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1. Introduction

Soft set theory is an important branch of modern mathemégcsuse it is a tool to han-
dle various types of uncertainties arising from the congtéd problems in economics, engi-
neering, environmental sciences, social sciences, mestiences etc. In Molodtsov (1999)
initiated the theory of soft sets. Also in Molodtsov et al0(B), he applied successfully
in directions such as smoothness of functions, game thepstations research, Riemann-
Integration, Perron integration, probability and theofyneeasurement. Then Maji et al.
(2003) defined operations on soft sets in 2003 and many s&ar have studied the na-
ture of soft sets and its applications in various real lifeljpems, see (Abbas et al., 2017,
Acar et al., 2010; Aktas and Cagman, 2007; Ali et al., 20@8gman and Enginoglu, 2010;
Cagman et al., 2011; Celik etl., 2011; Feng et al., 2008d&r and Ray, 2019; Pei and Miao,
2005; Ray and Goldar, 2017; Shirmohammadi and Rasouli,)2017

Cagman et al. (2011) introduced soft topology and Shatuirdaz (2011) defined soft topo-
logical spaces. Several authors (Al-Khafaj and Mahmoodl420 Aygiunoglu and Aygin
(2012), Atmaca (2016), Benchalli and Patil (2017), Babéhd John (2010), Cagman et al.
(2015), Georgiouetal. (2013), Georgiou and Megaritis @01Goldar and Ray (2017),
Hamza and Saad (2017), Hida (2014), Hosnyand Abd El-Latif016}, Hussain
(2015), Jaliland Reddy (2017), Kandiletal. (2014), Majandnd Samanta (2010),
Osmanoglu and Tokat (2014), Shabirand Naz (2011), Shahlsaitk®n (2014),
Subhashinin and Sekar (2014), Tasbozanetal. (2017) TleaklRajput (2018),
Varol and Aygiin (2013), Varoletal. (2012), Yangetal. (801 Zorlutunaetal. (2012))
have extended the idea of soft topology following the dabnibf soft topology by Shabir, Naz
and Cagman et al. Goldar and Ray (2017) defined the soft tgpale a ordinary topology of
soft elements and studied soft topological properties lygusf soft elements. To define soft
set we need two non-empty sets one is called universa setd other set is parametric Jet
There are no restriction ok andA. A soft set is a functior : A— P(X) and a soft elemera
of the soft sef is also a functiorm: A — X such thai(t) € F(t) forall t < A So to exists a
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soft element of we need the conditioR (t) # ¢ forall t € A. If F andH are two soft sets
thenH is soft subset oF if H(t) CF(t) forall t e A. We define soft topology on soft subsets
of F in usual way and study this soft topology in light of soft ekamts. As soft elements are
functions, the equality of two soft elements is differemnfr classical case. Two soft elements
aandb are equal ifa(t) = b(t) for all t € Aand so not equal i&(t) # b(t) for at least one

t. Similar thing arise for the definition of a soft elemenis not belongs to a soft sét. ais

not belongs td~ if a(t) ¢ F(t) for somet. Unlike classical case this forces that the statement
ais not a soft element df impliesa is a member of compliment &f is false. And obviously
the soft topology on soft set will be different from class$ioae and need special attention to
handle it.

In this article, we discuss some interesting relations betwsoft topology and the topology on
soft elements and proposed a new definition of §e$pacei(= 1, 2, 3,4), soft Hausdorff space,
soft regular, soft normal space by using soft elements. hesv definition are equivalent to
that in literature. The proof of the analogous propertied treorems of sofflj-space i(=
1,2,3,4) are much similar if we use these new definitions.

In section 2, we have presented the definitions and prelmypiresults which are used in the
next sections and studied some soft topological propebifessing soft elements. In section
3, we have presented a new definition of Sifspacei(= 1,2,3,4), soft Hausdorff space, soft
regular space, soft normal space by using soft elementdasd hew definition has the advan-
tage that all the analogous elementary ordinary separakimms properties follows easily. In
section 4, definition of soft cover and soft compact are gaed some interesting properties
of soft compact spaces are studied. Also in this section,ave btudied soft finite intersection

property.
2. Preliminaries

Let X denote universal set ambe the set of parameters. Throughout this paper, we will take
only one parameter sét The power set oK is denoted byP(X).

Definition 2.1. Molodtsov (1999) A pai(F,A) is called a soft set over X, where F is a mapping
given by F: A — P(X). We write F for the soft séF,A).

Definition 2.2. Ayginajlu and Aygin (2012),Ray and Goldar (2017) Suppose F be a soft set
suchthat Rt) £ ¢ forall t € A. Afunctiona A— X is called soft element of F ifg) € F(t)
forall t € A. In this case we write as F. Axiom of choice is needed to ensure the existence of
soft elements if A is infinite.

