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GENERALIZED BURNSIDE ALGEBRA OF TYPE Bn

HASAN ARSLAN AND HIMMET CAN

Abstract. In this paper, we firstly give an alternative method to determine
the size of C(Sn) which is the set of elements of type Sn in a finite Cox-
eter system (Wn, Sn) of type Bn. We also show that all cuspidal classes of
Wn are actually the conjugacy classes Kλ for every λ ∈ DP+(n). We then
define the generalized Burnside algebra HB(Wn) for Wn and construct a sur-
jective algebra morphism between HB(Wn) and Mantaci-Reutenauer algebra
MR(Wn). We obtain a set of orthogonal primitive idempotents eλ, λ ∈ DP(n)
of HB(Wn), that is, all the characteristic class functions of Wn. Finally, we
give an effective formula to compute the number of elements of all the conju-
gacy classes Kλ, λ ∈ DP(n) of Wn.

1. Introduction

Solomon’s descent algebra of a finite Coxeter system (W,S) was introduced by
Solomon in 1976 in [11]. In 1992, Bergeron, Bergeron, Howlett and Taylor elegantly
reconstructed the Solomon’s descent algebra for a finite Coxeter system by using
the group structure of Coxeter group and also they introduced a family of orthog-
onal primitive idempotents of the Solomon’s descent algebra by lifting orthogonal
primitive idempotents of parabolic Burnside algebra in [1].
Let Wn be the Coxeter group of type Bn. As a convention, throughout this pa-

per, we denote by HB(Wn),MR(Wn), SC(n) and DP(n) the generalized Burnside
algebra of type Bn, the Mantaci-Reutenauer algebra, the set of all signed composi-
tions of n and the set of all double partitions of n, respectively.
Mantaci-Reutenauer algebra MR(Wn), which is a subalgebra of the group al-

gebra QWn and contains the Solomon’s descent algebras of type An and Bn, was
firstly constructed in [10]. In [2], Bonnafé and Hohlweg reconstructed MR(Wn)
by the methods which depend more on the structure of Wn as a Coxeter group.
Bonnafé studied the representation theory of Mantaci-Reutenauer algebra in [3].
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In Section 3, we prove that for every positive signed composition A of n, the
parabolic closure of the reflection subgroup WA is Wn. As a result of this, we
obtain that the number of all elements of type Sn is equal to

∑
λ∈DP+(n) |Kλ| and

realize that all cuspidal classes ofWn are the conjugacy classes Kλ for λ ∈ DP+(n).
In Section 4, we introduce the Burnside algebra HB(Wn) generated by isomor-

phism classes of reflection subgroups ofWn corresponding to signed compositions of
n. We call HB(Wn) generalized Burnside algebra of type Bn. Generalized Burnside
algebra HB(Wn) is isomorphic to the algebra QIrrWn generated by the irreducible
characters of Wn. Then we construct a set of orthogonal primitive idempotents of
HB(Wn). These orthogonal primitive idempotents are actually all the characteris-
tic class functions of the Coxeter groupWn. We determine the coeffi cient of the sign
character εn of Wn in the expression of the each orthogonal primitive idempotent
of HB(Wn) in terms of irreducible characters of Wn. We get a formula to compute
the number of elements of all the conjugacy classes Kλ, λ ∈ DP(n) of Wn.

2. Preliminaries

2.1. Hyperoctahedral group. Let (Wn, Sn) denote a Coxeter group of type Bn
and write its generating set as Sn = {t, s1, · · · , sn−1}. Any element w of Wn acts
by the permutation on the set Xn = {−n, · · · ,−1, 1, · · · , n} such that for every
i ∈ In, w(−i) = −w(i). The Dynkin diagram of Wn is as follows:

Bn :
t◦ ⇐ s1◦ − s2◦ − · · · −

sn−1◦ .

If J ⊂ Sn, the subgroup WJ generated by J is called a standard parabolic subgroup
of Wn. A parabolic subgroup of Wn is a subgroup of Wn conjugate to WJ for
some J ⊂ Sn. Let t1 := t and ti := si−1ti−1si−1 for each i, 2 ≤ i ≤ n. Put
Tn := {t1, · · · , tn}. It is well-known that there are the following relations between
the elements of Sn and Tn:

