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Abstract

In the paper, the authors offer some new inequalities for differentiable
convex functions, which are connected with Hermite-Hadamard integral
inequality, and apply these inequalities to special means of two positive
numbers.
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1. Introduction

In [2], the following Hermite-Hadamard type inequalities for differentiable convex
functions were proved.

1.1. Theorem ([2, Theorem 2.2]). Let f: I° C R — R be a differentiable mapping and
a,b € I° with a < b. If |f'(z)| is convez on [a,b], then
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1.2. Theorem ([2, Theorem 2.3]). Let f : I° C R — R be a differentiable mapping,
a,b € I° with a < b, and let p > 1. If the new mapping |f'(z)|” P~V is convez on [a,b],
then

b
(o) [f@rfe 1 / fz)de

2
b—a_ [If@P/®V 4| @) e
20+ 1)/ { 2 } '

In [6], the above inequalities were generalized as follows.

1.3. Theorem ([6, Theorems 1 and 2]). Let f : I C R — R be differentiable on I°,
a,b eI witha <b, and let ¢ > 1. If |f'(x)|? is convez on [a,b], then

'f e - /f ’ [f()|q+|f’(b)|q}l/q

2

and

(%) -5

In [4], the above inequalities were further generalized as follows.

’ Pf( )qyf’(b)q”é

1.4. Theorem ([4, Theorems 2.3 and 2.4]). Let f : I C R — R be differentiable on I°,
a,b € I witha < b, and let p > 1. If | f'(2)|”/ P~ is convex on [a,b], then

1 b a+b b—a 4 1/p
i [ e 1(50)] <55 ()

) RO VO

+ B @O 4 | @)

and

o [t [ e (4| < b;“(pjl)l/pu'(an 1P o).

In [3], an inequality similar to the above ones was given as follows.

1.5. Theorem ([3, Theorem 3]). Let f : [a,b] — R be an absolutely continuous mapping
whose derivative belongs to Lyla,b]. Then

(1.7) 'Hﬂ“);ﬂb) +2f<“;“b)} - bia/abf(m)dx

1729+ 41 1/q ,
< 6{ﬁ} = a)" | £ lI,

where%+%:1andp>1.

For more information on this topic, please refer to [1, 8, 9, 10, 11, 12] and plenty of
references cited therein.

In this paper, motivated by Theorems 1.1 to 1.5, we will establish some new Hermite-
Hadamard type inequalities for differentiable functions and apply them to derive some
inequalities of special means.
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2. A Lemma

For establishing our Hermite-Hadamard type inequalities, we need the following lemma.

2.1. Lemma. Let f : I C R — R be differentiable on I°, a,b € I with a < b. If
f € Lla,b], then

(2.1) %[f(“)‘;f(b)w(“;b)}—bfa/:ﬂx)dx

b—a [1/1 , a+b (. a+b
=2 /O (§—t> [f (ta—|—(1—t) S2) (S o) [de
Proof. Integrating by part and changing variables of definite integrals yield
el , a+b
/O(ift)f<ta+(1—t) 3 )dt
2 1 a+b\|' ! a+b
= fm[(ift)f(taJr(lft)T) 0+/O f(ta+(1—t) 3 )dt}

()] - ot [ @

and
/(Jl(%ft)f’<ta;rb +(1—t)b) dt
:*bfa[(%*t)f(ta;bﬂl*t)b) :Jr/olf(ta;bﬂlt)b) dt}
= bia {f<a;rb) +f(b)} - (()::)2/(:+b>/2f(x)dx.
Combining the above two equations leads to Lemma 2.1. O

2.2. Remark. Lemma 2.1 is the key point of this paper, which will lead to the new
Hermite-Hadamard type inequalities for differentiable convex functions in next section.
We notice that choosing a new and suitable function g(t) instead of % — t in integrals

(LN (e a-0"FYar ana [ (Eod)p (19— o) ar
/0 2 2 /O 2 2

will generalize Lemma 2.1 and, by this generalization, some more general and new in-
equalities of Hermite-Hadamard type can be derived. Due to the limitation of length of
this paper, we will study in this direction in subsequent papers.

