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Abstract

Let R be a commutative ring with identity and M be an R-module. In this paper, in order
to study prime submodules, radical submodules and primary decompositions in finitely
generated free R-modules, we introduce and study an operation A : (M @ R)? — M
defined by A(m +r,m’ + ') = ’m — rm’. In particular, using this operation we give a
characterization of prime submodules of M @ R, in terms of prime submodules of M. As
an application, we present a characterization of prime submodules of finitely generated
free modules. Also we present a formula for the prime radical of submodules of M & R.
Moreover, we state some conditions under which primary decompositions of submodules

of M lift to M @ R.
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1. Introduction

In this paper all rings are commutative with identity, all modules are unitary, R denotes
a ring and M denotes an R-module. Also by N we mean the set of positive integers. We
indicate the relation of containment and strict containment by C and C, respectively. Fur-
thermore N < M (resp., N < M) means that N is a submodule (resp., proper submodule)
of M.

Prime ideals of rings play an important role in commutative ring theory; hence many
have tried to generalize this concept to modules. A proper submodule P of M is called
prime, when from rm € P for some r € R and m € M, we can conclude either m € P or
rM C P (see for example [1,3,4,8,14,22]). Let (P : M) be the set of all » € R such that
rM C P. If P is a prime submodule, then p = (P : M) is a prime ideal of R and we say
that P is p-prime.

If N is a submodule of M, the intersection of prime submodules of M containing N is
called the radical of N and we denote it by radas(N) (or rad(N) if there is no subtlety).
If there is no prime submodule containing N, we set rad(N) = M. Many researchers have
studied and tried to give formulations for the prime radical of submodules, see for example
[2,3,5,6,9-13,16-21].
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As prime and primary submodules and radical of submodules behave well under taking
quotients, it is important to characterize such submodules in free modules. In [8] a char-
acterization of prime submodules in the R-module F' = R® R is given. Also some criteria
on submodules of F' is stated for having a primary decomposition.

The main tool in proving these results is a function A : F? — R defined as
A((x1,22), (y1,y2)) = z1y2 — y1x2. In particular, they prove that for a submodule N
of F' containing neither (1,0) nor (0,1), being prime is equivalent to (N : F) = p
being a prime ideal and N = p @ p or N = AP(a,b) with Ra + Rb Z p, where
AP(a,b) = {(z,y) € F|A((z,y), (a,b)) € p}. In [15], by replacing this A function with
minors of certain matrices, the results of [8] are generalized to finitely generated free
modules.

The A function mentioned above had been previously proved to be useful in studying
prime and radical submodules. For example the A operation defined by Man in [11,12]
and used to characterize domains satisfying specific formulas on radical of submodules, is
indeed A(a,b) = A%a,b).

The main aim of this research is to generalize these results to every finitely generated
free module. To this end we first investigate the following generalization of the A operation

of [8].

Definition 1.1. For an R-module M let M = M & R and define AMR - M? 5 M by
Anrr(m +r,m' +1') = r'm — rm’ where m + r denotes the element of M with m € M
and r € R. Also for N < M and m € M, we set AL, r(m) = (An,r(M, ))_1(N) the

preimage of N under the map Ay r(m,-) : M — M Moreover, for any A C M and
N < M by A%R(A) we mean (-7 AM gr(@). When there is no confusion we drop the
subscripts M, R and write A or AV,

Here first in Section 2, we state some basic properties of this A operation. Then in
Section 3, using the A operation we present a characterization of prime submodules and
radical of submodules of M in terms of prime and radical submodules of M. We use this
to state a characterization of prime submodules of finitely generated free modules. Finally
in Section 4, we study when a primary decomposition of an A < M ‘lifts’ to one for AA( )
where N < M. We end this introduction with the following notations.

Notation 1.2. Throughout the paper, M = M & R and its elements are - written as m+r
with m € M and r € R. Also we consider M and R as submodules of M in the natural
way and denote the canonical projections M — M and M — R by m and ma, respectively.

