https://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser.A1 Math.Stat.
Volume 69, Number 2, Pages 1329-[[335] (2020)
DOI: 10.31801/cfsuasmas.635048

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Received by the editors: October 20, 2019; Accepted: July 12, 2020 SERIES Al

ON DOUBLY WARPED PRODUCTS
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ABSTRACT. We give a new characterization for doubly warped products by
using the geometry of their canonical foliations intersecting perpendicularly.
We also give a necessary and sufficient condition for a doubly warped product
to be a warped or a direct product. As a result, we prove the non-existence
of Einstein proper doubly warped product pseudo-Riemannian manifold of
dimension grater or equal than 4.

The characters in abstract should be between 500 to 5000

1. INTRODUCTION

The notion of warped product of pseudo-Riemannian manifolds was defined by
Bishop and O’ Neill in [2] in order to construct a large class of complete manifolds
of negative curvature. In fact, this notion appeared in the literature before [2]
under the name of semi-reducible spaces [10]. Also, this notion is a natural and
fruitful generalization of the notion of direct (or Riemannian) product. One of the
reasons why warped products have been studied actively is that they play very im-
portant roles in physics as well as in differential geometry, especially in the theory
of relativity. In fact, the standard space-time models such as Robertson-Walker,
Schwarschild, static and Kruskal are warped products. Moreover, the simplest mod-
els of neighborhoods of stars and black holes are warped products [12].

In this paper, we first prove a existence theorem for doubly warped products. Sec-
ondly, we give a necessary and sufficient condition, called the mizxed Ricci-flatness
for a doubly warped product to be a warped or a direct product. In order to
achieved this, we use a result of [1] or [14] concerning Ricci tensor of a doubly
warped product. Then by using this result, we prove the non-existence of Einstein
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doubly warped product pseudo-Riemannian manifold of dimension > 4 in proper
case.

2. PRELIMINARIES

Let M; and My be any pseudo-Riemannian manifolds endowed with pseudo-
Riemannian metric tensors g; and gs respectively, and let f; and fo are positive
smooth functions defined on M; x Ms. Also 7wy and 7o are canonical projections
of My x Ms onto My and Ms, respectively. Then the doubly twisted product [13]
My X My of (My,g1) and (Ma,g2) is the product manifold M = M; x M,
equipped with metric g = f3g; ® fZgo given by

9= fami(g1) + fims(g2)
where 77 (g;) is the pullback of g; via m; for ¢ = 1,2. Each function f; is called a

twisting function of the doubly twisted product (7, M7 X7, Mo, g). In this case, if
either f1 =1 or fo =1, but not both, then we obtain a twisted product [4].

If the twisting functions f; and f> only depend on the points of M; and M re-
spectively, then (7, M x 5, My, g) is called a doubly warped product pseudo-Riemannian
manifold [6]. The functions f; and fs are called warping functions of doubly warped
product. In which case, if either f; =1 or fo = 1, but not both, then we obtain a
warped product |2]. If both f; = 1 and fo = 1, then we get a direct (or Riemannian)
product [5]. If neither f; nor fs is constant, then we say that (p, My Xy, Ma,g) is
proper doubly warped product pseudo-Riemannian manifold.

Let (7, My x ¢, Ms, g) be a doubly warped product manifold with the Levi-Civita
connection V and V* denote the Levi-Civita connection of M; for i € {1,2}. By
usual convenience, we denote the set of lifts of vector fields on M; by £(M;) and use
the same notation for a vector field and for its lift. On the other hand, each 7; is a
(positive) homothety, so it preserves the Levi-Civita connection. Thus, there is no
confusion using the same notation for a connection on M; and for its pullback via ;.
Then, the covariant derivative formulas for a doubly warped product manifold [6]

are given as:

VxY = VLY — g(X,Y)V(In(fy 0 m5)) , (1)
VxV=VyX =V(n(feom))X + X(In(f; om))V , (2)
VuV = ViV = g(U,V)V(In(fi o)) (3)

for XY € £(M;) and U,V € £(Msy). Moreover, My X {p2} and {p1} X M>
are totally umbilical submanifolds with closed mean curvature vector fields in
(£, My x4, Ma,g) |11], where p; € My and ps € M.