3. New inequalities of Hermite-Hadamard type

Now we are in a position to establish some new Hermite-Hadamard type inequalities
for differentiable convex functions.

3.1. Definition. A function f(x) is said to be convex on an interval I if
(3.1)  fOz1+ (1= Nz2) < Af(z1) + (1= A)f(22)
holds for all z1,22 € T and 0 < X < 1.



246 B.-Y. Xi, F. Qi

3.2. Theorem. Let f : I C R — R be a differentiable function on I°, a,b € I with
a <b, and f' € Lla,b]. If |f'(z)|* for ¢ > 1 is convez on |a,b], then

(3.2) E{f@);f@)+f<a+b>] ‘/'f s < 2= <q+1)uq

(24 + 5)f (@] + (24 + 3)S/ O]V | [1f (@ + (4g + 1) f'(b)|*]"*
X{[ (g +2) } +{ TOED) }

N {<4q + DI @] + If’(b)lq} v [<2q+ B (@) + (2 + 5)|f’(b)|“} ”"}
4(q+2) 4(¢+2) '

Proof. When q > 1, since |f'(z)|? is convex on [a, b], by Lemma 2.1 and Hoélder integral
inequality, we have

N & | A
S oo )
+/1;2(t;)[f’(ta+(1t)a+b)‘+ f’(ta;b+(lft)b)udt}
- b;{(;)/w/(; _t> <(1+t)\2f’(a)lq N (1—t)2|f’(b)|")dt)”q
(["(G-0) (e 25 o) a) ™)

DN (=D (e S ror) )
() 1) For) )
" (/1;2(t—§)q<§|f/<a>|0+2jf’<b>|q) )|}
A direct calculation gives

LG (rer s o) a

-5 (i s *“(%uﬁ)v“'}

1 / a4 q
= ST O (20O @I + a3 BN,

[ G0 (s 2 or) a

= —qi2>|f'(a)\q+ (5 + 25 )ror]

1 Pl
= g T Oy @+ Ga Do),

/1j2(t—2> (@i + o) a
=g | (g3t ) @+ (G - s o]

1 g
= g7 Dy (e DIF @I + 1701,

f’(ta;b +(1—t)b> H dt

[SEEN V]

+

_|_
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/1;2<t‘1> ( 1 (a N"+¥|f’(b>|@> dt

1 1 q PPN A 1

= g0 (2 + @+ 0 (35 - 59
1 ()19 ()14

Substituting the above identities into the above inequality results in

‘%[f(“);f(buf(”b)} /f )dz

_b-a (;)”/q{ {2q+3( ! (29 4 5)| ' (a)|* + (2¢ + 3)|f’(b)|q)] B

— ¢+ 1)(q+2)

B 1 , 4 , . 1/q
+ sy F @+ 4a+ 015 6) )}

B 1 , 4 , p 1/q
+ g i e+ D@+ 170

B 1 , a , q 1/q
e LA LA E IO

—a 1/q / , »
-5 L(wﬁ@ﬁ)} [(Ca+35)17 @ + 2a +3)| ®)7) "

+ (IF (@1 + (4g + TS O+ ((4g + ) f (@) + | (0)]7)
+((20+3)If (@I + g+ 5 )1)].

Thus, the inequality (3.2) is valid for ¢ > 1.
When ¢ = 1, by Lemma 2.1, we have

010 (eeb)] [ o

< b;“{/ow(%ft){ '(ta+(1ft)a—2’_b)‘+ f’(ta;bJr(l—t)b)H dt

+/1;2<t—;)[f’(ta—&-(l—t)a;b)‘-i- f’(ta;b—&-(l—t)b)H dt}
Ve o,

o

, \2 2

[ (=3) (A o) ar

+/1;(t—1)( @i+ 2 o) a

b—a
= (If" (@] + £ ®)]).
16
Thus, the inequality (3.2) holds for ¢ = 1. Theorem 3.2 is proved.

