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Abstract

The purpose of this paper is to introduce Cheeger-Gromoll type metric
on the cotangent bundle of Riemannian manifold and investigate cur-
vature properties and geodesics on the cotangent bundle with respect
to the Cheeger-Gromoll metric.
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1. Introduction

In [4] Cheeger and Gromoll study complete manifolds of nonnegative curvature and
suggest a construction of a new Riemannian metrics ““g. Musso and Triccerri [9] were the
first giving the explicit formula for this metric. In [12] the Levi-Civita connection of ““g
and its Riemannian curvature tensor are calculated by Sekizawa. In [5] Gudmundsson
and Kappos corrected the formulas for curvature of “@g in the tangent bundle given
by Sekizawa [12]. In [11] Salimov and Kazimova invastigated geodesics of the Cheeger-
Gromoll metric on tangent bundle. The geometry of Cheeger-Gromoll metric is well
known and intensively studied for the tangent bundle (see for example [1],[2],[7],[8],[10]).
The similar metric in theoritical physics has been obtained by Tamm ( Nobel Laureate
in Physics for the year 1958, see [13]). The main purpose of this paper is to introduce
Levi-Civita connection of Cheeger-Gromoll type metric on the cotangent bundle 7" M™
of Riemannian manifold M™ and invastigate curvature properties and geodesics on T M™
with respect to the Levi-Civita connection of “©g. Since the construction of lifts to the
cotangent bundle is not similar to the definition of lifts to the tangent bundle, we have
some differences for Cheeger-Gromoll metrics on cotangent bundles ( see Theorem 3.2
and Theorem 3.5).

Let (M™,g) be an n-dimensional Riemannian manifold, 7M™ its cotangent bundle
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and 7 the natural projection T*M™ — M™. A system of local coordinates (U, z"),i =
1,..,n on M™ induces on T*M™ a system of local coordinates (7~ '(U),z", 2" = p;),
i:=mn4+1i (i = 1,..,n), where z* = p; are the components of covectors p in each
cotangent space Ty M™, x € U with respect to the natural coframe {dz'}, i = 1,...,n.

We denote by S5 (M™)(S%(T*M™)) the module over F(M™)(F(T*M™)) of C* tensor
fields of type (r,s), where F(M™)(F(T*M"™)) is the ring of real-valued C* functions on
M™(T*M").

Let X = X° aii and w = w;dz® be the local expressions in U C M™ of a vector
and a covector (I1-form) field X € S5(M™) and w € I9(M™), respectively. Then the
complete and horizontal lifts © X, ” X € SE(T*M™) of X € I5(M™) and the vertical lift

Vw e SH(T*M™) of w € SY(M™) are given, respectively, by

cx—xi 9 _ xh 9
(1.1) X=X"-" ;ph&X ERE

;0 -0
1.2 Hy — x' rhxs 2
( ) 81‘2 + Zz:ph ij 8$i,

B
1.3 V= i —
18 Vo=Yug

o 8.

with respect to the natural frame {ﬁ, 37 }, where Ffj are the components of the Levi-

Civita connection V4 on M™ (see [14] for more details).
1.1. Theorem. Let M™ be a Riemannian manifold with metric g, V be the Levi-Civita

connection and R be the Riemannian curvature tensor. Then the Lie bracket of the
cotangent bundle T*M™ of M" satisfies the following

(14) i) ["x,Vw] =V (Vxw),
i) [P X, YY) =7 IX, Y]+ yR(X,Y) = 7[X, Y]+ V (pR(X,Y))
for all X,Y € S§(M™) and w,0 € SY(M™). (See [14, p.238, p.277] for more details).

1.2. Definition. Let M" be a Riemannian manifold with metric g. A Riemannian
metric g on cotangent bundle T*M™ is said to be natural with respect to g on M™ if

i) g("X,"Y) = g(X,Y),
(1.5) i) g("X,Vw)=0
for all X,Y € S§(M™) and w, 0 € IY(M™).

