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GENERALIZED BURNSIDE ALGEBRA OF TYPE B,

HASAN ARSLAN AND HIMMET CAN

ABSTRACT. In this paper, we firstly give an alternative method to determine
the size of C(Syn) which is the set of elements of type S, in a finite Cox-
eter system (Whn,Sn) of type B,. We also show that all cuspidal classes of
W, are actually the conjugacy classes Ky for every A € DPT(n). We then
define the generalized Burnside algebra HB(W,,) for Wy, and construct a sur-
jective algebra morphism between HB(W,,) and Mantaci-Reutenauer algebra
MR(Wy). We obtain a set of orthogonal primitive idempotents ex, A € DP(n)
of HB(Wh,), that is, all the characteristic class functions of Wy,. Finally, we
give an effective formula to compute the number of elements of all the conju-
gacy classes Ky, A € DP(n) of Wy,.

1. INTRODUCTION

Solomon’s descent algebra of a finite Coxeter system (W, S) was introduced by
Solomon in 1976 in [T1]. In 1992, Bergeron, Bergeron, Howlett and Taylor elegantly
reconstructed the Solomon’s descent algebra for a finite Coxeter system by using
the group structure of Coxeter group and also they introduced a family of orthog-
onal primitive idempotents of the Solomon’s descent algebra by lifting orthogonal
primitive idempotents of parabolic Burnside algebra in [IJ.

Let W,, be the Coxeter group of type B,. As a convention, throughout this pa-
per, we denote by HB(W,,), MR(W,,), SC(n) and DP(n) the generalized Burnside
algebra of type B,,, the Mantaci-Reutenauer algebra, the set of all signed composi-
tions of n and the set of all double partitions of n, respectively.

Mantaci-Reutenauer algebra MR (W,,), which is a subalgebra of the group al-
gebra QW,, and contains the Solomon’s descent algebras of type A, and B,,, was
firstly constructed in [I0]. In [2], Bonnafé and Hohlweg reconstructed MR(W,,)
by the methods which depend more on the structure of W, as a Coxeter group.
Bonnafé studied the representation theory of Mantaci-Reutenauer algebra in [3].
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In Section 3, we prove that for every positive signed composition A of n, the
parabolic closure of the reflection subgroup W4 is W,,. As a result of this, we
obtain that the number of all elements of type S, is equal to ZAGDP+(n) |Cx| and

realize that all cuspidal classes of W,, are the conjugacy classes Ky for A € DP(n).

In Section 4, we introduce the Burnside algebra HB(W,,) generated by isomor-
phism classes of reflection subgroups of W,, corresponding to signed compositions of
n. We call HB(W,,) generalized Burnside algebra of type B,,. Generalized Burnside
algebra H B(W,,) is isomorphic to the algebra QIrrW,, generated by the irreducible
characters of W,,. Then we construct a set of orthogonal primitive idempotents of
HB(W,). These orthogonal primitive idempotents are actually all the characteris-
tic class functions of the Coxeter group W,,. We determine the coefficient of the sign
character €,, of W,, in the expression of the each orthogonal primitive idempotent
of HB(W,,) in terms of irreducible characters of W,,. We get a formula to compute
the number of elements of all the conjugacy classes Ky, A € DP(n) of W,,.

2. PRELIMINARIES

2.1. Hyperoctahedral group. Let (W,,,S,) denote a Coxeter group of type B,

and write its generating set as S, = {¢t,s1, - ,Sp—1}. Any element w of W, acts
by the permutation on the set X,, = {-n,---,—1,1,--- ,n} such that for every
i € I, w(—i) = —w(i). The Dynkin diagram of W, is as follows:

Byt 6«88 —...-"5"

If J C S,,, the subgroup W generated by J is called a standard parabolic subgroup
of W,. A parabolic subgroup of W, is a subgroup of W, conjugate to W for
some J C S,. Let t; := t and t; := s;_1t;_18;_1 for each i, 2 < i < n. Put
T, :={t1, -+ ,tn}. It is well-known that there are the following relations between
the elements of S,, and T),:

(1) tle,sgzlforaulli,j7 1<i<n, 1<5<n—1;
) t81t81 = sltslt;
) SiSi4+1Si = Si+1SiSi+1 for all i, 1 < ) <n-— 2;
) ts; =sit, 1 <i<n-—1;
) sisj = s;s; for |i — j| > 1;
) titj = tjti for 1 § Z,] S n.

