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Abstract

In this paper, we investigate the evolution of quaternionic curve in Euclidean 4-space R*. We obtain evolution equations of the Frenet frame
and curvatures. Then we give integrability conditions for the evolutions. Finally we give examples of evolution of curvatures.
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1. Introduction

In differential geometry, although there are many studies about curved spaces or shapes in regardless to time parameter, the recent researches
have made a great improvement about the evolution of curved spaces with respect to time. Among them, an envolving curve has arisen in
many engineering and physical applications [3, 4, 5, 7, 9, 13, 16]

An envolving curve can be considered as a family of curves parametrized by time. The time evolution of a curve generated by its
corresponding flow so we shall also refer to curve evolutions as flows throughout this paper. Firstly, Kwon and Park studied inextensible
flows of curves and developable surfaces in Euclidean 3-space [12]. Following them, inextensible flows of curves are studied in many
different spaces [8, 10, 11, 15, 18, 19, 20, 21]. Another related work is that of [1], Abdel et al. brought a different approach to time evolution
of a curve. They obtained the evolution equations of a generalized space curve. Then, Yildiz et al. studied evolution of generalized space
curve in Minkowski Space [22].

Our aim is to study evolution of quaternionic curve in R*. We give necessary and sufficient conditions for inextensible flows of quaternionic
curves in R*. We express evolution equation of the Frenet frame by matrix equation. Further, we obtain integrability conditions (zero
curvature conditions) for the considered model.

2. Preliminaries

A brief summary of the theory of quaternions in the Euclidean space is presented in this section.

The space of quaternions Q is isomorphic to R*, four-dimensional vector space over the real numbers. There are three operations in Q :
addition, scalar multiplication, and quaternion multiplication. The sum of two elements of Q is defined to be their sum as elements of R*.
Similarly, the product of an element of Q by a real number is defined to be the same as the product in R*.

A real quaternion ¢ is an expression of the form g = ae| + be; 4 ce3z +dey, where a, b, c and d are real numbers, and e[, e, e3 are quaternionic
units which satisfy the non-commutative multiplication rules,

Nejxei=—eq, (e4=1,1<i<3)

iiJe;xej=e=—ejxe, (1<i,j<3),

where (ijk) is an even permutation of (123) in the Euclidean space R*. A real quaternion can be written as a linear combination of scalar
part S; = d and vectorial part V; = aej + bey + ce3. Using these basic products, the product of two quaternions can be expanded as

PXG=SpSq— < Vp,Vg > S,V +S4Vp + Vg AV,
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for every p,q € Q, where <,> and A are inner product and cross product on E?, respectively. The conjugate of the quaternion g is denoted
by g and defined

q=S4—Vy=de4s—aey —bey —ce3,

and is called by "Hamiltonian conjugation”. The A-inner product of two quaternions is defined by

1 _ _
h(p,q) = E(quJqup),

where & is the symmetric, non-degenerate, real valued and bilinear form. Thus the definition of the norm for every quaternion can be given.
The norm of a real quaternion ¢ is

lql* = h(q,q) = & +b* +* +d*.

Theorem 2.1. The three-dimensional Euclidean space R3 is identifed with the space of spatial quaternion {y € Q|y+7¥ =0} in an obvious
manner. Let [ = [0, 1] be an interval in the real line R and s € I be the parameter along the smooth curve

Y:ICR—Q, v(s)=) %(s)e, (1<i<3),

o

i=1

chosen such that the tangent Y (s) =t has unit length ||t(s)|| = 1 for all s. This unitarity condition implies;
! xi+txt' =0.

The last equation implies that t' is orthogonal to t and t' x T is a spatial quaternion. Let {t(s),n1(s),na(s)} be the Frenet trihedron in the
point Y(s) of the quaternionic curve y. Then Frenet equations are

t'(s) = k(s)ni (s)
(s) = —k(s)t(s) +r(s)na(s)
(s) = —r(s)ni(s)

where t is the unit tangent, ny is the unit principal normal, ny is the unit binormal vector fields, k is the principal curvature and r is the
torsion of the quaternionic curve v, [2].

