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Abstract. In this paper, we study lump-type solutions to a new extended
(3+1)-dimensional nonlinear evolution equation which appears in the �eld of
wave propagation in the nonlinear systems. We generate these types of solu-
tions by considering the prime number p = 3 of the generalized Hirota bilinear
operators. With the help of Maple symbolic computations, we retrieve twenty-
two classes of lump-type solutions which are a special kind of rational function
solutions, localized in all directions in the space and describe various disper-
sive wave phenomena. These lump-type solutions are derived from positive
quadratic function solutions by using the generalized Hirota bilinear form of
the considered model. The lump solutions are recovered along with the ex-
istence conditions: Analyticity, positivity and localization in all directions.
The required conditions of the analyticity and positivity of the solutions can
be easily achieved by taking special choices of the involved parameters. The
main ingredients for this scheme are to recover the Hirota bilinear forms and
their generalized equivalences. Lastly, the graphical simulations of the exact
solutions are depicted.

1. Introduction

Nonlinear evolution equations (NLEEs) model many physical phenomena in real
world problems. NLEEs emerge in abundant scienti�c �elds such as in �uid dynam-
ics, nonlinear optical �bers, nuclear physics, electromagnetism, medicine, �nance,
mathematical biosciences, etc. To get a concrete picture to the physical phenomena
through qualitative and quantitative features of NLEEs, it is imperatively impor-
tant to investigate the analytic solutions of these equations. One of the important
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results of these solutions is soliton solution. The soliton solutions of NLEEs [1,2,3,4]
are special type traveling waves and localized exponentially in certain directions on
plane or space. It is well known that the Hirota bilinear forms are main ingredients
in constructing soliton solutions [5]. The soliton pulse implies a delicate balance
between nonlinearity and dispersion e¤ects [6]. Besides soliton solutions, there exist
rational solutions to NLEEs. In contrast to soliton solutions, lump solutions are a
special kind of rational function solutions, localized in all directions in the space.
Lump solutions describe various dispersive wave phenomena and they can also be
derived from taking long wave limits of soliton equations. Lump solutions are a
kind of economical approximations to real physical waves, based on the computa-
tional time and the di¢ culty level. Di¤erent nonlinear terms can work together
to formulate such solutions [25, 26] but there exist such solutions in linear model
equations as well [27]. The important properties of the lump solutions are being
that shapes, amplitudes, velocities of solitons after the collision with another soli-
ton will keep and this is an elastic property of collision [28,29,30,31,32,33]. Many
important techniques like Wronskian, Casoratian, Adomian decomposion method
and bilinear Backlund transformations have been associated with rational function
solutions [7]. Moreover, lump solutions of some NLEEs have been studied very re-
cently [8,9,10,11]. Therefore, the investigation of lump solutions for NLEEs through
Hirota bilineer forms is quite important and active task. The lump solution should
satis�y three important conditions: Analyticity, positivity and localization in all
directions. In (3+1) and (4+1) dimension cases, the last condition -i.e localization-
is not provided. They do not approach to zero in all directions due to the character
of (3+1) and (4+1)-dimensions in the resulting solutions, and thus, they are lump-
type solutions but not lump solutions. We also note that rogue wave solutions are a
special kind of lump or lump-type solutions, and are viewed in some research �elds
such as oceanography and nonlinear optics [7, 12,13,14].
One of the examples of NLEES is the (3+1)-dimensional nonlinear evolution

equation (NLEE)

3uxz � (2ut + uxxx � 2uux)y + 2(ux@�1x uy)x = 0: (1)

Eq. (1) has been studied by many researchers via di¤erent methods and many
important results have been concluded. For instance, in [6] Wazwaz engendered
multiple soliton and multiple singular soliton solutions to Eq. (1) by using the
simpli�ed form of the Hirota�s methods. In [15, 16], authors constructed N-soliton
solutions via the perturbation, Hirota bilinear, and the Wronskian determinant
methods. Moreover, group invariant solutions of Eq. (1) are extracted by Lie�s
group theoretical approach in [17]. Eq. (1) was �rst appeared in [19] in the inves-
tigation of the algebraic-geometrical solutions. As demonstrated in [20, 21], there
exist a strong relationship between Eq. (1) and the Korteweg�de Vries(KdV) equa-
tion. This is due to the fact that Eq. (1) has the classical KdV equation

vt � 6vvx + vxxx = 0
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as its main term 2ut + uxxx � 2uux under the scale transformations [21]

u(x; t) ! v(x0; t0);

x0 ! 1p
3
x;

t0 ! 1

6
p
3
t:

Because of this fact, Eq. (1) may be modeled to study shallow-water waves and
short waves in nonlinear dispersive models [21]. In this manuscript, we will deal
with a new extended (3+1)-dimensional NLEE and present a general class of lump-
type solutions [7] by Maple symbolic computation. The new extended (3 + 1)-
dimensional NLEE has a Hirota bilinear form, and thereby, we will examine posi-
tive quadratic function solutions to the considered model. The obtained quadratic
function solutions contain a set of free parameters, and taking special choices of
the involved parameters we get a particular class of lump-type solutions. Finally,
some concluding remarks and numerical simulations of the constructed lump-type
solutions will be present at the end of the paper.

2. An extended (3+1)-dimensional NLEE

A (3+1)-dimensional NLEE [6] is given by

3uxz � 2uty � u3xy + 4uxuy + 2uuxy + 2uxx@�1x (uy) = 0 (2)

where @�1x is the inverse of @x with @x @�1x = @�1x @x = I; and

(@�1x f)(x) =

xZ
�1

f(t)dt:

With help of the dependent variable transformation u (x; y; z; t) = �3 [ln f (x; y; z; t)]xx,
the Hirota bilinear form is [15]�

3DxDz � 2DyDt �D3
xDy

�
ff =

6ffxz � 6fxfz � 4ffyt + 4fyft � 2ff3xy + 2f3xfy + 6fxf2xy � 6f2xfxy = 0 (3)

where the Hirota derivatives Dx, Dz, Dy, Dt and D3
x [5] are de�ned by

D�
xD

�
t (fg) =

�
@

@x
� @

@x0

���
@

@t
� @

@t0

��
f (x; t) g (x0; t0)

�����
x=x0;t=t0

:

The generalized di¤erential operators for prime number p have been introduced
in [18] by Ma as the follows:

Da
p;xD

b
p;t (fg) =

�
@

@x
+ �p

@

@x0

�a�
@

@t
+ �p

@

@t0

�b
f (x; t) g (x0; t0)

�����
x=x0;t=t0
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=
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i=0
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@a�i

@xa�i
@i

@x0(i)
@b�j

@tb�j
@j

@t0(j)
f (x; t) g (x0; t0)

������
x=x0;t=t0

(4)

where
�sp = (�1)

rp(s) ; s = rp (s) mod p: (5)

We note that if p = 2k (k 2 N), all generalized bilinear di¤erential operators (4)
given above transform to Hirota bilinear operators, due to the fact that D2k;x = Dx
[5]. For example if we take p = 3 in (5),then we have

�3 = �1; �23 = �33 = 1; �43 = �1; �53 = �63 = 1; :::
In what follows, we present the equivalent generalized Hitota bilinear derivatives of
(3) corresponding to p = 3

D3;xD3;zff = 2ffxz � 2fxfz;
D3;yD3;tff = 2ffyt � 2fyft;
D3
3;xD3;yff = 6f2xfxy:

We can correspondingly extend the Hirota bilinear equation (3), with p = 3, into�
3D3;xD3;z � 2D3;yD3;t �D3

3;xD3;y
�
ff = 6ffxz�6fxfz�4ffyt+4fyft�6f2xfxy = 0:

(6)
Based on the generalized bilinear form (6), we can show the extended (3+1)-
dimensional NLEE under the transformation u = �3 (ln f)x as:"�

3D3;xD3;z � 2D3;yD3;t �D3
3;xD3;y

�
ff

f2

#
x

=

�
4ut
3
� u

4

54

�
y

�2
�
uz +

uxuy
3

�
x
+
2

9

�
uux �

u3

3

�
x

@�1x (uy)+
2

9
u2uxy+

2uuxuy
3

= 0:

(7)
We note that the extended (3+1)-dimensional NLEE (7) has more terms and higher
order nonlinearities than the standard (3+1)-dimensional NLEE (2), and if f solves
the generalized bilinear equation (6), then u = �3 (ln f)x will present a solution to
Eq.(7) which contains highly nonlinear terms than Eq.(2). It is readily seen that
the generalized bilinear equation (6) is much simpler than the standard bilinear
equation (3).