2. Basic properties of the delta operation

We start with the following properties of the delta operation, whose easy proofs are left
to the reader. Here (N :pr I) = {m € M|Im C N}, for N < M,I < R. Also by A(A, B)
we mean the submodule generated by {A(a,b)|a € A,b € B}, for A, B C M.

Lemma 2.1. Suppose that N, K, Ny < M for each A€ A, I < R and ACBC M. Then
the following hold.

(a) A is an R-bilinear map.

(b) AN(A) = AN((4)) < M.

(c) AN(B) C AN(A).

(d) AN(KGBI) (N iy 1)@ (N g K).

(e) AN(A) is the largest subset of M such that A(A, AN(A)) C N.
(£) AMer ™ () = Myep AN (A).
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Corollary 2.2. For any A C M and N < M we have A C AN(AN(A)) and_equality
holds if and only if A = AN (B) for some B C M. If we set S = {AN(B)|B C M}, then
S is a lattice with respect to inclusion and AN : S — S is an order anti-automorphism.
Proof. The inclusion A C AN(AN(A)) and also the fact that the equality holds only if
A = AN(B) are clear. Conversely if A = AN(B), then B € AN(AN(B)) and by 2.1¢ we
deduce that A = AN(B) D AN(AN(AN(B))) = AN(AN(A)). Since the reverse inclusion
always holds, we conclude that indeed equality holds.

Now it is clear that the map AN S — § is an order reversing bijection whose inverse
is again AN. Suppose that By, By C M. It can readily be checked that AN(Bl U Bg)
AN(B;y) N AN(By) and AN(AN(AN(B;) + AN(By))) are respectively the greatest lower
bound and the least upper bound of AN(B;) and AN (B,). Thus S is a lattice. O

Next we find the ideal (AN (A) : M). Note that by 2.1b, we can assume that A < M.

Proposition 2.3. Suppose that A < M,N<M and K = A(A,A). Then

(a) (AN(A): 3T) = (N : (m(A) + ma(A)M)) 2 (N : M);

(b) KCANM and (A: M) C /(K : M).
Proof. (a) Let i € I = (AN(A) : M) and @ € A with mj(a) = aj for j = 1,2. For each
m € M we have —iagm = Oay —iagm = A(a,im) € A(4, AN(A)) € N. So Imy(A)M C N,
that is, I € (N : ma(A)M). Similarly ia; = A(@,i(0+1)) € N and hence I C (N : 1 (A)).

Conversely, if i € (N : (m1(A) + m2(A)M)), m € M and a € A, then

A(@,im) = i(ma(m)m (@) — mo(@)mi(m)) € imi (A) + ima(A)M C N.

Thus by definition of AV, we deduce that im € AN (ﬁ), which means ¢ € I, as required.

(b) Obviously K C M. Let a,d € A with m;(a) = a;, mj(a@) = a;. Then

A(a,d') = dyay — aga = ay(ar + az) — az(d) + ah) = aha — asd’ € A.

Therefore, K C A. Now suppose that r € (;1 : M) Then for each m € M we have rm € A
and also r = (0 + 1) € A, whence r>m = A(rm,r) € K and the result follows. O

Later we will need the following lemmas which show how A behaves under localization
and taking quotients.

Lemma 2.4. Suppose that K < N < M, A< M, IC (K : M) and A denotes the image
of;l under the canonical projection from M — M= 74 M g I %‘91 Then
AN (A
L(A) = A, R( )
In particular, N ® (N : M) C AN(A) = AN(A 4+ (N @ (N : M))).