1.3. Theorem. Let M™ be a Riemannian manifold with metric g and T*M"™ be the
cotangent bundle of M™. If the Riemannian metric g on T*M"™ 1is natural with respect



Some notes concerning Cheeger-Gromoll metrics 535

to g on M™ then the corresponding Levi-Civita connection V satisfies
0g(Vux"Y. " 2) = g(VxY, 2),

9Ty, w) = 2a("w, " (R(X, YY),

(16)  0g(Tv,"¥,"2) = ~2g( 0, RV, 2)),

w)g(Tr Y,V 0) = STV (3", ) — 5",V (T 0) — 570,V (Tre),
vig(Tv.V0,17) = (=" 205 0, 0)) + 9",V (V20) + 90, Y (V).
vit)g(Tv,V 0,V €) = £ (Ve(a("0, &)+ 0(a("E, V) — Ve(a(Vw,V0))

for all X, Y € S§(M™) and w, 0 € S9(M™).

Proof. We use Koszul Formula for the Levi-Civita connection V stating that
29(Vix'Y,"2) ="' X(a(Y," 2)) + 7Y (5("2,' X)) = " Z(5('X,’Y))
for all XY, Z € S(M™) and 4,5,k € {H,V}. If i, 4,k € {V}, we write w, 6, £ € SY(M™)
instead of XY, Z in T"M™.
i) Using Koszul Formula, Theorem 1.1 and Definition 1.2, we have
29(Vux "V, " 2) = "X (3("Y, " 2)) + Y (9(" 2,7 X)) = " Z(g(" X, "Y),
—g("X, "y 2) + g (Y " 2.7 X)) + g(" 2,17 X, YD),
=2¢9(VxY, 2)

i1) The statement is obtained as follows:

i11) and v) are analogues to ).
iv) Again using Koszul formula, Theorem 1.1 and Definition 1.2, we have
20(Vex w, 0)="XG"w, Vo) + w@"e,"x)) - Vog"x, w)),
(w, 170, X)) + (V0. [" X, V),
g("w, " (=Vx0) +5("0, " (Vxw)),
(Yw, " (Vx0)) + ("0, " (Vxw)).

="x(g("w,"0)
= "X(5("w,"0)

vi) and vis) are analogues to v).
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viii)
25(Vv,,V0,Ve) ="w(gVe, &) + 03V E,  w)) = VeV w, V),
—g(Vw, [V0,Ve) + 3" 0,V w)) + 3(VE [V w, V0],
="w(@"0," &)+ " 03", w)) - Ve@(w, Vo).
O

1.4. Corollary. Let M™ be a Riemannian manifold with metric g and g be a natural
metric on the cotangent bundle T*M™ of M™. Then the levi-Civita connection V satisfies

_ 1
(L7) Vax"Y ="(VxY) + 5V (pR(X,Y))
for all X, Y € S6(M™).
Proof. The statement is obtained by combing i) and ) of Theorem 1.3. (]

For each € M™ the scalar product g~' = (g*/) is defined on the cotangent space
7 (x) = Ty (M™) by
97 (@, 0) = g7wib;
for all w,0 € IY(M™).

1.5. Definition. A Cheeger-Gromoll metric ““g is defined on T*M™ by the following
three equations

(1.8)  ““g("X,"Y) =" (9(X,Y)) = g(X,Y) o,
(19 ““g("w,Y) =0,
1

(110)  ““g(Yw,"0) =+ 7 (97 (w,0) + g~ (w,p)g~ ' (0,p))

for any X,V € S¢(M™) and w, 0 € SY(M™), where r* = g"p;p;.

Since any tensor field of type (0,2) on T*M™ is completely determined by its action
on vector fields of type X and Vw, it follows that ““g is completely determined by its
equations (1.8), (1.9) and (1.10).

We now see, from (1.1) and (1.2), that the complete lift X of X € IH(M™) is
expressed by

(1.11) °x =" X -V (p(VX)),

where p(VX) = pi(VaX%)dz".
Using (1.8), (1.9), (1.10) and (1.11), we have

“Y9(°X,°Y) =" (9(X,Y))

1 _ _ _
T2 0 e(VX),p(VY) + 97 ((VX).p)g ™ (p(VY), p)).
where ¢! (p(VX),p(VY)) = g7 (mViX")(pxV,;YF), g7 (p(VX),p) = ¢7pi(p(VX));.
Since the tensor field ““g € S(T*M™) is completely determined also by its action on
vector fields type “X and “Y (see[14, p.237]), we have an alternative characterization
of ©“g on T*M"™: ““g is completely determined by the condition (1.12).

(1.12)  +
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2. Levi-Civita connection of ““g¢
We put
0 i i
X = 893“6( ) = dx yi=1,..,n.