+

+

From Theorem 3.2 we can derive the following two corollaries.
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3.3. Corollary. Let f : I C R — R be differentiable on I°, a,b € I with a < b, and
J € Lia,b]. If | f'(z)|? is convez on [a,b] for ¢ > 1 and

(3.3) fla) + f(b) :f(a+b)7

2 2
then
(3.4) 'f(a);f(b)—bia/bf(w)dw :’f(a—f—b)_bia/abf(x)dx

<b—a< 1 )/H@qm "(a)|” + (2q+3)|f’(b)"]”“

16 \g+1 4(q+2)
£ (@) + (g + DO | [dg +D)If @) + [/ B)]7]*
* { Mg +2) } " [ (g +2) ]
(2q +3)|f"(a)|” + (2q + 5)|f'(8)|*] "7
+{ 4(q+2) ] }

3.4. Corollary. Let f: I C R — R be differentiable on I°, a,b € I with a < b, and let
' € Lia,b]. If | f'(z)| is convex on [a,b], then

(35) '%[f(“);f(b)+f(“‘§”>]—bia/:f(x)dx

Furthermore, if the equality (3.3) is valid, then

‘f“)’Lf bfa/f )d ‘f(‘“rb) bia/f )d
5 L1 @)+ £ ).

3.5. Remark. Somebody may ask that whether the condition (3.3) is significant. In
other words, can one find an example satisfying conditions of Corollary 3.37 This question
can be affirmatively answered by the functions

b—a / ’
< 217 @I+ 1 O):

flx) = :i:%ac(:c2 — 9z + 27)

on the interval [1,5]. Therefore, Corollary 3.3 and the inequality (3.6) in Corollary 3.4
are significant.

3.6. Definition. A function f: I C R — (0,00) is said to be logarithmically convex if
the function In f is convex on I, that is,

(37 fOw+ (1= Nw2) < [f@)]*[f(22)]
for any two points 1 and z2 on I and any X\ meeting 0 < A < 1.

3.7. Theorem. Let f : I C R — R be differentiable on I°, a,b € I with a < b, and
' € Lia,b]. If |f'(z)|? is logarithmically convex on [a,b] for ¢ > 1, then

‘ [f( )erf()J“f(a;b)}_bia/abf(w)dx

1-1/q
<= (é) {F @ O 291 ()" + 11092 ()]
+ 1 (@)llg2)] " + 1 (@) )] g2 ()] 7},

G“ [N

(3.8)
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where
’ a q/2
Ol
fr(v)
(3.9) u'’? —1 1 Wt
gi(w)={ (nw)? 2Inu ’
: u=1,
and
u %1 1
+ ) 'LL# 17
(3.10)  ga(u) = ) (Inu)? 2lnu
- u=1.

87

Proof. When ¢ > 1, from the logarithmic convexity of |f'(x)|? on [a,b] and (3.7),
Lemma 2.1, and Hélder integral inequality, it follows that

B{f(a);f(bhrf(a;b)}_ L[ war
ALl
ol et
{ / (f - t) f'(a >|qt/2|f’<b>|q<2*“/2dt} l/q)

G (U shrarrmsoneoeal

[ (- Sr@reroreoea] )}

If p =1, then

12 rq ! 1 1
——t ;ﬁdt:/ <t—7>,utdt:7.
/o <2 ) 1/2 2 8

If u # 1, we have

1/2 /q 1 (21 1
Sot)ptdt= — (B2 2) =
/0 (2 )“ lnu< In pu 2) g1(1)

1 1 , 1 L
/1/2 (ti 5)“ = “(2111# MRN(EYE ) = na2().

+

+
e
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Hence,

1201 1o N1a@(LE8) /2] ¢ oy ja(1—t)/2 . 1N a/2 1201 t
[ (G- tIr@e e e <@ o [ (G- )utar

=1 () f' )| g1 (w),

1201 10 Njat/2) ¢l a(2—t) /2 g 1/2<1 ) ¢
- — b d =|f'(b - — d
LG or@rererera Arer [ (5w