/

n
/

)

Theorem 2.2. The four-dimensional Euclidean space R* is identified with the space of unit quaternion. Let

4
B:1CR—Q, B(s)=) r(s)ei, ea=1
i=1

4
be a smooth curve (B) in R* defined over the interval I. Let the parameter s be chosen such that the tangent T = B'(s) = Y. ¥.(s)e; has unit
i=1

magnitude. Let {T,N1,N»,N3} be the Frenet apparatus of the differentiable Euclidean space curve in the Euclidean space R*. Then the
Frenet equations are

T'(s) = kN (s)

Ni(s) = —KT(s) + kN (s)

Nj(s) = —kNy (s) + (r — K)N3(s)
N3(s) = —(r—x)Na,

where Ny =t X T, Ny =n; xT,N3 =ny x T and K = ||T'(s)||, [2].

It is obtained the Frenet formulae in [2] and the apparatus for the curve 8 by making use of the Frenet formulae for a curve y in R3. Moreover,
there are relationships between curvatures of the curves 8 and y. These relations can be explained that the torsion of 3 is the principal
curvature of the curve . Also, the bitorsion of f is (r — k), where r is the torsion of ¥ and « is the principal curvature of . These relations
are only determined for quaternions, [2]. Moreover, these formulas can be stated as the follows matrix

Vs=0V 2.1
where

0 K 0 0
-k 0 k 0
0 —k 0 (r—x)
0 0 (r—x) 0

V =[T,Ny,N,N3]', Q= (2.2)

For further quaternions concepts see [2, 6, 10, 14, 17, 18].
Unless otherwise stated we assume that

B:[0,]] x [0,w) —Q
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is a one parameter family of smooth quaternionic curves in Q, where [ is the arclength of the initial curve. Let u be the curve parametrization
variable , 0 < u </ and ¢ be the time parameter. If the metric on the quaternionic curve f3 is given by v (u,t) = h (35 gﬁ ) , then the

arclength variation of 3 (u7 t)is

=[]

Let s be an arclength parameter then,
9_1o

ds  vou

ie., ds=/vdu.

du— \/ (u,t)du.

(2.3)

3. Evolution of Quaternionic Curves by Flow in R*

Let 3 be a differentiable quaternionic curve. Any flow of the quaternionic curve can be given by

J
§:f1T+f2N1+f3Nz+f4N37 e

where, f1, f2, f3 and f4 are scalar speed of the quaternionic curve f3.
In E* the requirement that a quaternionic curve not be subject to any elongation or compression can be expressed by the condition

9 NN

Es(u,t) = Tdu =0, uel0,]. 3.2)
0

where u € [0,1].

Definition 3.1. Let B (u,1) be a quaternionic curve in R*. The flow % is said to be inextensible if

IB
ou

az
Before deriving the necessary and sufficient condition for inextensible quaternionic curve flow, we need the following lemma.

Lemma 3.2. Let % be a smooth flow of B in E*. Then, the evolution equation of v is
dv
E:v,zzv(i_f K) (3:3)

Proof. By the direct computation, we have

w0 h<aﬁ 8[3)
ot dt \du’ du
B 0
Zh(aﬁ 5 (f1T+f2N1+f3N2+f4N3))

3
=2vh (T,/IT + ZA,N,) ,

i=1

where

()

- fix +ﬁ—f3k

Az—fz’ﬁ-%—fz&(r— K), 34

ds
A3=fi(r—x )+7f4

Then,

v

E = ZV),

Theorem 3.3. The flow of a quaternionic curve is inextensible if and only if

ofi

i 3.3)
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Proof. Suppose that %—e is inextensible. From equations (3.2) and (3.3) it follows that
u
—s(u,t) = U du=0 uel0,l]
at ’ - 2\/‘7 - [N
0

