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On the Quadra Fibona-Pell and Hexa
Fibona-Pell-Jacobsthal Sequences
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Abstract

In this paper, we consider the Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas sequences.
We introduce the quadra Fibona-Pell, Fibona-Jacobsthal and Pell-Jacobsthal and the hexa Fibona-Pell-
Jacobsthal sequences whose compounds are the Fibonacci, Pell and Jacobsthal sequences. We derive the
Binet-like formulas, the generating functions and the exponential generating functions of these sequences.
Also, we obtain some binomial identities for them.
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1. Introduction

Special numbers and the corresponding recurrence relations and their generalizations have many applications
to every field of science and they have many interesting properties [8, 9, 10]. One application of second order
linear recurrences occurs in graph theory [12]. Second order linear recurrences related to Fibonacci and Lucas
numbers and their generalizations are investigated in [6], [7], [11], [14]. Fourth order linear recurrences and their
generalizations are studied in [3], [4], [13], [15].

In [3] and [4] various fourth order linear recurrences and their polynomials are defined and studied.

In [15] the author define the quadrapell numbers and quadrapell polynomials as fourth order linear recurrences.

In [13] the author define the quadra Fibona-Pell integers sequences and she gives some algebraic identities.

In the present work we consider fourth and sixth orders linear recurrences and we define the quadra Fibona-Pell,
Fibona-Jacobsthal and Pell-Jacobsthal and the hexa Fibona-Pell-Jacobsthal sequences. We give some properties of
them.

The Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas sequences {F,}, {L.}, {P.}, {pn}, {Jn}
and {j,} are defined by two order recurrences for n > 0, respectively,

Fn+2:Fn+1+Fna

Ln+2 = Ln+1 + L’IL7

Pn+2:2pn+1+Pna

Pnt2 = 2Pnt1 + Pn,
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Jn+2 = Jn+1 + 2Jna

jn+2 = jn+1 + 2jn>

with the initial conditions are given as follow, respectively,

Fy =0,
Lo=2,
Py =0,
Po = 2,
Jo = 0,
Jo =2,

and

and

and

and

and

and

=1,
L=1,
P=1,
p1 =1,
Ji=1,
s1=1L

The first few members of this sequences are given as follow, respectively,

n |0]1]2]|3] 4|5 6 7 8 9 10 11
F, 1011|1123 |5 8 13 | 21 34 55 89
L,|2|1|3|4| 7 (11| 18 | 29 | 47 76 123 199
P, 101251229 | 70 | 169 | 408 | 985 | 2378 | 5741
pn | 2114192253128 | 309 | 746 | 1801 | 4348 | 10497
J, 011|135 |11 |21 | 43 | 8 | 171 | 341 683
gn | 2115|717 |31 | 65 | 127 | 257 | 511 | 1025 | 2047

Table 1. The first few members of this sequences

The recurrences involve the characteristic equations, respectively,

The roots of the equations are as follows, respectively,

22 —r—1=0,

y?—2y—1=0,

22— 2-2=0.

1+5
2

y=1+Vv2 and 6=1-2

A=2 and p=-1.

Then the following equalities follow directly from Vieta’s formulas, respectively,

ath=1,

C{—B:\/E,

Oéﬁ = _17
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Y+6=2, y-6=2V2, y5=-—

Adpu=1, A—pu=3, Iu=-2

Moreover, the Binet formulas for the Fibonacci, Lucas, Pell, Pell-lucas, Jacobsthal and Jacobsthal-Lucas sequences
are, respectively,

Fnzﬂ,
a—p
Ln:an+ﬁn7
p=r=
)
pn=7"+0"
)\n
Jn: /1"
A—p
Jn = A"+ pu"

The generating functions for the Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas sequences
are, respectively,

oo

Zan 1—5—9627

1w — 22

_ 2 —3x
T 1—2z— 22

= x
= Jnn: ;
; v 1—a— 222

D
In 1—xz— 222

The exponential generating functions for the Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas
sequences are, respectively,

eaT _651 e F, .
Bre) = — 5= = 257

)
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oo Ln
Ep(z) = e + " = Z Fm",
n=0

E,(z) = 7" + €% = Pn "
n!
n=0
Az nx s J
e e n
E _ — nan,
J(x) A\ — L ngo n

oo .
J,
E(x) = N 4 et = —';m"
n!
n=0

The Fibonacci, Pell and Jacobsthal sequences and identities in the above passage are available in [1],[2],[5],[8] and

[9].

