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1. Introduction

In 1956, Zadeh [1] introduced the notion of fuzzy sets. This concept has been applied to many mathematical
branches. In [2, 3], Mostafa et al. studied the fuzzy KU-ideals and investigated some basic properties.
Intuitionistic fuzzy sets, interval-valued fuzzy sets and Bipolar-valued fuzzy sets are extension fuzzy sets
theory. In 2000, Lee [4] introduced bipolar-valued fuzzy sets. Bipolar-valued fuzzy sets are an extension of
fuzzy sets whose membership degree from [0, 1] to [—1,1]. In bipolar-valued fuzzy set, the membership
degree 0 means that elements are irrelevant to the corresponding property, while the membership degree
[—1, 0) indicates that elements satisfy the implicit counter property. In [5-8], the authors introduced a bipolar-
valued fuzzy set on different structures. In this work, we study the bipolar-valued fuzzy set theory to k-ideal
of a KU-semigroup and discuss some relations between a bipolar fuzzy k-ideal and k-ideal. Also, a bipolar
fuzzy k-ideal under homomorphism and the product of two bipolar fuzzy k-ideals are studied.

2. Preliminaries

In this part, we review some concepts related to KU-semigroup and a bipolar fuzzy logic.
Definition 2.1 [9] Algebra (X,*,0) is a KU-algebra if, for all y,y,t € X,
(ku)) X * )+ ((r* D) * (x*1)) =0

(kuy) x*0=0
(kuz) 0=y =y
(kuy) y*y=0andy*y =0impliesy =y
(kus) x*x=0
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On a KU-algebra X, a relation < is defined by < y & y x y = 0. Therefore (X, <) is a partially ordered set. It
follows that 0 is the smallest element in X.

Thus (R, ,0) satisfies the following. For all y,y, t € X,

(kug)) r* D)+ (x* 1) < (X *xy)

(kuy) 0<y

(kug) x <y,y < ximpliesy =y

(kug) y*x <x

Theorem 2.2. [9] In a KU-algebra X. The following axioms hold. For all y,y,t € X,
Ly<yimplyy*t<y=*t
L yx(r*D)=y*(*1)
i ((r*x0)*x)<vy

Definition 2.3. [10] A non-empty subset E of a KU-algebra (X, ,0) is called KU-subalgebra of X if y xy €
E whenever y,y € E.

Definition 2.4. [10] A non-empty subset I of a KU-algebra (X, ,0) is said to be an ideal of X if it satisfies, for
any y,y € X

i.0€rland
ii.xy el,yelimplythaty €T

Definition 2.5. [3] Let I be a nonempty subset of a KU-algebra X. Then, I' is said to be a KU-ideal of X, if

(1,) 0 erand
(I,) Vy,y,teR yx(y*1) €T andy eT'implythat y xt €T
Definition 2.6. [11] A KU-semigroup is a non-empty set X with two binary operations *,0 and constant 0

satisfying the following axioms
i. (R,x,0) is a KU-algebra
ii. (X, o) is a semigroup
iii. The operation o is distributive (on both sides) over the operation *, i.e.,
xeyx1)=(ey)*(xen) and (x *y)e v = Qe 1) * (¥y° 1), Vx, 7, T ER
Example 2.7. [11] Let X = {0,1,2,3} . Define *-operation and °-operation by the following tables

* 0 1 2 3 o 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 0 0 0 2 1 0 1 0 1
2 0 2 0 1 2 0 0 2 2
3 0 0 0 0 3 0 1 2 3

Then, (X, ,0) isa KU-semigroup.

Definition 2.8. [11] A nonempty subset R of X is called a sub-KU-semigroup of X, if y *y,x°y € R, for
all y,y € R.

Definition 2.9. [11] A non-empty subset R of a KU-semigroupX is an S-ideal of X, if

i. R is an ideal of X
ii. Forally e X,anda € R, we have yca € R anda°cy € R
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Definition 2.10. [11] A subset R of a KU-semigroup X is a k-ideal of X, if

i. R is a KU-ideal of X
ii. Forall y e X,anda € R,wehave yca € R andacy €R

Definition 2.11. [11] Let & and X’ be two KU-semigroups. A mapping f:& — X’ is called a KU-semigroup

homomorphismiif f(x xy) = f(x) * f(y) and f(xoy) = f(x) o f(y) forall y,y € R. Theset{y € X: f(x) =
0} is called the kernel of f and denote by ker f Moreover, the set{ f(x) € X' : y € X} is called the image of

f and denote by imf.
We review some concepts of fuzzy logic.