A

x|z X2

Proof. Suppose that “ - 7 denotes the image of submodules of M or R in % or %

As A C M @ R it follows 2.1c and d, that K 1 C N & (N : M) C A]\NLR(E). Let
m € M and m = m + (K @ I). Then m € A%ﬁ(ﬁ) & Agpg(@m) € N for each
a € A Butif a € Ais a preimage of @, then Aq; z(a,m) = Apr(a,m) + K. Hence
m € A%E(A\) & Apgr(@,m) € N foreacha € A < m e A]\NLR(A). The “in particular”
statement follows by setting K = N and I = (N : M) in the main statement. 0
Lemma 2.5. Assume that S is a multiplicatively closed subset of R, A<M and K is an
~\C ¢ ~
S~ R-submodule of ST*M. Then (A SIS (S_lA)) = AﬁR(A), where “-¢ 7 denotes

contraction under the localization map. In particular, AAK/[C’R(E) = A]\K/ITR((S_lg)C).
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Proof. We have
_ _10\C Aprr(a,m
i € (A 1y 51871 ))& Agoarsil Barr(@m)

m
1 S

) =

for each @ € A and s € S. This is equivalent to M € K, that is, Ay g(a,m) € K¢
for all @ € A or equivalently m € AJ\KZR(A). O

€ K,

twm | N

A proper submodule P of M is called weakly prime, when from rirom € P we can
deduce that either either rym € P or rg9m € P. It is easy to see that p = (P : M) is a
prime ideal, when P is weakly prime. In this case, we say that P is weakly p-prime. This
concept was first introduced in [7] as another generalization of prime ideals. It should be
mentioned that in some papers weakly prime submodules are called classical prime. The
following shows that prime, weakly prime and primary submodules behave well under A.

Theorem 2.6. Suppose that P is a p-primary (resp. p-prime, weakly p-prime) submodule
of M and N <M. If N Z P& (P : M), then D = AY(N) is a p-primary (resp. p-prime,
weakly prime) submodule of M.

Proof. First note that by 2.1d and also 2.2, D #* M. Suppose that P is p-primary and
rin € D, where r € R\ p and 7 € M. For each i € N, we have rA(7, m) = A(71, rm) €
A(N D) C P, by definition of D. So by P _being p-primary and r ¢ p, we deduce that
A(n,m) € P for each n € N, that is, m € D. On the other hand, since N ¢ P & p, we
deduce that m (N) 4+ mo(N)M ¢ P. Hence by 2.3,

(N
(P:M)C (D:M)=(P:m(N)+m(N)M)C/(P: M),

for P is primary. So 4/ (f) . M ) = p, whence D is p-primary. The proof for primeness is
similar. B B
Now assume that P is weakly p-prime and ryrom € D. Thus for each n € N, we
have rirosA(m,n) € P. By P being weakly prime, we deduce that either 1 A(m,n) € P
or rA(f,n) € P. Therefore, either A(m, N) C (P im o) or A(m,N) C (P = 7).
Consequently, either r17m € AP(N) or rym € AP(N) and D is weakly prime. O

Under the conditions of the above result, in the case that P is weakly p-prime, it may
happen that (D : M) # p, as the following example shows.

Example 2.7. Let M = R® R and P = p @ q for prime ideals p C q of R. One can
readily check that P is weakly p-prime. Set n = =(0,1) € Mand N =Rn < M < M.
Then D = AP(N) =M @ q and (D : M) = q.

3. Prime submodules and radical of submodules

In this section, assuming that P is a prime submodule of M, we try to find exactly
AP (N) for an arbitrary submodule N of M and use it to present a formulation of rad(N).
Throughout this section P is assumed to be a p-prime submodule of M. First we need
the following well-known results (see for example [12]).

Lemma 3.1. Suppose K < L < M,M' < M, I C (K : M) and let A’ be a submodule of
an R-module A. Then
(a) L is a p-prime submodule of M if and only if % s a %-prime %-submodule of %;
(b) the smallest p-prime submodule of M containing L, if any exists, is (L + pM),"
If there is no such prime submodule, then (L +pM)," = M;
(c) L is a p-prime submodule of M if and only if L = ch and Ly is a py-prime
submodule of M,;
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(d) if L is p-prime in M, then LN M’ is either the whole M' or a p-prime submodule
of M';
e) every proper subspace of a vector space is 0-prime;
Y prop /4 D p

() radyga(M' @ A") = radpy (M) & rada(A').
Now we have all the stuff needed to characterize AP of submodules of M.