We denote by [ : W,, — N the length function attached to S,. Let 7, denote
the reflection subgroup of W,, generated by T,. It is also clear that 7, is a normal
subgroup of W,,. Now let S_,, = {s1, - ,8,—1} and let W_,, denote the reflection
subgroup of W, generated by S_,,, where W_, is isomorphic to the symmetric
group =, of degree n. Thus W,, = W_,, x 7,,.

Let {e1,-- ,e,} be the canonical basis of the Euclidian space R™ over R. Let

U ={e;:1<i<n}uU{ej+Xe;:Ae{-1,1}and 1 <i<j<n}
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Then ¥, is a root system of type B,,. For further information about the Coxeter
groups of type B, see [8], [9].

A signed composition of m is an expression of n as a finite sequence A =
(a1, -+ ,ax) whose each part consists of non-zero integers such that Zle la;] = n.
Put |A] = Zle |a;|. We write SC(n) to denote the set of all signed compositions
of n.

Let A= (a1, -+ ,a;) € SC(n). A is said to be positive(resp. negative) if a; > 0
(resp. a; < 0) for every i > 1. If a; < 0 for every ¢ > 2, then A is called parabolic.
Let define A™ = (|ay|,---,|ar|). Then AT is a positive signed composition of n.

The set of positive signed compositions of n is denoted by SC*(n).

A double partition p = (u;pu~) of n consists of a pair of partitions pu* and
pu~ such that |p| = |u*| + |#~| = n. If the number of positive parts of n (resp.
negative parts of n) is equal to zero, then we write §) instead of u™ (resp. u~). We
denote the set of all double partitions of n by DP(n). We define DP T (n) = {u =
(utsp=) € DP(n) = p~ =0} For p= (u;07) € DP(n), fo:= pt * —p~ is the
signed composition obtained by appending the sequence of components of ut to
that of —p~ [2].

Now let A € SC(n). If u* (resp. p~) is rearrangement of the positive parts (resp.
absolute value of negative parts) of A in decreasing order, then A(A) := (u*; p7) is
a double partition of n and also (@) = p for every u € DP(n) [2]. In [2], Bonnafé
and Hohlweg constructed some reflection subgroups of W,, corresponding to signed
compositions of n as an analogue to Z,, as follows: For each A = (a1, - ,ax) €
SC(n), the reflection subgroup W, of W, is generated by S4, which is

Sa={sp €W_p : |ar]| 4+ +]aia| +1<p<l|ar| + -+ |ai| — 1}
U{tjas | tlay)+1 € Tn} | a; >0} C S,

where S, = {s1:-Sp—1,t1,t2, - ,tn}. By the definition of S4, there exists an
isomorphism W, = W,, x --- x W,, [2]. By taking into account the definition of
the generating set S4 and the isomorphism W4 = W,, x---x W, ,fori, 1 <i<r
if a; > 0 then we have rank W,, = a; and if a; < 0 then we have rank W, = |a;|—1.
Therefore, we get

rankWy, = |S4| = n — ng(A),

where ng(A) denotes the number of negative parts of A. Because of > ;_, |a;| = n,
we obtain rankW,4 = |S4| < n.

