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ON DOUBLY WARPED PRODUCTS
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Abstract. We give a new characterization for doubly warped products by
using the geometry of their canonical foliations intersecting perpendicularly.
We also give a necessary and suffi cient condition for a doubly warped product
to be a warped or a direct product. As a result, we prove the non-existence
of Einstein proper doubly warped product pseudo-Riemannian manifold of
dimension grater or equal than 4.
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1. Introduction

The notion of warped product of pseudo-Riemannian manifolds was defined by
Bishop and O’Neill in [2] in order to construct a large class of complete manifolds
of negative curvature. In fact, this notion appeared in the literature before [2]
under the name of semi-reducible spaces [10]. Also, this notion is a natural and
fruitful generalization of the notion of direct (or Riemannian) product. One of the
reasons why warped products have been studied actively is that they play very im-
portant roles in physics as well as in differential geometry, especially in the theory
of relativity. In fact, the standard space-time models such as Robertson-Walker,
Schwarschild, static and Kruskal are warped products. Moreover, the simplest mod-
els of neighborhoods of stars and black holes are warped products [12].

In this paper, we first prove a existence theorem for doubly warped products. Sec-
ondly, we give a necessary and suffi cient condition, called the mixed Ricci-flatness
for a doubly warped product to be a warped or a direct product. In order to
achieved this, we use a result of [1] or [14] concerning Ricci tensor of a doubly
warped product. Then by using this result, we prove the non-existence of Einstein
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doubly warped product pseudo-Riemannian manifold of dimension ≥ 4 in proper
case.

2. Preliminaries

Let M1 and M2 be any pseudo-Riemannian manifolds endowed with pseudo-
Riemannian metric tensors g1 and g2 respectively, and let f1 and f2 are positive
smooth functions defined on M1 ×M2. Also π1 and π2 are canonical projections
of M1 ×M2 onto M1 and M2, respectively. Then the doubly twisted product [13]
f2M1 ×f1 M2 of (M1, g1) and (M2, g2) is the product manifold M = M1 × M2

equipped with metric g = f22 g1 ⊕ f21 g2 given by
g = f22π

∗
1(g1) + f21π

∗
2(g2)

where π∗i (gi) is the pullback of gi via πi for i = 1, 2. Each function fi is called a
twisting function of the doubly twisted product (f2M1 ×f1 M2, g). In this case, if
either f1 ≡ 1 or f2 ≡ 1, but not both, then we obtain a twisted product [4].

If the twisting functions f1 and f2 only depend on the points of M1 and M2 re-
spectively, then (f2M1×f1M2, g) is called a doubly warped product pseudo-Riemannian
manifold [6]. The functions f1 and f2 are called warping functions of doubly warped
product. In which case, if either f1 ≡ 1 or f2 ≡ 1, but not both, then we obtain a
warped product [2]. If both f1 ≡ 1 and f2 ≡ 1, then we get a direct (or Riemannian)
product [5]. If neither f1 nor f2 is constant, then we say that (f2M1 ×f1 M2, g) is
proper doubly warped product pseudo-Riemannian manifold.

Let (f2M1×f1M2, g) be a doubly warped product manifold with the Levi-Civita
connection ∇ and ∇i denote the Levi-Civita connection of Mi for i ∈ {1, 2}. By
usual convenience, we denote the set of lifts of vector fields onMi by L(Mi) and use
the same notation for a vector field and for its lift. On the other hand, each πi is a
(positive) homothety, so it preserves the Levi-Civita connection. Thus, there is no
confusion using the same notation for a connection onMi and for its pullback via πi.
Then, the covariant derivative formulas for a doubly warped product manifold [6]
are given as:

∇XY = ∇1XY − g(X,Y )∇(ln(f2 ◦ π2)) , (1)

∇XV = ∇VX = V (ln(f2 ◦ π2))X +X(ln(f1 ◦ π1))V , (2)

∇UV = ∇2UV − g(U, V )∇(ln(f1 ◦ π1)) (3)

for X,Y ∈ L(M1) and U, V ∈ L(M2). Moreover, M1 × {p2} and {p1} × M2

are totally umbilical submanifolds with closed mean curvature vector fields in
(f2M1 ×f1 M2, g) [11], where p1 ∈M1 and p2 ∈M2.

Remark 1. From now on, we will use the same symbols for warping functions and
their pullbacks.
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Next, we recall that some facts for later use.