Theorem 3.2. Assume that P is a p-prime submodule of M and N < M. Then
(a) if N C P@yp, then AP(N) = M;
(b) if NZ P@®p but N C M &p, then AP(N) =M & p;
() if NZM@p and NN (M @®p) £ P®p, then AP(N) =P @ p;

(d) otherwise AP(N) = (N + (P & )y is the smallest p-prime submodule P of M
containing N with PN M = P.

Proof. Case (a) follows from 2.1c and 2.1d. Now suppose that N ¢ P@pbut N C Mop,
then by 2.1c and 2.1d, we conclude that M & p C D = AP(N ) Also according to 2.6, D
is a p-prime submodule of M. But the only p-prime submodule of M containing M @ p is
M @ yp. N N _

Thus we can assume that N ¢ M @ p. Let N' = N + P & p. Note that by regularity
N'n(M@p) = (NN(M@p))+ Pop. Consequently, it follows from 2.4 and 3.1b that any
of the conditions or the results of (c) or (d) holds for N if and only if the same condition
or result holds for N. Therefore by replacing N Wlth N, We can assume that P@&p C N.
Again by applying 2.4 and 3.1a, and by passing to 3 and , we assume that P =0 =p.
In particular, R is a domain and M is torsion-free.

If case (c) holds, that is, N ¢ M and N N M # 0, then there is a 0 £ m € N N M and
7€ N with 0 # r = mo(71). Let m € D, then A(m,m) € P = 0. Thus m(m)m = 0 and
as m # 0 and M is torsion-free, we deduce that ma(m) = 0. Moreover, 0 = A(n,m) =
—rmi(m), so m(m) = 0 and hence m = 0 as required.

Finally assume that N ¢ M and NNM = 0. As NO N My = 0 (here Xy means
localization of X on the zero ideal), Ny is a proper, and according to 3.1e, a O-prime
submodule of My. Furthermore, by 3.1b P = N,¢ is the smallest 0- prime submodule
containing N. If € PN M, then there is a 0 # r € R such that rx € NN M =0. Since

M is torsion-free, we get x = 0, that is, PN M =0=P. This proves the second equality
of d.

Now note that by 2.5 and 3.1c the first equality of (d) is equivalent to A9 Mo, Ro (]VO) No.
Thus by changing R with Ry, we can assume that R is a field and we just need to prove
D= A°(N) = N. Assume that i = m+r € M and 7 ny=my+r € N\M Thus 1 # 0.
Now

ﬁLEAO('le)@rml—rlm:A(ﬁl,~)—0<:>m—r—<:>m+7°€R(t~ +1),
1

where t; = . Therefore as NNM =0, we have D = A°(N) =

- ﬂﬁeﬁ\M R(t'ﬁ +1).
Assume that 19 = mo + 19 € N \ M such that ) #* - Then 0 # romy — rime =
rony — 7‘1712 eENN M, a contradiction. It follows that there is a t € M such that for each
0#neN, t= t~and n = mp(n)(t +1). Thus in partmular N C D =R(t+1). On the

other hand since n; € N and ry # 0, we see that t + 1 = —n € N that is, N = D and
the proof is concluded. U

As an application we get the following characterizations of prime submodules of M.
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Corollary 3.3. For N <M and a prime ideal p of R the following are equivalent.
(a) N is p-prime.
(b) N=M@&p or P=NNM isp-prime in M and either N = P&p or AP(N) = N.

(c) Bither N=M @&p or N=P&p or N = AP(m) for some p-prime submodule P
of M and an m € M\ (M &p).

Proof. (a ) (b): Suppose N # M @®p. Then by 3.1d, P = NNM is p- -prime in M. Now
since (N : M) = p, we see that pM @p C N and whence NN (M ®p) = (NﬂM)@p = P®p.
Thus cases (b) and (c) of 3.2 cannot occur. If case 3.2a holds, then N = P @ p. Else
according to 3.2d, AP(N) = N,“ = N by 3.1c.

