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This paper focuses on the appointment scheduling mechanism of a physician or a diagnostic
resource in a healthcare facility. Multiple patient types with different revenues use the
facility. The facility observes the number of appointment requests arriving from each patient
type at the beginning of each day. It decides on how to allocate available appointment slots
to these appointment requests. Patients prefer a day in the booking horizon with a specific
probability and they have only one preference. Patients are either given an appointment for
their preferred days or their appointment requests are rejected. The facility wants to keep
the rejection costs at a certain level, while maximizing its revenues. This process is modeled
with a discrete time and constrained Markov Decision Process to maximize the infinite-
horizon expected discounted revenue. The constraint guarantees that the infinite-horizon
expected discounted rejection cost is below a specific threshold. We have proved that the
optimal policy is a randomized booking limit policy. To solve the model, we have implemented
Temporal Difference (TD) Learning Algorithm, which is a well-known Approximate Dynamic
Programming (ADP) method. We have compared the ADP results with other heuristics
numerically.

COK TiPLI HASTALAR iCiN TERCIHLERI BAZ ALAN BiR RANDEVU CiZELGELEME

PROBLEMI

Anahtar Kelimeler

0z

Saglik hizmeti,

randevu cizelgeleme, hasta
tercihleri,

Markov Karar Siiregleri,
Yaklasik Dinamik
Programlama

Bu makale, bir saglk tesisindeki bir doktor ya da tani cihazinin randevu planlama
mekanizmasina odaklanmaktadir. Bu tesisi, getirileri birbirinden farkli olan birden ¢ok hasta
tipi kullanmaktadir. Tesis, her hasta tipinden gelen randevu isteklerini her giintin basinda
gézlemlemektedir. Miisait randevu saatlerini bu randevu isteklerine nasil tahsis edecegine
karar vermektedir. Hastalar belli bir olasilikla rezervasyon dénemindeki bir giinii tercih
etmektedirler ve sadece bir tercihleri vardir. Hastalara ya tercih ettigi giine bir randevu
verilmektedir ya da randevu istekleri reddedilmektedir. Tesis, getirilerini maksimize ederken
reddedilme maliyetlerini belli bir seviyede tutmak istemektedir. Bu stire¢, sonsuz zamanli
beklenen indirgenmis kart maksimize etmek icin ayrik zamanl ve kisitl Markov Karar Stireci
ile modellenmektedir. Kisit, sonsuz zamanl beklenen indirgenmis reddedilme maliyetlerinin
belli bir esik degerinin altinda olmasini garanti etmektedir. En iyi politikanin rassallastirilmis
bir rezervasyon limiti politikasinin oldugunu gdsterdik. Modeli ¢ézmek icin iyi bilinen bir
“Yaklagtk Dinamik Programlama” metodu olan “Gegici Farklarla Ogrenme Algoritmasint”
uyguladik. “Yaklasik Dinamik Programlama” sonuglarini diger bulussal yéntemlerle sayisal
olarak karsilastirdik.
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1. Introduction

Improving the healthcare systems has been one of
the most essential aims of the developed countries.
According to OECD health statistics, healthcare
expenditures constitutes 18% of the gross domestic
product of US. Furthermore, health spending has
increased by 5.4% in 2017 Existence of an aging
population, a growing need for care and limited
budgets for healthcare force the healthcare clinics to
increase efficiency.

Healthcare clinics adopt the strategy of shifting some
inpatient services to an outpatient environment in
order to decrease the cost and manage the capacity
in a more efficient way. This has increased the
demand for outpatient care and many new
outpatient clinics has been founded to satisfy
increasing demand. In this competitive environment,
easy access to care, patient satisfaction and short
wait times differentiates a health clinic from the
others. These factors also contribute to an
improvement in patients' health status.

Appointment scheduling system plays the key role in
efficiency of healthcare systems. Patients that
request an appointment may have different urgency
levels and the clinic may give more importance to
those patients. In other words, patients may have
different priorities. While requesting appointments,
patients usually state their preferences about the
appointment day, time slot or the physician. There is
no doubt that considering patient preferences
increases their satisfaction. Patients who are
assigned to her preferred appointment day are less
likely to cancel their appointment and no-show rates
would be lower for those patients (Bowser, Utz, Glick
and Harmon, 2010).

This paper constructs a constrained Markov Decision
Process (MDP) model for a healthcare facility which
considers the revenues and preferences of the
patients about the appointment day. In this system,
each patient states only one preference. The facility
either assigns the patient to her preferred day or
rejects the patient. We assume that patients will
always show up on their appointment day. To the
best of our knowledge, this paper is a new
contribution to the literature that models an
advanced scheduling problem with patient
preferences using constrained MDP. We also derive
results about the structure of the optimal policy.

The rest is organized as follows: Section 2 gives a
detailed literature review about appointment
scheduling. We introduce our problem and describe
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the model in Section 3. In Section 4, we derive the
structure of the optimal policy and introduce
solution methodologies. In Section 5, we compare
our solution methods with other well-known policies
numerically. Finally, we discuss the possible
extensions that can be incorporated to our model in
Section 6.

2. Literature Review

Our model falls into the field of interday advance
scheduling problems that consider the preferences
of patients with different priorities. In advance
scheduling appointment systems, patients are given
an appointment for a future day and they are
informed about their appointment days beforehand.
This section analyzes the existing literature on this
area.

We first focus on the literature about within-day
appointment scheduling problems. Gupta and Wang
(2008) solve a revenue management model for
regular and walk-in patients. Regular patients arrive
with a specific appointment slot and physician
request. The clinic either schedules the patient to
his/her preferred slot or rejects the request to
preserve slots for walk-in patients. Unlike the model
of Gupta and Wang (2008), Wang and Gupta (2011)
assume that patients do not have a request for only
one specific slot and physician but they have an
acceptable set of appointment slots and physicians.
They inform the clinic about their acceptable set. The
clinic either assigns patients to one of the slots in
their acceptable set or rejects them to preserve slots.
Thus, patients’ acceptable set may include multiple
appointment slot-physician pairs whereas in the
model of Gupta and Wang (2008), patients’
acceptable set consists of only one element. In this
manner, this model can be regarded as a
generalization of the model of Gupta and Wang
(2008). Wang and Fung (2015) consider a totally
different appointment scheduling problem where
the clinic offers a set of appointment slots and
physicians to patients while the previous two papers
assume that patients offer their acceptable set to the
clinic. In this model, patients either select an option
from the offered set or reject the offer. All of these
papers consider the intraday scheduling process of a
clinic whereas our paper focuses on interday
scheduling.

