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H ;™" Srivastava Hypergeometric Function

Oguz Yaga

Abstract

Formulas and identities involving many well known special functions (such as the Gamma and Beta
functions, Gauss hypergeometric function, and so on) play important roles in themselves and their diverse
applications. In this paper, we will add 71, 72, 73 parameters to the Hp Srivastava hypergeometric function
and we introduce new H"™™ Srivastava’s triple 7-hypergeometric function. Then, we present some
properties of the H'™ ™ Srivastava’s triple 7-hypergeometric function.
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1. Introduction

In this paper, N, Z~, and C denote the sets of positive integers, negative integers, complex numbers,respectively.Also

Ny and Z, represent th sets of positive integers and complex numbers byexcluding origin,respectively.(Ny := N
u{0}tand Z; :=7Z~ U{0}.)
The classical Gamma function I'(z) defined by [18, 20, 22, 23],

D) = / F=letdt  (R(z) > 0). (11)

0

The familiar Beta function B (z, y) is a function of two complex variables  and y, defined by Eulerian integral
of the first kind [18, 20, 22, 23],

1
B(z,y) = /t‘”‘l (1—t)Y 't (1.2)
0

Srivastava [21, 24, 25] noticed the existence of three additional complete triple hypergeometric functions of the
second order; of which Hp is defined as [11-13, 22, 23, 26]:

Hp [, B1, B2; 71, V2,735 T1, T2, T3] (1.3)

oo

_ Z (D msp B ngn (B2) gy o 28 2

mameo (M (02), (73),  ml ol pt”
(|lei] < ry)ze] < sy |zg| < t,r+s+t=1+st).

There,C and Z; denote the set of complex numbers and the set of nonpositive integers respectively.Here (), is the
Pochhammer symbol is defined by (A € C) [18, 20, 22, 23];

_T(A+n) 1 (n=0)
(/\)n'p()\){(A)(A—&-l)...(A—I—n—l) (neN)
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where I being well-known Gamma functions (1.1).
In 2001, Virchenko et al. [30, 31] have studied and investigated the following generilazied 7-hypergeometric
function:

i (@), T'(b+7n) 2" (15)

R7(a,b;c; = oRi(a,b;
oRT (a,b;¢; 2) oR1(a,b;c;7; 2) T ot ) )

C
b n:O
(r > 0,]z| <L,R(c)>R(b) >0)

They gave the Euler type integral representation as follows [30, 31]:

1
oRi(a,bye;7y2) = b p— /tb LA =) 1=t " dt. (1.6)
0
(> O;]arg(l —2)| < m, R(c) > R(b) > 0)

The special case when 7 = 1in (1.5) and (1.6) give the familiar representations of Gauss’s hypergeometric functions
[7,8,18, 20,22, 23].

Furthermore,Al-Shammery and Kalla [4] introduced and studied various properties of second 7-Appell’s
hypergeometric functions as:

T I
Fy™ [, By, Bas i, 2 @1, 2] = IM (1.7)
- )T (B2 + omg) " x5

(a)m1+m2r(ﬂl + Tmy
x>
I (y1 +71ma) T (2 + 1ams2) my! mo!

ml,m2:0

(11,72 >0, |z1| + [22] < 1).

The interested reader may be referred to several recent papers on the subject [10, 16, 17, 27, 30, 31]. The special case
when 7 72 = 1in (1.7) give the familiar representations of Appell’s hypergeometric function[4, 5, 14, 15, 17, 18, 20,
22,23].

However, recently there has been an increasing interest in and widely extended use of differential equations
and systems of fractional order (that is, of arbitrary order), as better models of phenomena of various physics,
engineering, automatization, biology and biomedicine, chemistry, earth science, economics, nature and so on.
The extensions of a number of well-known special functions were investigated recently by several authors [see.
[1-3,6-9,19, 28, 29, 32]].