Definition 2.3. Ray and Goldar (2017) Let FA — P(X) be a soft set. The collection of all soft
elements of F is denoted by §8.

Thatis SEF) ={f: f:A— X, f(t) € F(t),Vt € A }. Hence SKEF) is defined for those soft
sets F such that &) # ¢ forall t € A.

Definition 2.4. Alietal. (2009),Cgman and Enginglu (2010),Maji et al.
(2003),Pei and Miao (2005) Let F and H be two soft sets over éhtH is said to be a
soft subset of F if Kt) C F(t) forall t € A. In this case we denote Hs F.

Definition 2.5. Alietal. (2009),Cgman and Enginglu (2010),Maji et al.
(2003),Pei and Miao (2005) Let F and H be two soft sets thesdifieunion FUsH and the soft
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intersection FNgH are defined by{F UsH)(t) = F(t) UH(t) and (F NsH)(t) = F(t) NH(t)

for all t € A. It can be noted that SE UsH) D SE(F) USE(H), SEF NsH) may not

be defined forF NsH)(t) may be an empty set for some t. However if it be defined then
SE(F NsH) = SE(F) NSE(H).

Definition 2.6. Ray and Goldar (2017) L€t : i € 1} be a non-empty family of soft sets then
(ithe intersectiomsF is a soft set defined biysF ) (t) = NF(t) forall t € A.
(iand the unionugF; is also a soft set defined BysF)(t) = UFK(t) forall t € A.

Definition 2.7. Ray and Goldar (2017) For each&s F, a singleton soft sefa} is defined by
{a} :A— P(X) such that{a}(t) = {a(t)}. Clearly a soft set F is singleton if(f) is a singleton
set for every t. A singleton soft set contains only one sefheht.

Definition 2.8. Maji et al. (2003) Two soft sets F and H are said to be soft edua(t) = H(t)
forall t € Aanditis denoted by F=sH. Also ab €5 F are said to be soft equal if(s) = b(t)
forall t € Aanda#sbif 3t; € Asuchthat &) # b(ty).

Theorem 2.9.Ray and Goldar (2017) For two soft set F and H F if and only if SEH) C
SE(F).

Definition 2.10. Cagman et al. (2011) Let FA — P(X) be a soft set and &) # ¢ for all
t € A. Lett be a collection of some soft subsets oftks called soft topology on F if
QdFer

(2) T is closed under arbitrary soft union and finite soft intersec.

Note thatd : A — P(X) is a soft set defined bip(t) = ¢ forall t € A.

Definition 2.11. Cagman et al. (2015),G@man et al. (2011) Let F, T > be a soft topological
space. Every elements pfs called soft open sets. A soft setSF is called soft closed if the
soft complement of S8 1 where S(t) = F(t) — St) forall t €A.

Theorem 2.12.Shabir and Naz (2011) K F, T > is a soft topological space thenF(t), i; >
is a topological space forall € A, wheret; ={H(t):H € 1}.

Definition 2.13. Goldar and Ray (2017) If T SE(F) then we can think T as a soft set,: T
A—P(X)with T(t) ={a(t):acT}.

Theorem 2.14.Let F be a soft set such that§ # @ for allt € A. Lett; be a topology in Ft)
forallt € A. Lett be a collection of soft sets H such thatthic t; for allt € A. Thent is a
soft topology on F.

Proof. Let {H; :i € I} C T thenH;(t) € 1; for all t € A. So by Definition 2.6,(U Hi)(t) =
il

UHi(t) ety forallt € Aand(HyNsH2)(t) = Hi(t) N H2(t) € 1 for all t € A. The function

il

P:A—-PX), dP(t)=¢ forall teA isint and alsoF € 1. Hence< F,T > is a soft

topological space. O

Example 2.15. Suppose that A= {t1,to} is a parameter set, X {ui,Uz,u3, Uy} is the
universal set and = {(t1, {us,uz,us}), (t2, {u1,uz,uz})} is a soft set over X. Lety, =

{(p,{ul,uz,U3},{Uz},{Uz,Ue,},{Ul,Uz}} and T, = {QO,{Ul,UZ,Ug},{Ul},{ul,U2},{U1,U3}}.
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Then it is clear that, and 1y, are topologies on R1) = {uz,up, Uz}, and F(tp) = {ug, up, us},
respectively.