This clearly forces

On the contrary, assume that % o

+ = Jax. By applying 5t into (3.3), we get v, = 0 then s; = 0. This means that the flow is inextensbile. [J

Theorem 3.4. Let % be a smooth flow of B, then, the following statements hold:
i) Evolution of the elements of Frenet frame can be given by

Vi =MV
where

0 Ay Ay Az
| A 0 B, By
M= —A, —B 0 Csy |’ (3.6)

—A3 —By —-C3 O

Ai = fir1stkifi — fiakiprs 1=1,2,3.
1 .
Bi=4 (Ajs+kjAj 1 —kjn1Aj1)s j=2,3.

1
Cy= g (3315 +k1A3 +k332)

k= K,kz =k,k3 = (rf K'),k4 =0.
ii)Evolution equations of the curvatures are

Ky :Al,sfﬂ.K*kAz
ki = Byy — kA — (r— ) By + KA, (3.7)
(rf K)t =C3’sfl(r7 K')+kB3

Proof. By taking derivative of (3.1) with respect to u, we get

3
B = vBis = /v (lT“' ZAiNi> . (3.8)
i=1
Since B, = v/vBs = +/vT, by taking derivative of 3, with respect to ¢, we have
— e
Bu= v (35T +1) (3.9)

By using (3.4), (3.8), (3.9) and B, = B ,we have
3
T, =Y AiN; (3.10)
i=2

By taking derivative of (3.10) with respect to u, then we get

Tu = Vv ((=KAD)T + (A1 5 —kA2) Ni + (kA; + Az — (r— K)A3) N (.11
+ ((r— K)As +A3"S)N3)

and by taking derivative of 7, with respect to #, we have

T :ﬁ((%m K,)N1+;<N1,,). (3.12)

By using (3.11), (3.12) and T;,, = T;;;, we get

K =A13371K'7kA2

3
Niy=—AT+ ) BiN; (3.13)
=2
1
By = - (Ags+kAp — (r—K)A3)
1

By=—
3 K

(A35+ (r—x)Az)
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Next, by taking derivative of (3.13) with respect to u, then we get

Nigw =V ((—A1s) T+ (—KkA; —kBy) Ny + (By s — (r— k) B3) Na
+((r—x)By+B3s5) N3 (3.14)

and by taking derivative of Ny , with respect to ¢, we have

Niw = Vv(—(Ax+K)T — (kAN
+()Lk+kt—KA2)N2 (3.15)
+kN2,[ — K’A3N3) .

By using (3.14), (3.15) and Ny 5, = Ny 4, We get

k =By s — Ak — (r—x) B3+ KA
Ny; = —AT — BN +C3N3 (3.16)

1
3= E (K'A3 + (rf K)Bz +B37S) .
Then, by taking derivative of N, with respect to u, we have

Ny =V ((=Azs+KBy) T — (kAy +Bo ) Ny (3.17)
— (kBy + (r — k) C3) N2+ C3 5N3

and by taking derivative of N, with respect to ¢, we have

Npye = v((KA)) T — (Ak+k) Ny — kBoNp (3.18)
+(A(r—x)—kB3+(r—x),) N3+ (r— ) N3,.

Since N 1y = N2y and from (3.17), (3.18), we get

(r— K)t = C315 —A (r— K‘) + kB3,
N3; = —A3T — B3N — G3N,. (3.19)

The obtained equations can be given in a matrix form as
Vi=M-V
where

0 Ay Ay Az
—Aj 0 B, By
—-Ay —B) 0 C3
—A3; —-B3 —-C3 O

From first equation of (3.13), (3.16) and (3.19), we get

K =Aps— Ak —kA;
ke :Bz7s—ﬂ,k— (r— K)B3+KA2
(r— K')t =C35—A(r—x)+kBj3

Corollary 1. If the flow of B (u,t) is inextensible, then evolution equations of curvatures (3.7) are