(1) t2i = 1, s2j = 1 for all i, j, 1 ≤ i ≤ n, 1 ≤ j ≤ n− 1;
(2) ts1ts1 = s1ts1t;
(3) sisi+1si = si+1sisi+1 for all i, 1 ≤ i ≤ n− 2;
(4) tsi = sit, 1 < i ≤ n− 1;
(5) sisj = sjsi for |i− j| > 1;
(6) titj = tjti for 1 ≤ i, j ≤ n.
We denote by l : Wn → N the length function attached to Sn. Let Tn denote

the reflection subgroup of Wn generated by Tn. It is also clear that Tn is a normal
subgroup of Wn. Now let S−n = {s1, · · · , sn−1} and let W−n denote the reflection
subgroup of Wn generated by S−n, where W−n is isomorphic to the symmetric
group Ξn of degree n. Thus Wn = W−n n Tn.
Let {e1, · · · , en} be the canonical basis of the Euclidian space Rn over R. Let

Ψ+
n = {ei : 1 ≤ i ≤ n} ∪ {ej + λei : λ ∈ {−1, 1} and 1 ≤ i < j ≤ n}.
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Then Ψn is a root system of type Bn. For further information about the Coxeter
groups of type Bn, see [8], [9].
A signed composition of n is an expression of n as a finite sequence A =

(a1, · · · , ak) whose each part consists of non-zero integers such that
∑k
i=1 |ai| = n.

Put |A| =
∑k
i=1 |ai|. We write SC(n) to denote the set of all signed compositions

of n.
Let A = (a1, · · · , ak) ∈ SC(n). A is said to be positive(resp. negative) if ai > 0

(resp. ai < 0) for every i ≥ 1. If ai < 0 for every i ≥ 2, then A is called parabolic.
Let define A+ = (|a1|, · · · , |ar|). Then A+ is a positive signed composition of n.
The set of positive signed compositions of n is denoted by SC+(n).
A double partition µ = (µ+;µ−) of n consists of a pair of partitions µ+ and

µ− such that |µ| = |µ+| + |µ−| = n. If the number of positive parts of n (resp.
negative parts of n) is equal to zero, then we write ∅ instead of µ+ (resp. µ−). We
denote the set of all double partitions of n by DP(n). We define DP+(n) = {µ =
(µ+;µ−) ∈ DP(n) : µ− = ∅}. For µ = (µ+;µ−) ∈ DP(n), µ̂ := µ+ ∗ −µ− is the
signed composition obtained by appending the sequence of components of µ+ to
that of −µ− [2].
Now let A ∈ SC(n). If µ+ (resp. µ−) is rearrangement of the positive parts (resp.

absolute value of negative parts) of A in decreasing order, then λ(A) := (µ+;µ−) is
a double partition of n and also λ(µ̂) = µ for every µ ∈ DP(n) [2]. In [2], Bonnafé
and Hohlweg constructed some reflection subgroups of Wn corresponding to signed
compositions of n as an analogue to Ξn as follows: For each A = (a1, · · · , ak) ∈
SC(n), the reflection subgroup WA of Wn is generated by SA, which is

SA ={sp ∈W−n : |a1|+ · · ·+ |ai−1|+ 1 ≤ p ≤ |a1|+ · · ·+ |ai| − 1}

∪ {t|a1|+···+|aj−1|+1 ∈ Tn} | aj > 0} ⊂ S
′

n

where S′n = {s1 · · · sn−1, t1, t2, · · · , tn}. By the definition of SA, there exists an
isomorphism WA

∼= Wa1 × · · · ×Wak [2]. By taking into account the definition of
the generating set SA and the isomorphism WA

∼= Wa1 ×· · ·×War , for i, 1 ≤ i ≤ r
if ai > 0 then we have rankWai = ai and if ai < 0 then we have rankWai = |ai|−1.
Therefore, we get

rankWA = |SA| = n− ng(A),

where ng(A) denotes the number of negative parts of A. Because of
∑r
i=1 |ai| = n,

we obtain rankWA = |SA| ≤ n.
For A,B ∈ SC(n), we write A ⊂ B if WA ⊂ WB , where ⊂ is a partial ordering

relation on SC(n) [2]. For A ∈ SC(n) let coxA be a Coxeter element ofWA in terms
of generating set SA. For B,B

′ ⊂ A, we write B ≡A B′ if WB is conjugate to WB′

under WA and also coxB and coxB′ are conjugate to each other in WA if and only
if B ≡A B