3. Abundant lump-type solutions

In order to gain lump-type solutions of Eq.(7), we assume f in Eq.(6) is expressed
in the following positive quadratic function form [7,22,23,24,10]

f = g2 + h2 + a11 (8)

with linear wave variables

g = a1x+ a2y + a3z + a4t+ a5; (9)
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h = a6x+ a7y + a8z + a9t+ a10 (10)

where ai, 1 � i � 11 are all real constants to be �xed later. Plugging Eq. (8) into
Eq. (6) and putting the all the coe¢ cients of di¤erent powers of x, y, z, t to zero,
we get a system of algebraic equations which contain ai (1 � i � 11) coe¢ cients.
After solving this messy system of algebraic equations with aid of Maple, we deduce
the following results for ai (1 � i � 11).

Result-1:

a1 =
3a3a4a6 � 2a24a7 + 3a6a8a9 � 2a7a29

3 (a3a9 � a4a8)
;

a2 =
3a23a6 � 2a3a4a7 + 3a6a28 � 2a7a8a9

2 (a3a9 � a4a8)
;

a11 =

�
a24 + a

2
9

�
(a3a4 + a8a9)

0@ 9a23a
2
6 � 12a3a4a6a7

+4a24a
2
7 + 9a

2
6a
2
8

�12a6a7a8a9 + 4a27a29

1A2

18 (a3a9 � a4a8)4 (3a6a8 � 2a7a9)
: (11)

Result-2:

a1 =
2a22a9 � 3a2a3a6 � 3a6a7a8 + 2a27a9

3 (a2a8 � a3a7)
;

a4 =
2a2a3a9 � 3a23a6 � 3a6a28 + 2a7a8a9

2 (a2a8 � a3a7)
;

a11 =

�
a22 + a

2
7

�2
(2a2a9 � 3a3a6)

0@ 4a22a
2
9 � 12a2a3a6a9

+9a23a
2
6 + 9a

2
6a
2
8

�12a6a7a8a9 + 4a27a29

1A
9 (a2a8 � a3a7)3 (3a6a8 � 2a7a9)

: (12)

Result-3:

a1 =
2a2a

2
4 + 2a2a

2
9 � 3a3a6a9 + 3a4a6a8

3 (a3a4 + a8a9)
;

a7 = �
2a2a3a9 � 2a2a4a8 � 3a23a6 � 3a6a28

2 (a3a4 + a8a9)
;

a11 =

�
a24 + a

2
9

�0@ 4a22a
2
4 + 4a

2
2a
2
9

�12a2a3a6a9 + 12a2a4a6a8
+9a23a

2
6 + 9a

2
6a
2
8

1A2

18 (a3a9 � a4a8) (a3a4 + a8a9)2 (2a2a9 � 3a3a6)
: (13)

Result-4:

a2 = �
a7
�
3a41a6 + 6a

2
1a
3
6 + 3a

5
6 + 2a

2
1a11a9 � 2a1a11a4a6

�
3a51 + 6a

3
1a
2
6 + 3a1a

4
6 � 2a1a11a6a9 + 2a11a4a26

;

a3 = �
2a7

�
3a41a9 + 6a

2
1a
2
6a9 + 3a

4
6a9 + 2a1a11a4a9 � 2a11a24a6

�
3 (3a51 + 6a

3
1a
2
6 + 3a1a

4
6 � 2a1a11a6a9 + 2a11a4a26)

;
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a8 =
2a7

�
3a41a4 + 6a

2
1a
2
6a4 + 3a

4
6a4 � 2a1a11a29 + 2a11a4a6a9

�
3 (3a51 + 6a

3
1a
2
6 + 3a1a

4
6 � 2a1a11a6a9 + 2a11a4a26)

: (14)

Result-5:

a2 =
3a3

�
3a41a6 + 6a

2
1a
3
6 + 3a

5
6 + 2a

2
1a11a9 � 2a1a11a4a6

�
2 (3a41a9 + 6a

2
1a
2
6a9 + 3a

4
6a9 + 2a1a11a4a9 � 2a11a24a6)

