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Abstract

In this paper, we consider two general p-valent integral operators for
certain analytic functions in the unit disc U and give some properties
for these integral operators on some classes of univalent functions.
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1. Introduction and preliminaries

Let A (p,n) denote the class of functions of the form

(11) f(z):zp+ Z akzk (p7n€N:{1727”‘})7
k=p+n
which are analytic in the open disc U = {z€ C:|z| <1}. Also A(l,n) = A(n),
A(p,1) =A(p) and A(1,1) = A.
A function f € A (p,n) is said to be p-valently starlike of order a, (0 < a < p), if and
only if

(1.2) R { Z}{C(S)} >a, (zel).

We denote by S;(«) the class of all such functions. Also ST () = S* (). On the other
hand, a function f € A (p,n) is said to be p-valently convez of order a (0 < o < p) if and
only if

(1.3) R {1 + Z}{C(S)} >a, (zel).
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Let Cp () denote the class of all those functions which are p-valently convex of order «
in U. Also €1 (o) = € (). A function f € A (p,n) is said to be class Ry(a), (0 < a < p)
if and only if

(1.4) %{%} >a, (z€eU).

Also Ry (o) = R (). For a function f € A (p,n) we define the following operator
D°f(z) = f(2),

1 1 /
D" f(z) = —zf(2),
(1.5) P

D*f(z) =D (D" £(2)),

where k € No = NU{0}. The differential operator D* was studied by Shenan et al. (see
[14]). When p = 1 we get the Siligean differential operator (see [12]).

We note that if f € A (p,n), then

DFf(z) = 2" + Z ( ) a; 20, (pmeN={1,2,...}) (zelW).

Jj=n+p

Recently, A. Alb Lupas (see [2]) define the family BS (p,m,u,a), 0 > 0,0 < a < 1,
m € NU{0}, p,n € N so that it consists of functions f € A (p,n) satisfying the condition

(1.6) ‘Dm;f(Z) <an;(z)>M _ p’ <p—a, (z€U).

1.1. Remark. The family BS (p, m, u, ) is a new comprehensive class of analytic func-
tions which includes various new classes of analytic univalent functions as well as some
very well-known ones. For example, BS(1,0,1,a) = S*(«), BS(1,1,1,a) = C(«),
BS (p,0,0,) = Rp(a) and BS (1,0,0,a) = R(c).

Another interesting subclass is the special case BS (1,0, 2, a) = B(«a) which has been
introduced by Frasin and Darus (see [7]) and also the class BS (1,0, u, @) = B(u, o) which
has been introduced by Frasin and Jahangiri (see [8]).

1.2. Remark. Let | = (l1,l2,...,ln) € Ny, § = (81,02,...,0,) € R} for all i =
{1,2,...,n}, n € N. We define the following general integral operator

95% (f1, fas- oy fn) s A(p,n) = A(p,n),
ji;?p(flvfzw'wfn): p,nlé( )

(1.7)

Fp,n,l,é( / tp ! H <D fl ) dt7
and

3 (91,92, -, gn) 1 A (p,m) = A(p,n)
(1 8) 35;,)\1) (917927"'7.9”) = gp,n,l,)\(z),

z n u EETNDY
Spmia(z) = / T (7N an,
0 i=1

where f;,9; € A(p,n) for all i = {1,2,...,n} and D is defined by (1.5).
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1.3. Remark. The integral operator (1.7) was studied and introduced by Saltik et al.
(see [13]). We note that if Iy =l = ... =1, =0foralli = {1,2,...,n}, then the integral
operator Fj, (%) reduces to the operator F,(z) which was studied by Frasin (see [6]).
Upon setting p = 1 in the operator (1.7), we can obtain the integral operator D" F(z)
which was studied by Breaz et al. (see [4]). Forp=1andly =l =... =1, =01in
(1.7), the integral operator Fj ,;s(z) reduces to the operator F,(z) which was studied
by Breaz and Breaz (see [3]). Observe that for p = n =1, 1 = 0 and 1 = p we
obtain the integral operator I,,(f)(z) which was studied by Pescar and Owa (see [11]),
for p1 = p € [0, 1] the special case of the operator I,(f)(z) was studied by Miller et al.
(see [10]). Forp=n=1,11 =0 and u1 = 1 in (1.7), we have the Alexander integral
operator I(f)(z) in [1]. For Iy =12 = ... =1, = 0 in (1.7), the integral operator was
studied by E. Deniz (see [5]).