This paragraph explores the papers in interday
advance scheduling. Patrick, Puterman and
Queyranne (2008) consider the appointment



Endiistri Miithendisligi 30(2), 93-110, 2019

scheduling process of a diagnostic resource. They
assume that patients may belong to different
priorities and they incorporate the wait-time targets
of those patients. Their objective function includes
the waiting cost, diversion cost and the cost for
neither diverting nor scheduling the patient. Saure,
Patrick, Tyldesley and Puterman (2012) extend the
model of Patrick et al. (2008) by incorporating multi
appointments. Their model is a representation of
appointment scheduling in radiation therapy.
Gocgun and Puterman (2014) also consider
scheduling the chemotherapy patients that require
multiple appointments. Patients have target dates
and tolerance limits as a must of their treatment.
Scheduling a patient on an earlier date or on a later
date than the tolerance limit incurs a penalty cost.
Truong (2015) studies a multiple-resource
appointment scheduling problem with random
demand and capacity. He derives analytical results
for an advanced appointment scheduling problem
for the first time. Parizi and Ghate (2016) consider
appointment scheduling problem with multiple
resources and multiple patient classes. They take
cancellation and no-show behavior of patients into
account. The healthcare facility may adopt
overbooking strategy to compensate no shows and
cancellations. We note that none of the advance

Table 1

Comparison Of Recent Papers In Appointment Scheduling
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scheduling papers up to now consider the patient
preferences.

Feldman, Liu, Topaloglu and Ziya (2014) formulate
an advance appointment scheduling system for a
single resource and single patient type by
incorporating patient preferences. They assume that
the clinic offers each a patient a set consisting of
appointment days. Patients either select a day from
the set or reject the offer. They assume that patients'
no-show and cancellation probability depends on the
time between the call date and the appointment date.
They use dynamic programming with the aim of
maximizing the expected daily profit. Our model
differs from the model of Feldman et al. (2014) in
three aspects: Firstly, multiple patient types with
different revenues use the clinic in our model.
Secondly, instead of offering a portfolio of
appointment days to the patients, each patient comes
up with an appointment request for a specific day
over the booking horizon. The clinic either allocates
that specific day for the patient or rejects the patient.
Lastly, our model is an infinite horizon discounted
constrained MDP model in which we maximize the
expected discounted revenue subject to the
constraint that expected discounted rejection cost is
lower than a predetermined threshold.

Properties Patricket  Saure et
al. (2008) al.
(2012)
Priority&Revenue + +
Overbooking - -
Multiple resource - -
Multiple patient classes + +

Random service

time/random resource usage

Cancellations and no-shows - -
Deciding on assigning a

patient to her day or time - -
preference or not

Multiple appointments -

Waiting list +

Deciding on the optimal set of

appointment days

Constraint in MDP - -

Feldman Gocgun and Truong Parizi and Our
etal Puterman (2015) Ghate model
(2014) (2014) (2016)
- + - - +
+ - - + -
- - + -
- + + +
- - + - -
+ - - + -
- - - - +
- + - - -
+ - - - -
- - - - +
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To the best of our knowledge, the only paper that
included patient preferences over multiple days
while making appointment decision is that of
Feldman et al. (2014). Ahmadi-Javid, Jalali and
Klassen (2017) also emphasize this fact and the
limited work in covering patient preferences for
appointment days. Table 1 compares the most
related papers in interday advance scheduling
literature and our model. Moreover, in appointment
scheduling literature, there is no paper that
formulates an advanced scheduling problem using a
constrained MDP. Magerlein and Martin (1978),
Cayirli and Veral (2003), Gupta and Denton (2008)
and Ahmadi-Javid et al. (2017) provide
comprehensive reviews about appointment
scheduling.

3. Problem Description and Basic Model

This paper considers a healthcare facility resource.
There are multiple types of patients with different
priorities who want to make an appointment for this
resource. “Priority” and “type” are used
interchangeably throughout the paper. The priority
levels of these patients are based on the potential
revenue they will bring to the hospital in our paper.
The revenue is obtained after the patient receives the
service. We assume that patients do not cancel their
appointments and they always show up.
Appointment requests for the resource are collected
throughout the day and the decision makers make
their decision about the appointments at the
beginning of the following day before the operations
begin. Therefore, the decision epochs correspond to
the beginning of a day. The decision makers know the
number of newly arriving appointment requests and
the number of scheduled appointments for each day
over an N-day booking horizon on a rolling basis,
which will be crucial in constructing the model.
Patients can prefer only one day for appointment.
Each patient is either given an appointment for
his/her preferred day or the patient’s request is
rejected with two possible reasons: (1) There is no
available appointment slot on the preferred day. (2)
The system wants to protect appointment slots on
the day she/he prefers for higher-priority patients.
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In this part, we will introduce the notation of our
model. The resource of the facility has the capacity to
perform C operations each day. The set of priority
classes and the set of appointment days over an N-
day booking horizon can be expressed as J =
{1,2,..,I} and N ={0,1,..,N}. The revenue
obtained from each priority-i patient is r; and the
penalty cost of rejecting a priority-i patient is ;.
Lower i represents higher priority patients, so 7;
decreases as i increases. The facility observes the
newly arriving appointment requests from each
patient type at the beginning of each day. The
maximum number of type- i appointment requests
observed at a decision epoch from is Y;. Furthermore,
the number of type-i appointment requests observed
at a decision epoch is a random variable and we
denote it as W;. The random variables W;’s are
independent over i. In this manner, W; takes values
between 0 and Y;. In our numerical experiments, we
assume that it has a truncated Poisson distribution.

When W; is equal to w;, which occurs with
probability P(W; = w;), each of these w; requests
may prefer any of the days in the booking horizon. In
fact, each priority-i patient prefers n'* day from
today, which will be called day n, with probability
Pin- We note that day preferences of each patient
type are independent. In our notation, R;, represents
the random variable for the number of newly
arriving appointment requests from priority i
patients for day n. In the rest of the paper, we focus
on the random vector ﬁi = (Rio, Ri1, ---» Riny -, Rin)
since  R;o,Rj1,..,R;y have joint probability
distribution for a given i value. Given the event that
W, =w;, ﬁi is equal to wu; with probability
P(ﬁi =W, = wy), where U =
(U0 U1y e s Uiy e, Uiy ) @and Wy = Y Uy, This means
that w; appointment requests are partitioned over N
days in the booking horizon. Moreover, the
distribution of ﬁdWi corresponds with the
multinomial distribution:

wi! Ujp U1

P(R; =t |W; = w;) = Pio Pt - Din"

Ujo'Ujq! . UiN!

