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Abstract

In this article, we construct an almost complex structure on the cotangent bundle. Then we investigate Nordenian properties of the Riemannian
extension in the cotangent bundle.
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1. Introduction

Let T*M" be the cotangent bundle of n-dimensional differentiable manifold (M", g) and 7 the bundle projection 7*M" — M". The local
coordinates (U,xj) ,J=1,...,n on M" induces a system of local coordinates <7F1 U) X x) = pj> ,j=n+1,....2n, on T*M", where

x = pj are the components of the covector p in each cotangent space 7,"M", x € U, with respect to the natural coframe {dxj } By 3% (M"™)
(resp. 3% (T*M")) we denote the set of all tensor fields of type (r,s) on M"(resp. T*M™). Manifolds, tensor fields and connections are
always assumed to be differentiable and of class C*.

Suppose that a vector and covector (1-form) field X € S(l)(M”) and @ € S?(M") have the local expressions X = X/ % and ® = a)jdxj
in U C M", respectively. The horizontal and complete lifts “X,CX € S} (T*M") of X € 3}(M") and the vertical lift V@ € 3}(T*M") of
o € 39(M™) are given, respectively, by
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with respect to the natural frame {%, % } where F?i are the coefficients of the Levi-Civita connection V, on M" [12].

A pseudo-Riemannian metric RV € 3(2) (T*M") is given by (see [12, p. 268])
Ry (CX,CY) — —y(VxY + VyX)

for any X,Y € 3(1) (M"™), where y(VxY +VyX) = py (X/V,;¥"™4+Y/V;X™). RV is called the Riemannian extension of the symmetric
connection V to T*M™. Any tensor field of type (0,2) is entirely detected by its action of 7X and ¥ @ on T*M" [12]. Then the Riemann
extension RV is defined by

Ry Vo, 0)=Fv (X Hy) =0,

RY (Vo,7Y) =¥ (0 (X)) = 0 (X)o7 (14)

forany X,Y € 3} (M") and @, 6 € S)(M™) [1].

In this paper, in section 2, we recall the expressions of the Levi-Civita connection of the Riemanian extension from [1] and then we write
their invariant forms by using the horizontal and vertical lifts. In section 3, we define an almost complex structure J. Then we get the
conditions under which the triple (T*MZ",R v.,J ) is a Kéhler-Norden manifold and an anti-K#hler-Codazzi manifold.
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2. Levi-Civita connection of XV

In [12, p.238, p.277], the following formulas were given
)X Hy] =H X Y]+ R(X,Y) =" X, Y] +V (pR(X,Y)),
ii) LHX,V(D] =V(Vxw), ii) [V @, 6] =0, Q.1
iv) oV f =0, VIXV="(Xf)

forany X,Y € 3} (M"), ,0 € 39(M"), R denoted the curvature tensor of V.
The adapted frame {&(g)} = {¢(;),¢(;} = {HX<j>,V6(J)} (see [12]) to the Levi-Civita connection V, on T*M" is given by

0 0
~ H _
2) =" X0) = g +Lpeliyg 22
i 0

e ="6" - 2.3)

Then using (1.2), (1.3), (2.2) and (2.3), we obtain
. X/
fx =Xe ), Hx:(HX“):( 0 ) 24
v, _ s VoV _( 0
a)fga)je@, o=_"0%= ( o, ) (2.5

with respect to the adapted frame {&(g)}, where X J and w; are the local components of X € 3} (M") and @ € 39(M"), respectively.
Let €V be the Levi-Civita connection of £V, i.e. €V (RV) =0 (“V is called the complete lift of V to T*M"). The components of 'V in
= (U) € T*M", computed in [1], are given by
Crh —Cph_ _Cprh _Cph _Crh _
Ji Ji Ji _Ji Ji ’
_1h Crh _— i
=T F]?; =T, (2.6)