Let X be the collection of objects, then a fuzzy set u(y) in X is defined as u: X8 — [0,1], where u(y) is called
the membership value of y inXand 0 < u(y) < 1. ThesetU(u,t) = {xy € X : u(y) =t},where0 <t <1is
said to be a level set of u(y).

Definition 2.12. [12] Let u() be a fuzzy set in X, then u(y) is called a fuzzy sub KU-semigroup of & if it
satisfies the following condition : for all y,y € X.

i pQ*y) = min{uCn), u()}

il. u(x o) = minfu(x), u(y)}

Definition 2.13. [12] A fuzzy set u(y) in ¥ is called a fuzzy S-ideal of X if forall y,y € X

i p(0) = ()

i, u(y) = min{u(y = y), u(x)}

iii. u(x o y) = min{u(y), u(®)}
Definition 2.14. [12] A fuzzy set u() in X is called a fuzzy k-ideal, if it satisfies the following condition: for
all y,y e X

(k) u(0) = uCx)
(ko) p(x * ©) = min{u(x * (v * 1)), n(y)}
(ks) u(x ° ) = min{u(y), u(y)}

Example 2.15. [12] Let X = {0,a, b, c,d} be a set. Define *-operation and o-operation by the following
tables

¥*10|la|bjc|d o|0la|b|c|d
0({0|a|blc|y 0/0]0|0(0]|O0

00 blc|g al0]0|0]0]O0
bl0ja 0fciqg bjojof[o[o]D
c|0ja|0]|0|d clolololbw]|e
dlofolo|o]o dlolalolc]g

Then, (X,*,0,0) isa KU-semigroup. Define a fuzzy set u: & - [0,1] by u(0) = u(a) = 0.4,u(b) = u(c) =
0.2, u(d) = 0.1. Then, it is easy to see u(x), Vyx € X is a fuzzy k-ideal.

We will refer to X is a KU-semigroup unless otherwise indicated.
3. Bipolar fuzzy k-ideals of a KU-semigroup

In this section, we give the definition and properties of bipolar fuzzy ideals of X. Now, A bipolar valued fuzzy
subset B in a nonempty set X is an object having the form B = {(x,u~ (x), u* (x)|x € X} where u~: X -
[-1,0] and u*: X — [0,1] are two mappings. The membership degree u* () denotes the satisfaction degree of
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x to the property corresponding of B, and the membership degree p~(x) denotes the satisfaction degree of y
to some implicit counter-property of B. We shall use the symbol B = (y,u~,u*), for B =
{()(,#_(X),HJ’(X)) : x € X}, and use the concept of a bipolar fuzzy set instead of the concept of bipolar-
valued fuzzy set.

Now, let B = (y,u~,u't) be a bipolar fuzzy set and (s, t) € [—1,0] x [0,1].

Theset By = {y € X:u~(x) < s}and B} = {y € X:u*(x) =t} which are called the negative s-cut and the
positive t-cut of B = (y,u~, u"), respectively.

Definition 3.1. A fuzzy set ¢ in X iscalled a bipolar fuzzy sub-KU-semigroup of X if it satisfies the

following condition : forall y,y € &

bou”(r*y) < max{u™ (), u”()}and u* (x * y) = min {u* (), u* (1)}
i u=(rey) < max{u™ (), u~ ()} and u* (x oy) = min {u* (x), u* ()}

Proposition 3.2. Let B = (y,u~,u™) be a bipolar fuzzy sub-KU-semigroup. Then, u~(0) < u~(x) and
ut(0) = u*(y), forall y € X.

Proor. Clear.