Now by Theorem 2.14t = {H CsF : H(t) € 1;}. Clearly ® = {(t1,¢),(t2,@)} and F =
{(t1,{u1,u2,uz}), (t2, {u1,up, us})} belongs tar. The other members afare

Fr = {(t1,{u1, Uz, u3}), (t2, {us})}

P = {(t1, {uz, Uz, uz}), (t2, {uz, ux}) }
Fs = {(t1, {u1, Uz, us}), (t2, {us,uz}) }
Fa = {(t1, {u2}), (t2, {us, Uz, u3}) }

Fs = {(t1, {u2}), (t2, {ur}) }

Fo = {(t1, {u2}), (t2, {us, u2})}

F = {(t1,{u2}), (t, {u1,us})}

Fg = {(t1, {Uz, U3}), (t2, {U1, Uz, U3}) }
Fo = {(t, {uz,us}), (t2, {us})}

t
Fro= {(t1, {uz, us}), (t2, {uz, u2})}

F11= {(t17 {Uz, Ug}), (t27 {u17 Ug})}

Fio= {(t17 {u17 U2}>, (t27 {u17 uz, U3}>}

Fiz = {(t1, {u1, U2}), (t2, {u}) }

Fra= {(t1, {U1, Uz}), (t2, {ug, Uz})}

F15 = {(t17 {u17 UZ})v (t27 {u17 Ug})}

Thust = {®,F,F1, R, 3, Fa, Fs, Fs, F7, Fs, Fo, Fro, F11, F12, F13, F14, Fi5} is a soft topology on F.

Note 2.16.By Example 2.15 we see that for two differeist

(){P,F,F1, R, F3,Fa,Fs, Fe, F7, Fg, Fo, F10, F11, F12, F13, F14, F15} and

(i) {®,F,Fs,F7,Fi0, F14} there are samey, andt,. First 1 is a soft topology but second one is
not a soft topology on F.

Remark 2.17. From Theorems 2.12 and 2.14 we get two important obsenation

(i) If H is soft open then Kt) is open int; for allt € A, by Theorem 2.12. Conversely ifthlis
openint; for allt € A then by Theorem 2.14, HT.

(i) If H is soft closed then Kt) is closed int; for all t € A, by Theorem 2.12. Conversely if
H(t) is closed int; for all t € A then by Theorem 2.14, H is soft closed in

Theorem 2.18.Goldar and Ray (2017) Let FA — P(X) be a soft set an& F, 7 > is a soft
topological space. Defing* = {T C SE(F) : T(t) isopenin(F(t), 1) }. Thent* is a topology
on SEF).

Lemma 2.19. Goldar and Ray (2017) For N's F, SE(N)(t) = N(t) forall t € A.

Remark 2.20. Goldar and Ray (2017) If K T and SEH) exists then Hit) € i; forall t € A
so SEH)(t) e i forall t € A, hence SEH) € 1*.

Again if F—sH € 1 and assuming S —sH) exists then SB —sH) = SE(F) — SE(H) € 1*.
So H is soft open i implies SEH) is open int* and H is soft closed im implies SEH) is
closed int*.

Definition 2.21. Cagman et al. (2011) Lek F, T > be a soft topological space and &s F.
Then the collection” = {KNsH : K € 1} is called soft subspace topology on H.

Proposition 2.22. Let < F, T > be a soft topological space and & F. Then< H(t), (t7); >
is subspace topological spaceofF(t), 1; > for each tc A.
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Proof. Since< H, " > is a soft topological space then cleattyH (t), (t7); > is a topological
space for alt € A. AsH(t)  F(t) then(t)"® is subspace topology ®f(t) for allt € A. We
want to show thaft; )"t = ().

Leta € (t);. Sincea c H(t) thena B € " such thaB(t) = a forallt € A. NowB=KngH
whereK e 1 which implies thatB(t) = K(t) N"H(t) andK(t) € . Soa = B(t) € ()" .
Therefore(tH), c (7)" .

Conversely, lety € A be fixed. Leta € (1,)" ™) thena = BN H(ty) whereB € 1,. Define
S: A— P(X) by

St)=B if t=t
—F(t) if t#£t

HenceS< 1 anda = S(tg) NH(tp) = (SNsH)(tg). SoSNsH € ™ which implies thata =
(SNsH)(to) € (t1),. Sincety € A is arbitrary. Thereforex € (H); for all t € A. Hence
()"0  (tH);. Thus< H(t), (t"); > is a subspace of F(t), i, > for eacht € A. O

Proposition 2.23.Let< F, T > be a soft topological space andd&ks F. Then< SE(H), (t7)* >
is subspace topological spaceofSE(F), 7% >.