For A, B € SC(n), we write A C B if W4 C Wpg, where C is a partial ordering
relation on SC(n) [2]. For A € SC(n) let cox4 be a Coxeter element of Wy in terms
of generating set S4. For B, B’ C A, we write B =4 B’ if W is conjugate to Wy
under W4 and also coxp and coxp: are conjugate to each other in Wy if and only
if B=4 B [B]. We write B =, B if Wg is conjugate to Wy under W,,. This
equivalence is a special case for these kind of reflection subgroups of W,,, because
this statement is not true for every reflection subgroup of W,,. Although some two
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reflection subgroups R and R’ of W,, contain W,-conjugate Coxeter elements coxp
and coxps respectively, these subgroups are not able to W,,-conjugate to each other
[6]. For every element w of W, there exists a unique A € DP(n) such that w is
W,-conjugate to cox; [3]. Let Ky be the conjugacy class of W, corresponding to
A € DP(n). Since the number of conjugacy classes of W, is equal to |DP(n)|, thus
we may split up W, into |DP(n)| conjugacy classes. In [3], Bonnafé showed that
for A, B € SC(n), W4 is conjugate to Wg in W, if and only if A(4) = A(B).

For a subset X of W,,, we denote by Fix(X) = {v €e R" : Vz € X, z(v) = v} the
subspace of R” fixed by X and let write Weiy(x) = {w € W, : Vv € Fix(X), w(v) =
v} for the stabilizer of Fix(X) in W,,. By [6], the set Wyiy(x) is called the parabolic
closure of X and it is denoted by A(X). For any w € W, if we take X = {w}
then we write Fix(w) and A(w) instead of Fix({w}) and A({w}), respectively. By
[1], w is said to be an element of type J if there exists a J C S, such that A(w) is
conjugate to W; under W,.

2.2. Mantaci-Reutenauer algebra. For any A € SC(n), we set
Do={zeW, : ¥YseSa, l(zs) >(x)}.

By [2] and [7], D4 is the set of distinguished coset representatives of W4 in W,.
Let
da= Y weQW,,
weD 4
and let
MR(W,)= €P Qda.
AesSC(n)
For every A € SC(n), from [2] ®, : MR(W,) — QIrrW, is a surjective al-
gebra morphism such that ®,(ds) = Ind%’; 14, where 14 stands for the triv-
ial character of W4. It is well-known from [2] that the radical of MR(W,,) is
Ker®, = @4 pescn), a=,5Qda —dp)
By [2], for A, B € SC(n), the set of distinguished double coset representatives is
defined as Dap = Dgl N Dp and for any = € D4p,

For A, B € 8C(n), let define [3] the sets DS = {z € Dap: © Wa C Wg} and
DiB = {:L' EDpag: Wy =" WB}.
The following proposition proved by Bonnafé in [3] gives the ring multiplication
structure in MR(W,,).
Proposition 1 ([3]). Let A and B be any two signed composition of n. Then,
i. There is a map fap : Dap — SC(n) satisfying the following conditions:

o For every x € Dag, fap(z) C B and fap(z)=p5® AN B.
o dadp — Za:eDAB deB(x) € M’RQAA(Wn) QM’R<B(Wn) N Ker®d,,.



256 HASAN ARSLAN AND HIMMET CAN

ii. If A parabolic or B is semi-positive, then fap(x) = = 'ANB forx € Dap
and dAdB = ZwEDAB dz*lAr‘]B‘
1il. TA(A)(dB) = |D§B|
iv. DZg={x €W, : Sa=" Sp}.
V. W(B) = {w c W, v SB = SB}
vi. W(B) is a subgroup of Nw, (Wg).
vii. NW"(WB) = W(B) X WB-

In the Proposition |1} the symbols C» and < denote a pre-order and an ordering
defined on SC(n), respectively. If A =, B, then it is clear D55 = DSy and
W(A) = DG 4. Thus MR(W,,) is called Mantaci-Reutenauer algebra of W,,.

For A € DP(n), the map 75 : MR(W,) — Q, x — &, (x)(cox;) is independent
of the choice of cox; € Ky and it is also an algebra morphism [2].