;

a7 = �
3a3

�
3a51 + 6a

3
1a
2
6 + 3a1a

4
6 � 2a1a11a6a9 + 2a11a4a26

�
2 (3a41a9 + 6a

2
1a
2
6a9 + 3a

4
6a9 + 2a1a11a4a9 � 2a11a24a6)

;

a8 = �
a3
�
3a41a4 + 6a

2
1a
2
6a4 + 3a

4
6a4 � 2a1a11a29 + 2a11a4a6a9

�
3a41a9 + 6a

2
1a
2
6a9 + 3a

4
6a9 + 2a1a11a4a9 � 2a11a24a6

: (15)

Result-6:

a2 =
3a21a3 + 2a1a7a9 + 3a3a

2
6 � 2a4a6a7

2 (a1a4 + a6a9)
;

a8 =
3a1a3a9 � 3a3a4a6 + 2a24a7 + 2a7a29

3 (a1a4 + a6a9)
;

a11 =
3
�
a21 + a

2
6

�2
(3a1a3 + 2a7a9)

2 (3a3a6 � 2a4a7) (a1a9 � a4a6)
: (16)

Result-7:

a3 =
1

3a11a6 (a1a7 � a2a6)
(3a41a

2
2 + 6a

3
1a2a6a7 + 3a

2
1a
2
2a
2
6

+3a21a
2
6a
2
7 + 6a1a2a

3
6a7 + 3a

4
6a
2
7 + 2a1a11a2a7a9 � 2a11a22a6a9);

a4 =
1

2a11a6 (a1a7 � a2a6)
(3a51a2 + 3a

4
1a6a7 + 6a

3
1a2a

2
6

+6a21a
3
6a7 + 3a1a2a

4
6 + 3a

5
6a7 + 2a

2
1a11a7a9 � 2a1a11a2a6a9);

a8 =
3a31a2 + 3a

2
1a6a7 + 3a1a2a

2
6 + 3a

3
6a7 + 2a11a7a9

3a11a6
: (17)

Result-8:

a3 =
1

a11a7 (a1a7 � a2a6)
(a31a

3
2 + a

3
1a2a

2
7 + a

2
1a
2
2a6a7 + a

2
1a6a

3
7

+a1a
3
2a
2
6 + a1a2a

2
6a
2
7 + a

2
2a
3
6a7 + a

3
6a
3
7 + a1a11a2a7a8 � a11a22a6a8);

a4 =
3

2a11a7 (a1a7 � a2a6)
(a41a

2
2 + 2a

3
1a2a6a7 + a

2
1a
2
2a
2
6 + a

2
1a
2
6a
2
7

+2a1a2a
3
6a7 + a

4
6a
2
7 + a

2
1a11a7a8 � a1a11a2a6a8);

a9 = �
3
�
a31a2 + a

2
1a6a7 + a1a2a

2
6 + a

3
6a7 � a11a6a8

�
2a11a7

: (18)

Result-9:

a3 =
2a2

�
3a41a9 + 6a

2
1a
2
6a9 + 3a

4
6a9 + 2a1a11a4a9 � 2a11a24a6

�
3 (3a41a6 + 6a

2
1a
3
6 + 3a

5
6 + 2a

2
1a11a9 � 2a1a11a4a6)

;
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a7 = �
a2
�
3a51 + 6a

3
1a
2
6 + 3a1a

4
6 � 2a1a11a6a9 + 2a11a4a26

�
3a41a6 + 6a

2
1a
3
6 + 3a

5
6 + 2a

2
1a11a9 � 2a1a11a4a6

;

a8 = �
2a2

�
3a41a4 + 6a

2
1a
2
6a4 + 3a

4
6a4 � 2a1a11a29 + 2a11a4a6a9

�
3 (3a41a6 + 6a

2
1a
3
6 + 3a

5
6 + 2a

2
1a11a9 � 2a1a11a4a6)

: (19)

Result-10:

a3 = �
3a1a8a9 � 2a2a24 � 2a2a29 � 3a4a6a8

3 (a1a4 + a6a9)
;

a7 =
3a21a8 � 2a1a2a9 + 2a2a4a6 + 2a26a8

2 (a1a4 + a6a9)
;

a11 = �
3
�
a21 + a

2
6

�2
(2a2a4 + 3a6a8)

2 (a1a9 � a4a6) (3a1a8 � 2a2a9)
: (20)

Result-11:

a3 =
2 (a1a2a4 � a1a7a9 + a2a6a9 + a4a6a7)