2. New Sequences

In this section we aim to obtain new sequences have the roots of the characteristic equations of Fibonacci, Lucas,
Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas sequences. Then we will examine the situation of these new
sequences in different initial conditions, find the Binet-like formulas and reach the generating functions. Similar
investigations were given in [13, 15, 16]. In [15] the quadra pell numbers are defined and some properties are given.
In [13] the Fibona-Pell integer sequence is defined and some algebraic identities are obtained. In [16] the Quadra
Lucas-Jacobsthal Numbers were investigated.

2.1 The Quadra Fibona-Pell Sequence
Definition 2.1. The quadra Fibona-Pell sequence {/'P,}, -, is defined by a fourth order recurrence;

FP,.y=3FP,,3—3FP,,1 — FP, (2.1)
with the different initial conditions FPy =0, FP, =0, FP, =1, FP; = 3.

The first few members of this sequence are given as follow ;

n |[0|1[2[3|4|5 |6/ 7 8 9 10 | ...
FP, 0|0 |1]3|9|24|62]|156 | 387|941 | 1512 | ...
Table 2. The first few members of the quadra Fibona-Pell sequence

If we take the different initial conditions, we generate the certain number sequences as follows;

n 011213 Numbers
FP, | 0]|1]1]| 2| Fibonacci numbers
FP, 21|34 Lucas numbers
FP, |0|12]5 Pell numbers
FP, |2|1]|4]|9 | Pell-Lucas numbers

Table 3. The first few members of the different initial conditions

The characteristic equation associated to the recurrence relation is

rt =3 +3r+1=0. (2.2)
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The roots of the equations are as follows

1+2\/5, 52172\/5, y=1++v2 and §=1-V2.

o =

Then the following equalities follow directly from Vieta’s formulas
a+8+y+0=3 and afyd=1.
Theorem 2.1. The Binet-like formula for the quadra Fibona-Pell sequence is

FP, =a1a" + ax8" 4+ azy" + a4d",

where,
o= 3= (BHr+9)
YT (a-B)a—y)(a—d)
o — 3—(a+~v+9)
T BB -B -0
o 3—(a+p+9)
T (v—a)(y—B)(y—d)
0r — 3—(a+B+7)

(0 —a)(6=B)(0—7)

such that «, 8, -y and § are the roots of the characteristic equation of the quadra Fibona-Pell sequence.

Theorem 2.2. The generating function for the quadra Fibona-Pell sequence is

00 2
Grp(z) =Y FPa" = °
n=0

- 1—-3z+4 323+t
Proof. The proof can be given in a similar way of the proof of Theorem 2.14. O

The generating function of the quadra Fibona-Pell sequence is the multiplication of the generating function of
the Fibonacci and Pell sequence as seen following,

Gr(z)Gp(x) = ( ’ ) ( - ) i = Grp(z)

1—2— 22 1—2x — 22 :1—3x+3z3+z4

Theorem 2.3. The exponential generating function for the quadra Fibona-Pell sequence is

>~ FP,
Erp(z) = a1e™ + a2eP? + aze’® 4 age’® = Z 7|xn'
— nl
Proof. The proof can be given in a similar way of the proof of Theorem 2.15. O

Theorem 2.4. The sum of the first n terms of F'P, is

- FP,+4FP, | +4FP, o+ FP, 3+1
Z Fp, — + 1+ 2+ 3+

5 , n>3.