Then from (1.2) and (1.3) we see that X ;) and V") have respectively local expres-
sions of the form

0 0
2.1 E(i) = HX i) — A~ araii’v
@1 &y )= g T Zh:p " ot
Oxt’

(22) ém="6

We call the set {&a)} = {€(), €} = {7 X ), VO(Z)} the frame adapted to Levi-Civita
connection V4. The indices o, 8,... = 1,...,2n indicate the indices with respect to the
adapted frame.

We now, from the equations (1.2), (1.3), (2.1) and (2.2) see that #X and Yw have
respectively components

(23) HX = X’Lé(z), HX = (HXQ) — ( X ) ,

(24) Yw= zi:wié@’ Yw=("w") = ( gi >

with respect to the adapted frame {é.,)}, where X% and w; being local components of
X € 35(M™) and w € SY(M™), respectively.
From (1.8), (1.9) and (1.10) we see that

“Cgi =g, e) =" (900:,9;)) = gij,

CG CcG ~ -~
9= 9@, ém) =0,
- B 1 _ . . _ . _ .
g ="g(eq, e5) = il Yda',da’) + g~ (da', pr)g~ " (da? , pu))
= m(gij + gikgljpkpl)7

i.e. ““g has components

25) CGg=( I S0 )
(2:5) 9 ( 0 =(9" +9"d"pip1)

with respect to the adapted frame {é.)}.
Cheeger-Gromoll metric is obviously contained in the class of natural metrics. For the
Levi-Civita connection of the Cheeger-Gromoll metric we have the following.
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2.1. Theorem. Let M™ be a Riemannian manifold with metric g and “V be the Levi-
Civita connection of the cotangent bundle T* M™ equipped with the Cheeger-Gromoll met-
ric °Cg. Then ©CV satisfies

1
i) OVaxTY =T(VxY) + 5V (R(X,Y),

N

ii) CGVHXVW = V(VXW) + EH(10(971 o R(, X)w),

2.6) i) Cvy Ty = iH(p(g71 o R(,Y)®),

1
iv) OV 0= = (“Cg(Vw,70) 0+ g(V0,79)" w)

a—+1 1
+ TCGQ(V&% V0)ys — ECGQ(VOJ,75)CG9(V0,75)75

for all XY € SH(M™), w,0 € SY(M™), where & = gt ow € IF{M™), R( , X)) €
ST(M™), gt o R(,X)d € SE(M™), a = 1+ 12, R and ¥ denotes respectively the
curvature tensor of V. and the canonical vertical vector field on T*M™ with expression
76 = pieg)-

Proof. i) The first statement is just Corollary 1.4.
i1) Following Definition 1.2 and Theorem 1.3 we see that

299g(“Vnx w, 1Y) = “Cg(V (pR(Y, X)), V)
= L R X)) + 97 PRV X).p)g 7 .9))

= LGy g™ o R(, X)), 7Y

(6%
and
QCGQ(CGVHXVM, V@) — (HX(CGg(Vw, V@))—ch(vw, V(Vx@))
+999(V0, " (Vxw)))
= (Ve " (Vx0)+ ("0, " (Vxw)=““g("w," (Vx0))
+99(V0," (Vxw))
=29%(V0," (Vxw)) =29“g(" (Vxw),"0)
Using
g~ (pR(Y, X),w) = (¢" (pR(Y, X))xer)
= (0" psRiji Y X wi) = (ps Riji "Y' X7 g"wn)
= (psRiji* Y X7 @) = (gaips R "Y' X7 &%)
=g(p(g"oR(, X)@),Y)
=““g("(p(g~" o R(, X)@)), "Y),
97 (PR(Y, X),p) = (97 ps Rati"Y * X p;)
= (ps9" Rapir Y X ") = (Rapir Y * X p'p")
= (RitabY "X p'p") = (goRira’ Y X p'P")
= g(R(®,p)Y, X) =0,
Hx(Ly=0
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COX(“Cg(Vw,V0) = “g(Vw, " (Vx0)+““g(V0," (Vxw))

we have

OVnxYw =" (Vxw) + 5; " (g™ o R(, X))

i11) Calculations similar to those in i) give
2999(“OVy 1Y, 0) = (MY (T99("w, " 0) =g (Vw, Y (Vv 0))
—“C9("0,V(Vyw)))
= “Cg(Vw,V(Vy0)+%9("0, Y (Vyw)-“Cg(Vw," (Vv 0))
—“9(V0," (Vyw))
=0

and

2cc;g(cc;vaHY7 HZ) _ 7ccg(vw’ V(pR(Y, Z)))
= (g7 @ PRV, 2) + g PRV, 7). )y (1)

= 299 ("(p(g™ o R(,Y)2)), " 2).