K = Ay s — kA
ky :BZ,S — (rf K')B3 + KA»
(rf K)t = C3’S+kB3

Proof. If the flow of B (u,t) be inextensible, then v; = 0, moreover A = 0. By applying A = 0 into (3.7), the the lemma holds. O
Theorem 3.5. The flow of B (u,t) is inextensible if and only if the following condition (zero curvature condition) holds
O —M;+[0,M] =0 (3.20)

where [Q,M] = QM — MQ is the Lie bracket.
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Proof. In order to prove the theorem, there is need some calculations. Considering the equations (2.2) and (3.6). By taking derivative of
V, = +/vQV with respect to ¢, we obtain

Vm=ﬁ(%Q+Qt+QM)V (3.21)
and taking derivative of V; with respect to u, we have

Viu = Vv (M +MQ)V. (3.22)
From (3.21) and (3.22), we obtain

Vit = Vi = (320 ++ 0y — My +[0,M) ) V.

First, if the flow is an inextensible, then v; = 0 and d/du and d/dr are commutative, hence

O —M;+[0.M] =

Conversely, suppose the integrability condition is satisfied, i.e.,

O —M;+[0,M]=0

From (2.2) and (3.6), we get

0 kA, A2ﬁs A3,s
. —kA, 0 —KAy + (I’ — K') B3 B3
[Q7M] - 7A2ﬂs KAy — (rf K') B3 0 7](33 (3.23)
—A3z —B3 kB3 0
By taking derivative of Q with respect to # and derivative of M with respect to s and using (3.7), we get
0 —lK—kAz _AZ‘s —A3’S
- AK+kA; 0 —Ak+ KAzf(rf K)B3 733’5
O —Ms = A Ak—KAy+ (r—K)Bj 0 A (r—K)+kB3 (3.24)
A33S B37S A (rf K') — kB3 0
. From the equation (3.23) and (3.24) we obtain
0 —Ax 0 0
Ax 0 —Ak 0 -0
0 Ak 0 “A(r—x) |
0 0 A(r—x) 0
From last equation it can be seen that A = 0 i.e., v = constant, so the flow is an inextensible. O
Corollary 2. Let the curve flow be inextensible. If the Q and M are abelian, then
Ay =B3=0.
Proof. Assume that Q and M are abelian, so [Q,M] = 0, then (3.20) as follows
M;—Q;=0. (3.25)
Since the flow is inextensible, then
0 —kAs —Azs —Ass
_ kA 0 —KkA; + (r— k) B Biy
M:Qz|: Shey KA (r— ) By N P 1 (3.26)
—Ass —Bs —kB3 0
By using (3.25) and (3.26), we get
Ay =B3=0.
O

Example 3.6. Ler quaternionic curve B (s

- (e s B mn[)

forall s € I. Curvatures of are as follows:

V5, _ V2 2
k=3t 3\/( K):\/;
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If fi = s*cos (sz) , fr=ssin(s), f3 = s2, f» = s, then graphs of evolution of the curvatures in domain

D- —-10<u<10
—10<r <10

are given in figure 3.1.

Figure 3.1

If f1 = scos(s), fo = ssin(s), f3 = scos(s), fo = ssin(s), then graphs of evolution of the curvatures in domain

—S5<u<5s
D'{ =5<t<5

are given in figure 3.2



Konuralp Journal of Mathematics 469

(c) The evolution of (r — x)(s,t)

Figure 3.2

References

[1

(2]
(3]
[4]
(5]
(6]

(71
(8]
(91
[10]
[11]
[12]
[13]

—

[14]
[15]

[16]

(17]
[18]

[19]
[20]
[21]
[22]

N Abdel-All S. Mohamed and M. Al-Dossary, Evolution of Generalized Space Curve as a Function of Its Local Geometry, Applied Mathematics, 5
(2014), 2381-2392. doi: 10.4236/am.2014.515230.