Proof. Since< H, 1" > is a soft topological space then cleadySE(H), (tH)* > is a topo-
logical space. ASE(H) c SE(F) then(1*)SEH) is subspace topology &E(H). We want to
show that(t*)SEH) = (tH)*,

Leta e (t7)* soa ¢ SE(H) anda(t) e (tH) for allt € A. Clearlya(t) € ()" forallt € A.
Thereforea (t) = H(t) NK; for someK; € 1;. DefineT : A— P(X) by T(t) = H(t) NK; for all
t €A SoT(t) € 1; forallt € AasH is soft open. Henc& € t*. Thusa € SE(F), we can write
a =SE(H)NT (considerT as a collection of soft elements see Definition 2.13). Th@gh
thata e (7%)SEM), Thus(tH)* ¢ (r*)SEH),

Conversely, supposg € (1*)SEH) so B = SE(H)NT where T e 1" which implies that
B(t) =H(t)NT(t) whereT(t) € 1. ThereforeB(t) € ()" = (M) for all t € A. Hence
B € (t7)*. Therefore(1*)SEH) < (tH)*. This complete the proof. O

3. Soft Separation Axioms

Soft separation axioms is defined in (Shabir and Naz, 201¢m@a et al., 2011). But in this
section, we have presented a new definition of $gffl1, T», T3 by using of soft elements and
these new definitions has the advantage that all the anadoglementary classical separation
axioms properties follows easily.

Definition 3.1. Let H and K be two soft sets. ThenesH NsK meansa(t) € (HNsK)(t) =
H(t)NK(t) forallt € A. So Ht)NK(t) # @ forallt € A. Hence HNsK = ® means Ht) N
K(t) = ¢ for some tc A.

Also let ab be two soft elements then-a b means &) = b(t) for allt € A. So a#sb means
a(t) # b(t) for some te A. Here when we write K = ® we are assuming as a soft set.
So no contradiction with Definition 2.8.

Proposition 3.2. Let F be a soft set. as F© implies that as F but the converse is not true.

Proof. LetacsF°¢
= a(t) e F¢(t) =[F(t)]°forallt € A
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=a(t)¢F(t)foralltc A

= a¢sF.
Now leta ¢sF. Then at least onig € A such thaf(t;) ¢ F(t1) anda(t) € F(t) fort #t;. Thus
the converse is not true. O

Definition 3.3. Let < F, T > be a soft topological space. ThenF, T > is called soft §-space
if for every ab s F with a#sb 3 M,N € 1 such that
acsMand b¢sM orbegN and a¢s N.

Proposition 3.4. (i) Let < F, T > be a soft topological space. { F, T > is a soft p-space then
< F(t), 1 > is To-space for all tc A.

(i) Let < F(t), 1: > be atopological space. ¥ F(t), 1; > is To-space for all tc Athen< F, 7 >
is a soft p-space, where is defined in Theorem 2.14.

Proof. (i) Let < F, T > is a softTp-space. supposgc Ais fixed anda, 3 € F(t1). Leta,besF
be such thaa(t) = b(t) for all t € A exceptt =t; anda(t1) = a, b(t1) = B. Soa#sb. Now
since< F, T > is a softTp-space then there id € 1 such thata esH andb ¢sH. Clearly
a(t)=Db(t) e H(t) for allt € Aexcept =t;. Henceb(t1) ¢ H(t1). This shows that F(t1), 1, >
beTo-space. Since € Ais arbitrary. Therefore< F(t), 1; > is To-space for alt € A.

(i) Let < F(t), it > beTo-space. Also let,b €5 F with a #sb. Then at least onf € A such
thata(ty) # b(t1). Let My,,N, € & such thata(t;) € My, andb(t1) ¢ My, or b(t;) € Ny, and
a(ty) ¢ N,. DefineH,K : A — P(X) such that

Hit) =M, if t=1t
=F({) if t#t and

Kit)=N, if t=t

=F(t) if t#t
ClearlyH,K are soft sets and,K € 1 by Theorem 2.14. Hena@csH andb ¢sH orb esK
anda ¢s K. Therefore< F, T > is a softTp-space. O

Example 3.5. Suppose that A= {t1,tp} is a parameter set, % {uz,u,} is the universal set
and F= {(t1, {u1,u2}), (t2, {uz,ux}) } is a soft set over X. Leat = {®P,F F,F, R} be a soft
topology on F, where

&= {(tl7 QO), (t27 q))}

F1= {(tb {ulv Uz}), <t27 {UZ})}

= {(tlv {ul})7 (t27 {u17 UZ})}

Fa = {(tz, {ur}), (t2, {u2})}

Clearly < F, T > is a soft p-space. Since & {(t1,u1), (t2,u1)}, b= {(t1,u1),(t2,u2)}, c=
{(t1,u2), (t2,u1) } and d= {(t1,up), (t2,u2) } are soft elements of F and for everybaes F with
a#sb3dM,N € 1 such that

acsMand b¢sM orbegN and a¢sN.

Now we haver, = {¢,{u1,uz},{u1}} and &, = {@, {u1,u2},{uz}}. Also it is clear that<
F(t), &t > is To-space for all te A.