In a sequel to the aforementioned work by Sahin et al. [27], we aim here is to introduce H ;™™ Srivastava’s triple
T-hypergeometric function. After, we will present some properties of this function such as integral representations,
partial differential equation, derivative formula and recurrence relations.

2. The Srivastava’s H;'™"™ Triple T-Hypergeometric Function

By adding parameters 71, 72, 73 to a known Hp (¢, 1, B2; 71, ¥2,73; &1, L2, T3) Srivastava hypergeometric function,
new H;" ™™ (a, 1, B2; 71, 72,73; 1, T2, T3) Srivastava’s triple 7-hypergeometric function defined as:

L(y)T (1) T (73)
['(B1) T (B2)
y Z mﬂ, L(B1+7mim+n)I (B2 + Ton + 73p) 27 2 2h

(v +7m)T(y2+7mn)T(y3 +73p) m! nl pl’

HZ™7™ a, Br, By 11, 72,735 T1, T2, T3] = (2.1)

m,n,p=0

(71,7'2,7'3 > 05|z < 7y |xe| < s, |zs) <t,r—|—5—|—t—|—2\/rst:1).

The special case when 71 72 73 = 11in (2.1) give the familiar representations of Srivastava’s Hp triple hypergeometric
function[4, 5, 13, 15].
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2.1 Integral Representation of H}'™>'™ Srivastava’s T-Hypergeometric Function
In this section we give some integral representations of H ™" Srivastava’s triple 7-hypergeometric function.

Theorem 2.1. The following integral representations hold true :
T1,T2,73 . . _ 1
HB [0,51,527’71772a’}’3,xl,m,xs} = I‘(a)F(b’l) (22)
X / / o lghimlemt=s (BT (=i ts™ay) @327 (Bos ye, vs; sxa, tas) dids,
o Jo
(Tl,T27T3 > 0, %(5172) < 1,%(1’3) < L%(OZ) > 0, ?R(ﬁl) >0 ),
where ®32°™ is one of the confluent forms of T—Appell series in two variables defined by [4],

o ZOO (B2)ryniryp  (s2)" (tas)?
@22’ : (ﬂ2;72573;51:2’tx3) = (72) (:;3)31) ( TLQ') ( p:?) ’ (23)
Ton Tap ! !

n,p=0

(11,72 > 0, R(a) > R(b) > N(c) > 0),

and

T1,T2,T: 1
HB, 28 [%Bla52%'71»’72/73%351;372,1‘3] = F(Oé)F(Bl)F(ﬂQ)

oo o (o)
[T e
0 0 0

X0y (—sy15ts™an) o7 (—; s sv™xy) oF) " (=515 tv™ay) dtdsdv
(11, 72,73 > 0, R(z2) < 1,RN(z3) < 1,R(a) > 0,R(B1) > 0).

(2.4)

Proof. Using the equation(1.4) in (2.1) we get,
1
HTI’T2’T3 . . —
B [avﬁla62771;72773ax1ax27x3] F(a)F(ﬁl)
i F(a+m+p)F51+T1m+n) (52)T2n+7'3p ﬁﬁﬁ
(V) rim(12)7an ('73)731, m! n! pl’

m,n,p=0

Replacing the values I' (a« +m + p) and I'(8; + mm + n) from the equation(1.1),the desired result can be ob-
tained.Then, the similar way we can easily get (2.4). O

The special case when 71 72 73 = 1 in (2.2) and (2.4) give the familiar integral representations of Srivastava’s Hp
triple hypergeometric function [21-23]. Also, the special case of (2.3) when 7, 73 = 1 is seen to yield the confluent
hypergeometric function [18, 20, 22, 23].