′
[3]. We write B ≡n B

′
if WB is conjugate to WB′ under Wn. This

equivalence is a special case for these kind of reflection subgroups of Wn, because
this statement is not true for every reflection subgroup of Wn. Although some two
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reflection subgroups R and R′ of Wn contain Wn-conjugate Coxeter elements coxR
and coxR′ respectively, these subgroups are not able to Wn-conjugate to each other
[6]. For every element w of Wn, there exists a unique λ ∈ DP(n) such that w is
Wn-conjugate to coxλ̂ [3]. Let Kλ be the conjugacy class of Wn corresponding to
λ ∈ DP(n). Since the number of conjugacy classes of Wn is equal to |DP(n)|, thus
we may split up Wn into |DP(n)| conjugacy classes. In [3], Bonnafé showed that
for A,B ∈ SC(n), WA is conjugate to WB in Wn if and only if λ(A) = λ(B).
For a subset X of Wn, we denote by Fix(X) = {v ∈ Rn : ∀x ∈ X, x(v) = v} the

subspace of Rn fixed by X and let writeWFix(X) = {w ∈Wn : ∀v ∈ Fix(X), w(v) =
v} for the stabilizer of Fix(X) in Wn. By [6], the set WFix(X) is called the parabolic
closure of X and it is denoted by A(X). For any w ∈ Wn, if we take X = {w}
then we write Fix(w) and A(w) instead of Fix({w}) and A({w}), respectively. By
[1], w is said to be an element of type J if there exists a J ⊂ Sn such that A(w) is
conjugate to WJ under Wn.

2.2. Mantaci-Reutenauer algebra. For any A ∈ SC(n), we set

DA = {x ∈Wn : ∀ s ∈ SA, l(xs) > l(x)}.

By [2] and [7], DA is the set of distinguished coset representatives of WA in Wn.
Let

dA =
∑
w∈DA

w ∈ QWn,

and let
MR(Wn) =

⊕
A∈SC(n)

QdA.

For every A ∈ SC(n), from [2] Φn : MR(Wn) → QIrrWn is a surjective al-
gebra morphism such that Φn(dA) = IndWn

WA
1A, where 1A stands for the triv-

ial character of WA. It is well-known from [2] that the radical of MR(Wn) is
KerΦn =

⊕
A,B∈SC(n), A≡nB Q(dA − dB)

By [2], for A,B ∈ SC(n), the set of distinguished double coset representatives is
defined as DAB = D−1A ∩DB and for any x ∈ DAB ,

WA ∩ xWB = WA∩xB .

For A,B ∈ SC(n), let define [3] the sets D⊂AB = {x ∈ DAB : x−1WA ⊂ WB} and
D≡AB = {x ∈ DAB : WA =x WB}.
The following proposition proved by Bonnafé in [3] gives the ring multiplication

structure inMR(Wn).

Proposition 1 ([3]). Let A and B be any two signed composition of n. Then,

i. There is a map fAB : DAB → SC(n) satisfying the following conditions:
• For every x ∈ DAB, fAB(x) ⊂ B and fAB(x) ≡B x−1A ∩B.
• dAdB −

∑
x∈DAB dfAB(x) ∈MR(λA(Wn) ∩MR≺B(Wn) ∩KerΦn.
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ii. If A parabolic or B is semi-positive, then fAB(x) = x−1A∩B for x ∈ DAB

and dAdB =
∑
x∈DAB dx−1A∩B.

iii. τλ(A)(dB) = |D⊂AB |.
iv. D≡AB = {x ∈Wn : SA =x SB}.
v. W(B) = {w ∈Wn :w SB = SB}.
vi. W(B) is a subgroup of NWn

(WB).
vii. NWn(WB) =W(B)nWB.

In the Proposition 1, the symbols ⊂λ and ≺ denote a pre-order and an ordering
defined on SC(n), respectively. If A ≡n B, then it is clear D≡AB = D⊂AB and
W(A) = D⊂AA. ThusMR(Wn) is called Mantaci-Reutenauer algebra of Wn.
For λ ∈ DP(n), the map τλ : MR(Wn)→ Q, x 7→ Φn(x)(coxλ̂) is independent

of the choice of coxλ̂ ∈ Kλ and it is also an algebra morphism [2].

3. Some Properties of Coxeter group of type Bn

Let A ∈ SC(n) and let lA : WA → N be the length function of WA in terms of its
generating set SA. When A is not a parabolic signed composition of n, the value
lA(w) is not equal to l(w) for some w ∈WA. The following lemma gives a relation
between these two length functions. The proof of the following lemma is clear from
the fact that l(ti) = 2i− 1 for i, 1 ≤ i ≤ n.

Lemma 2. Let A ∈ SC(n). Then for every w ∈WA

l(w) ≡ lA(w) (mod 2).

Let εn and εA be the sign character of Wn and WA, respectively. As a result of
the previous lemma, we get

εn(w) = (−1)l(w) = (−1)lA(w) = εA(w).