Example 3.6. Suppose that A= {t;,t>} is a parameter set, X {u1,up, uz} is the universal set

and F= {(t1, {uz, u2}), (t2, {uz, us})} is a soft set over X. Lety;, = {¢, {ur,uz},{uz},{us}}
and i, = {®,{uz,uz}, {u2},{us}}. Thenitis clear that;, and 1, are topologies on K1) =
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{ug,u2}, and F(ty) = {up, us}, respectively. Alsec F(t), 1t > is To-space for all te A.
Now by Theorem 2.14t = {H CsF : H(t) € ©t}. Clearly ® = {(t1,9),(t2,@)} and F =
{(t1,{ug,u2}), (t2,{u2,us})} belongs tor. Now the other soft subsets of F which belongs to

T are

F1={(ts,{u}), (t2, {us})}

F2 = {(ty, {u}), (t2, {uz, Uus})}
Fs={(ts, {u}), (t2, {u2})}
Fa={(t1, {u2}), (t2, {U2, U3})}
Fs = {(t, {uz2}), (t2, {us})}

Fo = {(t1, {uz2}), (t2, {uz})}

F = {(tlv {u17 Uz}), (t27 {UZ})}
Fg = {(t1, {1, u2}), (t2, {us})}

Thust = {®,F,F1,F, F3, Fa, Fs, Fs, F7, R} is a soft topology on F. Nowa {(t1,us), (t2,u2) },
b= {(t;,u1),(t2,u3) }, c= {(t1,Up), (tz,u2) } and d= {(t1,uz), (t2,u3)} are soft elements of F
and for every ab €5 F with a#sb 3 M, N € 1 such that

acsMand b¢sM orbegN and a¢s N.

Hence< F, T > is a soft ph-space.

Example 3.7. Let < F, T > be a soft topological space whergtf = {0,1} for allt € A and
T; be Sierpinski topology that is = {{0,1},{1}, @}. Clearly < F(t), 1t > is To-space for all
t € A. Now we will show thak F,T > is a soft p-space whera = {H CsF : H(t) € 1;}.
Supposer, 3 €sF with a # B. Then3 t; € A such thatx (t1) # B(t1). Supposex(t;) = 0and
B(t1) = 1 (say). Define a soft set H such that

HU) ={1} if t=t
=F(t) if t#£t

Then clearly He T and H containg3 but nota. Thus< F, T > is a soft p-space.

Example 3.8.Let < F, T > be a soft topological space where

F(t) = {0,1} with 1; = indiscrete topology for all £ A except t=t; and

F(t) = {0,1} with 1; = discrete topology for & t;.Clearly < F(t), 1t > is not T-space for all
t € A. We will show thak F, T > is not a soft §-space, where; = {E € T: E(t) € 1;}. Let

at)={1} if t=t
= {0} if t#4

and (t) = {1} for all t € A. Clearly a#sb. If a soft open set H contains a the(t pc H(t)
for allt € A. Now Ht) = {0,1} for all t € A except t=t1. So lt) € H(t) for t # t; and
a(ty) =b(ty) € H(t1). This shows that F, 1 > is not soft p-space.

Definition 3.9. Let < F, T > be a soft topological space. ThenF, t > is called soft T-space
if for every ab €s F with a#sb 3 M,N € 1 such that
aesM and b¢sM and begN and a¢s N.

Proposition 3.10. (i) Let < F, T > be a soft topological space. ¥ F, 7 > is a soft T-space
then< F(t), 1t > is Ty-space for all te A.

(i) Let < F(t), 1t > be atopological space. ¥ F(t), 1; > is T;-space for all tc Athen< F, 7 >
is a soft T-space, where is defined in Theorem 2.14.
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Proof. (i) < F, T > is a softT;-space. suppose € Ais fixed anda, 8 € F(t;). Leta,b esF be

such thai(t) = b(t) for all t € Aexceptt =t; anda(t;) = a, b(ty) = . Soa #sb. Now since
< F, 1 > is a softTp-space then there aké, K € 1 such that s H andb ¢sH andb €sK and

a¢sK. Clearlya(t) =b(t) € H(t) for all t € Aexceptt =t;. Henceb(t;) ¢ H(t1) and similarly

a(t1) ¢ K(t1). This shows thak F(t1), i, > beTi-space. Since € Ais arbitrary. Therefore
< F(t), 1t > is Ty-space for alt € A.

(i) Let < F(t), s > beT;-space. Also let, b €5 F with a #sb. Then at least ong € A such

thata(ty) # b(t1). Let My,,N, € & such thata(t;) € My, andb(t1) ¢ M, andb(t1) € N, and

a(t1) ¢ N,. DefineH,K : A — P(X) such that

Hit)=M, if t=1t
=F(t) if t#t and

Kit)=N, if t=t

=F(t) if t#t
ClearlyH,K are soft sets and ,K € 1 by Theorem 2.14. HenacsH andb ¢sH andb €g K
anda ¢s K. Therefore< F, T > is a softT;-space. O

Theorem 3.11.Let < F, T > be a soft topological space. Every single point soft set is Boift
closed if and only ik F, T > is soft -space.

