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Abstract

In this study, we define a generalization of Lucas sequence {p, }. Then
we obtain Binet formula of sequence {p,}. Also, we investigate rela-
tionships between generalized Fibonacci and Lucas sequences.
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1. Introduction

For n > 2, the Fibonacci and Lucas numbers are defined by following recurrence
relations

Fo=0, F =1 F,=F,1+F,
and
Lo=2, Li=1, Lpn=Ln14 Ln_o.
And Fibonacci and Lucas numbers’ Binet formulas are known as,
Fo=T "7
T
where n > 0 and 7, are roots of 22—z —1=0.

These sequences have been generalized in many ways. For example, in [1], the author
generalized the sequences {F,,} and {L,} as follows,

W, = AW,_1 + BWy,_1, Wo=a, Wi=0b for n>2,

and L,=7"4+°"

where a,b, A and B are arbitrary integers.
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In [2] and [3], the authors introduced and studied a new kind generalized Fibonacci
sequence and its properties that depends on two real parameters as defined below, for
n>1

agn—1 + qn—2 if n is even,

qo0 , Q1 q {bqn1 + gn_2 ifnisodd .

Its extended Binet’s formula was given by

alfﬁ(n) a® — ﬁn
C\(@l3l) a=8"
where o = 2TV a;b2+4ab, 8= by a;b2+4ab and £(n) :==n—2 L%J . Note that o and

B are roots of the quadratic equation 2% — abz — ab = 0 and & (n) = 0 when n is even,
& (n) =1 when n is odd. Also, authors generalized some identities as follows;

e Cassini Identity
A" TEMREM gy — afIpTEM 2 a(-1)"

e Catalan’s Identity

QIR o GEMIE) g2 (e =€) (_qyntior g2

e d’Ocagne’s Identity

gE(mn+m) pe(mn-+m) §(mntm) g (mntm) ngfm=mg

gmQdn+1 — @ Gm+1qn = (—1)

o Additional Identities

aE(mn+m)b5(mn+m) E(mn+m)b§(mn+m)q a&(mn-‘rm)qm

gmQn+1 +a m—1Qn =

+n

a8 (km) pg(km+tk) €(km+k)b€(km)qm

—14k—m = ag(k)Qk

SRl =t =R g2 = agon+1G2p41

qmqk—m+1 + a

al—ﬁ(n-‘rk) b&(n-‘rk) (1721+k+1 ta

For more details, we refer to [2]. Also, in [7], author gave the Gelin-Cesaro
identity as

&(n)
a® T Gl g 2 1Gnt1gnge = (1) (%) qn (ab—1) +a’

In [6], author defined k—periodic second order linear recurrence as;

aoqn—1 + bogn—2 if n=0(mod k)
a1qn—1 + b1qn_2 if n=0(mod k)
(1'1) qn = . .

ak—1qn—1 + br—1gn—2 if n=0(mod k)

and investigated the combinatorial interpretation of the coefficients A and By appearing
in the recurrence relation ¢, = AxGn—k+ Brgn—2k. And in [8], we found (1.1)’s exclipt for-
mula for arbitrary coefficient and arbitrary initial conditions. The generalized Fibonacci
and Lucas sequences have word combinatorial interpretation and they are closely related
to continued expansion of quadratic irrationals (see in [2]).

There are lots of combinatorial identities between Fibonacci and Lucas numbers. For
example,

- FoLy, = Fa,

- FnFy = FrpiFooe = (=1)" 7" Fre—n Fi

- Fp=FnFp—mi1+ Fno1Fem

. Ln - Lan—m+1 + Lm-1Fnm

- FoLp + Fy Ly, = 2F 04
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« Ly =Fpp1+ Fnoa

- 5F, = Ln+1 +Ln1

For more identities, they can be found in [4]. (page 87-93).

Up to now, authors gave some identities which are only contains Fibonacci general-
izations. In this study, we define generalized Lucas sequences and give extended Binet’s
formula for generalized Lucas sequences. Moreover we investigate some properties which
are involving generalized Fibonacci and Lucas numbers.

2. Main Results

2.1. Definition. For any two nonpozitive real numbers a and b, the generalized Lucas
sequence {pn} is defined as follows;

apn—1 + pn—2 if n is even,

po=2, pr=1L1 pn {bpn1 + pn—2 if nis odd .

We note that, these new generalizations is in the fact of a family sequences where
each new choise of a and b produces a distinct sequences. For example, when we take
a=0b=11n {g.}, the sequence produce Fibonacci numbers. When taking a = b =1
in {pn}, it produces Lucas numbers. When we take a = b = 2 in {p,}, it produces
Pell-Lucas numbers.