T} = 3om (Rjin™ = Rin" + Ryji")

with respect to the adapted frame {é( B) }, where R Jin are the local components of the curvature tensor R of V. The curvature tensor satisfies
Rjip™ + Ripj™ + Ry ji™ = 0 so we can write

po 1 1
“r = 3 Pm (Rjin™ — Rinj™ + Rpji") = >Pm (=2Rin;™) = pmRpij" (X))
Let X,7 € 3} (T*M") and X = XP ég,¥ = ¥7&,. Then the covariant derivative €V X along ¥ has components
Cv,XP = ye5. %P + TP %07 (2.8)
with respect to the adapted frame {¢(g) }.
Using (2.4-2.8) we have the next theorem:
Theorem 2.1. Let (M",g) be a n-dimensional differentiable manifold and CV be the Levi-Civita connection of the cotangent bundle T*M"
equipped with the Riemann extension ®V. Then €V satisfies the following equations:
Vv,V 8 =Cvy Ay =0,
i) Vax' o =" (Vxo), 2.9)
iii\CVayy =H (VxY)+V (pR(,Y)X)
forall XY € 3} (M") and ®,6 € 39 (M"), R denoted the curvature tensor of V, where (pR(,Y)X) = paR j*X'Y* .

3. The Nordenian structures on (T*M>" kV)

Let M?" be an almost complex manifold with an almost complex structure J. We know the almost complex structure satisfies J2 = —1, where
Je S{ (MZ") is an affinor field and / is the identity transformation.

Let (M?",J) be an almost complex manifold. A semi-Riemannian metric g € 39 (M?") is a Norden metric [2] with respect to J if
g(UX,Y)=g(X,JY) (3.1

forany X,Y € 3(1) (MZ”). This metric was studied as pure, anti-Hermitian and B-metric [4], [S], [7], [8], [9], [11].
If (M>",]) is an almost complex manifold with Norden metric g, then we say that (M>",J, g) is an almost Norden manifold. If J is integrable,
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then (M?",J,g) is a Norden manifold. When J satisfies V.J = 0 where V is Levi-Civita connection of g, (M>",J,g) is to be a Kiihler-Norden
manifold. Note that the condition VJ = 0 is equivalent to ¢;g = 0, where ¢; is the Tachibana operator and

(918) (X,Y,Z) = (JX) (¢(¥,2)) =X (¢ (JY,Z)) + & ((Ly ]) X, Z)
+g (Y, (LzJ)X) (3.2)

forall X,Y,Z € 3(1) (Mz”), where Ly denotes the Lie differentiation with respect to Y [7].
In the paper [1] the authors considered on 7*M?" the almost complex structure given as the horizontal lift of the almost complex structure
from M?". Here we construct another tensor field J € S{ (T*MZ”) given by

{ Jix=-VX,

Vo=@ @33)

for any X € S(l) (MZ") and w € 3(1) (MQ"), where X = goX € 3? (MZ"), d=glowe 5(1) (MZ”) (the musical isomorphisms b and § can be

used instead of the notations go X and g~ ! o o, respectively (see e.g. [3])). Then we see

FHEX) =] (JHX) =7 (-VX) = -HX = Hx,
P(Vo)=s(Wo)=IHo)=-"d=—"0

for any X € 3} (M*") and @ € 39 (M?"), i.e. J?> = —I. Hence we have that J is an almost complex structure.

Theorem 3.1. The triple (T*MZ”,RV,J ) is an almost Norden manifold.

Proof. Using (3.1) we write
0(X,7)=Rv (JX,7) RV (X,J7)

forany X,¥ € 3(1) (T*MZ”). From (1.4) and (3.3), we have
0 (fx Hy)=Rv (Jix Hy) kv (Hx jHY)
_Ry (_VXva) _Ry (HX7 _Vf/)
V(X)) + (7 (X)) =Xy + 71X’
= —guX Y+ guY* X' =0
0(fx, w) =Rv (JHX Vo) -Rv (iX,1V o)
Ry (-VX,Yw) kv (X, H@) =0,
0 (Vw,Hy) =-0 (HY, ) =0,
0("0,"0)=Rv (JV0,"0) —RV (Y0,J" 0)
=kv(H®,"0) v (Yo0,76)=0
i.e. RV is pure with respect to J. Thus Theorem 3.1 is proved. O

From (1.4), (2.1), (3.2) and (3.3) we find the following equations:

(0,2V) Yo,y Z) =V (pR(Y, )Z+pR(z,(b)Y)
(05V) (X, 7y, @) = =V (g~ (¥,X))), (34
(0,5V) ("X, 0,7Y) = =V (g *1( (¥,X)))

and the others are zero. Therefore we have

Theorem 3.2. The triple (T*M2",J,RV) is a Kéhler-Norden manifold if and only if M?" is flat.