Thus we have

COTy Y = o plg ™t o R(, V)2,

iv) Applying Theorem 1.3 we yield

QCGQ(CGVVWVQ, HZ) — ( _ HZ(CGg(Vw, Ve))_FCGg(Vw’ V(Vze))
+9%(V0," (Vzw)))

=W,V (v20)-““9("0," (Vzw))+g("w, " (V 20))
+99(V0," (Vzw))

=0

N | =

Using Yw(1) = - 2% g7 (w,p),

o

Vw(©Ce(Ve,Ve)) = —%g’l(wm) [971(0,8) + 97 (0,p)g ' (£,p)]

(g7 @ 097 ED) + T Ow)g T (,0)

and

(97 (w,p) + 9~ (w,p)g”  (p,D))

9 ' (w,p)1+g ' (p,p) =9 "(w,p)
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we have
a?“Cg(“Cvv, V0,V E) = %Q(Vw(“g(ve, Vo) +0(“C9("e VW)
Ve(©g(Vw, Vo))
=—g (w,p)g (0,8 — g (w,p)g” (0,p)g (& p)

+ 59 @097 (6 p) + 5971 0P (,0)
97 (0,p)97 " (&,w) =g~ (0,p)9 7 (£,p)g " (w.p)
+5g*1(0,€)g’1(w,p)+*g’1( p)g (0, w)
*1(5 P)g " (w,0)+g " (&p)g (w,p)g (0,p)
—fg HEw)g T (0,p) — S g7 (w,p)g T (E,6)

2

=—g ' (w,p)g (5,0 + ocg_l( ,0)g " (€, p)

— 97 (0:p)g7 (&) — g7 (0,p)g " (&, p)g (w,p)

97 (& p)g (w,0)

= —ag ' (w,p)"9(V0,"&) + ag” (£.p)“9("w, " 0)

—ag 1 (0,p) “g("¢, " w) — ag (6,p)g (6, p)9 " (w,p)

+a’g 1 (6p)“9(Vw, V)

_ CGg( _ CGg(VUJ"_y(S)VQ _ aCGg(V0776)Vw

+ accg(vw’ Va),_y(s

+a%“g(Yw,V0)y5 — ““g("0,78) “g(Vw,78)7s,"€).
Thus

Vg 71(CG
a

vy 9("w,v8) 0+ ““g(V0,70) w) + O‘7+10G9(Vw, Vo)ys

w

1
- ECGQ(VG,w)CGg(Vw,%)V&

O
We write ““V., es = ““T'zes with respect to the adapted frame {eq} of T"M",
where 6T «p denote the Christoffel symbols constructed by ““g. From Theorem 2.1,

we immediately have the following.

2.2. Corollary. Let M™ be a Riemannian manifold with metric g and GV be the
Levi-Civita connection of the cotangent bundle T* M"™ equipped with the Cheeger-Gromoll
metric “Cg. The particular values of CGF‘SB for different indices, on taking account of
(2.6) are then found to be

CGl—\k _ F»ILC], CGPk CGFk _ 07
CGFiE =T}, CGFu = %paRijkG,
27) OOk = %paR{cij cork _ QL R
“rh = —é(p’ﬂi +p700) + tlg Pr+ 2p P’ p-

with respect to the adapted frame, where p* = ¢%p,, R.kj?“ = gktgithjs‘l.
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3. Curvature properties of ““g

We now consider local 1-forms ©@® in 7! (U) defined by

- T B
w® = A%gdx",

. A, A 5 0
1 _ «@ _ _J _J e J ;
(31) AT =(A%) = ( r, A )—( —pal's; 8 )

J

The matrix (3.1) is the inverse of the matrix

(5 0
h paF(ilj 6Z

of the transformation &z = Agda (see (2.1) and (2.2)). We easily see that the set {&}
is the coframe dual to the adapted frame {és)}, i.e. ©*(é(5)) = A%z As” = 65.
Since the adapted frame {€ )} is non-holonomic, we put

32 A== (

[é%éﬁ} = Qwﬁaéa
from which we have
Q5% = (8,457 — 85 A4 A%,

According to (2.1), (2.2), (3.1) and (3.2), the components of non-holonomic object Q3%
are given by

