by σ − τ and applying on zσ−1Eσ−mα,β (z), we get

Cσ−τ,p;κ,µz

{
zσ−1Eσ−mα,β (z)

}
=

1

Γ(m+ τ − σ)

∫ z

0

[
(z − t)m+τ−σ−1

×1F1

(
a; b;

−pzκ+µ

tκ (z − t)µ
)
dm

dtm

{
tσ−1Eσ−mα,β (t)

}]
dt

=
1

Γ(m+ τ − σ)

Γ(σ)

Γ(σ −m)

∫ z

0

[
tσ−m−1(z − t)m+τ−σ−1

×1F1

(
a; b;

−pzκ+µ

tκ (z − t)µ
)
Eσα,β(t)

]
dt.

Taking t = uz and considering integral representation (2.1), we have

Cσ−τ,p;κ,µz

{
zσ−1Eσ−mα,β (z)

}
=

zτ−1

Γ(m+ τ − σ)

Γ(σ)

Γ(σ −m)

×
∫ 1

0

uσ−m−1(1− u)m+τ−σ−1
1F1

(
a; b;

−p
uκ (1− u)

µ

)
Eσα,β(uz)du

=
zτ−1Γ(σ)B(σ −m,m+ τ − σ)

Γ(m+ τ − σ)Γ(σ −m)
E

(σ,σ−m,τ ;a,b;κ,µ)
α,β (z; p).

With little simplification, we obtain (2.13).
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3. Conclusion
In our present investigation, we introduced a new generalization of Mittag-Leffler function by using S-

generalized beta function. The importance of this generalization is that the new function satisfies most of the
properties of the original function and provides new relations. In addition, the new generalization ise very compat-
ible with fractional calculus. We concluded our present investigation by remarking that Mittag-Leffler function
plays very important role in finding of analytical solutions of the multi-term fractional diffusion equations, that’s
why the results presented in this paper are very important in application point of view.

Acknowledgment. A special case of S-generalized Mittag-Leffler function (1.4) when τ = γ was presented in
International Conference on Recent Advances in Pure and Applied Mathematics (ICRAPAM 2017).
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