The clinic observes the realization of R;, at each
decision epoch. Throughout the paper, u;, and y;,
are used to represent the realizations of R;,. The
summary of the notation used in the model can be
found in Table 2.
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Table 2
Notation Summary For the Model
Notation Description
I={12,..,1} Set of priority classes
N ={0,1,..,N} Set of appointment days over an N-day booking horizon
Y; Maximum number of appointment requests observed at a decision epoch
from type- i patients
W, Random variable that represents the number of type-i appointment
requests observed at a decision epoch
Pin Probability that a priority i patient prefers nt" day from now
Rin Random variable that represents the number of priority-i patients who

prefer n** day from now

Given that the number of type-i appointment requests observed at a
decision epoch is w;, the joint probability that the number of type-i patients
who prefer day n is u;, forn € ;¥

The number of available appointment slots each day

Revenue obtained from a priority-i patient

Penalty cost of rejecting a priority-i patient

3.1 The State Space

The state of the system can be written in the

following way:

S = (u, x) = (ulo,uzo, ey Uy U1, U gy ooy Upqy ooy Uiy ooy Uy, Uy o Uy

xlo, xzo, ...,xlo,xll,le, ...,xll, ...,xl‘n, ...,xl(N_l),xZ(N_l), ...,xI(N_l))

where u;,

is the number of newly arriving
appointment requests from priority-i patients for
day n and x;, is the number of appointments for

appointments booked for today.

ZnENuin <Y,1<i<1]

3.2 The Action Set

At each decision epoch, the set of actions is the
number of priority i patients booked on day n, a;,.
The set of feasible actions at state § is

Ao = d € Zf X L1l Bies(@in + Xin) SC, 0<n< N —1L;¥;5a,y < C;
ST lay Swup 0<n<N,i<i<I

Journal of Industrial Engineering 30(2), 93-110, 2019

(2)

type-i patients already booked on day n. In this
manner, X;, represents the number of type-i

(3)

(4)
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3.3 State Transition Probabilities and
Preference Probabilities

After the decision is made, new appointment
requests occur throughout the day and that is the

S = (u, x) = (ulo,uzo, ...,ulo, ull, u21, ...,ull, ...,uin,

xlo, xzo, ...,xm,xll,x21, ...,xll, ...,xin,

By taking the rolling time horizon into account, the
next state of the system at the beginning of the next
decision epoch is

§'=(0,%) = V10: Y201 =+» Y10s Y11 Y215 o2 Vi1 oo Vims

Journal of Industrial Engineering 30(2), 93-110, 2019

only random event in our model. As we defined
earlier, the state of the system at the beginning of the
day before the decision can be represented as below:

ey ulN, uZN, ey uIN;

s X1 (N=-1) X2(N=1)s = » XI(N-1)) (5)

<3 YIN» Y2N) = YING

Xn + all, le + a21, ...,x11 + a11, ...,Xin + ain, ...,Xl(N_l) + al(N_l), xz(N_l) + az(N_l), ey

Xi(n—-1) T A (n-1) ANy Qons s Ains oons a)

The transition from state § to § occurs with the
following probability:

P(3'15,d) = [ies P(ﬁi =3) =licgPW; = (7
w)P(R; = ¥;[W; = w;)

In Equation (7), we remind that P(R; = %|W; = w;)
is given in Equation (1), w; =Y, and R; =
(Rio,Ri1, s Riny -, Rin) and V=
Yio» Vits - Vins > Vin)- The multiplication follows
from the independence of W;’s and day preferences
over i. The transition from X to X is not random since
it is a function of the action d. The stochasticity
emerges in the number of newly observed requests
at the beginning of the next day.

3.4 Cost Criteria

We maximize the infinite horizon expected
discounted revenue subject to the constraint that
expected discounted rejection cost does not exceed a
user-specified constant. Given the initial state § € S,
expected discounted revenue under an arbitrary
policy ¢ is

Ky(3) = E(Co BH(S:, @) 1So = $) (8)

98

(6)

where §, is the state at time t under policy ¥,
H(S, dp) = H((@y, % ), d;) = Yieg1i(Xi0 + ay) is the
immediate reward and f is the discount factor.
Similarly, given the initial state § €S, expected
discounted rejection cost under an arbitrary policy ¥
is

Cyp(3) = EQELo DB dr) IS0 = 3) 9)
where
D(S, d,) = D((ﬁt! X)), C_it) = Yiesnen Ti(Uin + Qin)
is the immediate penalty for rejecting patients.

Therefore, our problem can be expressed in the
following way:

sup Ky, (5)

PYeA

s.t. Cu() < ¢ (10)

where A = []zc5 Az is the set of all feasible actions.
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4. Solution Methodologies and the Structure of
the Optimal Policy

4.1.Relaxed Version of the Constrained Problem
and Bellman Equations

In order to analyze the structure of the optimal
policy, we first introduce the Lagrangian multipliers
and obtain an unconstrained MDP by relaxing the
constraint with the Lagrangian multiplier 8 > 0. Our
problem becomes

V(3 = sup V£ Q) (11)
PeA
where

Ve(g) = E(Z?ozo ﬁt(H(gt» at) — 0D (§t: dt)) |§0 = (12)

From now on, we call problem (11) and (12) “relaxed
problem.” The value function V9 (8) represents the 6-
optimal infinite horizon objective function of the
relaxed problem given the initial state of the system
is §€S. Moreover, §' is determined using the
transition in Equation (6). Given that S is the
discount factor, the value function of our model can
be written for every § € S in the following way:

VO(8) = max Xieq i (xi0 + az0) —
aEA;

6 Yictnen Ti(Uin — Ain) + B Xyey P(V) vesy)  (13)

where Y = {y € Zf X Z{ 11| Enyin <V, 1 < i <1}

Any stationary policy that maximizes Equation (13)
is called 6-optimal policy. Assuming that there exists
a policy  satisfying K, (5) + C,(5) < coforall s € S,
6-optimal value function, V9 (8), is finite. We show in
the appendix that this is a valid assumption for our
problem. However, finding the optimal solution of
(13) is impossible for large instances since the exact
solution is intractable due to high-dimensional state
space.

Puterman (1994) shows that (13) is equivalent to the
following LP formulation:

min Z a(i, X))V, %)

vl @ipes

subject to

max ¥ieq 7i (Xio + Qyo) — 0 X iea, (Ui — Qi) +
a€Az nenN

B Y5ex POH VO (3, %) < VO (4, %) (14)

va e Az and @,x)es

Journal of Industrial Engineering 30(2), 93-110, 2019

where a (%, X) is the probability that initial state of
the system is (i, X). Furthermore, (i, %) and (3,%")
are defined in Equation (5) and Equation (6),
respectively.

It is obvious that problem (14) also suffers from the
curse of dimensionality for large instances since it
has as many variables as the number of possible
state-action pairs.

In the following sections, the solution methodologies
in reinforcement learning will be discussed to obtain
a good solution to (13).