(3.3) { by’ = 5" =T,
Q" = paRiji®,

all the others being zero, where R;;;* being local components of the curvature tensor R
of V.
Let ““R be a curvature tensor of ““V. Then we obtain

CG = ~ = CGo CGo = CGw CGw = cCGw =
R(E(0),€8))€(v) = Va Vpéy) = Vi Val(y) =Qap™  Vel(y),
where ¢V, = CGV5(Q). The curvature tensor ““ R has components
CGRaﬁ'ya _ éaCGl—‘g’y _ é«BCGFZ7 + CGFZECGF%'V _ CGI—‘%(‘:C’GFZ’Y _ QO&BECGFZ’Y

with respect to the adapted frame {€(4)}.
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Taking account of (2.7) and (3.3), we find

1 1
“CRiij' = Ryij' — %anpaRkitaR{jt.m + Epmpa(R{kt.mRijta — RN Ry,
1 )
CG l lim
Rz = ﬁpmka.j. )
1 jm jm
““Riiz' = 5-pm(ViR™ = ViRY™),
2a
3 1 m m
“C Ryt = ipm(kaijl — ViRkj™),
r j 1 a ja m ja
““Rui' = Rint? + 1aPmpa(Biu R'J" — Riu™RY")
1 ; . a+1 o
+ =pap’ Rkt — —5—pipa Rit’*,
a o
71 1
ca i k ¢k
Ry = §Rijz — BpmpaRitlmR.j.a
1 a+1
- %pakaijla + WplpaRij_ka
1 . . 1 . )
CG l i pl ka k plia lik l ki
Riz; = gpa(p R —p"R;%) + %(R»j» - R;")

1 m ia im a
+ aPmpa (R RS — R R,

CG l 1 ljk 1 ] pl ka k plja 1 L km pt ja
Risi' = — R+ ——=pa(p’ R} — p"R'7*) + —pmpa R R,
kij 20 % + zagp (p KN p % )+ 4a2p p -t. 4.
2
I o Ha+l, 4 ik i a—+2 i i .
YRyt = ———— (9" — g+ —= (" p'pi — g"D" 1)
(6% (0%

a—1 i 1 i
+ =5 (0ip"p’ = 3rp'D),
(3.4) CGRM;? _ CGRij _ CGRH;l _ CGRM;Z —o.
It is known (see [6, p.200]) that the sectional curvature on (T*M™, ““g) for P(U, V)

is given by

CGkaszkvaZV]
(°Cgri®Cgm; — ©Fgi;CC gm: )\ URVmUIVI’
where P(U,V) denotes the plane spanned by (U,V). Let {X;} and {w'}, i = 1,...,n
be a local ortonormal frame and coframe on M™, respectively. Then from (1.8)-(1.10)
we see that {FX1,...,7X,,Vw',...,Vw"} is a local ortonormal frame on T*M™. Let
CORMX, Y)Y, CC KM X,V0) and ““K(Yw,"V8) denote the sectional curvature of the
plane spanned by (YX,7Y), (X,V6) and (Yw,v8) on (T*M",°%g), respectively.
Then, using (2.3), (2.4), (2.5) and (3.4), we have from (3.5)

CG Ry HXRHYiH ZiH s
(CGgy;CG g;s — CC gy, CC g, YHXKHYiH XjHY s

(3.5) “9K(P)=-

’L) CGK(HX7HY):7

cchijlccgslHXkHyiHXijs + cchijz‘ccgsl_HXkHyiHXij/s
(CGgp;CCgss — CCgpCC gy )H XHHYiH XjHY s
(= Riij' + 55 PmpaRiin® RY™ — fopmpa(RY™ Rije® — R Ry ) g XY IXTY

(chkjcagis - CngSCGgij)XkY'LXjYS
1 tf
_ 2a9 (pR(X’ Y))t(pR(X7 Y))f
=R = X X09(V,Y) — 9K )g(X.Y)
a9 PRXY)), (PRIGY)) qag (PRI, Y)), (PRIX, X)) 4
Q(Xv X)g(Y, Y) - g(X, Y)g(X, Y) g(X, X)g(y, Y) - Q(Xv Y)Q(Xv Y)
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=K(X,Y)— %KpR(X, Y)|?.