Since the restriction of εn to WA, that is res
Wn

WA
εn, is an irreducible character of

WA for every A ∈ SC(n) and Lemma 2, then we have resWn

WA
εn = εA.

Example 3. For a concrete example, let A = (−2, 3,−1,−3, 1) ∈ SC(10). Then
SA = {s1} ∪ {t3, s3, s4} ∪ {s7, s8} ∪ {t10} ⊂ S

′

10 and S
′

A = WA ∩ S
′

10 = {s1} ∪
{t3, s3, s4, t4, t5}∪{s7, s8}∪{t10}. Thus WA

∼= W−2×W3×W−1×W−3×W1. For
w = s7t3s3s1t10 ∈WA, lA(w) = 5 and also

w = s7t3s3s1t10 = s7s2s1t1s1s2s3s1s9s8s7s6s5s4s3s2s1t1s1s2s3s4s5s6s7s8s9 ∈W10,

so l(w) = 27. It follows that l(w) ≡ lA(w) ≡ 1(mod 2).

Proposition 4. If B ∈ SC+(n), then the parabolic closure of WB is A(WB) = Wn.

Proof. Since B ∈ SC+(n), we have Tn ≤ WB and so wn ∈ WB . By considering
wn as a linear map −idRn : Rn → Rn, we obtain Fix(wn) = {~0}. Thus, the
parabolic closure of wn is A(wn) = WFix(wn) = Wn. Because of the relation wn ∈
WB ⊂ A(coxB) = A(WB), we get wn ∈ A(coxB). By [11], the inclusion A(wn) ⊂



GENERALIZED BURNSIDE ALGEBRA OF TYPE Bn 257

A(coxB) = A(WB) holds. If we take into account the fact that A(wn) = Wn, then
we have A(WB) = Wn. This completes the proof. �

As a consequence of Proposition 4, if B ∈ SC+(n), then the parabolic closure of
WB is Wn and each element of Kλ(B) is of type Sn.

Lemma 5. Let A be a signed composition of n. Then wn belongs to WA if and
only if A ∈ SC+(n).

Proof. When A is a positive signed composition of n, we can easily see from the
proof of Proposition 4 that wn is an element of WA. Conversely, let wn be in WA.
We suppose that A = (a1, · · · , ai, · · · , ar) is not a positive signed composition of n.
Then there exists ai < 0 for some i, 1 ≤ i ≤ r. Thus from the definition of WA, we
obtain t|a1|+···+|ai−1|+1, · · · , t|a1|+···+|ai| 6∈ S

′

A = WA ∩ S
′

n. Hence for any x ∈ WA

and e|a1|+···+|ai−1|+1 + · · · + e|a1|+···+|ai| ∈ Rn, we have x(e|a1|+···+|ai−1|+1 + · · · +
e|a1|+···+|ai|) = e|a1|+···+|ai−1|+1 + · · ·+ e|a1|+···+|ai| and so e|a1|+···+|ai−1|+1 + · · ·+
e|a1|+···+|ai| ∈ Fix(WA). This is a contradiction, because the subspace Fix(WA)

consists of only ~0. Therefore, we get A ∈ SC+(n). �

Theorem 6. If the set C(Sn) denotes the set of all elements of Wn of type Sn,
then we have

C(Sn) =
∐

λ∈DP+(n)

Kλ. (1)

Proof. For each λ ∈ DP+(n), we have λ̂ ∈ SC+(n). From Proposition 4, for
every element of Kλ is of type Sn and so the reverse inclusion holds. Now let
w ∈ C(Sn). Then w is Wn-conjugate to coxA for some A ∈ SC(n). Thus we
get A(w) = A(coxA) = A(WA) = Wn. From here, for every x ∈ Wn and every
v ∈ Fix(WA) we obtain x(v) = v. In particular, if we take wn = −idRn ∈Wn, then
it is seen that Fix(WA) includes just {~0}. Thus wn is an element ofWA. Otherwise,
if A 6∈ SC+(n), then from the proof of Lemma 5 we get Fix(WA) 6= {~0}, which is a
contradiction. Hence A ∈ SC+(n). By taking the definition of λ into account, we
get a λ ∈ DP+(n) such that λ(A) = λ. Thus w belongs to Kλ and so it is seen
that the inclusion C(Sn) ⊂

∐
λ∈DP+(n)Kλ satisfies. It is required. �

Since the exponents of Wn are in turn 1, 3, · · · , 2n− 1, then from [1] the number
of elements of type Sn is equal to the product of exponents of Wn and so |C(Sn)| =
1 · 3 · · · 2n− 1. By the equation (1), we obtain the formula

|C(Sn)| =
∑

µ∈DP+(n)

|Kµ|.