4.2 Structure of the Optimal Policy

In order to prove the structure of the optimal policy,
we need to make the following assumptions given by
Sennott (1991):

Assumption 1: There exists a policy ¢ satisfying
Ky(8) + Cy(5) < ooforall s € S.

Assumption 2: There exists a policy @ satisfying
K4 (8) < 00 and C,(5) < c given that the initial state
is 8.

The detailed analysis about the assumptions can be
found in Appendix. Below, we introduce the
definitions of “booking limit policy” and “mixed
policy™.

Definition 1: Let Y be a policy implemented in the
following way:

—

Suppose that b= (51, 772, Y, S _)N+1) is the vector
of thresholds, where each Bn is an I dimensional
vector such that Bn = (biy bany ++o» biny -, b ). Here,
b;, is the strict booking limit implemented on day n
for type-i patients. Furthermore, suppose that x;, is
the number of type-i patients already booked on day
n. A type-i patient preferring day n accepted if
Z{:l Xip < bin-

Then, ¥ is a strict booking limit policy with
parameter b.

Definition 2: In this paper, a mixed policy (p, f, e) can
be defined as a randomized stationary policy that
chooses policy f with probability p and policy e with
probability 1 — p at each stage for any 0 <p <1,
where f and e are stationary polices.

Proposition 1: Assume that Assumption 1 holds.
The value function V9(5) satisfying the right-hand
side of Equation (13) is concave in X. This means that
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the following inequality holds for every (i,X) € S
and every combination of i and n:

VO, %+ 2ey,) — 2VE (U, %+ e;) + VP, %) <0

where e;,, is a matrix consisting of 1 in the (i,n)"
position and zeros elsewhere. As a result, the optimal
policy is the strict booking limit policy for the
problem (11).

[t is important to note that the optimal booking limit
policy has different booking limits for each day in the
booking horizon.

Application of the optimal policy: Let {;, =
Yiey PO AV (X + ey )+ 6 % While applying the

optimal policy, we first need to order (i,n) pairs
from the highest to the lowest according to their {;,
values. Itis required to start with the (i, n) in the first
rank, which represents type-i patients who prefer
day n and continue until the total number of
accepted patients exceeds the capacity C on day n.
Then, we need to continue with (i,n) in the second

rank and continue until ZerP(ﬁ AV (X + ey ) <
—9% or the total number of accepted patients

exceeds the capacity C on day n. If n = 0, there is no
need to protect any slots for the subsequent days.
Therefore, it is required to stop accepting the
patients to day 0 only if the number of occupied slots
reach C. The rest continues similarly. This procedure
implies that there are booking limits b;, such that
one should accept a type-i patient preferring day n
only if the number of occupied appointment slots is
less than a prespecified threshold, Y.1_; x;,, < by,.

Theorem 1: Assume that Assumptions 1 and 2 hold.
The optimal policy for problem (10) is the mixture of
at most two booking limit policies. Furthermore,
there exists at most one state for which those two
stationary policies differ.

The proofs of the Proposition 1 and Theorem 1 are
given in Appendix. The proof mainly relies on the
paper of Sennott (1991).

Example: We conducted a numerical experiment for
a small-instance. The parameters were set in the
following way:

c=419N=2,1=2,C = 2,1, =200,1, =100, 7,
=375and , = 25

Furthermore, the number of arriving type-1 and

type-2 patients has Poisson distribution with means

1 and 0.5, respectively. To protect the finiteness of
the state space, we truncated the Poisson
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distribution such that the maximum number of type-
i patients requesting an appointment is twice the
mean number of arrivals for type-i patients. We
obtained the optimal solution by constructing the LP
representation for the constrained MDP model. Note
that for day 0, it can be easily seen that the following
action is optimal: (1) Schedule type-1 patients who
prefer day 0 until there are no available slots. (2) If
there are still available slots, schedule type-2-
patients preferring day 0 until all of the slots become
occupied. For stationary policy 1, the booking limit
vector for day 1 was b} = [2, 2] and the booking limit
vector for day 2 was B% = [2, 1]. For stationary policy
2, the booking limit vector for day 1 was 512 =[2,2]
and the booking limit vector for day 2 was B% =
[2,2]. The randomization probability was 0.0586.
According to the optimal policy, the state for which
those two stationary policies differ was §* = (u*, %),
010
0 0 1
that the optimal action for the states other than §*
will be determined using either b! or b2 At state §*,
one should apply stationary policy 1 with the
probability of 0.0586 and apply stationary policy 2
with the probability of 0.9414.

where i* = [ and ¥* = [(1) (1)] This means

After that point, we implemented the methods given
in the following sections to obtain good booking
limits.

4.3 Approximate Linear Programming

We mainly use approximate LP in order to provide a
good initial value functions to TD Learning. The
performance comparison of this method with the
others is given in the numerical experiments. In
order to deal with the high-dimensional state, one of
the methods is value function approximation, in
which the value function is approximated with a
parametric function. The optimal policy is
determined given that the value function lies in the
set of functions with that specific parametric form. In
order to have an idea about the structure of the value
function and start with a good approximation, we
have calculated the exact solution for small instances
by setting C to 4, I to 2 and N to 3. We conducted
regression where different features of the state are
independent variables and the value function is the
dependent variable. As a result, we decided on the
following approximation:

Vg(g) =~ Wy + Z§=1 Wi Zﬁ:o Uin + Zg:l Zﬁ;& VinXin

(15)
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R-square value of the regression was 91.42% when
YN ,u;, and x; were taken as independent
variables. When the interaction terms and second-
order terms were included, R-square increased to
93.75%. Since the difference was small, the linear

I N-

N
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approximation was used for the sake of simplicity.
When the approximation in (15) was plugged to LP
model in (14), we obtain the primal LP below:

s.t. (1 - B)WO + Z Vin \ Xin — :B(xl(n+1) + al(n+1)) Z(xl(N 1)~ BalN)

i=1n
I

I N

+ i w;(Uin — BE[yin]) = zrz(xxo + ay) — gz Z (Ui — Qi)

1
i=1n=0 i=1

D,w=0

With the approximated value function, we could
decrease the number of variables to I +IN + 1.
However, since there exists a constraint for every
state-action pair, there is still curse of dimensionality

m)%lx L pes ZaeA(W) X(@,%),d) Cloy (e + i) —

s.t. (1 _B)Z(ux)ESZaEA(uX)X((ﬁrf)r C_i) =1

i=1n=0

va € Az and (U,X) € S
(16)

problem in the LP formulation (16) due to the large

number of constraints. Given dual variable )?, the
dual formulation of (16) is

0 Yoy YN0 (Uin — 1))

Y@ nes Laeagy X (U, X), @) (xin = B(xine) + ai(n+1))) < Eqlxin]

vn =

N—-2andVi=1.2,..,]