CGngngXkV‘:)zHXJV&g

CG g, .CG 4 CG,. CGy YH XkHHiH XV 55
(O9gr;9Cgis — 9 grs 90 giy ) H X FHOH X TV &5

i) ““KMX,Ve)=—

YO R 9 g X Fwi X ws + ¢ Ry 1CG g X0, X w,
(905 (5 (9% + gP2g*Ppape)) ) X Fwi X,

_ (%Rkﬂi - ﬁmeaRktlmR.tj%a - *pap Rk]l
(2 (9% grs + 9°* 9 grjpapn) ) X *wi X w,

a+1 ia

7plpaRkj 1 su lv k j
+ 207 ' : ) (6" + 979" pupv)) X Fwi X7 ws
(5 (g% grs + 9729 grjpape) ) X *wi XIws (o )

ia su v

2a3 plpﬂRk - Slew’XJwS zz?slplpaRkJ g g puvasz‘ijs
(2(9%gr; + 99 grjpaps)) X Fw; Xw,

129" (PR(, X)@), (PR(, X)@) ,
2(9(X, X)gH(w,w) + 9(X, X) (g (w,p))?)

1 |pR(,X)@

~
N

CGRE'y V ~ sVa’yV oneﬂ

(€Gg.aCCgyp — CGgsgCGgw)wa‘/GWv&;aVéﬁ

CGR§€5§Vka91VCD]V0§

T (CCG, .CCG,. _ CG, CCGa \VSEVAIV iV s
( 9k~ " 9is — 7 7 9ks gij) WkV OV iV es

CGp _1CG oG p _ICG
Ri;' " gsiwnOiw;0s + “ Ry © gsiwnOiw; 05

(PC9r;9Cgis — ©9 9559 957 )wrOiw; 05

2 ik si ij ij
ectetl (gihs) — gYor) — 282 (g p'p — 97 p 1)
P

a1/si Kk j _ sk i j
sip*p’ —orp'p’)] 1 -
_ a3 (61 - l ) ( (6" +g glbpapb))wk&wjés

attatl 4 loa (g9, p))
L (14 (9710, p)% + (9— (wp))2)

1—a+a+2 1
a? a (1+(g71(0,p)2 + (97 (w,p))?)’
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where

CG CG CG CG
P=(""gr5""9is— " "9

g

- %(g*%w )97 (0,0)

+976,0) (97 (w,p)?
—g’l(wﬁ)g’ (w P)g~

gﬁ;)wkeiwﬂs
(9" + 9" papr) = (6" + 9" 9" pepy)

(9" + 9" 9°"pepa)

Q\»—l Q"—‘
O l— QIr @

(9" + 9”9’”%%))%91‘%%

9 (w, w)(g 1(6,p))°

9w, ) (971 0,2)° = (97" (w,9))?
1(9,19) “Hw, 09 (w,p)g (0, p)
)2

+
+

+ (97 (w,p))”

= S (0 @) + (7 0)).

Thus we have the following.

3.1. Theorem. Let (M", g) be a Riemannian manifold and T*M™ be its cotangent
bundle equipped with the Cheeger-Gromoll metric “Gg. Then the sectional curvature
COK of (T*M™,“Cg) satisfy the following:
DK X, TY) = K(X,Y) — 3 y(pR(X V)%,
2

1R ,X>w>|

a (14 (971 w,p)?)’
11—« n a+ 2 1

a? a (14(g71(0,p)* + (97 (w,p))?)’

i) KX, VW) =

i) K (Vw, Vo) =
where K is a sectional curvature of (M™,g) and & = g ' ow = (¢¥w;) € IH(M™),
R(,X)& € ST(M™).

3.2. Theorem. Let (M™,g) be a Riemannian manifold of constant sectional curvature
K. Let T*M™ be its cotangent bundle equipped with the Cheeger-Gromoll metric ©Cg.
Then the sectional curvature 6K of (T*M™,%Cg) satisfy the following:

NOCKRMPX YY) = K — %Kz((g”(p, XN+ (g7 (0, Y))?),

K? (7“2729’1(X',p)g’l(w,p)+(g’1(5<’p))2) 9(X,5) = 1,
4a(1+(9*1(w71’))2)

i) KX,V w) =

KQ((g’l(X,p))Z) ~
RN N G Sl A X =0
a0 (14+(g= 1 (w,))2) 9(X,5) =0,
l—-a a+2 1

CCR (Y, V) = 7
w0 = e T T g ) + (g @ p)?)

where & = g ow = (g¥w;) € SE(M™) and X' = g9 X; =g 1 o X € SH(M™).
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Proof. Let Rim;® = K(879gmj — 6pmgk;)-Using Theorem 3.1, we have
NCKMX YY) = K(X,Y) - %](pR(X, Y)|?