Let M a pseudo-Riemannian manifold with metric tensor g. The Ricci tensor of
M is a symmetric (0, 2) type tensor defined by

Ric(X,Y ) =

m∑
i=1

g(Ei, Ei)g(R(Ei, X)Y,Ei) , (4)

where X and Y are smooth vector fields on M , {E1, ..., Em} is an orthonormal
frame field on the set of all smooth vector fields on M and R is Riemann curvature
tensor of M defined by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z , (5)

here ∇ is the Levi-Civita connection with respect to the metric g. For more details,
see [5].

For the Ricci tensor of a doubly warped product f2M1 ×f1 M2 with
dim(M1) = m1 > 1 and dim(M2) = m2 > 1, we have the following result from
Theorem 2.5.2 of [14] or the equation (2.19) of [1],

Ric(X,V ) = (m1 +m2 − 2)

(
Xf1
f1

)(
V f2
f2

)
, (6)

where X ∈ L(M1) and V ∈ L(M2).

3. Main Results

We need the following two facts to prove the first main theorem.

Lemma 2. (Proposition 3-a [13]) LetM = M1×M2 and call (D1,D2) the canonical
foliations. Suppose that g is a pseudo-Riemann metric such that D1 and D2 are
orthogonal. Then (M, g) is a doubly twisted product f2M1 ×f2 M2 if and only if D1
and D2 are totally umbilic.

Lemma 3. (Lemma 2.3 [9]) Let f2M1 ×f2 M2 be a doubly twisted product. It is a
doubly warped product if and only if the mean curvature vector fields of canonical
foliations are closed.

We are ready to prove the main theorem.

Theorem 4. Let (M, g) be a pseudo-Riemannian manifold and D1 and D2 be
canonical foliations on M . Suppose that D1 and D2 intersect perpendicularly every-
where. Then g is the metric of doubly warped product f2M1 ×f1 M2 if and only if
there exists a smooth function µ1 (resp. µ2) on M1 (resp. M2) such that for any
Z ∈ L(M1) and W ∈ L(M2), we have

LW g = 2W [µ2]g on M1 (7)
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and
LZg = 2Z[µ1]g on M2 , (8)

where LW is the Lie derivative with respect to W and M1 (resp. M2) is the integral
manifold of D1 (resp. D2).

Proof. Let f2M1 ×f1 M2 be a doubly warped product with the metric g = f22 g1 ⊕
f21 g2. Then using the Lie derivative formula, for anyX,Y, Z ∈ L(M1) and U, V,W ∈
L(M2), we have

(LW g)(X,Y ) = −2g(h1(X,Y ),W ) (9)
and

(LZg)(U, V ) = −2g(h2(U, V ), Z) , (10)
where h1 (resp. h2) denotes the second fundamental form of M1 (resp. M2), (e.g.
see [3, p. 195]). By using (1) and (3), we obtain

(LW g)(X,Y ) = −2g(−g(X,Y )∇(ln f2),W ) (11)

and
(LZg)(U, V ) = −2g(−g(U, V )∇(ln f1), Z) (12)

from (9) and (10), respectively. By direct calculation, we get

(LW g)(X,Y ) = 2W [ln f2]g(X,Y ) (13)

and
(LZg)(U, V ) = 2Z[ln f1]g(U, V ) (14)

from (11) and (12), respectively. Thus, we find the assertion (7) for µ2 = ln f2 from
(13) and the assertion (8) for µ1 = ln f1 from (14).

Conversely, suppose that the conditions (7) and (8) hold. Then for any X,Y, Z ∈
L(M1) and U, V,W ∈ L(M2), using (7)∼(10), we have

− 2g(h1(X,Y ),W ) = 2W [µ2]g(X,Y ) (15)

and
− 2g(h2(U, V ), Z) = 2Z[µ1]g(U, V ). (16)

After some calculation, we obtain

g(h1(X,Y ),W ) = g(−g(X,Y )∇µ2,W ) (17)

and
g(h2(U, V ), Z) = g(−g(U, V )∇µ1, Z) (18)

from (15) and (16), respectively. We get

h1(X,Y ) = −g(X,Y )∇µ2 (19)

and
h2(U, V ) = −g(U, V )∇µ1 (20)

from (17) and (18), respectively. The equation (19) (resp. (20)) tells us the canon-
ical foliation D1 (resp. D2) is totally umbilical with the mean curvature vector
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field −∇µ2 (resp. −∇µ1). Moreover, the mean curvature vector field −∇µ1 (resp.
−∇µ2) is closed, since its dual 1-form −dµ1 (resp. −dµ2) is closed. Thus by
Lemmas 2 and 3, g is the metric of a doubly warped product f2M1 ×f1 M2. �
Before going to give the second main result, let recall the definition of mixed

Ricci-flatness.