Example 3.3. Let X = {0,a, b, c} be a set. Define *-operation and o -operation by the following tables

* 0 a b c o 0 a b c
0 0 a b c 0 0 0 0 0
a 0 0 0 c a 0 a 0 a
b 0 a 0 c b 0 0 b b
c 0 0 0 0 o 0 a b o

Then, (X,x,0,0) is a KU-semigroup. Define B = (x,u~",u*) by B ={(0,—0.6,0.7),(a,—0.5,0.5),
(b, —0.3,0.4), (c,—0.2,0.1)}. Then, we can prove that B is a bipolar fuzzy sub-KU-semigroup of X.

Definition 3.4. A bipolar fuzzy set B = (x,u~,u*)in X is called a bipolar fuzzy S-ideal of X if it satisfies,
forall y,y € X

(Bfy) u=(0) < u~(x) and u*(0) = u*(x)
(Bf2) u= () < max {u~(x *y),u~ ()} and u* (¥) = min { u* (x * v), u* (0}
(Bfs) u=(x o y) < max{u~ (), u” W}, 1wt (x o y) = min{u* (x), u* (v)}

Definition 3.5. A bipolar fuzzy set B = (y,u~,u*) in X is called a bipolar fuzzy k-ideal of X if it satisfies: for
all y,y,t € R

(BF1) u=(0) < u~(x) and p*(0) = u*(x)

(BF2) = (¢ *7) < max{u~(r * (v * 1), 0~ ()} and u* (¢ * 7) = minf{u™ Cr = (v * ), ™ (1)}

(BFs) = (x o) < max{u™ ), k= (1}, #F O o) = min{u* ), u* (1)}

Example 3.6. Let X = {0, a, b, c} with * defined as in Example (3.3),and B = (x,u~,u*) be a bipolar fuzzy
set in X given by the following B = {(0,—0.7,0.6), (a, —0.4,0.2), (b, —0.4,0.2), (¢, —0.3,0.1)}. Then, B =
(x,u—,ut) is abipolar fuzzy k-ideal of X.

Theorem 3.7. Let X be a KU-semigroup, a bipolar fuzzy set B = (y,u~,u") of X is a bipolar fuzzy k-ideal of
X if and only if B is a bipolar fuzzy S-ideal of X.

Proor.
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(=) Let B=(y,u",u*) be a bipolar fuzzy k-ideal of X. If we put y =0 in (BF.), thenu™(7) <
max {u~ (y *7),u” (y)} and

ut () = min {ut(y * 1), u* (y)}. Also, since B = (y,u~,u") is a bipolar fuzzy k-ideal of KU-semigroup,
then (BFs) is true. Hence, B = (x, u~, u") is a bipolar fuzzy S-ideal of X.

(<) Let B = (x,u~,u™) be a bipolar fuzzy S-ideal of X, then u~(y*7) < max{u~(y * (y* 1), u~(y)} and

ut(y*1) = min {ut(y * (y 1), ut (¥)}. And by Theorem (2.2)(2), we get u~(y* 1) < max {u~ (y* (y *
)0~ (}and ut(y*1) = min {ut(y* (y x 1), ut (¥)}. Also, since B = (y,u~,u™) is a bipolar fuzzy S-
ideal of KU-semigroup, then (Bfs) is true. Hence, B = (x, u~,u™) is a bipolar fuzzy k-ideal of X.

Proposition 3.8. Let B = (y,u~,u*) be a bipolar fuzzy k-ideal of X. If the inequality y * y <t holds in X,
then p~(y) < max {u~(x), u~ (D} and u* (y) = min {u* (x),u* (D)}, forall ,y,7 € X.

Proor.
Assume that the inequality y * y < 7 holds in X, then 7 * (y * y) = 0 and by (BF»)
p-(rxy) < max{u”(x * (T *y)), 1™ (D}

=max {0~ (z* (( * )} u (1)}

=max{u~ (0),u” (@M} =p" (@) .....(1)

Now, 1= (0 *y) = u~(y) < max{u=(0* (x *¥)),u” ()} = max {u~(x * y), 1~ ()} < max {u~ (1), u~ ()} (by
using (1)) i.e. u~(y) < max{u~(x),u (v)}. Similarly,
wr G xy) Z min{pt O+ (T ), 1" (0} = minf{u* (t+ O * Y} wt (0} = min{p™(0), " (D} = u* (1) ... (2)
Now, u* (0 *y) = u*(¥) = min{p* (0 * (x *¥)), u* ()} = min {u* G *¥), u* ()} = min {u* (0, 1+ (0}
(by using (2)) i.e. u*(y) = min{u* (x), u* (0)}.