3 (a21 + a
2
6)

;

a8 =
2 (a1a2a9 + a1a4a7 � a2a4a6 + a6a7a9)

3 (a21 + a
2
6)

;

a11 = �
3
�
a21 + a

2
6

�2
(a1a2 + a6a7)

2 (a1a9 � a4a6) (a1a7 � a2a6)
: (21)

Result-12:

a4 =
3a1a

2
3 + 3a1a

2
8 � 2a2a8a9 + 2a3a7a9

2 (a2a3 + a7a8)
;

a6 = �
3a1a2a8 � 3a1a3a7 � 2a22a9 � 2a27a9

3 (a2a3 + a7a8)
;

a11 = �

�
a22 + a

2
7

�2
(3a1a3 + 2a7a9)

0BB@
9a21a

2
3 + 9a

2
1a
2
8

�12a1a2a8a9
+12a1a3a7a9
+4a22a

2
9 + 4a

2
7a
2
9

1CCA
9 (a2a8 � a3a7) (a2a3 + a7a8)2 (3a1a8 � 2a2a9)

: (22)

Result-13:

a4 = �
3
�
a31a2 + a

2
1a6a7 + a1a2a

2
6 + a

3
6a7 � a1a11a3

�
2a11a2

;

a8 = �
1

a11a2 (a1a7 � a2a6)
(a31a

3
2 + a

3
1a2a

2
7 + a

2
1a
2
2a6a7

+a21a6a
3
7 + a1a

3
2a
2
6 + a1a2a

2
6a
2
7 + a

2
2a
3
6a7 + a

3
6a
3
7

�a1a11a3a27 + a11a2a3a6a7);

a9 = �
3

2a11a2 (a1a7 � a2a6)
(a41a

2
2 + 2a

3
1a2a6a7

+a21a
2
2a
2
6 + a

2
1a
2
6a
2
7 + 2a1a2a

3
6a7 + a

4
6a
2
7
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� a1a11a3a6a7 + a11a2a3a26): (23)

Result-14:

a4 =
3a21a3 + 2a1a7a9 � 2a2a6a9 + 3a3a26

2 (a1a2 + a6a7)
;

a8 =
3a1a3a7 + 2a

2
2a9 � 3a2a3a6 + 2a27a9

3 (a1a2 + a6a7)
;

a11 = �
3
�
a21 + a

2
6

�
(a1a2 + a6a7)

2

(2a2a9 � 3a3a6) (a1a7 � a2a6)
: (24)

Result-15:

a6 = �
3a1a3a4 + 3a1a8a9 � 2a2a24 � 2a2a29

3 (a3a9 � a4a8)
;

a7 = �
3a1a

2
3 + 3a1a

2
8 � 2a2a3a4 � 2a2a8a9

2 (a3a9 � a4a8)
;

a11 =

�
a24 + a

2
9

�
(a3a4 + a8a9)

0BB@
9a21a

2
3 + 9a

2
1a
2
8

�12a1a2a3a4
�12a1a2a8a9
+4a22a

2
4 + 4a

2
2a
2
9

1CCA
2

18 (a3a9 � a4a8)4 (3a1a3 � 2a2a4)
: (25)

Result-16:

a6 =
3a1a2a3 + 3a1a7a8 � 2a22a4 � 2a4a27

3 (a2a8 � a3a7)
;

a9 =
3a1a

2
3 + 3a1a

2
8 � 2a2a3a4 � 2a4a7a8

2 (a2a8 � a3a7)
;

a11 =

�
a22 + a

2
7

�2
(3a1a8 � 2a4a7)

0BB@
9a21a

2
3 + 9a

2
1a
2
8

�12a1a2a3a4
�12a1a4a7a8
+4a22a

2
4 + 4a

2
4a
2
7

1CCA
9 (a2a8 � a3a7)3 (3a1a3 � 2a2a4)

: (26)

Result-17:

a7 = �
3a21a3 � 2a1a2a4 � 2a2a6a9 + 3a3a26

2 (a1a9 � a4a6)
;

a8 = �
3a1a3a4 � 2a2a24 � 2a2a29 + 3a3a6a9

3 (a1a9 � a4a6)
;

a11 =
3
�
a21 + a

2
6

�2
(2a2a9 � 3a3a6)