Thus Theorem 6 gives us an alternative method to compute the number of
elements of type Sn. We will give a formula in Corollary 19 to find the number of
elements of every conjugacy class Kλ, λ ∈ DP(n) of Wn. Moreover, we will give an
example for Theorem 6 in Section 5.
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A conjugacy class of a finite Coxeter groupW which does not contain an element
of a proper standard parabolic subgroup of W is called a cuspidal class of W [8].

Corollary 7. Let A be a positive signed composition of n. Then the conjugacy
class Kλ(A) is a cuspidal class of Wn.

If we consider the proof of Proposition 4 and Corollary 7, then all cuspidal classes
of Wn are the conjugacy classes Kλ(A) for every A ∈ SC+(n). From Theorem 6,
the set C(Sn) is disjoint union of cuspidal classes of Wn. Therefore, each element
of Wn of type Sn belongs to a unique cuspidal class of Wn.

4. Generalized Burnside Algebra of Wn

Let A,B be any two signed compositions of n. Then, we have that

A ≡n B ⇔ WA ∼Wn
WB ⇔ [W/WA] = [W/WB ]

where [W/WA] represents the isomorphism class of Wn-set W/WA. The orbits of
Wn onW/WA×W/WB are of the form (WAx,WB) where x ∈ DAB . The stabilizer
of (WAx,WB) in Wn is x

−1
WA ∩WB = Wx−1A∩B . Therefore

[W/WA].[W/WB ] = [W/WA ×W/WB ] =
∑

x∈DAB

[W/Wx−1A∩B ].

Thus, we are now in a position to give the following definition.

Definition 8. The generalized Burnside algebra of Wn is Q-spanned by the set
{[W/WA] : A ∈ SC(n)} and it is denoted by HB(Wn).

From part (i) of Proposition 1 and the structure of Ker(Φn), the ring multipli-
cation rule inMR(Wn) may be expressed by

dAdB =
∑

x∈DAB

dfAB(x) +
∑

N≡nN ′
aNN ′(dN − dN ′),

where aNN ′ ∈ Z; N,N ′(λA; N,N ′ ≺ B; fAB(x) ⊂ B and fAB(x) ≡B x−1A ∩B.
Now we define

ψ : MR(Wn)→ HB(Wn), dA 7→ [W/WA].

Thus ψ is well-defined and surjective linear map. By considering the structure of
KerΦn and fAB(x) ≡B x−1A ∩B ⇒WfAB(x) ∼WB

Wx−1A∩B , we get

ψ(dAdB) = ψ(
∑

x∈DAB

dfAB(x) +
∑

N≡nN ′
aNN ′(dN − dN ′))

=
∑

x∈DAB

[W/WfAB(x)]

= ψ(dA)ψ(dB).
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Then the map ψ is an algebra morphism. Since dimQHB(Wn) = dimQQIrrWn =
|DP(n)|, then there is an algebra isomorphism between HB(Wn) and QIrrWn such
that

HB(Wn)→ QIrrWn, [W/WA] 7→ IndWn

WA
1A.

Now let λ, µ ∈ DP(n) and let ϕλ = IndWn

Wλ̂
1λ̂. From part (iii) of Proposition

1, ϕλ(coxλ̂) = τλ(dλ̂) = |D⊂
λ̂λ̂
| 6= 0 and τλ(dµ̂) = 0 if λ * µ. Thus the matrix

(τλ(dλ̂))λ,µ∈DP(n) is lower diagonal. Then (ϕλ(coxµ̂))λ,µ is upper diagonal and
also has positive diagonal entries. Therefore (ϕλ(coxµ̂))λ,µ is invertible and we
write (uλµ)λ,µ∈DP(n) for the inverse of (ϕλ(coxµ̂))λ,µ. We define

eλ =
∑

µ∈DP(n)

uλµϕµ.

By definition of eλ and (ϕλ(coxµ̂))−1 = (uλµ), we obtain that

eλ(coxµ̂) =
∑

γ∈DP(n)

uλγϕγ(coxµ̂) = δλ,µ.

Hence the set {eλ : λ ∈ DP(n)} is a collection of orthogonal primitive idempotents
of HB(Wn). Consequently, we have HB(Wn) = ⊕λ∈DP(n)Qeλ.
For each A ∈ SC(n),

sA : HB(Wn)→ Q, sA([X]) = |WAX|
is an algebra map, whereWAX = {x ∈ X : WAx = x}. SinceHB(Wn) is semisimple
and commutative algebra, then all algebra maps HB(Wn)→ Q are of the form sA
for every A ∈ SC(n). The proof of the following lemma is immediately seen from
[5].