Theorem 3.9. Let X be a KU-semigroup, a bipolar fuzzy set B = (y, u~,u™) of X is a bipolar fuzzy k-ideal of
X if and only if B is a bipolar fuzzy sub-KU-semigroup of X.

Proor. (=) Let B = (x, u~, u*) be a bipolar fuzzy k-ideal of X. By Theorem (3.7), B is a bipolar fuzzy S-ideal
of X. For any y,y € X, from (ku, ) we have y y <, then by Proposition (3.2) u~(x *y) < u~(y) and
urGcxy) =2p*(y). And by Proposition (3.8) u(y) <max{u(x),u ()} and pu*(y)=
min {u* (), u*(r)}, Hence, = (x*y) <max{u"(C),u ()} and u*(x*y) = min {u* (o), u* (0)}
Then, B is a bipolar fuzzy sub-KU-semigroup of X.

(<) Let B = (x, u—,u't) be a bipolar fuzzy sub-KU-semigroup. We have
Du (0 <pu (and ut(0) = ut(y), forall y € X.

(i) By Theorem (2.2) (2) and (3), we have (y*(x*1))* (x*1) =(x* @ *1D))*x(x*1) <y, for all
X7, T €RX. It follows from Proposition (3.3.7) that u (y*7) <max{u~(x*( *1)),u"(y)} and
utGr=1) = minf{u* (y * (y * 1)), ut ()}, forall y, 7 € X. Also, since B = (y,u~,u") isabipolar fuzzy sub-
KU-semigroup, then (BFs) is true. Therefore, B = (y, u~, u") is a bipolar fuzzy k-ideal of X.

Proposition 3.10. If B = (y,u~, u") is a bipolar fuzzy k-ideal of X, thenthe sets ] = {y € R:u* (x) = u*(0)}
and K = {y € X:u~(y) = pn~(0)} are k-ideals of X.

Proor. Since 0 € X, u*(0) = u*(0) and u=(0) = u~(0) impliesO € Jand0 € K,s0] # @, K # @. Let (y *
(r*1)) €] andy €] implies pu*(x*(*7))=p*(0) and p*(y) =p*(0). Since u*(x=1) =

min{u* G = (v * D), u* ()} = u"(0) > u"(x*7) = u™(0) but u™(0) = u*(x * 7). It follows that (y *
t) €], forall y,y,t € NX.
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Also, let yeJ and ye€j impliesu*(y) =pu*t(0) andu®(y)=u*(0). Since,u*(xoy) =
min{u* (), u* (y)} = u*(0),then u*(y o y) = u*(0). It follows that y oy € J, similarly y © y € J. Hence, |
is k-ideal of X. Similarly, we can prove K is k-ideal of X.

Theorem 3.11. For a bipolar fuzzy set B = (y,u~,u") in X, the following are equivalent:

(1) B = (y,u~,u") is a bipolar fuzzy k-ideal of X.

(2) B = (y,u~,u™) is satisfies the following:

i. Vs € [-1,0], (By # @ = By ) is a k-ideal of K.