1.4. Remark. For [y =l =... =1, =0 in (1.8), the integral operator was studied by
E. Deniz (see [5]).Forp=n=1and Iy =ls =... =1, = 0 in (1.8), the integral operator
Gp.n,i,2(2) was studied by Frasin in [9].

In this paper, we obtain the order of convexity of the operators Fp n,1,5(2) and Gp.n,i,2(2)
on the class BS (p,li;, u, ). As special cases, the order of convexity of the operators

z S5 z A
J (@) dt and [ (eg(t)) dt are given.
0 0
In order to prove our main results, we recall the following lemma.

1.5. Lemma. (General Schwarz Lemma). Let the function f be regular in the disk Ugr
with | f(2)| < M, M fized. If f has at z =0 one zero with multiply > m, then

(19)  1fE) < m el 2 € Un.

Equality (in the inequality (1.9) for z # 0) can hold only if f(z) = 629 M_|2|™, where 0
is constant. (]

2. Main results

2.1. Theorem. Letl = (I1,l2,...,ln) € Ny, 6 = (01,02,...,0n) ER}, 0< a<p, u >0
and f; € A (p,n) be in the class BS (p,li, p, ) for alli ={1,2,...,n}. If’Dl fi(z ’ ) <M,
(M >1; ze€U), then the integral operator

L
Fp,n,l,é( / tp 1H (D fz ) dt
is in Cp(B), where

21) B=p [1 =Y a(@p—a)M* T+ 1)

i=1

and 3. 6:((2p — @) M* P +1) <1 for alli = {1,2,...,n}.

i=1

Proof. Define the function Fj, ,,1,5(z) by

Fpnus(2) / P 1H<Dl filt ) dt,
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for fi(z) € BS (p,ls, u, @). On the other hand it is easy to see that

(22)  (Fpaus(z P1H<lel >

Now, we differentiate (2.2) logarithmically and multiply by z to obtain

(2.3) 1+7Z(Fp’"'l’5(z ) p—ZJ <7D fi) () —p).

(Fp,n,l,6 (Z) (Z)
It follows from (2.3) and p (D% *! fi(2)) = z (D% fi(2))" that

2 (Fpnis(2))”
‘“ (Fomial))

S ST
<p25 <‘Dl Hp i(2) (Dli(z))M #1+1>.

Since ‘Dllfz(z)‘ <M, (M>1, ze€ U) for all i = {1,2,...,n}, applying the General
Schwarz Lemma, we have

D'ifi(z)

2P

‘Dlifi(z)‘ < M|z,

Therefore, from (2.4), we obtain

(2‘5) ‘1 n Z((FF‘p,n,l,g(ii ” ‘ - pZ(S <‘Dl +1f( ) <Dl7} ) ’MM 1 + 1)
p,n,l,6

From (2.5) and (1.6), we see that

‘1+ Z(Fp,n,lyé(z))/” . ‘
(Fpmlé( ))
D) () o
(26) <pz‘5 (F="2 (o) o))
gpz&((zp—a)M“*H),
i=1
=p- .
This completes the proof. O

2.2. Corollary. Letl = (I1,l2,...,ln) € NG, d = (d1,02,...,0n) €ER}, 0<a<p, p>0
and f; € A (p,n) is in the class BS (p,l;, p, ) for alli = {1,2,...,n}. If’Dlifi(z)’ < M,
(M >1; z€U), then the integral operator Fp n1,5(z) is convezr in U and

>0 = ey
i=1 T @2p—a)MEl 4L
Letting p = 1, {; = 0 in Theorem 2.1 for all : = {1,2,...,n}, we have

2.3. Corollary. Let § = (01,02,...,0n) ERY, 1 >0,0< a <1 and f; € A(n) is in the
class B (p, a) for alli={1,2,...,n}. If |fi(z)| < M, (M > 1; z € W), then the integral
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operator Fi n0,5(z) € C(B) is in U and
n
B=1-)Y &[2-a)M* ' +1],
i=1

where > 6; [(2— o) M* ' +1] <1 for alli ={1,2,...,n}. O

i=1
Letting n = 1 in Corollary 2.2, we have
2.4. Corollary. Let 6 € R, u>0,0< a <1 and let f €A be in the class B (u, ). If
[f(z)] <M, (M >1; z€U), then the integral operator F1 1,0,6(z) = fz (@)6 dt € C(pB)
is in U, and ’
B=1-6[2-a)M" " +1],
where § [(2— o) M* ' +1] < 1. O
Letting p=1,1; =0, p =1 in Theorem 2.1 for all ¢« = {1,2,...,n}, we have