Lemma 9. For A,B ∈ SC(n), we have that

sA = sB ⇔ λ(A) = λ(B).

Thus the dual basis of HB(Wn) is {sλ̂ : λ ∈ DP(n)}. For any λ, µ ∈ DP(n),
we have the following equality

sλ̂(eµ) = δλ,µ, (2)

and so any element x in HB(Wn) can be expressed as x =
∑
λ∈DP(n) sλ̂(x)eλ.

Let A be a signed composition of n. Induction and restriction of characters give
rise to two maps between HB(WA) and HB(Wn). For any A,B ∈ SC(n) such that
B ⊂ A, we have IndWn

WA
([WA/WB ]) = [Wn/WB ].

Definition 10. Let A,B ∈ SC(n) be such that B ⊂ A. The restriction is a linear
map

resWA

WB
: HB(WA)→ HB(WB), resWA

WB
([WA/WC ]) =

∑
d∈WA∩DCB

[WB/WB∩d−1C ].
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Before going into a further discussion of the restriction and induced character
theories of generalized Burnside algebra, we shall first mention the number of ele-
ments of the conjugacy class of WA in Wn.

Proposition 11. Let A ∈ SC(n) and λ(A) = λ. The number of all reflection
subgroups of Wn which are conjugate to WA is

|[WA]| = |DA| · uλ,λ.
Proof. Put [WA] = {xWA : x ∈ Wn}. Now we note that xWAx

−1 = yWAy
−1 if

and only if x ∈ yNWn(WA). Thus, the number of distinct conjugates of WA in Wn

is [Wn : NWn(WA)]. Since also NWn(WA) =W(A)nWA, we have

|[WA]| = |Wn|
|W(A)| · |WA|

=
|DA|
|W(A)| .

Furthermore, from the fact that τλ(A)(dA) = |D⊂AA| = |W(A)| and ϕλ(coxλ̂) =

τλ(A)(dA) = 1
uλ,λ

, as desired. �

Example 12. We consider the set D(2,1) = {1, s2, s1s2} consisting of the distin-
guished coset representatives of reflection subgroup W(2,1) in W3. The number of
all reflection subgroups conjugate to W(2,1) in W3 is

|[W(2,1)]| = |D(2,1)| · u(2,1;∅),(2,1;∅) = 3 · 1 = 3.

These are explicitly W(2,1), W(1,2) and s2W(2,1) = 〈s2s1s2, t1, t2〉. We note that
the reflection subgroup s2W(2,1) does not coincide with any subgroup of W3 corre-
sponding to any signed composition of 3.

Remark 13. For A,B ∈ SC(n) such that B ⊂ A and for any x ∈ HB(Wn), by
using the definition of sA one can see that there exists the relation sAB(resWn

WA
(x)) =

sB(x).

We can now give the following proposition.

Proposition 14. Let be A,B ∈ SC(n) and let A1, A2, · · · , Ar be representatives of
the WA-equivalent classes of subsets of A, which are Wn-equivalent to B. Then,

resWn

WA
eB =

r∑
i=1

eAAi .

If B is not Wn-equivalent to any subset of A then resWn

WA
eB = 0.

Proof. Since resWn

WA
eB is an element of HB(WA), then we have

resWn

WA
eB =

∑
Ai⊂A

sAAi(res
Wn

WA
(eB))eAAi .

Then by using Remark 13 and the relation (2), we get

resWn

WA
eB =

∑
Ai⊂A

sAi(eB)eAAi
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=
∑
Ai⊂A
Ai≡AB

eAAi

=

r∑
i=1

eAAi .

�

Proposition 15. Let A,B ∈ SC(n) and let B ⊂ A. Then we have

IndWn

WA
eAB =

|W(B)|
|WA ∩W(B)| · eB .

Proof. Firstly, we assume that A = B and coxA is a Coxeter element of WA. Since
the image of coxA under permutation character ofWn on the cosets ofWA is |W(A)|
then it follows from the fact that

x−1coxAx ∈WA ⇔ x ∈ NWn
(WA).

Thus we obtain

IndWn

WA
eAA(coxA) = |DA ∩NWn

(WA)|
= |W(A)|.

As IndWn

WA
eAA takes value zero except for the elements conjugate to coxA and so we

get

IndWn

WA
eAA = |W(A)|eA.

By transitivity of induced characters, we generally get

IndWn

WA
eAB = IndWn

WA
(

1

|WA ∩W(B)| |WA ∩W(B)|eAB)

= IndWn

WA
(

1

|WA ∩W(B)| ind
WA

WB
eBB)

=
|W(B)|

|WA ∩W(B)|eB .