ii. vt € [0,1], (B # @ = B;") is ak-ideal of X.
Proor. (1) =(2) (i) Lets € [—1,0] be such that By # @. Then, there exists y € By and sou~(y) <s. It
follows from (BF,) that u=(0) < u~(y) <s, then 0 € B; . Let,y,7 € By, such that (y * (y 7)) € B; and
Y € By . Then,u (x* (y x1)) <s and u~(y) <s. By using (BF2), we have u~(y * ) < max{u~(y * (y *
7)), 4~ ()} = max{s,s} = s, which implies that (y *xt) € By. By using (BFs), we have u=(yoy) <
max{u~(x),u” (y)} = max{s, s} = s, which implies that (x °y) € By (res. (v , x) € Bs). Therefore, By is
a k-ideal of X.
(ii) Assume that B # @, fort € [0,1] and let a € B}f. Then, u*(a) = t and u*(0) = u*(a) =t by (BFy),
thus 0 € B}. Let x,y,7 € X be such that (y x (y * 7)) € Bf andy € Bf. Then, u*(y*(y x1)) =t and
@) =t
It follows from (BF) that u* (x * ) = min{u*(y * (¥ * 1)), u" (y)} = min{t, t} = t, so that (y x 1) € B;.
Also, by (BFs), u*(xoy) = min{u*(x),ut(y)} = min{t,t} =t, then (y °y) € Bf (res.(y ° x) € Bf).
Hence, B is a k-ideal of X.
(2) = (1) Assume that there exists a € X such that p¢=(0) = u~(a). Taking s, = %(u‘(o) + u=(a)), for
some s, € [—1,0] implies that u~(a) < s, < u~(0). This is a contradiction, and thus u~(0) < u~(y), for
all y € X. Suppose that u=(y *7) < max{u~(x * (y *7)),u"(y)}, for some y,y,t€R, and let s; =
L) +max(u x r +D) (Y. Then,  max{um (e (v * D) (1} <51 < (),
which is a contradiction. Therefore, u~(x * t) < max{u~(y * (y * 1)), u~(y)}, for all y,y,t € X. Suppose
that 1~ (r o y) < max{u™ (), (1)}, for some x,y € X, and let's, = 5 (s~ Cr o y) + max{u™ GO, ™ ()}
Then, max{u= (), u ()} <s, < u~(x°y), which is a contradiction. Therefore, u (yoy) <
max{u~ (), u~(y)}, forall ,y € K.
Now, if u*(0) < u*(y), for some y € X, then u*(0) <t, < u*(y), for some t, € (0,1]. This is a
contradiction. Thus u*(0) = u*(y), forally € X.
If ut(x*7) <min{u*(x* (y *1)), ut(y)}, for some y,y,t € K. Then, there exists ¢; € (0,1], such that
prGr*1) <tg <min{p* (e * (v 1), u*(¥)}. Weget y + (y *7) € B andy € B, but y 7 & B} . This
is a contradiction. Consequently, ut(y *7) = min{u*(x * (y * 7)), u*(y)}, for all x,y,7 € X. And if
u*(coy) < min{ u* (), u*(¥)}, for some, y € K.
Then, there exists t, € (0,1] such that u*(x o y) <t, < min{ u*(x), u*(y)}. It follows that y € B} and
¥ € B, but (x °y) & B, which is a contradiction. Hence, u*(x oy) = min{ u*(x), u*(y)}, for all x,y €
N.

Therefore B = (y, u~, u™) is a bipolar fuzzy k-ideal of X.
4. Bipolar fuzzy k-ideals under homomorphism

Definition 4.1. For any y € X. We define a new bipolar fuzzy set By = (x, y}?,,u}f) inXbypur () =p~(F))
and ,u}f () = ut(f(x)), where f: & - X' is a KU-semigroup homomorphism.
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Theorem 4.2. Let f: X — X' be a KU-semigroup homomorphism and onto mapping. Then, B = (x', u~,u")
is a bipolar fuzzy k-ideal of X" if and only if By = (x, uy, y}f) is a bipolar fuzzy k-ideal of K.