Proof. Let a s F. We know that{a} : A — P(X) is a single point soft set if and only if
{a}(t) = {a(t)} is a single point set for evetyc A. Since< F(t), 1t > is a topological space,
every single point set ifr (t) is closed if and only if< F(t), ; > is Ty-space. Hence from
Remark 2.17 and Proposition 3.10 the theorem is proved. O

Definition 3.12. Let < F, T > be a soft topological space. ThenF, T > is called soft 3-space
or soft Hausdorff space if for everylacs F with a#sb 3 M,N € 1 such that acs M, beg N

Proposition 3.13. (i) Let < F, T > be a soft topological space. & F, T > is a soft Hausdorff
space then< F(t), 1t > is Hausdorff space for all € A.

(i) Let < F(t), 1t > be atopological space. K F(t), 1 > is Hausdorff space for all € A then
< F, T > is a soft Hausdorff space, wheras defined in Theorem 2.14.

Proof. (i) Let < F, T > is a soft Hausdorff space. Also lgtc A be fixed andx, 3 € F(tp) with
o # 3. Take a soft elementof the soft sef. Definea,b: A— X such that

at)=a if t=tg
=X(t) if t#t and

bt)=8 if t=tp
=Xxt) if t#tp
Clearlya,b es F anda #sb. Now since< F, T > is a soft Hausdorff space théerM,N € 1 such

thata es M, b €s N andM NsN =g @. This implies that(ty) = a € M(tp), b(to) = B € N(to).
Now x(t) € (M NsN)(t) for t # tg this shows thaM(t) NN(t) # @ for t # to butM NgN =g P.
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HenceM(tp) "N(tp) = ¢. Sincety is arbitrary. Hence< F(t), 1t > be Hausdorff space for all
teA

(iLet < F(t), 1 > be Hausdorff space. Also Letb €5 F with a #gb. Then3 t; € A such
thata(t;) # b(t1). Let M, Ny, be disjoint open sets in such thag(t;) € My, andb(ty) € Ny,.
DefineH,K : A — P(X) such that

Hit)=M, if t=t;
=F({t) if t#t; and

Kit)=N, if t=t

=F() if t#t
ThenH NsK = ®. Also by Theorem 2.1 andN are soft open sets containing the soft
elementsa andb respectively. Therefore F, 1 > is a soft Hausdorff space. O

Definition 3.14. Let < F, T > be a soft topological space. ThenF, T > is called soft regular
space if for every &s F and a soft closed set Es F with a¢sE 3 M, N € 1 such that acs M,

Proposition 3.15. (i) Let < F, T > be a soft topological space. ¥ F, 1 > is a soft regular
space then< F(t), 1; > is regular space for all € A.

(i) Let < F(t), 1z > be a topological space. K F(t), i; > is regular space for all £ A then
< F, T > is a soft regular space, whereis defined in Theorem 2.14.

Proof. (i) Let < F, T > be a soft regular space ard@sF. Lett; € A be fixed andSbe a closed
set inF (t1) with a € F(t;) such thaio ¢ S. Definea: A — X andE : A — P(X) such that

at)y=a if t=t;
=x(t) if t#t and

E(t)=S if t=t;
=F@{) if t#t;
ThenE is soft closed a&(t) is closed for alt € A. Clearlya ¢s E asa(t1) ¢ E(t1). Hence
IM,N € 1 such thab es M, E CsN andMNsN =s ®. Since(MNsN)(t) = @ for t =t;, we
conclude thaM(t;) "N(t1) = ¢@. This completes the proof for first part.
(i) Let < F(t), it > be regular space. Also Lates F andE be a soft closed subset Bfwith

a¢sE. So there ig; € A such that(ty) ¢ E(t1). Let M, Ny, be disjoint open sets in such
thata(t;) € My, andE(t1) C N,. DefineH,K : A — P(X) such that

Hit) =M, if t=1t
=F(t) if t#t and

Kt)=N, if t=t
=F(t) if t#t

ThenH andK are two disjoint soft sets containiregand E respectively. Hence: F, 7 > is a
soft regular space. O
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Note 3.16.A soft regular space which is also soft, Ts called soft 3-space.

Definition 3.17. Let < F, T > be a soft topological space. ThenF, 1 > is called soft normal
space if for every soft closed setg E, CsF with EyNgsEx =s® 3 M, N € T such that E CsM,

Proposition 3.18. (i) Let < F, T > be a soft topological space. 4 F, T > is a soft normal space
then< F(t), 1z > is normal space for all £ A.