�

Furthermore, there is also the equality IndWn

WA
eAB = |NWn

(WB) : NWA
(WB)|eB .

Theorem 16. Let A,B ∈ SC(n) be such that λ(B) ⊂ λ(A). If B1, B2, · · · , Br
are the representatives of the WA-equivalence classes of subsets of A which are
Wn-equivalent to B, then for coxB ∈Wn,

IndWn

WA
1A(coxB) =

r∑
i=1

|W(B)|
|WA ∩W(Bi)|

.
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Proof. Let A,B ∈ SC(n). If A ≡n B then it is easy to prove that |W(A)| = |W(B)|.
We write 1A =

∑
E e

A
E , where E ∈ SC(n) runs overWA-conjugacy classes of subsets

of A. From Proposition 15, we have

IndWn

WA
1A =

∑
E

IndWn

WA
eAE ⇒ IndWn

WA
1A =

∑
E

|W(E)|
|WA ∩W(E)| · eE .

Since each Bi is Wn-equivalent to B, then eE(coxB) = 1 if and only if E ≡WA
Bi.

Thus we obtain that

IndWn

WA
1A(coxB) =

r∑
i=1

|W(B)|
|WA ∩W(Bi)|

.

Hence the theorem is proved. �
Theorem 17 and Proposition 18 give us a useful computation to determine the

coeffi cient of the sign character εn in the expression of the orthogonal primitive
idempotent eλ, λ ∈ DP(n) in terms of irreducible characters of Wn.

Theorem 17. u(n;∅),(∅;1,··· ,1) = (−1)n
2n .

Proof. Let χreg : Wn → Z be the regular character of Wn. For A = (−1, · · · ,−1)

it is satisfied IndWn

WA
1A = χreg. The character εn is contained in χreg with the

property that its coeffi cient is just 1, thus we have

〈IndWn

WA
1A, εn〉 = 1.

Now let A 6= (−1, · · · ,−1). By using Frobenius Reciprocity and the formula
resWn

WA
εn = εA, it is obtained that 〈IndWn

WA
1A, εn〉 = 0. If w is conjugate to coxWn

underWn, then we have e(n;∅)(w) = 1 and εn(w) = εn(coxWn) = (−1)l(w) = (−1)n.
Let cclWn

(coxWn
) denote the conjugacy class of coxWn

in Wn. By considering the
formula |cclWn

(coxWn
)| = |Wn|.n

2N in [4], we obtain

〈e(n;∅), εn〉 =
(−1)n

2n
.

On the other hand, 〈e(n;∅), εn〉 =
∑
µ∈DP(n) u(n;∅)µ〈ϕµ, εn〉 = u(n;∅),(∅;1,··· ,1) and so

the proof is completed. �
Proposition 18. For λ ∈ DP(n) and λ 6= (n; ∅), then we have

uλ,(∅;1,··· ,1) = (−1)|Sλ̂| · |Kλ||Wn|
.

Proof. Since the sign character is constant on the conjugacy classes, then we have

〈eλ, εn〉 =
1

|Wn|
∑
w∈Kλ

(−1)l(w) (rankWλ̂ = |Sλ̂|)

= (−1)|Sλ̂| · |Kλ||Wn|
.
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Note that 〈ϕµ, εn〉 has value 1 for µ = (∅; 1, · · · , 1) and zero for the others. Hence-
forth, we obtain 〈eλ, εn〉 =

∑
µ∈DP(n) uλµ〈ϕµ, εn〉 = uλ,(∅;1,··· ,1). Eventually, we

have uλ,(∅;1,··· ,1) = (−1)|Sλ̂| · |Kλ||Wn| . �

Notice that calculation of the inner product 〈eλ, 1Wn〉 leads to the following
corollary.

Corollary 19. Let λ ∈ DP(n). Then

|Wn|
∑

µ∈DP(n)

uλ,µ = |Kλ|.

By means of Corollary 19 and the matrix (uλµ)λ,µ∈DP(n), one can readily deter-
mine the sizes of all the conjugacy classes of Wn.