=0

Proof. The proof can be given in a similar way of the proof of Theorem 2.16. O
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2.2 The Quadra Fibona-Jacobsthal Sequence

Definition 2.2. The quadra Fibona-Jacobsthal sequence {F'J, },,, is defined by a fourth order recurrence;

FJn+4 = 2FJn+3 + 2FJn+2 - 3FJn+1 - 2FJn
with the different initial conditions F'Jy =0, FJ; =0, FJy =1, FJ3 = 2.

The first few members of this sequence are given as follow ;

n (012345 ]|6|7]| 8 9 | 10
FJ, | 0]0]|1|2]6]|13]|30| 64| 137 | 286 | 594
Table 4. The first few members of the quadra F1bona-]acobsthal sequence

If we take the different initial conditions, the certain number sequences are generated as follows;

n 0|1]2|3 Numbers
FJ, 0|1]|1]2 Fibonacci numbers
FJ, |2 |1|3]|4 Lucas numbers
FJ, 0[1]1]3 Jacobsthal numbers
FJ, | 2|1|5]| 7| Jacobsthal-Lucas numbers

Table 5. The first few members of the different initial conditions

The characteristic equation associated to the recurrence relation is
pt—2p® —3p* +4p+2=0.

The roots of the equations are as follows

5 =—5 A=2 and p=-1.

Then the following equalities follow directly from Vieta’s formulas
a+B+A+pu=2 and afiu=2.
Theorem 2.5. The Binet-like formulas for the quadra Fibona-Jacobsthal sequence is

FJ, =bia”™ +b8" + b3 \" + b4u”,

where,

by — W+A+m
(a X (e —p)’

by — —(a+ X+ )

T (B-a)B-NB-w

by — —(a+B+p)
A—a)A=B)A—pn)’

by — —(a+ B+ N

.=

W*MW B —A)’

such that o, B, A and p are the roots of the characteristic equation of the quadra Fibona-Jacobsthal sequence.

Theorem 2.6. The generating function for the quadra Fibona-Jacobsthal sequence is

.172

1—2x — 222 + 323 + 224"

GFJ ZFJ:E

n=0

(2.3)
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Proof. The proof can be given in a similar way of the proof of Theorem 2.14. O

The generating function of the quadra Fibona-Jacobsthal sequence is the multiplication of the generating function
of the Fibonacci and Jacobsthal sequence as seen following,

x T x?
Gr(@)Gy(z) = (1—1:—:52) <1—x—2x2) 1 — 22 — 222 + 323 + 224 = Gry(@)-

Theorem 2.7. The exponential generating function for the quadra Fibona-Jacobsthal sequence is

EFJ(CU) = b1 + b265£ + b3e)“ + byet® = Z - n
n=0
Proof. The proof can be given in a similar way of the proof of Theorem 2.15. ]

Theorem 2.8. The sum of the first n terms of F P, is

. n n— n— n— ].
ZFJZ':FJ +3FJ,_1+5FJ,_2+2FJ,_35+ C n>3.

‘ 2
=0

Proof. The proof can be given in a similar way of the proof of Theorem 2.16. O

2.3 The Quadra Pell-Jacobsthal Sequence
Definition 2.3. The quadra Pell-Jacobsthal sequence {PJ,}, -, is defined by a fourth order recurrence;

PJn+4 - 3P<]n+3 + PJn+2 - 5PJn+1 - QPJn (25)
with the different initial conditions PJy, =0, PJ; =0, PJy =1, PJ3 = 3.