Z(ﬁ,f)es ZaEA(ﬁ'f) X)((ﬁ, x), a) (xi(N—l) - BaiN) < Eq [xi(N—l)] vi=12..,1

S tres Saeas X (@ %), 8) Shoo Wy (i — BEYin]) < Ewo Baltn] ¥i=12,..,1

X>0

(17)
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With the dual formulation, although the number of
constraints decreases drastically, there are as many
variables as the number of possible state-action
pairs. Luckily, we can benefit from the column
generation algorithm to solve LP model given in (16)

and (17). When it is solved, the optimal ¥, W and w,
are obtained for the approximate LP model. While
comparing the performance of approximate LP in the

Journal of Industrial Engineering 30(2), 93-110, 2019

simulation, it is necessary to obtain the approximate
optimal policy. To achieve this, we plug w, +
Yio1 Wi Xn=0 Vin + Xiz1 Zn=0 VinXin for V(5") into
Equation (13). As a result, one needs to solve the
following MIP to obtain the approximate optimal
policy at each decision epoch:

géi)f{z;ieﬂ 1:(xi0 + @i0) — 0 Yiegnen Ti(Win — Ain) + B Lyey PG (Wo + Xiey ZNZE vin (Xinan) + Gitnsn)) +
S

Vi1 Vinaiy + Xieg Wi Xho yin)}

Patrick et al. (2008) follow the same method as the
one described in this section to solve their advance
scheduling problem.

4.4 TD Learning

TD learning is one of the central algorithms of
reinforcement learning. Using TD methods, one can
directly learn from the experience without assuming
a model family for the value function. In this method,
the value function is updated at each iteration using
the temporal difference, which is the difference
between the estimated value of being in a particular
state and the actual value. If one wants the weight of
the recent updates to be higher than the earlier
updates, an artificial discount factor, 4, is introduced,
where 0 < 4 < 1. In addition to estimating the value

Algorithm 1

(18)

function of a given policy, TD learning is also used to
determine an approximately optimal policy. In TD
learning algorithms designed for infinite horizon
problems, while determining the next state to visit
using value function approximation, we also update
the value of being in the states visited up to then.
Further information about TD learning can be found
in Powell (2011), Sutton and Barto (2011) and
Sugiyama (2015).

Using TD learning, we tried to estimate the value
function of a given booking limit policy. Algorithm 1
gives the steps followed to determine the value of the
booking limit policy ¢. This algorithm was one of the
algorithms given by Powell (2011) with a slight
modification.

TD(A) Algorithm
Step 0. Initialization
Step 0a. Initialize V¢ (#, ¥) for all (i, %) € S.
Step Ob. Initialize the state (i, X,).
Step Oc. Sett = 1.
Step 1. Generate a sample for ¥,.
Step 2. Compute the temporal difference for this step:

I

y®t = Z

i=1

it t
nedy + =0 ) mi(uby - afl’)
in

+ B(Veer iy, ) = Ve (g, %))

where X/ is determined using the transition in Equation (6).
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Step 3.

Journal of Industrial Engineering 30(2), 93-110, 2019

Update VO(.) form =t,t — 1, ..., 1:

Vt(ﬁmv J_C)m) = Vt—l(ﬁmv J_C)m) + (ﬁ’l)t_myd)'t .

Step 4.

Compute S;,; = 5{ = (Y¢,1, Xt) where Y, is generated in Step 1 and ¥; is

determined using the transition in Equation (6).

Step 5.

In this algorithm, we first generate a sample for j,
which is the number of patients who prefer a
particular day. In Step 2, we calculate the temporal
difference. In Step 3, we update the value function of
all visited states using the temporal difference found
in Step 2. After calculating the next state in Step 4, we
continue with the next iteration if the number of
iterations executed does not exceed T, which is the
maximum number of iterations allowed. We
initialize TD learning algorithm wusing the
approximate value function obtained by plugging the
optimal ¥, W and w;, into Equation (15).

5. Numerical Experiments

In this section, we conducted experiments on the
relaxed problem given in Equation (11) and (12).
First, we tested the performance of approximate LP
on a small instance. The experimental setting can be
described in the following way: There are two
patient types and three days in the booking horizon.
The number of type-i patients requesting an
appointment has Poisson distribution with mean g;.
To protect the finiteness of the state space, we
truncated the Poisson distribution such that the
maximum number of type-i patients requesting an
appointment is twice the mean number of arrivals
for type-i patients. The parameter setting was

85

Sett =t + 1.1ft < T, return to Step 1. Otherwise, stop.

B=099,0=19,=15g,=05C=4n
=200,r, = 100, 7, = 37.5, 7,
=25

For this small instance, the comparison between the
solution of approximated LP and that of the exact DP,
found using value iteration, showed that the average
difference and maximum difference across all the
states were 2.39% and 5.06%, respectively.

Secondly, we tested the convergence performance of
TD learning in the following experimental setting:
There are three patient types and nine days in the
booking horizon. The number of newly arrived type-
i patients has a truncated Poisson distribution with
mean g;. Parameters were set as

p=099,0=1,g9, =20,9, =15,95 =20,C
= 40,7, = 200, = 100,73 = 50,
m; = 150,r, = 100, 3 = 75

Given that b; is the strict booking limit for type-i
patients and the same booking limits are applied on
each day over the booking horizon, you can see the
convergence of the value function for b; = 40, b, =
16 and b; = 3 in Figure 1.

It converged in 200 iterations,
approximately 15 seconds.

which takes

75

approximated value function

o 50

100 150 200 250 300 350 400 450 500
teration no

Figure 1. Value Function For The Strict Booking Limit [40 16 3] Through Iterations
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Finally, we conducted a simulation study to compare
the performance of the booking limit policy
calculated using TD learning and the other policies.
The simulation setting can be summarized in the
following way: There are three patient types and
nine days in the booking horizon, the number of
newly arrived patient of type-i has Poisson
distribution with mean g;. As before, in order to
protect the finiteness of the state space, we truncated
the Poisson distribution such that the maximum
number of type-i patients requesting an
appointment is three times the mean number of
arrivals for type-i patients. The parameters were set
as below:

B =099,0=1,C =30,7, = 200,7, = 100, 7,
= 50, m = 150,7-[2 = 100, T3
=75

We simulated the system for 6 different scenarios
where g; values are given in the first column of Table
3. The simulation length was 500 days and the warm-
up period was 10 days. We collected the statistics for
the objective function value of the relaxed problem
with 95% confidence interval, average percentage of
diverted patients and average utilization of each
policy. For the approximate LP, we coded the column
generation algorithm in Matlab and used cvx-solver
for the integer program in Equation (18). We used
TD learning to determine a good simple strict-
booking limit policy such that the booking limits are
the same for each day over the booking horizon. Such
a policy is more preferable since implementing it is
easier in practice. At this point, we found the
approximate value function of a given simple strict
booking limit policy using TD learning. It is also
essential to emphasize that the value function was
initialized using w,, w; and v,, obtained through
approximate LP. After estimating the value functions
for each booking limit policy, we selected the one
with the highest approximate value function. You can
see the results in Table 3. TD booking limit policy
represents the strict booking limit calculated with
TD learning algorithm. Expected booking limit policy
represents the booking limit policy calculated using
the expected number of arriving patients for each
type. The booking limits calculated for each scenario
using these two methods can be seen in the first

column of Table 3. Be represents the expected

booking limit and Et represents the TD booking limit.
Finally, using w,, w; and v;, values obtained by
applying the column generation algorithm to
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approximate LP given in (16) and (17), we calculated
the approximate LP policy by solving Problem (18).
The results show that TD booking limit policy
performs better than all other policies since under
this policy, the objective function value of the relaxed
problem is higher and the divergence rate is lower
for higher-priority patient types.

6. Conclusion

This paper focuses on the appointment scheduling
mechanism of a physician. Patients from multiple
priority classes arrive at the facility and request an
appointment by informing the clinic about their most
preferred appointment day. The clinic either accepts
the request or rejects the patient to protect slots for
higher-priority patients. We model such a system
using discrete time Markov decision process to
maximize the long-run discounted revenue subject
to the constraint that long-run discounted rejection
cost is below a specific threshold. We prove that the
optimal policy of this model is a randomized
booking-limit policy. Since the problem cannot be
solved optimally due to high-dimensional state, we
apply Approximate Dynamic Programming methods.
First, we approximate the value function with a
linear function and solve the resulting LP using
column generation. Then, by initializing the TD
learning algorithm with this solution, we
approximately calculate the value function arising
from implementing each possible booking limit
policy. Our numerical results show that TD learning
algorithm performs well in determining the value of
a booking-limit policy. The booking limit calculated
using TD learning gives higher value than other
policies.
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Table 3
Summary of the Simulation Results
Scenario Performance Patient type TD Booking Limit Expected Booking Approximate LP
Measure Policy Limit Policy

g = [10, 15, 20] _ Type-1 0.017470.0018 0.016870.0018 0.186870.0048
Rate ofdiverted  py 0 5 0.1172F0.0026 0.1214F0.0051 0.3172F0.0055

b, = [30,21,9] patients Type-3 0.6499F0.0030 0.661270.0031 0.4194F0.0020
b, = [30,20, 5] Utilization 0.9935F0.0011 0.9937F0.0007 0.99950.0002
Objective func. value 309,960F226.19 295,140F299.77 230,320F261.88

G = [10,20, 15] Type-1 0.130670.0067 0.010570.0021 0.192070.0037
Rateofdiverted ., 0.2959F0.0052 0.1036F0.0036 0.3319F0.0031

patients

b, = [30,27,8] Type-3 0.5008F0.0016 0.88390.0028 0.4277F0.0037
b, = [30,20,0] Utilization 0.9995F0.0002 0.98400.0016 0.9994F0.0002
Objective func. value 325,090F212.08 306,800F278.49 238,6607216.78

g = [15,10, 20] _ Type-1 0.1071F0.0036 0.0313F0.0034 0.2185F0.0058
Rate of diverted o0 5 0.2620F0.0032 0.1498F0.0061 0.3375F0.0052

b, = [30,27,9] patients Type-3 0.5275F0.0031 0.6606F0.0041 0.4194F0.0031
b, = [30,15,5] Utilization 0.9990F0.0004 0.994370.0011 0.9994F0.0002
Objective func. value 358,2307259.73 344,170F321.02 261,4407297.13

G = [15,20,10] _ Type-1 0.2083F0.0027 0.043670.0023 0.2173F0.0072
Rate ofdiverted 1y, 5 0.3690F0.0043 0.2449F0.0063 0.3654F0.0057

b, = [30,20, 14] patients Type-3 0.4229F0.0045 0.9581F0.0036 0.4391F0.0080
b, = [30,15,0] Utilization 0.9995F0.0002 0.9944F0.0009 0.9996F0.0002
Objective func. value 359,140F222.56 344,470307.46 266,0807386.48

g = (20,10, 15] _ Type-1 0.214570.0034 0.031070.0027 0.242670.0051
Rate of diverted o0 5 0.4086F0.0046 0.1547F0.0063 0.3697F0.0056

b, = [30,14,12] patients Type-3 0.4172F0.0023 0.8840F0.0029 0.4284F0.0043
b, = [30,10,0] Utilization 0.9993F0.0003 0.9843F0.0022 0.9995%0.0002
Objective func. value 409,060F270.07 392,510F396.44 286,420317.28

G = 120,15, 10] _ Type-1 0.1787F0.0030 0.0595F0.0032 0.2411F0.0059
Rate of diverted o0 5 0.3434F0.0062 0.2908F0.0059 0.3823F0.0029

b, = [30,20,4] patients Type-3 0.6024F0.0023 0.9522%0.0036 0.4365%0.0034
b, = [30,10,0] Utilization 0.9989F0.0003 0.9933F0.0010 0.9994F0.0003

Objective func. value

412,850225.88

391,790%366.77

299,120¥376.53

While formulating this problem, we use some
simplifications. First, it is assumed that patients have
only one preference. Nevertheless, patients can be
given a flexibility to inform the clinic about their
acceptable set of appointment days and the clinic can
assign the patients to one of the days in their
acceptable set or reject them. The other possible
extension is that the clinic can assign the patients to
the other days than their preferred appointment day
in case each patient has a single preference. Patients
either reject this assignment or accept it. The
probability of accepting the appointment day offered
by the clinic is higher for closer days to the patient's
preferred day. We can define such a probability
function to reflect this behavior of the patient.
Secondly, it is assumed that patients always show up
and they do not cancel their appointment. However,
one can incorporate the situation that patients may
not show up or cancel their appointment. Patients

assigned to a closer

day to her preferred

appointment day have lower probability of no-show
and cancellation. The clinic can resort to
overbooking to compensate the no-shows.
Moreover, cancellations and overtime work comes
into the stage. Thirdly, it is possible to introduce a
random service time instead of assuming that each
appointment takes one appointment slot with the
same length. Finally, we can have a separate
constraint for each patient type, which gives a
multiple-constrained MDP. All of these extensions
can be considered in future research.
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Appendix

Satisfaction of Assumption 1: Let 1 be an arbitrary policy. We know that H(S,, d,) < Y.!_, 1;C since total number of
Zli=1 riC
1-p

patients examined on day 0 cannot exceed C. Due to this fact and Equation (8), K,,(5) < < 00. This shows

Tio i
1-B
where Y; is the maximum number of type-i patients that can arrive on a given day according to our state space

definition. Therefore, our model satisfies Assumption 1.

that K (3) is finite for all policies. Similarly, by Equation (9) and the definition of D (5, d;), Cy(5) < < 00,

Proof of Proposition 1: We need to show that the following inequality holds for every (u,X) € S and every
combination of i and n:

VO, %+ 2ey,) — 2VE (U, %+ en) + VP, %) <0 (A1)
We will use induction to show that (A.1) is satisfied for every (i, %) € S and every (i,n). Let us call the system in

state §; = (4, X + 2e;,) as system A, the systems in state §, = §; = (U, X + e;,,) as system B and C and the system
in state §, = (u, X¥) as system D.