2.5. Corollary. Let § = (01,02,...,0n) € R}, 0 < a < 1 and let f; € A(n) be in the
class S*(a) for all i = {1,2,...,n}. Then the integral operator Fi n0,5(z) € C(B) is in
U, where

BZl—idi(:ﬂ—a),
i=1

where idi(iﬁ—a)§1f0ralli:{1,2,...,n}. O

=1
Letting n = 1,0 = % and a = 0 in Corollary 2.5, we have

2.6. Corollary. Let f € A be starlike in U. If |f(2)| < M, (M >1; z € U), then the
integral operator F\ , o 1 (2) is convez in U. O

2.7. Remark. Letting d; by %, p=1,1; =0 in Theorem 2.1 for all i = {1,2,...,n} we
obtain Theorem 2.1 (see [9]).

2.8. Theorem. Let!l = (l1,l2,...,l,) ENg, A€ R}, 0< a<p, u>0andg; € A(p,n)
be in the class BS (p,li, p, @) for alli = {1,2,...,n}. If‘Dligi(z)| <M,(M>1;, zelU),
then the integral operator

z
n ) PR
(2‘7) 9p7n’17)\(z) :/ptpfll_[ (eDlzgi(t)\tP 1) dt,
0 i=1

is in Cp (B), where
B=p—[Mn{(p’+(1—a)p) M" + (p—1)M}],
and A < n{(p2+<1fa>p§M#+(p71>M}'

Proof. Define the function Gy »,,x(2) by

z
n L o
9p,n,l,>\(z) :/ptpﬂH (eD 9; ())\tP 1) dt.
0 i=1

for gi(z) € BS (p,li, p, ). It follows that

R SVES)Y [(D;fiigz))_(p_l)pigi(z) )
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Therefore from (2.8) and p (Dli“fi) (2) =2 (Dlifi(z))/7 we obtain

‘ ((99:: ll;((z i p‘
N HET——
(I () 175 -] 2]

1
Applying the General Schwarz Lemma once again, we have

Li .
‘M <M (zeuw),
zP
and hence
o (Sp,n,l,/\(z))n ‘
14+ bR
(2.9) (Gp,n,1,1(2)) p
. n Dli+1 . » u
- <§—:1 M e (Dli;(z)> M“+(p—1)MD .

Therefore from (2.9), we obtain

2 (Gp,nin(2)” . p‘
(gp,n,l,/\(z))/

3 (55 (222 () o) o -]

< an{(p® + (1—a)p) M" + (p — )M}
=p—p
This completes the proof. O

’1-1—

Letting I; = 0, p = 0 in Theorem 2.8 for all = {1,2,...,n}, we have

2.9. Corollary. Let g; € A(n) be in the class Ry (o), A € R}, 0 < a < p. If
lgi(2)] < M, (M >1; z € W), then the integral operator Spn,0,x(2) is in Cp(B) in U,
where

B=p—{ n[(p*+1-a)p) +(p-1)M]},

and An [(p? + (1—a)p) + (p — HM] < p. m
Lettingn =1, p=1,1 =0 in Theorem 2.8, we have

2.10. Corollary. Let A€ RT, 0 < a <1, u >0 and let g € A be in the class B (u, ).
If lg(z)] < M, (M > 1; z €U), then the integral operator G1,1,0x(z) = sz (eg(t))kdt is
in C(B) in U, where

B=1—X(2-a)M",
and A\(2 —a) M* < 1. O

Letting p=1,1; =0, p =1 in Theorem 2.8 for all i« = {1,2,...,n}, we have
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2.11. Corollary. Let g; € A(n) be in the class S* (a), A € R}, 0 < a < 1, for all
t={1,2,...,n}. If|gi(2)] < M, (M >1; z €U), then the integral operator G1 n,0,x (%)
is in C(B) in U, where

B=1-In(2-a)M,

Lettinga =0, M =n=1and A = % in Corollary 2.12, we have

2.12. Corollary. Let g € A be starlike in U for all i = {1,2,...,n}. If |g(z)| < 1,
(z € U), then the integral operator 9171707%(;:) is convex in U. O
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