=|f'(0)7g1 (1),

! 1N\ o Nia(40) /21 ¢ 1a(1—1) /2 g N 1Y ¢
(=) @ omirereta <r@rere [ (e )ua

=|f"(a)|g2(p),

1 1
[ (= 5)ir@mrrrera aror [ (-5 )t
1/2 1/2
=1/ () f'(b)|"2g2().
Substituting these equalities into the first inequality above and rearranging yield the

inequality (3.8).
If ¢ = 1, by the same argument as above, we have

Hf(a);f(b) +f(a+b)} / f(@) da

b—al (7271 1 N46)/2) p i (1= 1) /2
< - — b d
< {/0 <2 t>|f (a)] Lf(®)l t

4

! LN\ oo Nit/2) ¢y 1(2—1) /2
[ (3@ meora
1/2
+/0 (%_t>|f/(a)|”2|f’(b)\(2‘”/2dt
+ / 1 (t— 1)|f’(a>|“+”/2|f’(b)|“—“/2 at
1/2

B)["2[g1 (1) + g2(1)] + IS (@)l g2(1) + | £ (B)|ga (1) }-
Thus, Theorem 3.7 is proved. (]

From Theorem 3.7 we can deduce the following corollaries.

3.8. Corollary. Let f : I C R — R be differentiable on I°, a,b € I with a < b, and
f' € Lla,b]. If | f'(z)| is logarithmically convez on [a,b], then

(3.11) 'ﬂf(a);f(b)jtf(a”)] /f )dz

< V217 @ F @)l () + g2()] + 1 )lgn () + 17 (@)l g2 ().

In particular, if the identity (3.3) is also valid, then

b
(3.12) 'f )+ /0 _a/f dx:’ (“J“b)—bia/af(z)dx

< T[If( a)f' )" [g1 (1) + g2(w)] + |f'®) g1 (1) + | (@)l g2(w)] -
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3.9. Remark. Similar to Remark 3.5, we can give an example

f(x) = In(secz + tanz)

jus

on the symmetric interval [—a, a], where 0 < a < %,

ity (3.12). An alternative example is

meeting conditions of the inequal-

flz)=+(1+ x%)w

for k € N, which satisfy conditions of the inequality (3.12) on the interval [—a,a] for
0 < a < 1. These show us that the inequality (3.12) in Corollary 3.8 is significant.

3.10. Theorem. Under conditions of Theorem 3.7, the inequality (3.8) is better than (3.2).
Consequently, under conditions of Corollary 3.8, the inequality (3.11) is sharper than (3.5);
if the equality (3.3) is also valid, then the inequality (3.12) is stronger than (3.6).

Proof. This follows from considering the following two facts in the proofs of Theorems 3.2
and 3.7.

(1) Any logarithmically convex function must be convex. See [7, Remarks 1.2
and 1.9] and related references therein.

(2) The inequality between the arithmetic and geometric weighted means (see [5,
p. 49, Remark 1]) implies

@ 0721 ) 10072 < L2 gy L2 e,

and

[/ (@)1 f ()" <

tow g 2=t g
< Sl @0+ = O

Theorem 3.10 is thus proved. O

3.11. Remark. The term

L[H@10) p(e)] L s

in (3.2) and (3.8) is different from the left hand sides of inequalities (1.1), (1.2), (1.3),
(1.4), (1.5), (1.6), and (1.7), so Theorems 3.2 and 3.7 can not be compared with Theo-
rems 1.1, 1.2, 1.3, 1.4, and 1.5 mentioned in the first section.

4. Applications to means

For two positive numbers a > 0 and b > 0, define

2ab
a+b’

a+b

Afab) = 52,

G(a,b) = Vab, H(a,b)=
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and

2 R
I(a,b) = E(?ﬂ) » a7h

a, a=b,
pstl _ gstH1 1/s
{m] 5 5760,—1 anda#b,
b—
Ls(a,b) = ﬁ, s=—1and a#b,
I(a,b), s =0and a # b,
a, a="b,
s s/2 s11/s
a® 4+ w(ab)®“ +b 40,
Hw,s(a7b) = w+2
Vab, s=0

for 0 < w < oo. It is well known that A, G, H, L = L_y, I = Lo, Ls, and H, s
are respectively called the arithmetic, geometric, harmonic, logarithmic, exponential,
generalized logarithmic, and generalized Heronian means of two positive number a and
b.