(b) = (c): Assume that neither N =P®pnor N =Map. Then (b) says that
N = AP(N) for some p-prime submodule P of M. Clearly cases (a)-(c) of 3.2 cannot
happen. Thus N ¢ M @&p. Let € N\ (M &p). If rin € M & p, then rmy(i) € p and as
mo(m) ¢ p, we should have r € p. So rmi(m) € pM C P. Hence RmN (M @& p) CPdp
and Rm satisfies the conditions of 3.2d and

AP () = AP (Rm) = (Rin+ P @ p),° C (N + Pa@p),* = AF(N).
On the other hand, Rm C N and according to 2.1c, AP(N) € AP(m). Consequently,
N = AP(N) = AF(m). N N
(c) =(a): N =P&por N =M®p, then the result is obvious. Assume N = AP (m)
for a p-prime submodule P of M and an m € M \ (M @ p). Clearly cases (a) and (b)

of 3.2 do not occur for Rm and in either of the cases (c¢) or (d) of the previous theorem,
AP(Rim) is a p-prime submodule of M, as required. O

Using this corollary we can inductively get a characterization of prime submodules of
finitely generated free modules. For this first we need some notations. Note that the
R-module M can also be considered as a commutative ring by defining mm’ = 0 for all
m,m’ € M (this ring is usually called the idealization of M). Thus we can compute
determinants of square matrices with entries in M.

Notation 3.4. Suppose that

a1 ... Gin
A =
g1 ... Qgp
is a k x n matrix with £ < n and entries in R. Let M = R"**1. If in each row of A we

consider the first n — k + 1 entries as an element of M < M and the other entries of the
row as elements of R < M, then we denote the determinant of A by det,,_x1(A) which
is an element of R *+1,

Example 3.5. Let A = (_13 i g) over Z. Then det2(A) = (1,2)2 — 5(—3,4) =
(17,-16) € Z>.

In what follows, we consider two submodules A and B of R™ the same, up to a permu-
tation of coordinates, if there exists a permutation o € S, such that (z1,...,z,) € A &
($0(1)7 c 3 Tg(n)) € B. If I'is an ideal of R, by I" we mean the submodule [ x I x --- x [

—_—

n times

of R™.
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Theorem 3.6. Assume that p is a prime ideal of R and P < R" Then P is a p-prime
submodule of R™ if and only if there exist an integer 0 < k < n and a;; € R with
1<i<kandl <j<n-—1i+1, such that a;pn—i+1 ¢ p and up to a permutation of
coordinates P = {(x1, ..., zn)| detn_n(A(z1,...,2,)) € p" ), where

arlr  --- a1n
azi ... e NN azn—1 0
A($17""x”) = azl ... a3,n—2 0 0
a1 -+ Ok n—k+1 0 cee 0
Before stating the proof, it should be noted that in the case & = 0, we have
detp_k(A(x1,...,2)) = (z1,...,2,) and hence the condition in this case holds if and
only if P = p™.

Proof. (=): We prove the result by induction on n. If n = 1, then P = p and the result
holds with k = 0, according to the above remark. Assume n > 1. If P = p", then again
the result holds by the above note. Thus we assume that an entry of an element of P is not
in p. Since we are working up to a permutation of coordinates, we assume that this entry
is on the last coordinate. Hence in part ¢ of 3.3 (with M = R* ! and N = P) the first
two cases cannot happen. Therefore, we have P=ATP (m) for some p-prime submodule P
of R"~! and an m € R"\ (R" ! @ p). Suppose that m = (a1 1,...,a1,). Then a1, ¢ p.

By induction hypothesis, up to a permutation of coordinates P =
{("Bh SRR xn—l)| detnfk(B(xh SRR l’n_l)) € pnik}a where

T1 Tn—1

ai ... az n—1
B((L’l,...,l’n_l) = |a31 ... ... A3n—2 0 , (*)

ag,1  --- Qgn—k+1 0 oo 0

for suitable k£ and a;; (note that we have started the first indices of a;;’s in B from 2
instead of 1). Now:

(21,...,2,) € P = AP ()

= mo= :[;n(al,l, c. ,aLn,l) — aLn(:Ul, ce ,:L‘nfl) eP
& det,_(B(m)) € pnk ()
& azndetn_k(B(al,l, - ,al,n,l)) — al,ndetn_k(B(ml, e ,l‘nfl)) € p”_k

& det,_p(A(z1,...,2,)) € p"7F,

where the last equivalency holds by expanding det,,_x(A(x1,...,2,)).