Theorem 2.2. The following integral representations hold true :

T1,72,T: 1
Hp ™™ [, Br, B2; 71,72, V33 T1, T2, T3] = Blas—a) (2.5)

1
% /ta71(1 o t)sfocleg,'rz,Ts [8,51,62;71772773;xl’x%x:;] dt ’
0
(7'1,7'2,7'3 > 0, §R(x2) < 1,§R($3) < 1,§R(OZ) >0 ),

T1,7T2,T: 1
Hp ™™ [a, Br, B2; 11,72, V35 1, T2, T3] = B(Br.s—Br) (2.6)

1
X /tﬁlfl(l — ) RTINS (o s Bos 1, Yo, Y3 41, 2, 3] dE
0

(7‘1,7’2,7'3 > 0, §R(l’2) < 1,§R($3) < 1,%(51) > 0),
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1
HE ™7™ o, Br, Bai Y1, V2,733 1, T2, T3] = BBars — Ba)
29 - P2

1
8 /tﬁ%l“ — 1) P HE T (o, By, 8591, Y2, V85 @1, T2, @3] dE
0

(7'1,7'2,7'3 > O, m(lﬂg) < 1,%(1’3) < 1,%(52) > 0),

1
2T . : = =~
B [Oé,ﬁl,/@%71,72,7371‘1,%2,333] B(S,’Yl —S)
1
X /ts_l(l — t)’yl_s_lliglﬂ—z,T3 [a761aﬂ2; 57’}/2”}/3;.’1,‘1,1'2,133} dt 4
0

(Tl,Tg,Tg > 0, 3%(31‘2) < 1,%(1‘3) < 1,%(’71) >0 ),

1
HE ™7™ [, Br, Bas 71,72, V33 1, T2, T3] = B(s, 72 — 5)
1
X /t571(1 7t)’y27371H§1’T27T3 [aaﬂlaﬂ2;7175;x13t7—2x27x3] dt 4
0

(Tl,’TQ,Tg > 0, §R(.’E2) < 1,%($3) < 1,%(72) >0 ),

1
HE ™" o, Br, B2 11572, 735 21, T2, 23] = Blsiys —s)
)
1
x /ts—l(l — )T T HE T o B, Bas 1, 2, 501, w2, s dE
0

(T17T2,T3 > 0, %(.’Eg) < 17%(.%3) < 1,%(73) >0 ),

HE ™7™ [, Br, Bas 71, Y2, 735 1, T2, 23]
1

B(B2,73 — B2)B(B2 + m3p, y2 — P2 — T3p)

1 1
X //t52—1uﬁz—1(1 _ t)’va—ﬂ2—1(1 _ u)72—52—1
0 0

x| P o dtdu
gt (1—uT2x2)71(1—(1i—“u) 3)

(Tl,TQ,Tg > 0, §R(x2) < 1,%(%3) < 1,%(&2) > 0,%(’}/3 — 62) > 0),

2.7)

(2.8)

(2.10)

2.11)
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HE ™7™ o, Br, Bai V1, V2,733 1, T2, T3]
1

B B(B2,7v3 — B2)B(B2,7v2 — B2)B (1,71 — b1)

1 1 1

x///tﬂz—luﬁrlvﬂrl (2.12)
0O 0 0
x(1—

t)Ws—ﬂz—l(l _ u)’yz—ﬁz—l (1 _ ,U)’Ylfﬁzfl

x(1—umxe) P11 — ( o )TS x3)""

1—u

—x

v dtdudv .

(1 — uT2x2)‘F1(1 — (1t_—uu)7—3 333)
(11, 72,73 >0, R(z2) < 1, RN(z3) < 1, N(B1) > 0,R(B2) > 0,RN(y3 —B2) >0),

x| 1-—

Proof. From the equations (1.4) and (2.1), we have

HE ™7™ [a, Br, Bai V1,72, 133 T1, T2, T3] (2.13)

(oo}

_ Z (5)m+p (a)m+p (61)71m+n (52)7—2”4_7_3]7 ﬁﬁxﬁ
(S)erp (’71)7’1’”@(72)7‘27} ('73)7-31, m! n! p' :

m,n,p=0

If we consider the following equality and using definition of Beta function in equation (1.3),

(a)m-i- 7B(a+m+p,sfa)
p_ i), (2.14)

()mtp

the (2.5) is obtained.Then, we easily can obtain the equations (2.6) — (2.11) in similar ways. Substituting the
following equality (1.6),

1
| a5 B-1 T

F x /uﬁl u)’” 1—u"2)du

21{ 5 ] 577 ﬁo ( )

into (2.11), we get the desired result (2.12). O

The special case when 7,72, 73 = 1in (2.5) -(2.12) give the familiar integral representations of Srivastava’s Hp
triple hypergeometric function [12, 13].