= K~ 2 g7 (pR(X, V), (pR(X, V),

=K - %KQ((Q”(I% X)N2+ (g ' (p,Y)?)

12 tf ~ -
DCOK(Hx Vg = L _GRCXID)P a7 (PR X)5), (bR(. X)5)
4a (14 (971 (w,p))?) 4a(14 (g H(w,p))?)
9 paReij* X @I py Ry X F 0™
da(1+ (g7 (w,p))?)
97 pa (K (6295 — 07917)) X @I py (K (85.91m — 0pgfm)) XF@™
da(1+ (9w, p))?)
K2 (gt pegijps gkm — 9 Pt gijpegsm — 9 pigejpr ghm + 9 pigejpRgpm) X @I X ko™
da(1+ (g 1w, p))?)
K2(r?(g(X,®))? — 29(X,@)g~ (X, p)g~ " (w,p) + 9(@,&) (g7 (X,))”)
4a(1+ (g7 H(w,p))?)
K222 o et (T ) oy
404(1;-(9*1(%17))2)
K2 ((s 1% .»)?) N
£\ T &p)) ) X, &) =0
1o (1+(g= 1 (w,p))2)’ 9(X.0) '

)

where

K2(r?gijgikm X '@ XF0™ — prgijpedt, X '@ XFo™ — pi(ﬁpfgkaiJJijwm
—&—pi(Sfpkgmei&/ij&;m)
= K*(r*(9(X, @))% = pmg(X, @)pp X @™ — pig(X,@)p; X '@’
(X,))* — 9(X,@)g~ " (X,p)g ™" (w,p) — 9(X, @)~ (X,p)g” " (w,p)
+9(@,0)g7 (X, p)g” " (X,p))
= K*(r*(9(X,@))” - 29(X,@)g (X, p)g~ " (w,p) + 9(@, @) (g7 (X.p)),

9(Xa,@") = gi; Xo(@") = gi; Xag" wi = 6 Xqw},
vk b b __J 1, a=yb
_Xawk—w (Xa)—(sa—{ 0, G,?éb7

9(@,@) = gi;0'& = gijg" wsg" wi = Fwsg" wi
=g wswr = ¢ N (w,w) = 1.

iti) The statement is obtained by iii) of Theorem 3.1.

The theorem is proved. O

Let now the Riemannian manifold (M", g) be a flat manifold. Then, using Theorem
3.2, we have the following.
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3.3. Theorem. If the Riemannian manifold (M™,g) is flat, then the Cheeger-Gromoll
metric “Cg of the cotangent bundle T*M™ has non-negative sectional curvature, which
are nonwhere constant.

Let (z,p) be a point on T*M"™ with p # 0 and {ey,,...,en} be an orthonormal basis
for the tangent space T, M™ of M™ at z. Also, let {w",...,w"} be a dual orthonormal
basis for the cotangent spaces T; M™ of M™ at x such that w' = %, where |p| is the
norm of p with respect to the metric g on M™. Then for i € {1,...,n} and k € {2,...,n}
define the horizontal and vertical lifts by f; = Fe;,  far1 = Yw' and frin = va(Vwh),
a=1+721>=g " (p,p). Then {fi,..., fon} is an orthonormal basis for the cotangent
space T(;, .y M™ with respect to the Cheeger-Gromoll metric Cay.

Using Theorem 3.1, we have

. 2
Z)CGK(fiafj) = CGK(HeivHej) = K(e“e] 7|pR 61,63)| P

1 |(R(,e)ab)|?

i6) K (fis fsr) = “OK (" ) = Ga (L g @)))

=0

by virtue of
pR( e ) (me ks €5 ( \§| )5) = (R ,ksle§(%)spl) Tol (R kslefpspl) 0.

1i1) " K (fi, frw) = “OK(Tei, va'wh) = 4124(1’%5—’18(1)/\5? ;)|)2)

= HGRC,es")),

W) K (frt1, fasr) = K (YW, Va' W)

_1-a n a+2 1
a? a (14 (g7 1w p)?+ (g7 (Vaw*, p))?)’
l-—a  a+2 1 _ 3
a2 a (1+r2)_a2’
V) CK (frin, fart) = K (Vo' W*, vab W)
1- 2 1
_ o I a+

o a (14 (g7 (Vawk,p)? + (g7 (Vawt,p))?)’
l-a a+2 a?4+a+1
st = 2 :
«@ «@ «@

Thus we have the following.