Remark 1. From now on, we will use the same symbols for warping functions and
their pullbacks.
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Next, we recall that some facts for later use.

Let M a pseudo-Riemannian manifold with metric tensor g. The Ricci tensor of
M is a symmetric (0,2) type tensor defined by

Ric(X,Y) = Zg(Ei, E)g(R(E;, X)Y,E;) | (4)

where X and Y are smooth vector fields on M, {Fy,..., E;,} is an orthonormal
frame field on the set of all smooth vector fields on M and R is Riemann curvature
tensor of M defined by

R(X,Y)Z =VxVyZ -VyVxZ -VixyZ (5)

here V is the Levi-Civita connection with respect to the metric g. For more details,
see [5].

For the Ricci tensor of a doubly warped product f, M; X7 My with
dim(M;) = my > 1 and dim(Mz) = mg > 1, we have the following result from
Theorem 2.5.2 of [14] or the equation (2.19) of [1],

Rice(X,V) = (mq +mg — 2) (XE) <‘;§2> , (6)

where X € L(M;) and V € L(M).

3. MAIN RESULTS
We need the following two facts to prove the first main theorem.

Lemma 2. (Proposition 3-a [13]) Let M = My x Ms and call (D1, D2) the canonical
foliations. Suppose that g is a pseudo-Riemann metric such that D1 and Do are
orthogonal. Then (M, g) is a doubly twisted product r, My Xy, My if and only if Dy
and Do are totally umbilic.

Lemma 3. (Lemma 2.3 [9]) Let y, My Xy, My be a doubly twisted product. It is a
doubly warped product if and only if the mean curvature vector fields of canonical
foliations are closed.

We are ready to prove the main theorem.

Theorem 4. Let (M,g) be a pseudo-Riemannian manifold and D1 and Dy be
canonical foliations on M. Suppose that D1 and Dy intersect perpendicularly every-
where. Then g is the metric of doubly warped product p, My Xy, Moy if and only if
there exists a smooth function p, (resp. pg) on My (resp. Ms) such that for any
Z € L(My) and W € L(M>), we have

Lywg=2W(uylg on M (7)
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and
Lzg=2Z[mlg on My, (8)

where Ly is the Lie derivative with respect to W and My (resp. Ms) is the integral
manifold of D1 (resp. Da).

Proof. Let f,M; xf, M be a doubly warped product with the metric g = fig1 &
f2g2. Then using the Lie derivative formula, for any X,Y, Z € £(M;) and U,V,W €
£(M3), we have

(Lwg)(X,Y) = —29(h1 (X, Y), W) (9)
and

(EZg)(Uv V) = *2g(h2(U7 V)7Z) ) (10)
where h; (resp. hq) denotes the second fundamental form of M; (resp. Ms), (e.g.
see [3, p. 195]). By using and (3), we obtain

(Lwg)(X,Y) = =29(—g(X,Y)V(In f2), W) (11)
and
(Lz9)(U,V) = =29(=g(U,V)V(In f1), Z) (12)
from @[) and , respectively. By direct calculation, we get
(Lwg)(X,Y) = 2W(In fo]g(X,Y) (13)
and
(Lzg)(U,V) = 2Z[In f1]g(U, V) (14)

from and , respectively. Thus, we find the assertion for py = In fo from
and the assertion for gy =1In f; from (14).

Conversely, suppose that the conditions (|7)) and hold. Then for any XY, Z €
£(My) and U, V,W € £(M>), using N, we have

—29(m(X,Y), W) = 2W|uy]g(X,Y) (15)
and
—29(h2(U,V), Z) = 22, ]g(U, V). (16)
After some calculation, we obtain
g(hi(X,Y), W) = g(=g(X,Y)Vpy, W) (17)
and
9(h2(U, V), Z) = g(=g(U, V)V, Z) (18)
from and , respectively. We get
hi(X,Y) = —g(X,Y)Vp, (19)
and
ho(U, V) = —g(U,V)Viy (20)

from and , respectively. The equation (resp. ) tells us the canon-

ical foliation Dy (resp. Da) is totally umbilical with the mean curvature vector



ON DOUBLY WARPED PRODUCTS 1333

field =V, (resp. —Vu;). Moreover, the mean curvature vector field —V; (resp.
—Vg) is closed, since its dual 1-form —dp, (resp. —dugy) is closed. Thus by
Lemmas [2| and [3} ¢ is the metric of a doubly warped product y, M; Xy, Ms. O

Before going to give the second main result, let recall the definition of mixed
Ricci-flatness.