(i) Let < F(t), 1z > be a topological space. K F(t), 1; > is normal space for all € A then
< F, T > is a soft normal space, whereis defined in Theorem 2.14.

Proof. Let < F, T > be a soft normal space. Ligte A be fixed ands;, S be two closed sets in
F(t1) with S NS = @. DefineE; : A— P(X) andE; : A — P(X) such that

Eit) =S if t=t;
=F({) if t#t and

Ez(t):$ if t=t;
=F(t) if t#ty

ThenE; andE; is soft closed a&;(t) andE;(t) is closed for alt € A. ClearlyE; NsEy =5 ®.
Hence3d M,N € 1 such thatt; Cs M, Ex Cs N andM NgN =5 ®. Since(MNsN)(t) = ¢ for
t =t;, we conclude tha¥i(t;) "N(t1) = @. This completes the proof for first part.

Conversely, lek F(t), ; > be normal space. Also L&; andE; be two soft closed subset of
F with E;1NsEp =5 ®@. So there id; € A such thaE;(t1) NEx(t1) = ¢. Let My, Ny, be disjoint
open sets i such thaE;(t1) C My, andEx(t1) C N,;. DefineH,K : A— P(X) such that

Ht) =M, if t=t
=F({) if t#t and

Kit)=N, if t=t
—F(t) if t#£t

ThenH andK are two disjoint soft sets containiig andE, respectively. Hence: F, 7 > is a
soft normal space. O

Note 3.19.A soft normal space which is also soft & called soft I-space.

Remark 3.20. Soft -space= Soft B-space=- Soft b-space= Soft §-space= Soft b-
space.

Proposition 3.21. Let < F, T > be a soft topological space and s F. If < F, T > is soft
Ti-space ther< H, " > is a soft T-space for i= 0,1, 2,3, 4.

Proof. We prove only for sofffly space. The others are similar.

Let< F, T > be softTp-space andH CsF. Leta,b s H with a #5 b then3 soft open sets
M,N € 17 such thahesM andb ¢sM orb €s N anda ¢sN. Nowa €sH anda es M implies
acsHNsM e tH whereM e 1.
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Consider,b ¢s M this means thab(t) ¢ M(t) for somet € A. Thenb(t) ¢ H(t) " M(t) =
(HNsM)(t) for somet € A implies thatb ¢s HNsM € 7. Similarly it can be proved that if
besN anda¢sN thenb esHNsN € ™ anda¢sHNsN € 7. Thus< H, 1" > is a soft
To-Space. U

4. Soft Compactness

Definition 4.1. Ayginajlu and Aygin (2012),Zorlutuna et al. (2012) Let F,T > be a soft
topological space and K F. A collection%s of soft subsets of F is said to be a soft cover of
Hif H CsUs{K: K € %s}.

A soft coverss of H is said to be a soft open cover of H if every membefgs0$ a soft open
setin< F, 7 >.

Definition 4.2. Ayginajlu and Aygin (2012),Zorlutuna et al. (2012) Let F,7 > be a soft
topological space and s F. Then H is said to be soft compact inF, T > if every soft
open cover of H has a finite soft subcover of H.

If H =5 F then F is said to be soft compact space.

Theorem 4.3.Let < F, T > be a soft topological space and &s F. If H is a soft compact in
< F, 7> then H(t) is compact in< F(t), 1y >.

Proof. Let H is soft compact then every soft open covetbhas a finite soft subcover &f.
Lettp € A be fixed. Leté, = {B:B € 11,} is a open cover ofi(tg). For eachB € ¢;, define
Kg : A— P(X) such that

Kg(t)=B if t=tp
=F(t) if t#t

Then{Kg : B € ¢, } is a soft open cover dfi. AsH is soft compact there B4, By, ...., B, such
thatKg,,Kg,, ....,Kg, will cover H. Hence{By,Bsy,....,Bn} is a finite subcover oft, which
coversH (tp). Sincetp € Ais arbitrary. Hence the theorem is proved. O

Theorem 4.4.Let < F, 171 > and < F, 1o > be two soft topological space armd C 1o. If <
F, T2 > is a soft compact topological space thenF, 11 > is also soft compact topological
space.