3. SOME PROPERTIES OF COXETER GROUP OF TYPE B,

Let A € SC(n) and let 14 : W4 — N be the length function of W4 in terms of its
generating set S4. When A is not a parabolic signed composition of n, the value
la(w) is not equal to I(w) for some w € W4. The following lemma gives a relation
between these two length functions. The proof of the following lemma is clear from
the fact that I(¢;) =2i— 1 fori, 1 <i < n.

Lemma 2. Let A € SC(n). Then for every w € Wy
l(w) =1la(w) (mod 2).
Let ¢, and €4 be the sign character of W,, and W4, respectively. As a result of
the previous lemma, we get
en(w) = (=1 = (=1)"") = g 4 (w).
Since the restriction of £, to Wy, that is res%;;am is an irreducible character of

W4 for every A € SC(n) and Lemma [2| then we have res%g En =EA.

Example 3. For a concrete example, let A = (—2,3,—-1,—3,1) € SC(10). Then
Sa = {81} U {t3,53,$4} U {57758} U {tlo} C SlO and SA =WanN SlO = {51} U
{tg, S3, 84,t4,t5} U {87, 88} U {tlo}. Thus W4 2 W_5 x W3 X W_1 x ng x Wi. For
w = s7t3s3S1t10 € Wa, la(w) =5 and also

w = S7t35351810 = S75251815152535159585756555453525111515253545556575859 € Wio,
so l(w) = 27. Tt follows that [(w) = l4(w) = 1(mod 2).

Proposition 4. If B € SC*(n), then the parabolic closure of Wp is A(Wg) = W,.

Proof. Since B € SC*(n), we have 7,, < Wp and so w, € Wg. By considering
w, as a linear map —idgn : R" — R™ we obtain Fix(w,) = {0}. Thus, the
parabolic closure of w,, is A(w,) = Wrix(w,) = Wn. Because of the relation w, €
Wpg C A(coxp) = A(Wpg), we get w, € A(coxp). By [L1], the inclusion A(w,,) C
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A(coxp) = A(Wpg) holds. If we take into account the fact that A(w,) = W, then
we have A(Wg) = W,,. This completes the proof. O

As a consequence of Proposition 4} if B € SC*(n), then the parabolic closure of
Wpg is W,, and each element of ICA(B) is of type S,,.

Lemma 5. Let A be a signed composition of n. Then w, belongs to W, if and
only if A € SC*(n).

Proof. When A is a positive signed composition of n, we can easily see from the
proof of Proposition [4] that w,, is an element of W4. Conversely, let w,, be in W.

We suppose that A = (aq, - ,a;, -+ ,a,) is not a positive signed composition of n.
Then there exists a; < 0 for some i, 1 < i < r. Thus from the definition of W4, we
obtain |, |4.tlai1|+15 " s tjar|4-tla;| € Sa = WaNS,. Hence for any z € Wy

and €jg; | +tlasy+1 + 0 F Clag ot € R, we have z(ejq; | pjag 41 + oo
Clas |+--+ail) = €lar|4-+lai_s|[+1 F T €lay [+ ta;| AN 5O €lay | pla;y |41+ F
€las|+-+]a;] € Fix(Wa). This is a contradiction, because the subspace Fix(WW4)
consists of only 0. Therefore, we get A € SCt(n). O

Theorem 6. If the set C(S,,) denotes the set of all elements of Wy, of type Sy,

then we have
¢Sy = JI K (1)
AEDP*(n)

Proof. For each A € DPF(n), we have A € SC*(n). From Proposition 4| for
every element of Ky is of type S, and so the reverse inclusion holds. Now let
w € C(Sp). Then w is W,-conjugate to coxs for some A € SC(n). Thus we
get A(w) = A(coxs) = A(W4) = W,,. From here, for every © € W,, and every
v € Fix(W4) we obtain z(v) = v. In particular, if we take w, = —idgn € W, then
it is seen that Fix(1W4) includes just {0}. Thus w, is an element of W4. Otherwise,
if A ¢ SC*(n), then from the proof of Lemma we get Fix(W,) # {0}, which is a
contradiction. Hence A € SC*(n). By taking the definition of A into account, we
get a A € DPT(n) such that A(A) = X\. Thus w belongs to Ky and so it is seen
that the inclusion C(Sy) C [ epp+(n) K satisfies. It is required. O