Proor: For any y' € X' there exists y € X such that f(x) = x', we have
uf(0) = u*(£(0)) = u*(0) = u* (") = u*(f ) = uf )
and
ur(0) =pu=(f(0) =~ (0) < (") =1 (f)) = 15 (0.
Let y,t € X, y' € X' then there exists y € X such that f(y) = y'. We have
ufQx ) = pt(fOr+0) = 1t (FOO * () 2 min {u* (f Q) * (v * F(@), 1* (¥}
= min {u*(fO) * (@) * F@)} 1" F@} = min {uf (x * (v * D), uf 1)}
and
wrOr D) = p (o + ) = 1= (FO) * F(©) < max {u=(FOO * (v * F (@), 1w~ ()
= max {&~ (fO) * (f) * F@)} 1~ (F )} = max {uz (x * (v * D), 1y (1)}
Hence, By = (x,ur,uf) is a bipolar fuzzy k-ideal of X.
Conversely, since f: X — X' is an onto mapping, then for any y,y,t € X'.
It follows that there exists a, b, ¢ € X such that f(a) = x, f(b) = y and f(c) = t. We have
wHoe ) = p(f(@) * £())) = it (F(ax ) = uf (ax ) = min {uf (ax (b * c)), uf (b))
= min {g* (f(a) * (f(b) * £())}, u* (F ()} = min {u* (x * (¥ * D), u* (1)}
and
) = p(f(@) * f()) = u™(flaxc)) = uy(a*c) < max{ur(ax(b*c)),us(b)}
= max {g~ (f(a) * (f(b) * f())}, u~ (f(b)} = max {u~(x * (¥ * 1), u~ (1)}
Therefore, B = (y, u~, u') is a bipolar fuzzy k-ideal of X’.
Now, we introduce the product of bipolar fuzzy k-ideals in a KU-semigroup, and we study some results.

Definition 4.3. Let B; = (x,ui,uf) and B, = (v, u3,u3) be two bipolar fuzzy sets of X. The product
By X By = ((x,¥), 1 X iz, p1f X u3) is defined by the following: (u1 x u3)(x,v) = max {u1 (x), uz (1)}
and (uf x p3)(x,v) = min {uf O, 43 ()}, where uy X p7: R X R > [=1,0]and pf X p3: 8 X X > [0,1],
forall y,y € X.

Theorem 4.4. Let B; = (x,ui,u7) and B, = (v, 13, u3) be two bipolar fuzzy k-ideals of KU-semigroup X,
then B; X B, is a bipolar fuzzy k-ideal of X x X.

Proor. Forany (y,y) € X x X, we have

(uf x p3)(0,0) = min{us (0), 3 (0)} = min{uy G, 13 ¥} = (i x u3)(x,v)
and

(u1 X p3)(0,0) = max{us (0), u3 (0)} < max{uy (), uz ¥} = (ux X uz)(x,v)
Let (x1, x2), (Y1, v2) and (14, 75) € X X ¥, then

(i X u3) (1 * 71, X2 * 72 ) = min{ud (g * 79), 43 (2 * 72)}
2 min{min {uy ()(1 * (yq * T1)): uy (V1)}, min{,u; 2 * (2 * 1)) 13 (Vz)}}
= min{min {.“Ir (X1 * (yq * T1)),.“_{ Q2 * (v * Tz)}: min {Hf (V1),.U5L(Y2)}
= min{min(ef x ) {(r2 * 02 * 70)), Gtz * 02 * 7)) JAGT X D G0, v2) 1
and



Journal of New Theory 29 (2019) 102-111 / Bipolar Fuzzy k-ideals in KU-semigroups 78

(ur X pz) (1 * T, X2 * T2 ) = max{uy (x1 * t1), 4z (xz * 72)}
< max{max {uy (x1 * (v1 * 71)), 45 ()}, max {uz (2 * (v2 * 72), 17 (¥2)}
= max{max {uy ()(1 * (yq * T1))..U2_ Oz * (¥2 * Tz)}’ max {u; (1), 1z (v2)}

= max {(u1 x 1) {(a * 01 * 10), Q2 * (2 * 7))} AGT X 1) v2)B

and
(i X u3)O1 0 v, Xz ©v2 ) = min{us (g 0 v1), 13 (2 © v2)}
> min{min {uf (¢1), uf (1)}, min {u3 (x2), 43 (v2)}
= min{min {u7 (1), 43 (r2)}, min {uf (v1), u3 (¥2)}
= min{{(uf X 13) 1, x2)3 (@ x 13) (v, v2)1
and

(ur X )01 ° Y1 Xz © ¥z ) = max{ug (xq © v1), 4z (2 © v2)}
< max{max{uy (x1), u1 (v1)}, max{uz (x2), 1z (v2)}
= max{max {u1 (x1), 4z (x2)}, max {u3 (v1), uz (v2)}
= max{{(u1 X uz)Cr1, x2)h {ur X u2) (v, v2)33

Therefore B; X B, is a bipolar fuzzy k-ideal of X x X.
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