The first few members of this sequence are given as follow ;

n [0]1]2[3]4]5]|6]| 7 8 9 10 | ...
FJ, | 0]0]|1|3]10|28 |77 |203 | 526 | 1340 | 3377 | ...
Table 6. The first few members of the quadra Pell-Jacobsthal sequence

If we take the different initial conditions, we obtain the certain number sequences as follows;

n 01213 Numbers
PJ,|0|1]2]|5 Pell numbers
PJ, | 2|1[14]9 Pell-Lucas numbers
PJ,|0|1]1]|3 Jacobsthal numbers
PJ,|2]|1]|5]| 7] Jacobsthal-Lucas numbers

Table 7. The first few members of the different initial conditions

The characteristic equation associated to the recurrence relation is
¢' =3¢ —¢* +5¢+2=0. (2.6)
The roots of the equations are as follows
y=14V2, 6=1-+v2 A=2 and pu=-1.
Then the following equalities follow directly from Vieta’s formulas

Y+5+A+p=3 and ~oAu=2.
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Theorem 2.9. The Binet-like formula for the quadra Pell-Jacobsthal sequence is

PJ, = 17" + 0™ 4+ 3 A" + e,

where,
o 3—(0+A+np)
=0 - N0 -
o 3=+ A+ )
TN -NE )
o 3—(y+d+np)
T A=A =) (A —p)’
3= (y+d+N)
Cq =

(h =) =0)(n=A)

such that ~, 6, A and p are the roots of the characteristic equation of the quadra Pell-Jacobsthal sequence.

Theorem 2.10. The generating function for the quadra Pell-Jacobsthal sequence is

o0 2
Gpy(z) = Z PJ,x" = v
n=0

© 1— 3z — 22+ 523 + 224"
Proof. The proof can be given in a similar way of the proof of Theorem 2.14. O

The generating function of the quadra Pell-Jacobsthal sequence is the multiplication of the generating function
of the Pell and Jacobsthal sequence as seen following,

Gr()Ga(a) = (2 t )= - ~ Gpy@)
PAEJAIAE) = 1— 2z — 22 1—2—222) 1—3z—22+523+ 224 PJ\®

Theorem 2.11. The exponential generating function for the quadra Pell-Jacobsthal sequence is

oo
PJ,
Epj(z) = e + 2€% + c3e™ 4 ¢yt = E 'n z".
n!
n=0

Proof. The proof can be given in a similar way of the proof of Theorem?2.15. O

Theorem 2.12. The sum of the first n terms of P.J,, is

i P — —PJpia+ 2P 3+ jPJn+2 —2PJpy1 + 1’ >0,
=0
Proof. The proof can be given in a similar way of the proof of Theorem 2.16. O

2.4 The Hexa Fibona-Pell-Jacobsthal Sequence
Definition 2.4. The hexa Fibona-Pell-Jacobsthal sequence K, are defined as follows;

Kn+6 = 4Kn+5 - Kn+4 - 9Kn+3 + 2Kn+2 + 7Kn+1 + 2Kn (27)

with the different initial conditions Ky =0, K1 =0, Ko =0, K3 =1, K, = 4, K5 = 15.
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The first few members of this sequence are given as follow;

n |[0]|1]2|3|4|5]| 6| 7 8 | ...
K,|0|0|0|1|4|15|47 139|389 ...
Table 8. The first few members of the hexa Fibona-Pell-Jacobsthal sequence

If we take the different initial conditions, the certain number sequences are generated as follows;

n |[0[12]|3]| 4|5 Numbers
K,|0]1]1|2| 3|5 Fibonacci numbers
K,|2|1|3]|4| 7 |11 Lucas numbers
K,|0]1]2|5|12]29 Pell numbers
K, |2]1]|4]|9|22|53 Pell-Lucas numbers
K,|0|1|1]3]|5 |11 Jacobsthal numbers
K, |2|1]|5]|7] 17 | 31 | Jacobsthal-Lucas numbers

Table 9. The first few members of the different initial conditions

The characteristic equation associated to the recurrence relation is
0 —atd 4t 4ot — 22 — Tt —2=0. (2.8)
The roots of the equations are as follows

1++5 1-+5
a = P ) B: D) )

Then the following equalities follow directly from Vieta’s formulas

ot

y=1++v2, 6=1-+v2, A=2 and p=-1.