Let M = ¢, My x ¢, Ma be a doubly warped product pseudo-Riemannian manifold
with metric tensor g = f2g1 @© f2go. Then we say that (M, g) is mized Ricci-flat, if
we have Ric(X,V) =0 for every X € L(M;) and V € L(M) [7].

Theorem 5. Let ¢, My X ¢, My be a doubly warped product of (M, g1) and (Mz, g2)

with warping functions fi and fa and dim(My) = mq > 1 and dim(Msz) = mg > 1.
Then ¢, My Xy, My is mized Ricci-flat if and only if

(1) either y,My xy My can be expressed as a warped product s, My x My of
(My, 1) and (Ma, g2) with warping function fa, where go = k3gs for some positive
constant ki, or

(2) either ;, My x5, My can be expressed as a warped product My Xy, My of
(My, g1) and (Ma, g2) with warping function fi, where gy = k3gy for some positive
constant kg, or

(3) My Xy, My is a direct product My x My of (M1, ¢1) and (Ma, §2), where
g1 = cggl and go = c%gg for some positive constants ¢1 and co.
Proof. It s, My %y, M> is mixed Ricci-flat, then we have Ric(X,V) = 0 for all
X € L(My) and V € L(M>). Thus, by the hypothesis and (6]), we obtain
Xf)(Vf)=0, (21)
for all X € L(M;) and V' € L(Ms). There are three different cases.

Case 1. Xfi=0and Vfy#0.

Hence, we find f; = ki for some positive constant k. Thus, we can write
g = f291 @ go, where go = kigoe, that is g, My xy, My can be expressed as a
warped product g, M7 x M, with warping function f,, where the metric tensor of
Ms is g2 given above. This is (1).

Case 2. Xf1#0and Vfy=0.
Similarly, r, M1 Xy, Mj can be expressed as a warped product M; Xy, My with

warping function fi, where the metric tensor of this warped product M; Xy Ms
My is g = g1 @ f2 g2 such that g; = k3g; for some positive constant ks, so we get (2).



1334 S. GERDAN AYDIN, H.M. TASTAN
Case 3. Xfi=Vfy=0.

Then, it follows immediately that f; = ¢; and fo = co, where ¢; and ¢y are
positive constants. Thus, it is easy to see that y, My Xy Ms is a direct product
My x My of (My,gy) and (Ms, ga), here gi = cg; and gz = c2go. Which is (3).
The converse is obvious from the equation @ ([l

A pseudo-Riemannian manifold (M, g) is called an Einstein manifold if its Ricci
tensor proportional to its metric, i.e., Ric = A\g for some constant A [5].Since, the
Einstein conditions leads to mixed Ricci-flatness, by our main result Theorem [5]
we have following result.

Corollary 6. There exist no Einstein proper doubly warped product pseudo-Riemannian
manifold of dimension greater or equal than 4.

Remark 7. This result was also obtained without dimension restriction in [1|] by
different manner, see Proposition 3.1 of [1|].

Remark 8. In (8], the author asserts that the existence of Einstein doubly warped
product pseudo-Riemannian manifolds, see Remark 3.3 of [§]. But Corollary @
contradicts that result.

Remark 9. The mixed Ricci-flatness condition was also used for a twisted product
to be a warped product by M. Ferndndez Lopez et al [7].

Remark 10. As can be easily seen from the Preliminaries section, there exist no
inclusion relation between the classes of proper twisted products and the classes of
proper doubly warped products.

Remark 11. Some space-time models such as Robertson- Walker and Kruskal have
the mized Ricci-flatness property. Thus, in view of Theorem [3, these space-times
cannot be further generalized to the proper doubly warped products.
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