2 (a1a9 � a4a6) (3a1a3 � 2a2a4)
: (27)

Result-18:

a8 = �
3a1a2a3 � 2a22a4 + 3a3a6a7 � 2a4a27

3 (a1a7 � a2a6)
;
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a9 = �
3a21a3 � 2a1a2a4 + 3a3a26 � 2a4a6a7

2 (a1a7 � a2a6)
;

a11 =
3
�
a21 + a

2
6

�
(a1a2 + a6a7)

3a1a3 � 2a2a4
: (28)

Result-19:

a7 = �
3a31a2 + 3a1a2a

2
6 � 3a1a11a3 + 2a11a2a4

3a6 (a21 + a
2
6)

;

a9 =
a6
�
9a41a3 + 18a

2
1a3a

2
6 + 9a3a

4
6 � 6a1a11a3a4 + 4a11a2a24

�
2 (3a41a2 + 6a

2
1a2a

2
6 + 3a2a

4
6 � 3a21a11a3 + 2a1a11a2a4)

;

a8 = �
1

9a6 (a21 + a
2
6)

0@ 3a41a2 + 6a
2
1a2a

2
6

+3a2a
4
6 � 3a21a11a3

+2a1a11a2a4

1A
�(18a61a22a4 + 54a41a22a4a26 + 54a21a22a4a46 + 18a22a4a66

�36a41a11a2a3a4 + 24a31a11a22a24 � 27a31a11a23a26 � 18a21a11a2a3a4a26
+24a1a11a

2
2a
2
4a
2
6 � 27a1a11a23a46 + 18a11a2a3a4a46

+18a21a
2
11a

2
3a4 � 24a1a211a2a3a24 + 8a211a22a34

�
: (29)

Result-20:

a4 = �
9a41a6a8 + 18a

2
1a
3
6a8 + 9a

5
6a8 + 6a

2
1a11a8a9 � 4a1a11a2a29

2 (3a41a2 + 6a
2
1a2a

2
6 + 3a2a

4
6 � 3a1a11a6a8 + 2a11a2a6a9)

;

a7 = �
3
�
a31a2 + a1a2a

2
6 � a11a6a8

�
3a21a6 + 3a

3
6 + 2a11a9

;

a3 =
1

3 (3a21a6 + 3a
3
6 + 2a11a9)

0@ 3a41a2 + 6a
2
1a2a

2
6

+3a2a
4
6 � 3a1a11a6a8

+2a11a2a6a9

1A
�(18a61a22a9 + 54a41a22a26a9 + 54a21a22a46a9 + 18a22a66a9 � 54a31a11a2a6a8a9
+24a21a11a

2
2a6a

2
9 � 27a21a11a36a28 � 54a1a11a2a36a8a9 + 24a11a22a36a29

�27a11a56a28 � 12a1a211a2a8a29 + 8a211a22a39
�
: (30)

Result-21:

a2 = �
3
�
a21a6a7 + a

3
6a7 � a1a11a3

�
3a31 + 3a1a

2
6 + 2a11a4

;

a9 = �
9a51a3 + 18a

3
1a3a

2
6 + 9a1a3a

4
6 + 6a11a3a4a

2
6 � 4a11a24a6a7

2 (3a41a7 + 6a
2
1a
2
6a7 + 3a

4
6a7 � 3a1a11a3a6 + 2a1a11a4a7)

;

a8 =
1

3 (3a31 + 3a1a
2
6 + 2a11a4)

0@ 3a41a7 + 6a
2
1a
2
6a7

+3a46a7 � 3a1a11a3a6
+2a1a11a4a7

1A
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�(18a61a4a27 + 54a41a4a26a27 + 54a21a4a46a27 + 18a4a66a27 � 27a51a11a23

�27a31a11a23a26 � 54a31a11a3a4a6a7 + 24a31a11a24a27 � 54a1a11a3a4a36a7

+24a1a11a
2
4a
2
6a
2
7 � 12a211a3a24a6a7 + 8a211a34a27

�
: (31)

Result-22:

a2 = �
3a21a6a7 + 3a

3
6a7 � 3a11a6a8 + 2a11a7a9
3a1 (a21 + a

2
6)