In [12, p.277], we know that the Lie bracket for complete, horizontal and vertical lifts of vector fields on the cotangent bundle 7*M" of M"
satisfies the following:

Hix, Y1+ (p(LxV)Y),
{ %CX7 w]} Vilx o) re G-)

forany X,Y € 3} (M") and @ € 3%(M"), where (LxV)Y = VyVX +R(X.Y).

It is well known that if a vector field X € S(l) (M 2”) satisfies Lyg = 0 and Ly V, = 0, then X is called Killing vector field (or infinitesimal
isometry) and infinitesimal affine transformation, respectively. A Killing vector field is necessarily an infinitesimal affine transformation, i.e.
we have Ly V, = 0 as a consequence of Lyg = 0. If for a vector field X € 3} (T*M?") the Lie derivative (LgJ = 0) with respect to almost
Nordenian structure J vanishes, then X is an almost holomorphic vector field [6].

Considering the Lie derivative of J with respect to the complete lift €X. Using (3.3) and (3.5), we get the followings:

(Ley )Y 0 =LeydV 0 —J(LCXVG) =Lex0 -7 (Y (Lx0))
=Lcy"6 - H(— o(Lx9))

="1x,0]+" (p LxV 8) -1 (g~ o (Lx0)) (3.6)
=" (Lx (g7'00) —g "o (Lx0)) + ((LXV)é)

(Lex )Y = LeyJ®y —J (LCXHy)
=Ly Y —T ("X, Y]+ (p(LxV)Y)) (3.7

(
*V(Lx(goY) goLxY) H( 1op LxV) Y)

By using the relations (3.6) and (3.7) we prove the following result:
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Theorem 3.3. An infinitesimal transformation X of the Riemannian manifold (MZ”7 g) is a Killing vector field if and only if its complete lift
CX 1o the cotangent bundle T*M*" is an almost holomorphic vector field with respect to the almost Nordenian structure (J ,RV).

Proof. Let X be a Killing vector field, i.e. Lxg = 0. Then by virtue of Ly V¢ = 0, from (3.6) and (3.7) we have LexyJ =0 (“X is holomorphic
with respect to J). Conversely, if we assume that LcyJ = 0 and compute the righthand side of (3.7) at (x',0), p; = 0, then we get
Lx (goY) = goLxY. Thus it follows that Lxg = 0. O

Let (MZ”J , g) be an almost Norden manifold. The twin Norden metric defined by
G(X,Y)=(goJ)(X,Y)=g(X,Y)

forany X,Y € Sé (MZ") [5]. If the twin Norden metric G satisfies the Codazzi equation
(VxG) (¥,2) = (VyG) (X,2) =0

for any X,Y € 3} (M?"), then the triple (M?",J,g) is called an anti-Kahler-Codazzi manifold [10].
Let G be the twin Norden metric with respect to the Riemann extension £V and the almost complex structure J. Using G (X ¥ ) =
(RVolJ) (X,Y) =RV (JX,¥), we have

G (fx,Hy)=Rv (JHx Hy) =RV (VX HY)
=V (X)) =—g; XV =" (g(X,Y)),
G("0,"0)=RV ()Ve 7VQ):RV(H@’V9)
=V (0(®)=g"w6;,=" (g7 (0,0)),
G("x,"0)=Rv (Jx,V0) =KV (VX ve) 0,
G(Y ) =RV (1Y 0,7Y) =RV (H&Hy) -0

forany X,Y € 3} (M*") and w,0 € 39 (M

Now we use the equation (“VG) (¥,Z (CVYG) (X,Z) =0, we find the following:

7) ~
(CVaux Gg (#y,Y o) — (°VayG) (UXx,Y @) =V (g*l (PR(Y,X),)),

(€VuxG) (Y©,7Z) — (Vv oG) ("X, 7Z) =V (¢! (0, pR(,Z)X)),
(“VvoG) (YA Z) — (“ViuyG) (Y0,7Z) =V (g7 (w,pR(,2)Y))

and the others are zero. Then we obtain the following theorem:

Theorem 3.4. The triple (T*Mz”,J R V) is an anti- Kéihler-Codazzi manifold if and only if M is flat.
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