Since the exponents of W, are in turn 1,3, -+ ,2n — 1, then from [I] the number
of elements of type S, is equal to the product of exponents of W,, and so |C(S,,)| =
1-3-.-2n — 1. By the equation , we obtain the formula

cs)l= Y 1Kl

uweDPT(n)

Thus Theorem [6] gives us an alternative method to compute the number of
elements of type S,,. We will give a formula in Corollary [I9] to find the number of
elements of every conjugacy class K, A € DP(n) of W,,. Moreover, we will give an
example for Theorem [6]in Section 5.
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A conjugacy class of a finite Coxeter group W which does not contain an element
of a proper standard parabolic subgroup of W is called a cuspidal class of W [§].

Corollary 7. Let A be a positive signed composition of n. Then the conjugacy
class Kx(a) is a cuspidal class of Wp,.

If we consider the proof of Proposition [dland Corollary[7] then all cuspidal classes
of W,, are the conjugacy classes Kx(4) for every A € SC*(n). From Theorem @
the set C(S,,) is disjoint union of cuspidal classes of W,,. Therefore, each element
of W, of type S,, belongs to a unique cuspidal class of W,.

4. GENERALIZED BURNSIDE ALGEBRA OF W,

Let A, B be any two signed compositions of n. Then, we have that
A=, B & War~w, W & [W/Wa]=[W/Wg]

where [W/W 4] represents the isomorphism class of W,-set W/W 4. The orbits of
W, on W/W4 x W/Wg are of the form (Waxz, Wg) where € D 4p. The stabilizer

of (Wax,Wg) in W, is s WaN Wy = W.-1 415~ Therefore
(W/Wal.W/Wg] = [W/Wax W/Wg]= > [W/W.-r ).
r€DaB
Thus, we are now in a position to give the following definition.

Definition 8. The generalized Burnside algebra of W,, is Q-spanned by the set
{{W/W4]: A e SC(n)} and it is denoted by HB(W,,).

From part (i) of Proposition I 11| and the structure of Ker(®,,), the ring multipli-
cation rule in MR(W,,) may be expressed by

dadp = Z dfsp(x -I-Z N/ ONN (dy —dnv),

z€DAB

where ayn: € Z; N,N'CaA; N,N' < B; fap(z) C B and fap(z)=p® ANB.
Now we define

¥ 1 MR(W,) — HB(W,), da— [W/Wa).

Thus ¢ is well-defined and surjective linear map. By considering the structure of
Ker®,, and fap(z) =p @ 'ANB = Wiinz) ~wp Wa1 405, We get

Y(dadp) = Z dfap(2) +Z N (dy = dnr))
JLEDAB

= Z [W/WfAB(’»U)]

r€DAB

= ¢(da)¥(dp).
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Then the map 1 is an algebra morphism. Since dimgHB(W,,) = dimgQIrrtW,, =
|DP(n)|, then there is an algebra isomorphism between HB(W,,) and QIrrW,, such
that

HB(W,)) — QIrrW,,, [W/W4] — Ind " 1a.

Now let A, € DP(n) and let ¢, = Indwg‘lj\. From part (iii) of Proposition
palcoxs) = Taldg) = |Dg D& 5| # 0 and 7x(dg) = 0 if A ¢ p. Thus the matrix
(7A(d5))r,pueDP(n) is lower dlagonal Then (¢y(cox))a,, is upper diagonal and
also has positive diagonal entries. Therefore (¢, (cox;))x,, is invertible and we
write (uxu)xuepp(n) for the inverse of (¢, (coxy))x,.. We define

Z U)\HQOM.
HEDP(n)