;

a4 =
a1
�
9a41a8 + 18a

2
1a
2
6a8 + 9a

4
6a8 � 6a11a6a8a9 + 4a11a7a29

�
2 (3a41a7 + 6a

2
1a
2
6a7 + 3a

4
6a7 � 3a11a26a8 + 2a11a6a7a9)

;

a3 = �
1

9a1 (a21 + a
2
6)

0@ 3a41a7 + 6a
2
1a
2
6a7

+3a46a7 � 3a11a26a8
+2a11a6a7a9

1A
�(18a61a27a9 + 54a41a26a27a9 + 54a21a46a27a9 + 18a66a27a9

�27a41a11a6a28 + 18a41a11a7a8a9 � 27a21a11a36a28

�18a21a11a26a7a8a9 + 24a21a11a6a27a29 � 36a11a46a7a8a9

+24a11a
3
6a
2
7a
2
9 + 18a

2
11a

2
6a
2
8a9 � 24a211a6a7a8a29 + 8a211a27a39

�
: (32)

As can be seen from above results, twenty-two classes of quadratic function solutions
fi, 1 � i � 22, de�ned by (8) are constructed. Furthermore, the resulting quadratic
function solutions give twenty-two di¤erent classes of lump-type solutions ui, 1 �
i � 22 to extended (3+1) dimensional NLEE (7). In order to guaranteeing the
analyticity of the obtained rational solutions ui, 1 � i � 22, we should choose
a11 > 0. All the above rational function solutions ui, 1 � i � 22, go to zero,
when the corresponding sum of squares g2 + h2 !1. As emphasized in the works
of [6,22,23,24,10], those rational solutions ui, 1 � i � 22; do not approach zero in all
directions in R4 due to the character of (3+1)-dimensions in the resulting solutions.
Therefore, those solutions are lump-type solutions but not lump solutions. It is
readily seen that the lump-type solutions of (7) corresponding to (11)-(32) are
given by

u (x; y; z; t) = �6 (a1g + a6h)
f

(33)

where the functions f , g and h are given by Eqs.(8)-(10) respectively. In what
follows, we present some graphical simulations (Figs.1-7) to better understanding
the obtained lump-type solutions.
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Figure 1. Pro�les of the solution (33) with (11) setting all arbi-
trary parameters to unity except a9 = 2.

Figure 2. Pro�les of the solution (33) with (14) setting all arbi-
trary parameters to unity

Figure 3. Pro�les of the solution (33) with (16) setting all arbi-
trary parameters to unity except a6 = 2.

4. Concluding remarks

In this work, we have derived a new (3+1) dimesional NLEE through the gen-
eralized Hirota bilinear theory. The reason of utilizing this genaralized operators
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Figure 4. Pro�les of the solution (33) with (28) setting all arbi-
trary parameters to unity except a1 = 2.

Figure 5. Pro�les of the solution (33) with (30) setting all arbi-
trary parameters to unity except a2 = 2.

Figure 6. Pro�les of the solution (33) with (31) setting all arbi-
trary parameters to unity.

stems form the shortness and easiness of the obtained Hirota bilinear forms of the
extended case. We also note that the deduced extended NLEE is more complicated
and contains more nonlinear terms than the classical (3+1) dimesional NLEE. To
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Figure 7. Pro�les of the solution (33) with (32) setting all arbi-
trary parameters to unity.

best of our knowledge, for �rst time, we have examined a new more complicated
(3+1) dimesional equation in the literature. With the help of Maple symbolic
computations, twenty-two classes of lump-type solutions are derived from positive
quadratic function asssumptions by using the generalized Hirota bilinear form of
the extended (3+1)-dimensional nonlinear evolution equation. The obtained all ra-
tional solutions in this work are lump-type solutions. The analyticity and positivity
conditions are satis�ed while the rationally condition localized in all directions in
R4 is not provided. If one uses the standart Hirota bilinear form (3) over the
generalized Hirota bilinear derivatives (6), all the quadratic function solutions pre-
sented in this paper are also satis�ed for the extended (3+1)-dimensional NLEE.
The presented method in this work can be performed to those equations which
can be transformed to the Hirota bilinear equations or generalized bilinear Hirota
form by some special transformations which are observed from homogenous balance
principle.

Authors Contribution Statement Yakup Y¬ld¬r¬m: Visualization, Investigation,
Software, Validation, Writing - original draft, Writing -review & editing. Emrullah
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