Base case: We will prove that

VO, % + 2e,) — 2VE (U, % + e;) + VI, %) < 0 (A.2)

It can be easily seen by inspection that the optimal action in a given state (i, X) att = O is
a;n(ﬁv 7_5) = min{ulnv C - Zi:l xln}

ain (@, %) = min{uy,, € — ¥io x, — XiZia), (@, %)} fori>1landvne N

Under this action, it is obvious that either

afy (81) = ap, (32) = af; (85) = ap, (34) or

af (31) +2=ab:(5) +1=al(S;) + 1 =ab’(5,) hold.

The second case hold if there is not enough capacity on day n of system A. In each case, we obtain the following
equation:

Vi@, % + 2e,) — 2V (@, % + e) + VI (4, %)

= VPG — VP () — V(B + VP By

= (Z 1 (x + afy' (31) — Z T; (uin - afil*(i))) - ( Ti(xio + aﬁ)*(§2)) - Z T[i(uin - agf@z)))
i=1 ; in i=1 in
- (Z T (xio + aico*(§3)) - Z T (uin - aicrf(§3)>>
+ (Z 1y (%0 + afy’ (84)) — Z T[i(uin - agl*(§4))>

=0
Induction Hypothesis: Below inequality is satisfied fort = 1,2, ..., t'.
V@, %+ 2e,) — 2V (W, 2+ ep,) +VE@,X) <0 Vi'ed (A3)

We need to show that Inequality (A.3) is satisfied for ¢t = t’ + 1. Assume that the definitions for states §;, §,, 53, 5,
and systems A, B, C and D are same as the base case. We let systems A and D follow the optimal policy. Without
loss of generality, we may assume that there exists m;, € {...,—1,0,1,...} for every i # i, n € N and m;r,s €
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{0,1, ...} such that the relationship between the actions of system A in state §; and system D in state §, on day n
can be expressed as

ar(3) +my, =al(5,) Vi€ Jandvn € N (A4)

m;r,r = 0 follows from the induction hypothesis. Let systems B and C in states §, and §; implement the following
actions:

a*SD+1 ifi=i'n=n"andal(3,) +my >0 (A.5)
ati(s) otherwise

agl(é'z) = {

where xZ, is the x;, value of the state for system B.

al (8) +my, — 1 ifi=i,n=n"and a5’ (8;) + my, >0 (A.6)
afr (51) + my, otherwise

afn(§3) = {

It is important to note that since systems A and B follow the optimal policy, their actions a’(s;) and a2/ (5,) are
feasible. If they are feasible, then aZ,(5,) and a$, (5;) given in Equation (A.5) and Equation (A.6) are also feasible.
We inspect the following cases:

Case1:Ifn' = 0and aﬁ;, (1) + my,,r = 0,none of the systems accept any patients. However, we will keep af,;, ()
and m;s,,/ in our notation although both of them are zero. All systems reach the same state at t = t' + 1. (A.3) is
satisfied as below:

Vta (ﬁ,£ + Zei’o) - ZVtg(l—i,f + eilo) + Vtg(l—i, )_C))
S Vt?A(ﬁ,)_C) + Zeilo) - Vt?B(ﬁ,J_C) + ei’o) - Vt?(:(ﬁ,.;é + eilo) + Vt?D(ﬁ’ 56)
= [Zi:ti’ T (xio + af%*(§1)) +ry (xi’O +2+ aﬁz(i)) — 0 Y i (Ui — afy (51))
—0my (wro — afy(51)) — 0 By SNy i (i — 0t B)) + B Byer PGIV (I, 7))
- [Zi:i’ T (xiO + af%*(§1)) +ry (xi’O +1+ aﬁz(gl)) — 0 X i (Wi — afy’ (51))
Ax 2 1 N Ax =2 - > o
—0my (w0 — afy(30) = 0 By Ty (win — 0l G1)) + B Tyey POV (3,21
—[Zm" r;(xi0 + agy (81) + myp) + Ti’(xi’o +1+ aﬁz(i) + mi’o) — 0 Vi i (U — afy (51) —
mio)_eni’(ui’o - aﬁB(S"l) - mi’o) -0 Z£=1 Zg=1 (Ui, — aﬁl*(E’l) -myp)+ B Zyeyp(}_;)V(}_}, f’)]
+[Zi¢i’ 1;(xi0 + afy (51) +my) + Ti’(xi’o + ‘1{4'3(51) + mi’o) — 0 Y i (Ui — afy (1) — myp)

—Hnir(uirg - aﬁ’g(i) - mi’o) -0 Z£=1 Zg=1 T (Uin — aﬁl*(§1) —my) + B Zfzevp(}_’))v(}_’);f’)]
=0

Case 2: If n’ = 0 and ar;/(5;) + my, > 0, all systems reach the same state at t = t' + 1 by the transition in
Equation (6). (A.3) is satisfied as below:

VO, %+ 2e;0) — 2VE (W, % + eyry) + V(@ X)

S Vt?A(ﬁlz + Zeilo) - Vt?B(‘l_i,f + ei’o) - V,fc(ﬁ,f + eilo) + Vt?D(ﬁ’ .7?)
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= [Zm" T (xio + aﬁ;(i)) +71y (xi’o +2+ afr}‘)(i)) — 0 Bieir i (Usp — afy (51))

—0my (wro — afy(51)) = 0 Bi_y Ty 71 (win — 0l B)) + B Zyer PGIV (G, 7))

- [Zm" T (xio + aﬁ;(i)) +ri(xpe + 14 aiy(3) + 1) — 0 Xiwrr mi(uso — afy’ (51))

—0m (ury — a3 = 1) = 0 T4y BNy i (i — @l B1)) + B Tyex POV (3,71

—[Zm" r;(xi0 + ajy (51) + myp) + Ti’(xi’o +1+ a%(s}) +myry — 1) — 0 Vi i (Uso — afy (51) —
mio)_gﬂi’(ui’o - afrB(fl) —my, + 1) -0 Z£=1 Zﬁ:l i (Ui, — a;‘ln*(gl) -my)+ B ZyeyP(ﬁ)V(ﬁ, 55”)]