3.4. Theorem. Let (z,p) be a point on T*M™ and {fi, ..., fon} be an orthonormal basis
for the cotangent spaces T:M™ as above. Then the sectional curvature “C K satisfy the
following equation

i)CGK(fivfj): (62763 |pR 62761)’27
ZZ)CGK(fz, fn+1) == 07
i) K (fi, frar) = - |(PR(, e)@™)|,

. 3
W) K (faits fasr) = el

=

2+a+1
a2 ’

U)CGK(fn-Hw Jnt1) =
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where K is a sectional curvature of (M™,g) and &% = g=' o w®, fori € {1,...,n} and
k,le{2,..,n}.

Let now { fi, ..., fon } be an orthonormal basis for the cotangent space T, M™ as above,
then the scalar curvature “r = D it CCK(fi, f;) is given by

="K, f5)

i#]
=23 “CK(fi £)+2 D COK(fir frrs) 2D K (favis fats)
7,7:7<:]1 i,j=1 ZZJ<:J1
—ZK €, €5) Z ’pR el,ej Z ‘ pR( , €)@ ’
i#] 3,7=1 i,j=1
#
3 n 1 n i
=r— o 2 PR e)| + 5 X |@R( €)@
i,5=1 4,3=1
2
+2%n— 1)% F(n-1)(n— 2)%2‘“L1
3 n
ZT_E,Z |pRel,eJ Z}pR €;)w |
1,7=1 1,7=1
(n—1) 2
+ o2 6+ (n—2)(a"+a+1))

from which we have the following.

3.5. Theorem. If the Riemannian manifold (M™,g) is flat, then the scalar curvature of
(T*M™,%Cg) is given by

¢ = =D (64 (n—2)(0> +a+1).

4. Geodesics of “Cg

Let C be a curve in M™ expressed locally by 2™ = 2"(¢) and w () be a covector field
along C. Then, in the cotangent bundle T*M", we defined a curve C' by

ndef
(4.1) 2" =a"@), 2"=pL=wn(t)
If the curve C satisfies at all the points the relation

Swn _ dwn _ g do’

.~ dt "t
then the curve C is said to be a horizontal lift of the curve C' in M™. Thus, if the initial
condition wy, = w? for t = tq is given, there exists a unique horizontal lift expressed by
(4.1). We now consider differential equations of the geodesic in the cotangent bundle
T*M™ with the metric ““g. If ¢ is the arc length of a curve z* = z*(t), A = (4,) in
T*M™, then equations of geodesic in T*M" have the usual form

8%zt @2

w; =0,

_ CGA dZBC de
a2 de2 OB gt

(4.2)
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with respect to the induced coordinates (x*,2") = (x%,p;) in T*M™, where “°T&p are
components of “6V defined by (2.7). We find it more convenient to refer equations (4.2)
to the adapted frame {en}. From (2.1) and (2.2) we see that the matrix of change of
frames es = Ag™ O has components of the form (3.2). Using (3.1), now we write

0% = A%, dz?,
i.e.
0" = A" yda" = 6 dz’ = da”
for « = h and
o = flﬁAdxA = —panjdxj + 6?da:j = dpn

for & = h. Also we put

0" _ g det_da"
dt — Mt dt T odt”
f:;ﬁ dz® _ dpn
dt ATdt dt

along a curve z* = 2 (t) in T*M™. If we therefore write down the form equivalent to
(4.2), namely,
d 0%,  cana 0768
awla) T e =
with respect to adapted frame and taking account of (2.7), then we have

52z 1 k ja dx® 0p; __
(a) G + opa RG-S =0,

0

(4.3)

2 L . o .. . ; Sps
(0) g+ [ S0 +p70,) + =5 gVpn + Jap'pon] R G = 0.
Thus the equations (4.3) are the equations of the geodesic in 7" M™ with the metric CGy.
Let now C : z" = z"(¢), :ghh: pr(t) = wi(t) be a horizontal lift (i’l’t’t = 6;" =0) of the
geodesic C : 2" = z"(¢) (5df2 =0) in M" of V,. Then by virtue of (4.3), we have the
following.

4.1. Theorem. The horizontal lift of a geodesic in (M™,g) is always geodesic in T*M™

with the Cheeger-Gromoll metric ©Cg.
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