By definition of ey and (¢, (cox;)) ™! = (uy,), we obtain that

ex(coxy) = Z Uny P (cOXp) = Ox p-

~EDP(n)
Hence the set {e) : A € DP(n)} is a collection of orthogonal primitive idempotents
of HB(W,,). Consequently, we have HB(W,,) = ©xcpp(n)Qen.
For each A € SC(n),
sa: HB(W,) — Q, sa([X]) = ["*X]

is an algebra map, where VA X = {x € X : Waz = x}. Since HB(W,,) is semisimple
and commutative algebra, then all algebra maps HB(W,,) — Q are of the form s4
for every A € SC(n). The proof of the following lemma is immediately seen from
[5]-

Lemma 9. For A, B € SC(n), we have that
sa=5sp & AA) =A(B).
Thus the dual basis of HB(W,) is {s5 : A € DP(n)}. For any A, u € DP(n),
we have the following equality
s5(ew) = O, (2)

and so any element = in HB(W),) can be expressed as & = 3\ cpp(,) S5 (2)ex

Let A be a signed composition of n. Induction and restriction of characters give
rise to two maps between HB(W ) and HB(W,,). For any A, B € SC(n) such that
B C A, we have Ind{}" ([Wa/Wg]) = [W,/Wg].

Definition 10. Let A, B € SC(n) be such that B C A. The restriction is a linear
map

resyA : HB(Wa) — HB(Wg), resy((Wa/Wel) = > [We/Wyou1o].
deWanDcp
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Before going into a further discussion of the restriction and induced character
theories of generalized Burnside algebra, we shall first mention the number of ele-
ments of the conjugacy class of W4 in W,,.

Proposition 11. Let A € SC(n) and A(A) = X. The number of all reflection
subgroups of W, which are conjugate to W4 is

[[Wall = [Dal - ux

Proof. Put [Wa] = {*Wa : 2 € W,,}. Now we note that aWaz~! = yWay~! if
and only if € yNy,, (W4). Thus, the number of distinct conjugates of Wy in W,
is [W,, : Nw, (Wa)]. Since also Ny, (W4) = W(A) x Wy, we have
(W Dl
Wl = Swear-war = e
Furthermore, from the fact that 7x(a)(da) = [DG4| = [W(A)| and ¢y (coxs) =
Taa)(da) = , as desired. O

Example 12. We consider the set D1y = {1,52,5152} consisting of the distin-
guished coset representatives of reflection subgroup Wiy 1y in W3. The number of
all reflection subgroups conjugate to Wiy 1y in W3 is

(Wl = [Del - u@10),2150 =3-1=3.

These are explicitly Wz 1y, W(1,2) and *2W 1) = (s28182,t1,t2). We note that
the reflection subgroup *2W 5 1) does not coincide with any subgroup of W3 corre-
sponding to any signed composition of 3.

Remark 13. For A,B € SC(n) such that B C A and for any v € HB(W,), by

using the definition of sa one can see that there exists the relation sg(res%’g (2)) =

sp(x).
We can now give the following proposition.

Proposition 14. Let be A, B € SC(n) and let Ay, As,--- , A, be representatives of
the W a-equivalent classes of subsets of A, which are W,,-equivalent to B. Then,

resW eg = E eA

If B is not W, -equivalent to any subset of A then resvm‘;: eg = 0.

Proof. Since res%’; ep is an element of HB(Wj4), then we have

res%’:‘eg = Z sﬁ (resW (ep))e ﬁ.

Then by using Remark |13| and the relation , we get

Wi _ A
resy ep = g sa;(ep)ea,



GENERALIZED BURNSIDE ALGEBRA OF TYPE B, 261

_ E A
= €4,

A;CA
AiEAB

:
S et
i=1

Proposition 15. Let A, B € SC(n) and let B C A. Then we have

W(B)|

Indyefy = ————— -
MwaCB = T aw )] P

Proof. Firstly, we assume that A = B and cox4 is a Coxeter element of W4. Since
the image of cox 4 under permutation character of W, on the cosets of W4 is [W(A)|
then it follows from the fact that

z lcoxar € Wy <z € Ny, (Wy).
Thus we obtain

Indy” €4 (coxa) = [Da N Ny, (Wa)|
= [W(A4)|.