We derive some identities involving the generalized Fibonacci and Lucas sequences.
From the definitions of o and 3, we note that

(a+1)(B+1)=1, a+B=ab, af =—ab, ab(a+1)=a*, —B(a+1)=a.
Now we give the generalized Binet formula for the generalized Lucas sequences {p»} :
2.2. Theorem. Forn > 1,
1-&(n) n n n _ gn
pn:a - <a + 8 +(1—b)M)
(ab)L %] a a—f
(1,b+'\/0,21)24»411.137 ﬂ _ abf\/a§b2+4ab and € (n) = — ) LEJ )

2

where o =

Proof. In order to prove the theorem, we use following equation given in [2] :

b &(n)
Qn = DQn +C (5) qn—1
where

On = aQn—1+ Qn_2 if n is even,
") bQno1 + Qu—z if nis odd,

Qo = C and Q1 = D are initial conditions of the sequence {@»}. When C = 2 and
D =1, we obtain

&(n)
Dn = Gn +2 (3) gn—1
B alfg(n) (an _ Bn) +2 <b)5(’ﬂ) al*f;’(nfl) (Oén71 _ﬂn71>
N (ab)lz] \ a—5B a (ab)L"z"] a—-f

B alfﬁ(n) a® — Bn) al—g(n) (an—l _ ﬂvl—l)
B (ab)L %] ( a—f +Qb(ab)L%J a—f
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g (a"(1+2ba1)—5 (142687 )

(b)) a—p
_a Tt fan (fem 4+ (1 - b)) )
(ab)L %] ,3
_ a'=¢M™ qn 4 gn _ a™ —pg"
 (ab)l%] ( o« TUENTTS )
as claimed. 0O

When we take a = b = 1, we obtain Binet formula for Lucas sequences.

3. Several Identities Involving the Generalized Fibonacci And
Lucas Numbers

In this section, we derive several identities involving the generalized Fibonacci and
Lucas numbers. We start with the following result:

3.1. Theorem. Forn >0
b &(n) 2

Proof. By using the Binet formulas of {¢»} and {p»}, we have
al—&(n) 2 a® _‘_Bn a® — 6") (an — Bn)
ndn = 1-b
o <(ab)L3J> ( o« TOTDTT a—p
al—{(n) 2 a2n _ ﬂ2n (an _ ﬂn>2
= 1-p) (&2
<(ab)L3J> (a(a—ﬁ) SRS ey
b &(n) al—E(Qn) a2n _ /BQn al—f(n) a® — ﬁn 2
=(- 1op (L =7
<a> (ab) %] < a—p >+( )<(ab)L3J a—p
b &(n) 5

Thus the proof is complete. 0

When a = b = 1, we obtain the well known result for the usual Fibonacci and Lucas
numbers :

L,F, = Fo,.
3.2. Theorem. Forn >0

qn+1 + qn—-1 = ab*ﬁ(n) (pn - (1 - b) q’ﬂ) .
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Proof. In order to prove the claim, we again use the extended Binet formulas of the
sequences {¢n} and {pn} :

" ! (ab)l.n;rl o — B (ab)l_nglj o« — B
ey Mg 7;1)
= n—1 + _ ﬁ
(ab)LTJ (= B) ( ab o

T (¢ (65) o (5-5)
- (ab)L%J (a—B) (a (ab ab + 8 ab " ab
_ Y et M)
- (ab)LnglJb ( a +(1-0b) «—3
. al—E(nfl) (1 _ b) a” _ﬁn

@)= b a-p

£(n)

- (%) (P = (1 =b)qn),

as claimed. O

When a = b =1 in Theorem 3, we obtain the well known the formula:
Fn+1 + Fn—l = Ln

3.3. Theorem. Forn >0,

n _ 2
Prtl + Pn-1 = (%)5( ) ((aaﬁ) qn+(1b)pn(1b)2qn>.

Proof. Consider

1 £(n+1) n+1_|_ n+1 n+1
Dn+1 + Pn—1 = LnHJ (a 2 +(1—b)a afg )
1 §(n 1) a™ ﬂn 1 an—l_gn—l)
1-0
M (= Tt
a'=f =D/ Ln(B «a
= (& (*‘@)*aﬁ (%)

T p® (W@)*a—ﬁﬁ (a*@))

B alfg(nfl) (a _ ﬂ)2 a — ﬁn a™ _;'_ﬂ'ﬂ
(w)WJ( e
_ (@=B) ctmpen—n a5 o = 8"
a?b (ab)lz] =8
1-b £(n)1E(n—1) al*&(n) a™ +ﬂn B a — /Bn
+——a*™b el e T

_ aE(n)bg(nfl) (1 — b)2 alfg(") Oén _ ,6"

b (ap)lz] a-8
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a\ém [ [a—pB\> )
= (5) “a q"+(1_b)pn_(1_b) qn | -

When we take a = b =1, we obtain Ly4+1 + Lp—1 = 5F,.