(«<): We use induction on n. If n =1, then k£ = 0 and P = p is a prime submodule
of R. Assume n > 1. For (z1,...,7,-1) € R" !, let B(x1,...,2,_1) be defined by *.
Set P = {(x1,...,2n_1)|dety,_1(B(x1,...,2,-1)) € p" ¥} which is a prime submodule
of M = R" ! by induction hypothesis. Now s* shows that P = AP(m) where m =
(@11,-..,a1,). Note that since a1, ¢ p, we have m € M\ (M @p). Thus by 3.3c, P is a
prime submodule of M = R™. U

The above theorem should be compared with [15, Theorem 1.6], which presents a char-
acterization of prime submodules of R™ using determinants of some matrices. In Theorem
1.6 of [15], for checking if a submodule of R™ is prime, one should consider all k-minors
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of a certain matrix. But in Theorem 3.6, we just need to find one determinant. Also the
matrix in 3.6, has a simpler form (it has many zeros) than the matrix in [15].

Next we are going to present a formulation for rad(ﬁ ) where N is an arbitrary sub-
module of M. For this we need the following lemma.

Lemma 3.7. Assume that p is a prime ideal of R and N < M ‘s such that N Moy
and set Ny = NN M, and Ny = (N N (M @p)). Then (N1 +pM),* = (No +pM),°
Proof. (C): It is satisfied since N1 C Na.

(2): We just need to show that Ny C (N7 +pM),°. Let ny € Np. Then by definition
of Ny, there should exist an 7 € N N (M & p) such that 7 = ny + r for some r € R.
Thus r € p. By assumption there are s € R\ p and m € M with m + s € N. Now
2 =s(ng+r)—r(m+s)=sng—rme NNM = Ny and sng = & +rm € Ny + pM.
Consequently, na € (N1 + pM),°, and the result follows. O

Theorem 3.8. Suppose that N < M and set Ni=NNAM. Then
rad (W) = <mdM(7r1(J\7)) ® \/@(N)> A AT (V) (7).

Proof. (C): By 3.1f, we have rad ;7 (N N) C radp (m1(N)) @ \/m2(N), because N C w1 (N) @
mo(N). According to 3.1b, radM(Nl) = Mpespec(r) (N1 +pM),, where spec(R) denotes
the set of prime ideals of R. Therefore by 2.1f,
AradM(Nl)(N) — ﬂ ANV1+pM),© (N')
pespec(R)

Thus if p € spec(R) and P = (N1 +pM),°, we just need to show that rad (N N) C AP(N).
If P =M we get AP(N) = M D rad o (N N). So assume P # M, hence P is a p-prime
submodule of M, by 3.1b. If N C M @ p, then by 3.2, AP(]\~/) is either M & p or M. In
both cases clearly rad - (N V) C AP(N).

Thus we can assume that N Z M@p. According to previous lemma, if Nog =my (J\~7 N(Me
p)), then P = (N + pM),°, in particular, No C P. Hence NN (M @&p) C No@p C Pdp.
So by 3.2, AP(N) is a p-prime submodule containing N and hence rad (N N), as required.

(2): Let p be an arbitrary prime ideal of R and set P = (N + pj\z )p - We - Just need
to show that the right hand side of the claimed equality is contained in P.IfP=Pal
where [ is either R or p and P is either M or a p-prime submodule of M, then as NCP
we get w1 (N) C P and mo(N) C I. Therefore rad (71 (N)) & \/ma(N) C P, as required.
Thus we assume that P is not in the form mentioned above.