a+B8+v+0+A+pu=4 and afyérp= -2
Theorem 2.13. The Binet-like formula for the hexa Fibona-Pell-Jacobsthal sequence is
K, =dia™ + daf" + d3y™ + dyd" + ds N\ + dep”.
where, the coefficients d;’s are uniquely defined by the following relations,
di+dy+ds+dys+ds+ds =0
dia + doff + dsy + dad + dsA + dgp = 0
di0? + dof8% + ds3y? 4+ dyd? + dsA\? + dgp® =0
d10® + do B + dzy® + dad® + dsN® + dep® = 1
diot 4+ dof + dsy* + dydt + ds At + dep* = 4
di10® + do8° + d3y® + dud® 4+ ds\® + dgp® = 15
such that o, 8, 7, §, A and p are the roots of the characteristic equation of the hexa Fibona-Pell-Jacobsthal sequence.

Proof. Assume that
K, = 210" + 298" + 237" + 240" + x5 A" + z6u”.

where o, 3,7, 6, A and p are roots of the characteristic equation of the hexa Fibona-Pell-Jacobsthal sequence and d;’s
are un-known parameters. Talking n = o, 1,2, 3,4, 5 we have the system of lineer equations below

1 +rot+x3+T4+a5+25=0

10+ 9 + 37y + x40 + x5A + 2600 =0

2102 + 2902 + 237% + 2467 + x5 N2 + 262 =0
2108 + 293 + 237> + 240 + 2N 2’ =1
w0t + 298 + a2yt + 240t + 250 + gt =4
z10° + 296° + 237" + 240 + TN + zgp® = 15
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By the simplicity of the roots of the hexa Fibona-Pell-Jacobsthal sequence, the determinant of the system of the
linear equations above is different from zero. Hence, the system of the linear equations above has uniquely solition,
namely, dy, ..., dgs. This completes the proof of the theorem. O

Theorem 2.14. The generating function for the hexa Fibona-Pell-Jacobsthal sequence is

3

— A4z + 22 + 923 — 224 — Txd — 226"

Gk(x) = T;)Knx” =1
Proof. Let

GK(m):ZKnx":K0+K1m+K2m2+K3m3+~-~+Knx”—|—...
n=0

be the generating function of the hexa Fibona-Pell-Jacobsthal sequence. Multiply both of side of the equality by the
term —4z, 22 92°, —22%, —725 and —225, respectively, such as
—4rGy (z) = —4Kor — 4K 2% — 4Kyx® — 4Kz — -+ — 4K, 2" + ..
22G () = Koo? + K12 + Kox* + Kax® + -+ Ka" ™2 ..
923Gk (z) = 9Ko2® + 9K 2t + 9K22® + 9K328 + -+ + 9K,a" 3 4 ..

72x4GK(m) = 2Koz* — 2K 2% — 2Kox® — 2K52” — - — 2K, 2"t + ...
—T1°Gk (x) = —TKox® — TK 2% — TKyx" — TK3a® — - — TK,2" ™ + ...
—2x6GK(x) = —2Kp2% — 2K 27 — 2Ko2® — 2K52° — - — 2K, 2"t 4+ ...

Then, we write Let's T = (1 — 4z + 22 4+ 923 — 22* — 72% — 225) G (7).

T =Ko+ (K) —4Ko)zx + (Ky — 4K, + Ko)x? + (K3 — 4Ky + Ky 4+ 9K()2*+
+ (K4 — 4K3 + Ko + 9K — 2Ko)z* + (K5 — 4K, + K3 + 9K — 2K, — TK()x®
+ (K¢ — 4K5 + K4+ 9K3 — 2K, — TK; — 2Ko)2% + ...
+ (Kp —4Kp 1+ Kpo4+9K,-3 —2K,,_4 —TK,,_5 — 2K, _¢)z" + ...