As Ind%’; eﬁ takes value zero except for the elements conjugate to coxs and so we
get

Ind%’:1 e = W(A)lea.
By transitivity of induced characters, we generally get

1
[Wa N W(B)|
1
[Wa N W(B)|

_ sy
Wanw(B)"*

Indyy” e = Indyy” ( [WaNW(B)led)

= Ind}}" (

WA B
W ind2ep)

O
Furthermore, there is also the equality Ind%’; e = |Nw, Wg) : Nw,(Wg)|es.

Theorem 16. Let A,B € SC(n) be such that A(B) C A(A). If B1,Ba, -, B,
are the representatives of the Wa-equivalence classes of subsets of A which are
W, -equivalent to B, then for coxg € W,,

W,
In dWA (cozp)

ZIVVAﬂW Bi)|
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Proof. Let A, B € SC(n). If A =,, B then it is easy to prove that [W(A)| = |[W(B)|.
We write 14 =) 5 e‘é, where E € SC(n) runs over W4-conjugacy classes of subsets
of A. From Proposition [L5] we have

IdW”l 72 IdW Idw”l 72 |7 )
Hwa A ndw ek = Indy La WanW(E) °F

Since each B; is Wn—equlvalent to B, then eE(COXB) = 1if and only if £ =y, B;.
Thus we obtain that

Ind%~ 1
WA COXB Z |WAﬂW )‘

Hence the theorem is proved. O

Theorem and Proposition [18| give us a useful computation to determine the
coefficient of the sign character ¢, in the expression of the orthogonal primitive
idempotent ey, A € DP(n) in terms of irreducible characters of W,,.
=n"

2n

Theorem 17. U(n;0),(0;1,---,1) =

Proof. Let X,., : Wy, — Z be the regular character of W,,. For A = (—-1,---,-1)
it is satisfied Ind%; 14 = Xyeg- The character e, is contained in x,., with the
property that its coefficient is just 1, thus we have

<Ind%’:‘1,4, en) = 1.
Now let A # (—1,---,—1). By using Frobenius Reciprocity and the formula
res%j €n = €4, it is obtained that (Ind%zlA,s,J = 0. If w is conjugate to coxyy,,
under W,,, then we have e(,.g)(w) = 1 and &, (w) = e, (coxw,, ) = (—1)"®) = (=1)™.
Let cclwy, (coxw, ) denote the conjugacy class of coxy, in W,,. By considering the

formula (coxw, )| = \V‘;]\Ifn in [4], we obtain
_=nn
<€(n;®)75n> ~ Ton
On the other hand, (€(n:0),€n) = 2, cpp(n) U(nit)u(Ppur En) = Uns0), (031, 1) and so
the proof is completed. O
Proposition 18. For A € DP(n) and X # (n;0), then we have
NERUOY
ux @1, 1) = (D% 2o
ey (Wl
Proof. Since the sign character is constant on the conjugacy classes, then we have
1
(ex,en) = — Y (=)™ (rankW; = [S5])
|Wn| wek
= (—1)I5sl. 1Rl

|W7L|.
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Note that (¢, e,) has value 1 for = (0;1,---,1) and zero for the others. Hence-
forth, we obtain (ey,e,) = Euem;(n) UNu(Ppr En) = U, (@:1,. 1) Eventually, we
\

have UN,(Bi1,,1) = (71)|SA‘ . % O

Notice that calculation of the inner product (ey,lw, ) leads to the following
corollary.