LetM = f2M1×f1M2 be a doubly warped product pseudo-Riemannian manifold
with metric tensor g = f22 g1 ⊕ f21 g2. Then we say that (M, g) is mixed Ricci-flat, if
we have Ric(X,V ) = 0 for every X ∈ L(M1) and V ∈ L(M2) [7].

Theorem 5. Let f2M1×f1M2 be a doubly warped product of (M1, g1) and (M2, g2)
with warping functions f1 and f2 and dim(M1) = m1 > 1 and dim(M2) = m2 > 1.
Then f2M1 ×f1 M2 is mixed Ricci-flat if and only if

(1) either f2M1 ×f1 M2 can be expressed as a warped product f2M1 ×M2 of
(M1, g̃1) and (M2, g2) with warping function f2, where g̃2 = k21g2 for some positive
constant k1, or

(2) either f2M1 ×f1 M2 can be expressed as a warped product M1 ×f1 M2 of
(M1, g1) and (M2, ĝ2) with warping function f1, where ĝ1 = k22g1 for some positive
constant k2, or

(3) f2M1×f1 M2 is a direct product M1×M2 of (M1, ḡ1) and (M2, ḡ2), where
ḡ1 = c22g1 and ḡ2 = c21g2 for some positive constants c1 and c2.

Proof. If f2M1 ×f1 M2 is mixed Ricci-flat, then we have Ric(X,V ) = 0 for all
X ∈ L(M1) and V ∈ L(M2). Thus, by the hypothesis and (6), we obtain

(Xf1)(V f2) = 0 , (21)

for all X ∈ L(M1) and V ∈ L(M2). There are three different cases.

Case 1. Xf1 = 0 and V f2 6= 0.

Hence, we find f1 = k1 for some positive constant k1. Thus, we can write
g = f22 g1 ⊕ g̃2, where g̃2 = k21g2, that is f2M1 ×f1 M2 can be expressed as a
warped product f2M1 ×M2 with warping function f2, where the metric tensor of
M2 is g̃2 given above. This is (1).

Case 2. Xf1 6= 0 and V f2 = 0.

Similarly, f2M1 ×f1 M2 can be expressed as a warped product M1 ×f1 M2 with
warping function f1, where the metric tensor of this warped product M1 ×f1 M2

M2 is g = ĝ1⊕f21 g2 such that ĝ1 = k22g1 for some positive constant k2, so we get (2).
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Case 3. Xf1 = V f2 = 0.

Then, it follows immediately that f1 = c1 and f2 = c2, where c1 and c2 are
positive constants. Thus, it is easy to see that f2M1 ×f1 M2 is a direct product
M1 ×M2 of (M1, ḡ1) and (M2, ḡ2), here ḡ1 = c22g1 and ḡ2 = c21g2. Which is (3).
The converse is obvious from the equation (6). �
A pseudo-Riemannian manifold (M, g) is called an Einstein manifold if its Ricci

tensor proportional to its metric, i.e., Ric = λg for some constant λ [5].Since, the
Einstein conditions leads to mixed Ricci-flatness, by our main result Theorem 5,
we have following result.

Corollary 6. There exist no Einstein proper doubly warped product pseudo-Riemannian
manifold of dimension greater or equal than 4.

Remark 7. This result was also obtained without dimension restriction in [1] by
different manner, see Proposition 3.1 of [1].

Remark 8. In [8], the author asserts that the existence of Einstein doubly warped
product pseudo-Riemannian manifolds, see Remark 3.3 of [8]. But Corollary 6
contradicts that result.

Remark 9. The mixed Ricci-flatness condition was also used for a twisted product
to be a warped product by M. Fernández López et al [7].

Remark 10. As can be easily seen from the Preliminaries section, there exist no
inclusion relation between the classes of proper twisted products and the classes of
proper doubly warped products.

Remark 11. Some space-time models such as Robertson-Walker and Kruskal have
the mixed Ricci-flatness property. Thus, in view of Theorem 5, these space-times
cannot be further generalized to the proper doubly warped products.
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