Theorem 20. Let A ∈ SC(n) and λ ∈ DP(n). Then∑
µ∈DP(n)

uλµaµ̂A(−1,··· ,−1) = (−1)|Sλ̂|
|Kλ ∩WA|
|WA|

,

where aµ̂A(−1,··· ,−1) = |{x ∈ Dµ̂A : x−1 µ̂ ∩A = (−1, · · · ,−1)}|.
Proof. The term d(−1,··· ,−1) in the multiplication dµ̂dA lies in the summand∑

x∈Dµ̂A dfµ̂A(x) from the structure of KerΦn and part (i) of Proposition 1. If we
write the coeffi cient of d(−1,··· ,−1) in this summand as aµ̂A(−1,··· ,−1), and so we get

aµ̂A(−1,··· ,−1) = |{x ∈ Dµ̂A : fµ̂A(x) = (−1, · · · ,−1)}|.

By using part (i) of Proposition 1 along with the fact fµ̂A(x) ≡A x−1 µ̂ ∩A, it is
seen that there is the equivalence x

−1
µ̂ ∩ A ≡A (−1, · · · ,−1). Since no element in

SC(n) is congruent to (−1, · · · ,−1) except for (−1, · · · ,−1), it then follows that
x−1 µ̂∩A = (−1, · · · ,−1). Hence we have deduced the equality aµ̂A(−1,··· ,−1) = |{x ∈
Dµ̂A : x−1 µ̂ ∩A = (−1, · · · ,−1)}| holds. Therefore, by Frobenius Reciprocity and
Mackey Theorem, we have

〈eλ, indWn

WA
εA〉 =

∑
µ∈DP(n)

uλµ
∑

x∈Dµ̂A

〈indWA

Wx−1 µ̂∩A
1x−1 µ̂∩A, εA〉

=
∑

µ∈DP(n)

uλµ
∑

x∈Dµ̂A
x−1 µ̂∩A=(−1,··· ,−1)

1x−1 µ̂∩A

=
∑

µ∈DP(n)

uλµaµ̂A(−1,··· ,−1).

Also, εn(w) is the same value for every w ∈ Kλ and so εn(w) = εn(coxλ̂) = (−1)|Sλ̂|.
Therefore, by Lemma 2, we have

〈eλ, indWn

WA
εA〉 =

1

|WA|
∑

w∈Kλ∩WA

(−1)lA(w
−1)
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=
1

|WA|
∑

w∈Kλ∩WA

(−1)l(w) =
1

|WA|
(−1)|Sλ̂||Kλ ∩WA|

Putting these two results together, we see that theorem is proved. �

5. Example

We consider the Coxeter group W3. For all λ, µ ∈ DP(3), by means of the
character table of MR(W3) in [3], we can write the values ϕλ(coxµ̂) as in the
following table:

c(3;∅) c(∅;3) c(2,1;∅) c(2;1) c(1;2) c(∅;2,1) c(1,1,1;∅) c(1,1;1) c(1;1,1) c(∅;1,1,1)
ϕ(3;∅) 1 1 1 1 1 1 1 1 1 1

ϕ(∅;3) 0 2 0 0 0 4 0 0 0 8

ϕ(2,1;∅) 0 0 1 1 1 1 3 3 3 3

ϕ(2;1) 0 0 0 2 0 2 0 2 4 6

ϕ(1;2) 0 0 0 0 2 2 0 0 4 12

ϕ(∅;2,1) 0 0 0 0 0 4 0 0 0 24

ϕ(1,1,1;∅) 0 0 0 0 0 0 6 6 6 6

ϕ(1,1;1) 0 0 0 0 0 0 0 4 8 12

ϕ(1;1,1) 0 0 0 0 0 0 0 0 8 24

ϕ(∅;1,1,1) 0 0 0 0 0 0 0 0 0 48

The matrices (uλ,µ)λ,µ∈DP(n) is

1 −1/2 −1 0 0 1/2 1/3 0 0 −1/6
0 1/2 0 0 0 −1/2 0 0 0 1/6
0 0 1 −1/2 −1/2 1/4 −1/2 1/4 1/4 −1/8
0 0 0 1/2 0 −1/4 0 −1/4 0 1/8
0 0 0 0 1/2 −1/4 0 0 −1/4 1/8
0 0 0 0 0 1/4 0 0 0 −1/8
0 0 0 0 0 0 1/6 −1/4 1/8 −1/48
0 0 0 0 0 0 0 1/4 −1/4 1/16
0 0 0 0 0 0 0 0 1/8 −1/16
0 0 0 0 0 0 0 0 0 1/48


.

For λ = (3; ∅), (2, 1; ∅), (1, 1, 1; ∅) ∈ DP(3), the size of Kλ is calculated by
means of Corollary 19 and matrix (uλ,µ)λ,µ∈DP(n) the above. Since |K(3;∅)| = 8,
|K(2,1;∅)| = 6 and |K(1,1,1;∅)| = 1, then we have found that the number of elements
of type S3 is |C(S3)| = 15.
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