In what follows we will apply theorems and corollaries in the above section to establish
inequalities for some special mean values.

4.1. Theorem. Letb>a>0,q>1, and s € R.
(1) If s>1 and (s —1)g > 1, then

A(a®,b°) + A*(a, b)

, s (b—a)s 1\e
. - s ’ S 1
@n | . L] < OO (L
" { {(2q +5)al*"D7 4 (29 + 3)6(3_1)‘1} ta N [a(s‘”q + (4 + 7)b(‘9_1)q} 1
4(q+2) 4(q+2)
|:(4q + 7)01(571)(1 + b(571>q:| 1/q N |:(2q + 3)01(571)(1 + (2(] + 5)b(571)q:| 1/‘1}
4(q+2) 4(q+2) '

(2) If s<1ands#0,—1, then

= [Ls(a, b))

’A(as, b*) + A*(a,b)
2

> A(a(s—l)/27 b(s—l)/Q) [L(a, b)]l/q

e

R 1/
% {b<sfl>/2 [a(s’”"/“(L(l,s)q/4,1(a,b))(l 5)q/4 1L(a’b)71} a

—s)q/4— 1/
+a(s_1)/2[1fb(s_l)q/4(L<175>q/471(a7b))(l Ja/t 1L(a,b)] q}

<b—a‘s|( 1 )1/q{{(QQ+5)a(s_l)q+(2q+3)b(3_1)qr/q

- 16 q+1 4(g+2)
N |:a(571)q + (4q+ 7)b(sl)q:|1/q N |:(4q+ 7)(1(871)(1 +b(sl)q:|1/q
4(q+2) 4(q+2)

+ {(Qq +3)al"D9 4 (2 + 5)b<5*1>1 I/Q}
4(q+2) '
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(3) If s=—1, then

i+ ) - ] ()

[L(a,b)]"/ { 1 [(Lq/271(a7 b))¥* 1L(a,b) 1} 1a

H(a,b) |b q1/2
+1 [1 _ Lyppa(a, ZBZ/HL(G’ b)} 1/‘1}
< b;esa <qi1)1/q{ {(2q+ 5)/612(‘;1(22)q+3)/b2q]1/q
{1/(12‘1 I(ffi ;L)?)/b?q} 1/q . [(4q + 1)({;1112; 1/b2q] 1/q
+ [(2‘1 + 3)/12(‘;1(22; + 5)/b2‘1] W}‘

Proof. Let f(x) = «° for > 0 and s # 0,1. Then f'(z) = sz*~ " and |f'(z)|? =
|s|z(*~ 19, Further, it follows that

(1" @)")" = 1s|%(s = Dal(s — 1)g — 12717~

and

’ n (1—s8)q
(] @) = L2

If s > 1and (s — 1)¢ > 1, the function |f'(z)|? = |s|9%2*~19 is convex on [a,b]. By
Theorem 3.2, the inequality (4.1) follows.

If s < 1and s # 0, the function |f'(x)|? = |s|?22~Y9 is logarithmically convex on

[a, b]. Meanwhile, the formulas (3.9) and (3.10) become

b\ (1=9)a/2
n= (a) )

_ L(a,b) s—1)q/4 1-s)q/4—1

g1(pn) = m{a( V4 L= ayqra1(a,0)] 4 L(a, b) — 1},
_ L(a,b) s—1)q/4 1—s)q/4—1

92(p) = m{l —bCTVYHL G a1 (a, b)) OV L(a:b)}‘

Substituting these scalars into Theorem 3.10 yields the required results. O

4.2. Corollary. Letb>a >0 and s € R.
(1) If s > 2, we have

A(a®,b%) + [A(a, b))
2

(2) If s<1 and s #0,—1, we have

Ala’,b°) + [A(a, b))
2

b—

[Lo(@b)]*| < T lslA(a" b0,

<

(4.2) '

<t ; %51 A (ol 12, plo=1/2)
s—1 2 _ L(a7 b)
x [G(a,b)]"” " L(a, b){ (L1100 /2(a, B)]OF972 ~ [L_(314) 2(a, b)]BF)72

b ; a|s|A(a571,bsfl).