Theorem 2.3. The following Euler integral representation holds true:

HE ™7™ [a, Br, Bai V1,72, 733 T1, T2, T3] (2.15)
1

BB, —P1)B(A =y +B1,m+v—B1—1)B(B2,73 — f2)

1 1 1
X ///uﬂl_lvgl_'“w@_l(l _ u)71—73—51+52(1 _ U)A’I%’Z*BIH
0 0 0

X (1 —zu™ — z3w™) " (1 — 200™) P dudvdw
(7'1,7'2,7'3 > 0, §R(’}/1 — ﬁl) < 1,%(ﬁ1) > 1,%(’}/1 + 72— 61) > 1,?}?(62) >0 )

Proof. From the definitions of H ™™ [a, 1, B2; 71, V2, V3; 1, T2, T3] Srivastava’s triple 7-hypergeometric function
(2.1) and the second 7-Appell’s hypergeometric functions (1.7), we get,

B)n (B2) (2.16)

Tomn

o0
By (
Hp ™™ [a, B, B2; 71,725 135 ¥1, Ta, T3] = Z ( )
N 71
nl

XF27'1,-,7'3 [, B1 + 1, B + Tom; ’71,73755171'3]
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In [4], we have the following equation :

1
Fy T [, B, Bos i, vas @, ars] = 2.17
2" | 1,3] B (B1,7m — B1) B (82,73 — f2) @17)
11
% //t51—1852—1 (1— t)71,51,1 (1— 8)73*&71
00
X (1 —x1t™ — w38™) " * dtds.
Using (2.17) and making necessary arrangements in (2.16), we get,
T1,T2,T. 1
HBI) 2T [01751,52;’}/1,’72,’)/3;{171,!@2,333} - B( (218)

Bism — B1) B (B2,73 — B2)

11
% //uﬂl—lwﬁz—l(l _ u)w—ﬂl—l(l _ w)’vs—ﬂ2—1

0 0
X (1 —zqu™ — zg0™) "¢ QRIZ [B1, B2; 725 x2uw (1 — u)] dudw.

Afterwards, using the integral representation of the 2 R; from (1.6) and putting into (2.18), we can be obtained
(2.15). O

The special case when 7 75 73 = 1 in (2.15) give the familiar integral representations of Srivastava’s Hp triple
hypergeometric function [12, 13].

Theorem 2.4. The following integral representations hold true :

Hglﬂ—zﬂ—s [04,61’52;’Yla’Y27’Y3§$1a$27$3] (219)
C(l—my) (- ™
I'(a)L(B1)

oo o0
Toxzuv™
X/\/e*ufvuaflvﬂlfl OF1T1 —i71; 2 ‘?1
o0 (1—.’)33) (1—5(}2)

T2
XoF? | =572 xgxiu . dudv.
(1 — 1‘3) (1 — .232)

(11, 72,73 > 0, R(z2) < 1,N(z3) < 1,RN(a) > 0,R(B1) >0),

Proof. If we put B2 = 72, 1 = zaz3 and using P7>™ (ya2;72,73; ST2, tag) = 25738 (F2 (—; o5 w0x3) in (2.2), we
get,

. 1
HE ™™ |, B, B2; 71,72, 13; T1, T, T3] = ()T (B1)

I'(61)
00 00
x//efs(lfmg)ft(lfmg)tozflsﬁl71
0 0

XoFT (=713 ts™ @) oF7? (=723 wawst” s) dids.