Corollary 19. Let A € DP(n). Then
Wl Z Un,p = [KCal-
nEDP(n)
By means of Corollary |19 and the matrix (ux,)x uepp(n), One can readily deter-
mine the sizes of all the conjugacy classes of W,,.
Theorem 20. Let A € SC(n) and A € DP(n). Then
ANy
Y wwlaac. 1) = (_1)ISA‘|W7’
Al
pEDP(n)
where apa(-1,...—1) = [{z € Dpa : T ANA= (=1, , =1}
Proof. The term d(_; ... _1) in the multiplication dsda lies in the summand
erDﬂA df, A () from the structure of Ker®,, and part (i) of Proposition|I} If we
write the coefficient of d(_; ... ;) in this summand as a;4(—1,...,—1), and so we get

apA(-1,,-1) = {2 € Dpa @ faa(z) = (=1, , =1}
By using part (i) of Proposition (1| along with the fact fua(z) =4 flﬂ NA, it is
seen that there is the equivalence ’”71[1 NA=4(-1,---,—1). Since no element in
SC(n) is congruent to (—1,---,—1) except for (—1,---,—1), it then follows that
@ iNA = (=1,---,—1). Hence we have deduced the equality aj(—1,... —1) = [{z €
Dja - ‘”71/1 NA=(-1,---,—1)} holds. Therefore, by Frobenius Reciprocity and
Mackey Theorem, we have

<e)\’ind%2514>: Z ’LL)\H Z <il’ld%:71 A1171ﬂ0A7€A>

an
HEDP(n) r€DpA
= E Uy E 1“”_1;1014
HEDP(n) x€Dpa
*anA=(~1,-,-1)
= D wanlpa-i. 1)
HEDP(n)

Also, €, (w) is the same value for every w € K and so &, (w) = e, (cox;) = (—1)1l.

Therefore, by Lemma 2| we have

. 1 w1
{ex, indyysea) = TWal Yo (mpae
A weANW 4
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= X () = e SN W
‘WA| welxNWa |WA|

Putting these two results together, we see that theorem is proved. O

5. EXAMPLE

We consider the Coxeter group Wj. For all A\,u € DP(3), by means of the
character table of MR(W3) in [3], we can write the values ¢, (cox;) as in the
following table:

l [ e [ c@a [ ceauw [ c@n | a2 [ f@en | caaue | caun | canny | %@ ]

‘P(3;V)) 1 1 1 1 1 1 1 1 1 1
P (0:3) 0 2 0 0 0 4 0 0 0 8
P(2.1:0) 0 0 1 1 1 1 3 3 3 3
?(2:1) 0 0 0 2 0 2 0 2 4 6
©(1;2) 0 0 0 0 2 2 0 0 4 12
©(0:2,1) 0 0 0 0 0 4 0 0 0 24
©(1.1.1:0) 0 0 0 0 0 0 6 6 6 6
©(1.1:1) 0 0 0 0 0 0 0 4 8 12
©(1;1,1) 0 0 0 0 0 0 0 0 8 24
©(0;1.1,1) 0 0 0 0 0 0 0 0 0 48
The matrices (uxu)a,uepp(n) 18

1 -1/2 -1 0 0o 1/2 1/3 0 0 —1/6

0 1/2 0 0 0 —1/2 0 0 0 1/6

0o 0 1 -—1/2 -1/2 1/4 -1/2 1/4 1/4 -1/8

o 0 0 1/2 0 -1/4 0 -1/4 0  1/8

o 0 0 0 1/2 -1/4 0 0 -1/4 1/8

0O 0 0 0 0  1/4 0 0 0 —1/8

0 0 0 0 0 0 1/6 —1/4 1/8 —1/48

0o 0 0 0 0 0 0 1/4 —1/4 1/16

0o 0 0 0 0 0 0 0 1/8 —1/16

0 0 0 0 0 0 0 0 0 1/48

For A = (3;0), (2,1;0), (1,1,1;0) € DP(3), the size of K, is calculated by
means of Corollary |19] and matrix (ux,.)xuepp(n) the above. Since [K(z,9)| = 8,
|K2,1;09)] = 6 and [KC(1.1,1,0y| = 1, then we have found that the number of elements
of type Sz is |C(S3)| = 15.
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