(4.3) ' [Ls(a,b)]*

<
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(3) If s = —1, we have

1 1 1 1 b—a L(a,b) b—a 1
'§{H(a,b) A(a,b)}*L(a,b)’— 8 H(a,b)[G(a,b)]> = 8 H(a2,?)

4.3. Theorem. Forb>a >0 and g > 1, we have

In G(a,b) + In A(a, b) —lnI(a,b)‘ < (b_a)lfl/q (8>1/q [L(a,b)}l/q

2

16 q H(a'/2,b1/2)
1 (Lq/4_1(a, b))qM*lL(a,b) 1 1/q
2 P -
1 (Lgja—1(a,b))Y* " L(a,b) 11
JF ﬁ |:1 - bq/4 +

b—a 1 H(zq+5)/af1+(2q+3)/bqr/q+ {1/aq+(4q+7)/bq]1/q
16 (q+ 1)/a 4(q+ 2) 4(q +2)
(4g+7)/a? +1/b71"7 | [(2q+3)/a" + (2 +5)/b7]"/*
+{ 1(q+2) ] +{ (g +2) } }

Proof. Let f(z) =Inz for & > 0. It is clear that f'(z) = % and |f'(z)|? = 2. Further,

we have (In|f'(z)|?)" = 4. This shows that the function |f'(z)|? = Z; is logarithmically
convex. On the other hand, we have

b q/2
n= (7) )
a

(= L@d) [ Ly @] Lab)
gi{p _q(b—a) Py s
(1) = L(a,b) [, [Lqja—1(a,b)]”*"*L(a,b)
g2\) = q(b—a) ba/4 ’
Substituting these equations into Theorem 3.10 leads to our required results. O

4.4. Corollary. Forb>a >0 and q > 1, we have

InG(a,b) + In A(a,b)
5 —InI(a, b)’
b—a L(a,b) 2 L(a,b)
(4.4) < 8 H(al/2,b1/2)G(a, b) { [L_1/2(a,0)]'/2 - [L_s/a(a,0)]3/2 }
b—a 1

~ 8 H(ab)’
4.5. Theorem. Letb>a >0 and w > 0.
(1) If s >4 or s <1 with s # —1, -2, then
Lf Hos(a,0)]" [He.s (ab,a® +b?)]"
2| H(a®,b%) [G(a,b)]?

1 [L2s+1(a, b)]QS-H [Lst1(a, b)]s+1
(4.5) T ot2 { Ala, 0)[Cla, b T “ A(a,0)[Gla, B T 1}‘
A((I2<571), b2(571)) A(a572’ b872)
Al b){2 Caoz TG }

b—a |s

<
- 8 w

+
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(2) If s=—1, then

‘E{Hw,l(a,b) H, 1 (ab,a® +b°)
H(a,b) 2[A(a, b)]?

2
- s ey |

b—a 1 Afa®,b") Al
=73 w+2A(“’b){2[G(a,b)]6+°"[G(a,b)]5}'

(4.6)

(3) If s = —2, we have

1Bt 1 [Hesleh )] )

20 H(a2,02) 4| A(a2,b?)

1 w
(4.7) T w2 [H(a,b)L(a, b) +2}
b—a 1 A1) Afatb)
e S CE b){%am,bns ErOIE }
Proof. Let

s s/2
z° +wz® 41
T

for x > 0 and s # 0. Then

’ _ S s—1 | W _s/2-1
Py = g (a4 ),

(7 @D = 522 (s = 1)(s = 27+ S5 = 2)(s - 1),

This means that when s > 4 or s < 1 with s # 0 the function |f’'(z)| is convex on [a, b].
It is easy to see that

L[ tal (et et ) LUl [Hw,s[(cc;f(»;z;; 7)) i

When s >4 or s < 1 with s # 0,—1,—2, we have

1 b/a 1 b/a z° +w.’L‘S/2+1
b/a+a/b/a/b flz)de = b/a+a/b/¢z/b w+2 e
1 [Lassi(a, b)) [Ls+1(a, b))
= _w+2{A(a,b)[G(a, D YA b)[Gla, b 1}
and
b/a+a/b (]|, (a (b _b—a s
g Gl (I} =55

A(CLQ(S—l) b2(s—1))
X {2 . +w

[G(a,b)]?