Now, by using the initial conditions of the hexa Fibona-Pell-Jacobsthal sequence and
K, —4K, 1+ K, o+ 9K, 3 —2K, 4 —TK, 5 — 2K, ¢ =0,
we obtain that

]
1,3

T 14z + 22 + 928 — 224 — 745 — 226

Thus, the proof is completed. O

We note that the generating function of the hexa Fibona-Pell-Jacobsthal sequence is the multiplication of the
generating functions of the Fibonacci, Pell and Jacobsthal sequences as seen following

x x x
Gr(@)Gr(@)Gy(z) = (1—x—x2> <1—2x—x2> (1—x—2x2>
1 —dx+ 22 4 923 — 204 — Tad — 226

= GK(I')

Theorem 2.15. The exponential generating function for the Fibona-Pell-Jacobsthal sequence is

oo

KTL n

Ex(x) = die®® + dae™ + dse™ + dge™ + dse™” + dge'™ = e

n=0
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Proof. We know that,

n.n e n N X n..n X sn
ar __ a"T Bx /8 z yr __ 7r oxr __ o"x
© = TR nl € n! "’ N n! ’
n=0 n=0 ’ n=0 n=0
)
AP Mnxn
AT — g and e*”
n! !
n=0 n=0

Multiplying each side of the identities, respectively, by d1, da, ds3, d4, d5s and dg and adding of them, we obtain that
EK(.’L‘) = die*” + dgeﬂ"c + d3e™ + d4€63c + d5€/\x + dget®
= 1
=) (d1a" + doff" + d3a” + duf” + ds\" + dop") — 2"
n.

=0
o)

n

— K’Vbxn.
Z n!
n

O
Theorem 2.16. The sum of the first n terms of K,, is
= Knie —3Kn5 — 2K, 7K, 5Kpio— 2K, —1
ZKi: +6 +5 +4+4 +3t +2 +1 Cn>0
i=0
Proof. We know that
Kni6=4Kny5 — Knta — 9K g3 + 2K 40 + 7K1 + 2K,
So,
2K, + 2K 41 = Kpyo — 4K 45 + Kyya + 9K, 13 — 2K, 40 — 5K 4.
Applying to the identity above, we deduce that
9Ky 4+ 2K, = K¢ — 4K5 + K4 + 9K3 — 2Ko — 5K,
2K1 4+ 2Ky = K7 — 4K+ K5 + 9K4 — 2K35 — b Ko,
2Ko +2K3 = Kg —4K7 + K¢ + 9K5 — 2K4 — 5K3,
2K, 1+ 2K, = Kn+5 - 4Kn+4 + Kn+3 + 9Kn+2 - 2Kn+1 — 5Ky,
2K, + 2Kn+1 = Kn+6 - 4Kn+5 + Kn+4 + 9Kn+d - 2Kn+2 - 5Kn+1
If we sum of both of sides of the identities above, we obtain,
4(K0 + K1 + K2 + - + Kn) + 2Kn+1 - 2K() = Kn+6 - 3Kn+5 - 2Kn+4
+ 7Kn+3 + 5Kn+2 —1.
Hence, we get the desired result. O

3. Conclusions

In this paper, we define new compound sequences as Fibonacci, Lucas, Pell and Pell-Lucas (Quadra Fibona-Pell),
Fibonacci, Lucas, Jacobsthal and Jacobsthal-Lucas (Quadra Fibona-Jacobsthal), Pell, Pell-Lucas, Jacobsthal and
Jacobsthal-Lucas (Quadra Pell-Jacobsthal) and Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas
(Hexa Fibona-Pell-Jacobsthal) sequence. We prove that their characteristic equation is a multiplication of the
characteristic equations of Fibonacci, Pell and Jacobsthal. We showed that by certain initial conditions from these
sequences we derive all of compound sequences: Fibonacci, Lucas, Jacobsthal, Jacobsthal-Lucas, Pell and Pell-
Lucas. We gave the Binet-like formula for quadra Fibona-Pell, quadra Fibona-Jacobsthal, quadra Pell-Jacobsthal
and hexa Fibona-Pell-Jacobsthal sequences. Finally, we obtain their generating functions. Also, we see that the
generating functions of these sequences arise from the multiplication of the generating functions of Fibonacci, Pell
and Jacobsthal sequences.
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