3.4. Theorem. For m,n >0
§(mn)
qmPn + Gnpm = 2 (E) Gm+n +2 (1 = D) gngm.-

Proof. Using the Binet formulas, and the identity follows easily from definition & (m + n)
=& (m)+£&(n) —2&(m) & (n). Then consider

- alff(m) a™ — ﬂm alff(n) (an _’_ﬁn B a — ﬁn)
qmpn+q"pm_<(ab)LZ‘J a—p > <(ab)LZJ PR

alff(n) a® — ﬁn alfﬁ(m) a™ _'_ﬁm B a™ — ﬁm)
*(@wﬂu =y >(@wﬂ?J( o« TUTPTTS
_ a2—§(m)—£(n) Olm-&-n _ ﬁm-!—n
- T(apl3leLE] ( a—pj )

B alfg(") a® — /871 al*&(’m) a™ — IB'm
2 b)<(ab)L3J a—f > ((ab)LTSJ a—f )
_y (b>§(mn) alfg(m+n) (am+n o Bern)

o) @I\ a-s

- alfﬁ(n) a® — Bn alf.f(m) a™ — /Bm
+2(1 b)<(ab)m a—p ><(ab)m a—p )

=2 <a> Gm+n — (1 = b) gngm.

When we take a = b = 1, we obtain 2F,,4+n = FinLn + FrLm,.

3.5. Theorem. For n,m > 0,

b §(n) 2¢( ) b &(mn)
(7> a PmGn—m+1 + (7> Pm—19n—m = Pn-
a a

Proof. If we use the Binet formulas of generalized Fibonacci and Lucas sequences and
by using the identity & (m +n) = & (m) + £ (n) — 2 (m) £ (n) , we obtain that

b &(n) 5 b &(mn)
(E) a S(mn)meIn—m-s-l + (g) Pm—14n—m

al*{(n) an7m+1 o ﬂnfmﬁ»l a™ + /Bm a™ — ﬁm)
- 1> P
(ab)L %] a—p ( PR
alf.’;'(n) Q™™ — ﬁnfm Oémfl + I@mfl B am71 _ ﬁmfl)
Tl a8 (= ramn =g
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ol A CRe ) TR S B Gt Rl Gk,

" (ab)l2] a(a—-p) ey (a—B)?
B al—i(n) o + ﬁn B a® — /Bn _
Sl Gt e S R
as claimed. O

When a = b =1 in Theorem above, we deduce the following well known formula:
Ly, = Lan—m+1 4+ Lm-1Fn_m.
3.6. Theorem. Forn >0

(1-

b
o )Q2n+1 + (1= 0)? gngn+1 = Pupns1.

1 n
~Pant1 +b(-1)"+
Proof. Consider

B alfg(n) am +,6n a” — ﬂ'n
PnPn+1 _(ab) L%J ( a + (1 — b) ﬁ)

al*{(n+1) Of'n,«‘fl + /Bn+1 Ckn+1 _ ﬂn+1
< ( r0-n )
(ab)L"="] a—f
a a2n+1 _|_ 62n+1 1— b a2n+1 _ /8271-&-1
= +
e (e )

al €@+ G20t _ gant

(ab)L*2] a—f

, a2—(EM+EM+D) gn _ gn (ntl _ gnt
(@p)lz)tl"] a—pB a—p

(1-b)

a

+o(=1)"+(1-0)

+(1-0b)

Gont1 + (1= 0)* gngni1.

1 n
= Pt +b(—1)" +
So the proof is complete. O

When a = b =1 in Theorem above, we obtain well known identity:
LnLn+1 - L2n+1 + (_1)n

In the following theorem, we list Binomial sums with {p,} sequence. And we proved one
of them. The other one can be prove in the same way.

3.7. Theorem. The sequence {p.} satisfies the following identities.
k
(@) Yiq (e (@) L2 p = pa
k
(®) 7, (2)ast+n (ab)LEI+eEmE®) )

Proof. (b) Using Binet formula of {p,},

" (n , kg " (n ” k| agr
3 <k> aSFF) (qpyLE]Heme® 3 <k> aS*F) (b LE]+eme®)

k=0 k=0

al 78ET) fktr L ghdr Qf+r _ gt
X((ab)t’“ﬂ( a ‘“‘b)w))
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B n n a ak:-H" 4 Bk-H“ ak-H" _ Bk-!—r
_kz_o<k>(ab)L£J( o T T )

1-£(2n) 2n4r 2n+r 2n+r _ p2n+r
= 2ntr (Ol +5 +(1-0) A B )
(ab)L 72 a a-p

= P2n+r-
0

When we take a = b= 1, we obtain >y _, (¥) Lt = Lan and Y.} _, (¥) Li+r = Lonr.
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