K. Bharathi and M. Nagaraj, Quaternion valued function of a real variable Serret-Frenet formulae, Indian J. Pure Appl. Math., 16 (1985), 741-756.
G. Chirikjian and J. Burdick, A modal approach to hyper-redundant manipulator kinematics, IEEE Trans. Robot. Autom., 10 (1994), 343-354.

M. Desbrun and M.P. Cani-Gascuel, Active implicit surface for animation, Proc. Graphics Interface Canadian Inf. Process. Soc., (1998) 143-150

M. Gage and R.S. Hamilton, The heat equation shrinking convex plane curves, J. Differential Geom., 23 (1986), 69-96.

1. Gok, 0.Z. Okuyucu, F. Kahraman and H.H. Hacisalihoglu, On the quaternionic B 2-slant helices in the Euclidean space E*, Adv. Appl. Clifford
Algebras, 21(4) (2011), 707-719.

M. Grayson, The heat equation shrinks embedded plane curves to round points, J. Differential Geom., 26 (1987), 285-314.

N. Giirbiiz, Inextensible flows of spacelike, timelike and null curves, Int. J. Contemp. Math. Sciences, 4 (2009), 1599-1604.

M. Kass, A. Witkin and D. Terzopoulos, Snakes: active contour models, Proc. 1st Int. Conference on Computer Vision, (1987), 259-268.

T. Korpmar and S. Bas, Characterization of Quaternionic Curves by Inextenaible Flows, Prespacetime Journal, 7 (2016), 1680-1684.

Z. Kiiciikarslan Yiizbasiand D.W. Yoon, Inextensible Flows of Curves on Lightlike Surfaces, Mathematics, 6 (2018), 224.

D.Y. Kwon, F.C. Park and D.P. Chi, Inextensible flows of curves and developable surfaces, Appl. Math. Lett., 18 (2005), 1156-1162.

H.Q. Lu, J.S. Todhunter and T.W. Sze, Congruence conditions for nonplanar developable surfaces and their application to surface recognition, CVGIP,
Image Underst., 56 (1993), 265-285.

0O.Z. Okuyucu, Characterizations of the quaternionic Mannheim curves in Euclidean space E4, Mathematical Combinatorics, 2 (2013), 44-53.

A. Ugum, H.A. Erdem and K. Tlarslan, Inextensible flows of partially null and pseudo null curves in semi-euclidean 4-space with index 2, Novi Sad J.
Math., 46(1) (2016), 115-129.

DJ. Unger, Developable Surfaces in Elastoplastic Fracture Mechanics International Journal of Fracture, 50 (1991), 33-38.
http://dx.doi.org/10.1007/BF00032160

J.P. Ward, Quaternions and Cayley Numbers; Kluwer Academic Publishers: Boston/London, 1997.

A.F. Yildiz, O.Z. Okuyucu and 0O.G. Yildiz, Inextensible Flow Of A Semi-Real Quaternionic Curve In Semi-Euclidean Space Ré’ Commun. Fac. Sci.
Univ. Ank. Ser. A1 Math. Stat., 67(1) (2018), 323-332.

0.G. Yildiz, M. Tosun, and S. O. Karakus, A note on inextensible flows of curves in E", Int. Electron. J. Geom., 6(2) (2013), 118-124.

0. G. Yildiz, S. Ersoy, and M. Masal, A note on inextensible flows of curves on oriented surface, CUBO A Mathematical Journal, 16(3) (2014), 11-19.
0. G. Yildiz and 0.Z.Okuyucu, Inextensible Flows of Curves in Lie Groups, Caspian Journal of Mathematical Sciences (CIMS), 2 (2014), 23-32.

0. G. Yildiz and M. Tosun A Note on Evolution of Curves in the Minkowski Spaces, Adv. Appl. Clifford Algebras, 27 (2017), 2873-2884.



	Introduction
	Preliminaries
	Evolution of Quaternionic Curves by Flow in R4