(2.20)

Setting ¢ (1 — x3) = wand s (1 — x2) = v in (2.20), we are led to the desired integral representation of (2.19). O

The special case when 71 72 73 = 1 in (2.19) give the familiar integral representations of Srivastava’s Hp triple
hypergeometric function[12, 13].

2.2 Partial Differential Equations

Here, we will give partial differential equations for H ™’

™ Srivastava’s triple T-hypergeometric function.
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Theorem 2.5. The following system of partial differential equations hold true:
[0(r0+m—1), —21(0+¢+a) (b +e+p1), | HF ™™ =0

[o(rap+d+72—1), —z2 (b4 0+ B1) (ap+ ¢+ Ba), | H ™™ =0 2.21)
[p(e+mo+rs—1), —23(0+0+0)(p+ 130+ B2) Hy ™™ =0

d

d d
w;’lere, 0= "Elm, Y = xQTmz and (b = ‘T?’TM'

Proof. Using the H," ™™ [a, b1, B2; 71, V2, V3; T1, T2, 23] Srivastava’s triple 7-hypergeometric function in equation
(2.1) and multiplying this equation 6 (6 + 1 — 1), , we have

0 (Tle +7 - 1)-,—1 H;1,7'27T3 [Oé, 517 527 V1,725,735 L1, L2, .1'3] (222)
_ io: m (Tlm + Pyl - 1)7-1 (a)m+p (61)Tlm+n (/82)72n+73p ﬁﬁﬁ (m S m + 1)

o () rym (02) ,, (03) m! n! p!

_ i (im+7 +v — 1)T1 (O‘)m+1+p (ﬁl)T1m+Tl+n (52)72n+ﬁp m;n+1 ﬁﬂg
() rymgr, (02),, (08) m! n! p

m,n,p=0 Ton

Taking advantage of the following property of Pochhammer symbol [30, 31] in (2.22)

(a)TlerTQn = (CK + Tlm)rzn (a)nm
and making some useful arragement in the equation (2.22), we have the desired result (2.21). O

The special case when 7y,73,73 = 1 in (2.21) gives the partial differential equations of Srivastava’s H 4 triple
hypergeometric function [21-23]

2.3 Derivative Formula

In this section, we derive derivative formula for H "™

™ Srivastava’s 7—hypergeometric function.
Theorem 2.6. The following derivative formula for H"™™ holds true:
d’r‘+s+t S
dafdrsdel P
_ (a)r+t (Bl)nwrs (62)725+7—3t
(V) rr (02) 156 (13) 7
XHE ™™ [(a+r+t),(f1+7mr+s),(Be+ 1os+73t); (1 + 71r), (y2 + 728) (y3 + 73t) ; 21, T2, 3] .

[, B1, B2; 71,725 V35 T1, T2, T3] (2.23)

Proof. By using the definition of H; ™™ [« 1, B2; 71, V2, V3; 1, T2, 23] Srivastava’s T—hypergeometric function
in(2.1) and takes derivative this equation r times, we get

d’l‘

dz” 577 a, B, Bas 1, 2, V85 T, T2, T3] (2.24)
1
_ i (a)m+r+p (61)T1m+‘r1r+s (62)72n+73p ﬁﬁﬁ
m,mp=0 (71)Tlm+717- (72)7271 (73)T3t m! nl pl

Then, taking derivative s times of (2.24), we have
drts

dz’{dxg ;177—2,7—3 [a?ﬁlaﬂ2;71772773;$17$27x3] (225)
_ i (O‘)m—&-r—&-p (ﬂl)nm-&-nr—&-n-&-s (52)723+727L+T3p ﬁﬁﬂg
m,n,p=0 (Wl)rlm—&-‘rl'r‘ (72)7-25+7'2n (73)7-315 m' n' p'