Proof. Supposéss = {K : K CsF and Ke 11} is a soft open cover iR F, 11 >. Sincet; C 1
S0%s is also a soft open cover k1 F, 12 >. Now < F, 72 > is soft compact thed a finite soft
subcover%s' of ¢s which is also a finite soft cover ir F, 11 >. Hence< F, 11 > is also soft
compact. 0]

Theorem 4.5. Let < F, T > be a soft topological space and Hre soft compact subset of F
n

wherei=1,2,.....n thenU H; is a soft compact subset of F.
i=1

Proof. Let < F, T > be a soft topological space aRd,Ho, ...., H, are soft compact subset bf
n
AssumeH =g U Hi and% is a soft open cover dfi. For eachi define4; = {HinK : K € ¢}.

i=1
So % is a soft open cover ofli. SinceH; is soft compact then there is a finite collection
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{HiNKL, HiNK., ......,HiNnK } which also coveHi.nCIearIy{K} i=12,....nj=12,.,m}
is a finite subcover o which also coveH. ThusU H; is a soft compact subset bt O
i=1

Theorem 4.6.Let < F, T > be a soft topological space and the collectién= {K : Kiisa

soft compact closed subset o} then ﬂ K is a soft compact subset of F.
Ke%s

Proof. Let < F, 7 > be a soft topological space and the collectign= {K : Kiisa
soft compact closed subset o §.ANow ﬂ K is a soft closed subset Bf, since for allK € %5

Ke%s
is soft closed. Againﬂ K CsK. Hence ﬂ K is soft compact subset &f. O
Ke%s Ke%s

Theorem 4.7. Atmaca (2016) Every soft closed subset of a soft compacespaoft compact.

Theorem 4.8.Let < F, 7 > be a soft Hausdorff space,& F and H be soft compact with and
a¢sH. Thend soft open setsU and V such thataU, H CsV and UNgV = @.

Proof. Let < F, T > be a soft Hausdorff space. Lidtbe soft compact set arakts H. For each
X €s H there are soft open seSgandTy such thak €5 S;, a €s Tx andSNs Tx =5 ®. The family
{S:xesH} is a soft open cover dfi. AsH is soft compact then there i |s a finite subcollection

of soft sets{ Sy, S, ----» S, } Which also coveH. LetU = ﬂ Ty andV = U S, thenU andVv
-1 i=1
are disjoint soft open sets containiagndH respectlvely ant) NV = &. O

Theorem 4.9.Let < F, T > be a soft Hausdorff space and H be any soft compact subset of F.
Then H is soft closed set.

Proof. Let < F, T > be a soft Hausdorff space aktibe any soft compact subset6f Then
by Theorem 4.8, for ang €5 H® 3 soft open soft setd andV such thaaesU, H csV and
U NsV = @. In particulatd NsH = ® and henc& csHC. ThusHC is a soft neighbourhood of
each of its points. SbI® is soft open andH is soft closed. O

Theorem 4.10.Every soft compact Housdorff space is soft regular.

Proof. Let < F, T > be a soft compact Hausdorff space. Then every soft closexsksobF is
soft compact and so the spacd~, T > is soft regular by Theorem 4.8. O

Theorem 4.11.Let < F, T > be a soft regular space, H be a soft closed subset of F and K be
soft compact subset of F withiiK = @. Thend soft open sets U and V such thatd{ U,

Proof. Let < F, T > be a soft regular spach, a soft closed subset & andK be soft compact
subset ofF with HNsK = ®. Leta csK thena ¢sH. By regularity of< F, T > we get, for
eacha €5 K there are soft open se® and T, such thata €5 S, H Cs T and SN Ty =5 D.
The family {S; : a €s K} is a soft open cover df. AsK is soft compact then there is a finite
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n n
subcollection of soft setfSy;, Sy, .-, s, } Which also coveK. LetU =[] Ty andV = | J S,
i=1 i=1
thenU andV are disjoint soft open sets containiligandK respectively ant NV =®. O

Theorem 4.12.Every soft compact Housdorff space is soft normal.
Proof. The proof of the theorem is follows from Theorems 4.10 and 4.1 O

Definition 4.13. A family§ of soft subset of F is said to posses finite intersection ptggElP)
if soft intersection of any finite soft subcollectior§ofs non-empty.

Theorem 4.14.Let < F, T > be a soft topological space argdbe a family of soft subset of F .
If § has FIP then the collectio; = {H(t) : H € §} of F(t) has FIP also for all tc A.

Proof. Let § has FIP andp € A be fixed. Let{B; :i € | } be a collection of sets dF (to) in Ft,.
DefineF : A — P(X) by

Ft)=B if t=to
=F(t) if t#to.
HenceF; is soft set and5 € §. Since§ has FIP then for every finite,, R, ....., R, such that
n n n n

[ F #s ® which implies that([|F)(to) = [ |Fi(to) = (] Bi # ®(to) = @. Sincety € A'is
i=1 i=1 i=1 i=1
arbitrary. Thus the theorem is true for ek A. O

Theorem 4.15.A soft topological space F, 1 > is soft compact if and only if for every family
of soft closed sets having FIP has nonempty soft intergectio

Proof. A soft topological space: F, T > is soft compact no finite sub collection of a collec-
tion of soft open setsy coverF then.ey does not coveF.

Let s={F —G: Ge€ &/}. Then%s is a collection of soft closed sets afid has FIP is
equivalent to above statement. This completes the proof. O
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