+[Zi:#i’ r;(xi0 + ajy (51) + myp) + Ti’(xi’o + aﬁ’a(i) + mi’o) — 0 Vi i (U0 — afy (81) — myp)

_gni’(ui’o - aﬁ:)(§1) - mi’o) -0 25:1 Yoner i (U — aﬁ:(ﬂ) —mpy) + B Zievp(i’)V(i’,f')]

=0

Case 3:If n' > 0 and aﬁ;, (81) + my,,r = 0, none of the systems accept any patients. (A.3) is satisfied as below:
VO, %+ 2e;0) — 2VE (U, % + eyo) + VE (1, %)

< VS @@, X+ 2e;0) — V(WX + ejrg) — VE (W % + eyrp) + VI (1, %)

= [Diwir rixio + 13 (X310) — 0 By TiUio—OM 1110 — 0 Ny XN—y Tty

+B Lyex POV (3, X" + 2e1 (7 _1y)]

—[Bizir rixio + 1 (yr0) = 0 Besr Tithio—OT w1y — 0 Ny Tin=y Tilhiny

+B Zyey POW (G2 + ey 1)

[DBirir riXio + 10 (Xy10) = 0 Vet Milio—OT U1 — 0 Tioq =g Tl

+B Tyey PGV, 2" + ey _1y)]

[T e rixio + 1 (X70) — 0 i Mittip—Om Uy — 0 Xhoy TN_y Wiy + B Lyey POIV (Y, %")]

<0

where the last inequality follows from the induction hypothesis.

Case 4: If n’ > 0 and aﬁ:l,(§1) + m,,r > 0, system B reaches the same state as system A at t = t’ + 1. Similarly,
system C reaches the same state as system D at t = t’ + 1 and (A.3) is satisfied as below:

VO, X%+ 2e;10) — 2V, X + eyry) + VE (U, %)
S Vt?A(‘l—'Zlf + Zeilo) - VfB(l—i,)_C) + eilo) - Vtéc(ﬁ,;c) + ei’o) + VC?D(‘I_'Z' 56)
=[S i (30 + ' G)) + 1 (30 + @y (1)) — 0 T mi(uio — afhy (1))
—0my (wro — afy(51) = 0 oy TNy i (i — af B)) + B Byer PGIV (G, 7))
Axr2 Ax = Axr=
— [Siermi (a0 + @y G)) + 70 (xir0 + @5 (51)) = 0 T i — aff (31))
—0my (wro — afy(51) = 0 Zioy Thoy i (win — 0l GD)) + B Zyer PGIV (G, 7))

—[Zm" r;(xi0 + ajy (51) + my) + ri’(xi’o + ‘1%@1) + mi’o) — 0 Vi i (U — afy (51) — mio)—gﬂi’(ui’o -
a% (S — mi’o) -0 Zg:l 211\1]:1 (Ui, — afil*(§1) -my)+ B Zyev POV, 3?”)]
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+[Zi¢i’ r;(xi0 + ajy (51) + myp) + Ti’(xi’o + aﬁz(s?l) + mi’o) — 0 Y e i (Ui — afy (81) — myp)
—9”i’(ui’o - aﬁ’;(i) - mi’o) -0 Z§=1 Yme1 (Ui — aﬁf@l) — M) + B ZyeyP(ﬁ)V(ﬁ.f")]
=0

Furthermore, the following two equations also hold for our model:

VO, % + ety +eppn) — VO, X + €;rnl) — VO, x + e + ey + VO, X + eir,) =0 (A.7)

VO, %+ €1y + ejrn) — VO, %+ e;ryt) — VO, %+ e;r) + Ve, %) =0 (A.8)

The proofs of the Equations (A.7) and (A.8) is very similar to the concavity proof. Therefore, we skip these proofs.
The optimality of the “strict booking limit policy” results from the concavity of the value function, Equation (A.7)
and (A.8).

Satisfaction of Assumption 2: Let @ be a policy that rejects all customers. Since Assumption 1 is satisfied, K (§) < oo
holds under each policy. From the proof of Proposition 1, it can be concluded that the booking limit policy
minimizes the expected discounted rejection cost. Let @ the best booking limit policy for the expected discounted
rejection cost. If ¢ is set by the user such that C,(S) < ¢, then Assumption 2 is satisfied.

Proof of Theorem 1: The proof is the direct result of Sennott (1991). Our model always satisfies Assumption 1 and
it also satisfies Assumption 2 given that c is set conveniently. Our action space, A = []zcs Az, is compact since it is
finite. Let y = inf{8 > 0|C%(3) < c}. By Lemma 3.8 of Sennott (1991), y < co.

Case1l:y > 0:

Case 1a: If there exists a y-optimal stationary policy f such that Cfe (8) < ¢, by Lemma 3.7 of Sennott (1991), f

optimally solves the constrained problem. Since f is a y-optimal policy, it is a booking limit policy by Proposition
1.

Case 1b: Since A is compact, we may find a sequence 6,, | y and a stationary policy f such that f(6,,) = f. There is
also a sequence 6, Ty and a stationary policy e such that f(8,,) — e. Since f(6,,) is 6,,-optimal policy (similarly
f(8,,) is 8,-optimal policy), f(6,) and f(4,,) are sequences of booking limit policies by Proposition 1. By the
definition of convergence, they converge to a booking limit policy. Therefore, f and e are booking limit policies. By
Lemma 3.6 of Sennott (1991), f and e are y-optimal. Furthermore, by Lemma 3.6 of Sennott (1991), Cs(,),) &) -
Cr(8) and Cy(s,)(8) = Cc(5). By the definition of y, C¢(5) < ¢ and C,(5) > c. By Lemma 3.9 of Sennott (1991), the
randomized policy (p, f, e) is y-optimal since both f and e are y-optimal. Because by Lemma 3.9 of Sennott (1991),
Cip.r.e)(3) is a continuous function of p for all § € S, we may choose p such that Cg, ¢ ¢y (5) = ¢ since C¢(5) < c and
C.(8) >c.

Then the optimal policy is the mixture of two booking limit policies. Our claim that there exists at most one state
for which those two stationary policies differ directly follows from the proof of Theorem 2.1 in Sennott (1991).

Case2:y = 0:

There exists a sequence 6,, | y and a stationary policy f such that f(6,) = f. Since f(6,) is 8,-optimal policy,
f(6,)is a sequence of booking limit policies by Proposition 1. By the definition of convergence, f(6,,) converges to
a booking limit policy. Therefore, f is also a booking limit policy. It directly follows from the proof of Theorem 2.1
in Sennott (1991) that f optimally solves the constrained MDP.
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