A(a®2,b°7?) }

[G(a,b)]*

Substituting these equations into Corollary 3.4 leads to the inequality (4.5).
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When s = —1, we have

and

1 b/a _ 1 ba /e +w/xt? 41
m/(l/b f(m)dxib/a—i—a/b/a/b w12

1 1 G(a,b)
T w+2 {H(a,b)L(a,b) +wA(a,b) - ”

%{f(b/a)+f(a/b)+f(b/a+a/b)} 3 1{Hw,1(a,b)+;Hw(ab,a2+b2) }

dz

2 2 ~ 2| H(a,b) [A(a, b)]?
s ()] (D)} =52 2% (oo + et )

Substituting these equations into Corollary 3.4 leads to the inequality (4.6).
Finally, when s = —2, it is not difficult to obtain that

and

b/a b/a 2
vt | d@de= b [ e L,
bla+a/b j,. bla+alb J,, w+2

1 w
T w+?2 {H(a, b)L(a,b)

P = et <o )

4 w+2 |"[G(a,b)] (G (a, b)]*

+2],

b/a;;a/b{

()

[ st (e o)
st 1 Helib e 20

T2 H(azb?) 4] Aa20?)

Substituting these equations into Corollary 3.4 leads to the inequality (4.7). The proof
of Theorem 4.5 is complete. (]

Acknowledgements

The authors appreciate the anonymous referee for his/her helpful suggestions and
valuable comments on this manuscript.

References

(1]
(2]

Bai, R.-F., Qi, F. and Xi, B.-Y. Hermite-Hadamard type inequalities for the m- and (o, m)-
logarithmically conver functions, Filomat 27 (1), 1-7, 2013.

Dragomir, S. S. and Agarwal, R. P. Two inequalities for differentiable mappings and appli-
cations to special means of real numbers and to trapezoidal formula, Appl. Math. Lett. 11
(5), 91-95, 1998.

Dragomir, S. S., Agarwal, R. P. and Cerone, P. On Simpson’s inequality and applications,
J. Inequal. Appl. 5 (6), 533579, 2000.

Kirmaci, U. S. Inequalities for differentiable mappings and applications to special means of
real numbers to midpoint formula, Appl. Math. Comput. 147 (1), 137-146, 2004.
Mitrinovié, D. S. Analytic Inequalities, Springer-Verlag, Berlin, 1970.

Pearce, C. E. M. and Pecarié, J. Inequalities for differentiable mappings with application to
special means and quadrature formulae, Appl. Math. Lett. 13 (2), 51-55, 2000.

Qi, F. Bounds for the ratio of two gamma functions, J. Inequal. Appl. 2010, Article ID
493058, 84 pages, 2010.



Hermite-Hadamard type inequalities for convex functions ... 257

[8] Qi, F., Wei, Z.-L. and Yang, Q. Generalizations and refinements of Hermite-Hadamard’s
inequality, Rocky Mountain J. Math. 35 (1), 235-251, 2005.

[9] Wang, S.-H., Xi, B.-Y. and Qi, F. On Hermite-Hadamard type inequalities for (o, m)-conver
functions, Int. J. Open Probl. Comput. Sci. Math. 5 (4), 47-56, 2012.

[10] Wang, S.-H., Xi, B.-Y. and Qi, F. Some new inequalities of Hermite-Hadamard type for
n-time differentiable functions which are m-convez, Analysis (Munich) 32 (3), 247-262,
2012.

[11] Xi, B.-Y., Bai, R.-F. and Qi, F. Hermite-Hadamard type inequalities for the m- and (o, m)-
geometrically convez functions, Aequationes Math. 84 (3), 261-269, 2012.

[12] Xi, B.-Y. and Qi, F. Some integral inequalities of Hermite-Hadamard type for convex func-
tions with applications to means, J. Funct. Spaces Appl. 2012, Article ID 980438, 14 pages,
2012.