Thereafter, we take derivative ¢ times of (2.25), we get
dr+s+t

T dmS gt
dzidxsdzy

T1,72,T3

Hp [, B1, B2; 71, Y2, V35 X1, T2, T3] (2.26)

_ i (a)m+r+p+t (61)71m+7'1r+n+s (62)7-25+72n+7'3p+7'3t xT 303 xg

m,n,p=0 (71)71M+T1T (72)Tzs+7'2n (73)Tsp+‘rst m! nl pl”
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Using following property of Pochhammer symbol [18, 20] in (2.26),
(@) ppgn = (@ +m), (a),,, (2.27)
we led to desired result (2.23). O

The special case when 7y 7 73 = 1 in (2.23) give the familiar derivative of Srivastava’s Hp triple hypergeometric
function [21].

2.4 Recurrence Relations
In this section, we present certain reccurence relation for H"

(2.1).
Theorem 2.7. The following recurrence relation for H; "™ holds true:
HEp ™" [a, B1, B2; 11,72, 133 €1, T2, T3] (2.28)
= Hp ™7 [a, b1, Bos 1 — 1,72, 733 1, 2, 23]
ofy1y T1,T2,T3

———H"" " [(a+1),61 + 1, 82571 + 1,772,735 21, T2, 23] .
11 —m) P

Proof. Using integral representation of H" ™" [(«), B1, B2; 71, 72, V3; ©1, T2, ¥3) Srivastava’s 7—hypergoemetric
function in (2.2) and following contigoous relatlon for the function (F7* (2.29),

778 Grivastava’s T—hypergoemetric function

iy
7l —m)
we can easily obtain the recurrence relation(2.28). O

o (v = Lix) — o7 (= vsw) — oF M (=v+1;2) =0, (2.29)

Theorem 2.8. The following recurrence relation for Hz ™™ holds true:
(B2 =2+ 1)HEG ™™ [, B1, P23 71, V2, V3 T1, Ta, T3] = (2.30)
BoHp ™™ [a, Br, B2 + 1371, 72,733 T1, T2, T3]
—(v2 = 1)HZ ™" (o, B, B2; 71,72 — 1,733 @1, T2, 23] -
Proof. The series on the right side of(2.30) are :

Bol (71) T (72)

HE ™™ [(a), Br, B2 + 171,72, 733 @1, T2, 23] = 2.31
BoHp (@), B, B2 Y1, Y25 V35 T1, T2, T3] TB)T (B + 1) (2.31)
" Z ,,H_p (B +mm+n)T (62+1+T2n+7’3p)£§£§
0 I'(y1 +mm~+n)T (y2 + mon + 73p) m! n! p!’
:M
I'(61) T (B2)
y f‘: (a)m+p (B1+ mom + n)T (B + man + 73p) @ 2% af (B2 + Tan + T5p)
0 F'(m+mm+n)T(y2+mn+71p)  mlnlpl (82) ’
and
S )T ()0 (e — 1
(2 —1)Hp" ’5{04751,&;71,72—1,73;961,962,333}=(72 L)L~ 1) (2.32)

I'(B)T (B2)
y i (@ DBy + mam + )T (B + 7on + 75P) 2 23 o5
= L(y+mm+n)T(y2—1+7n+73p) m! n!p
_ T ()

I'(61) T (B2)
y i (@)m+p (B1+mim +n)L (B2 + Tan + 73p) 7 2 b (y2 — 1 4 7on + 73D)

[ (v +7mm+n)T (y2 + 72n + 73p) m! n! p! (2 —1)

m,n,p=0

Substuting(2.31) and (2.32) in the series expression into the right hand side of (2.30), we get the desired result of
(B2 =2+ DHE ™™ [(@) , B1, B2; 71,72, 133 T1, T2, T3] O
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The special case when 7y,7,73 = 1 in (2.28) and (2.30) give the recurrence relations for Srivastava’s Hp triple

hypergeometric function [25, 26].
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