Set No = m (N N (M @ p)) and P = (Na +pM),". If ng € No, then for some 7 € p
we have ng +r € N. Sons € N + pM Therefore, (Ny + pM) S p C N + pM whence

Pap=(No+pM)®p),° C (N + pM),g — P. Thus if P = M, then P should be either
M @ R or M @ p, against what we assumed above. Hence P is a p-prime submodule of
M. Alsoif NC P& p, then the p-prime submodule P & p should contain P which is the
smallest p-prime submodule of M containing N. Therefore, P = P @y, again contradicting
our assumption. Moreover, NN (M @p) C No@p C PDp. Consequently, we see that P
and N satisfy the conditions of case d of 3.2. It follows that

P= (N +phl),° C AP(N) = (N + (P& p)), C B = P,
that is, P = AP(N). Because N satisfies case d of 3.2, we deduce that N ¢ M & p.

Therefore according to 3.7, P = (N1 4+ pM)," 2 rad(N;) and P = AP(N) 2 AndV)(N),
as claimed. O
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The following example shows how we can apply 3.8.

Example 3.9. Assume that M = R = Z and N = 7Z(2,2) + Z(3,0). Then m(N) = Z,
mo(N)=2Zand Ny = NNM = NnN(Z&O0)=3Z. By definition
APZ(N) = A%2(2,2) N AZ(3,0)
= {(n1,n2)|2n1 — 2ny € 3Z} N {(n1,n2)|3ns € 3Z}
= {(n1,n2)|n1 — ng € 3Z}.

Therefore according to 3.8,

rad(N) = (VZ & V2Z) N A’2(N) = (Z & 2Z) N {(n1,na)|ny — ng € 32}
= {(3t + 2k, 2k)|t,k € Z} = N,

that is, N is a radical submodule of M.

4. Delta operation and primary decompositions

At this final section we pay some attention to primary decompositions of submodules and
their behavior under the delta operation. Recall that if A= 1 Ql is a minimal primary
decomposition of a submodule A of M, then Ass(A) = {\/(Q; : 2, and min(A) is the
set of minimal elements of Ass(A).

Theorem 4.1. Suppose that A = ﬂl 1 Qi is a minimal primary decomposition and A=
AA( ) for some submodule N of M such that N Q Qi ®(Q; : M) for each i. Then
A = L, AQ(N) is a primary decomposition of A and Ass(A) C Ass(A). Moreover
min(ﬁ) = min(A) and if N & M ®p for each embedded prime p of A, then this primary
decomposition ofg is minimal.

Proof. The first statement follows from 2.1f and 2.6. Suppose that this primary decom-
position of A is not minimal and let p; = \/(Q; : M). Then for some 1 < i < n, we should
have Mi;— | A9 (N) € A9(N). Then (ﬂ%ﬁjﬂ Qj) ®0 C Niy=1(Q & (Q; : M)) C

AQi(N) by 2.4. Hence m(N) (ﬂgﬁj:l Qj) =A ((ﬂ;;j:l Qj) ® O,N) C Q;. Because of
the minimality of the primary decomposition of A and the fact that @; is p;-primary, we

deduce that TrQ(N) C p;, that is, N € M @ p;. On the other hand,

N b= () V@(N): M) C /(A (N) : M) =p,

i#j=1 i#j=1

where the flanking equalities follow from 2.6. Consequently p; C p; for some j # ¢ and p;
is an embedded prime of A, and the second statement is established. O

The above theorem proposes the question “when a submodule A of M is of the form
AB(N) for some submodules B and N of M and M, respectively?” Regarding this, we
have:

Proposition 4.2. Suppose that N = AA(K) for some K < M and (A 7r2(N)) =A
(for example, if To(N) & Z<j> ={reRFmeM\A: rme A}). Then N = AB(N)
where B = A(N, N).

Proof. Let B' = (A M WQ(AA(N))). First we show that A4(A4(N)) = AB'(N). In the

following for any element m € M we denote m; (i) by m; (i = 1,2).
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(C): Assume that Z € AY(A4(N)),7n € N and @ € A4(N). Then z = ajny — agng =
A(a,n) € A and A(a,z) € A. Thus

agA(ﬁ, f) = a2(n1$2 — ngl‘l) = (agnl)ZEQ — agnNa
= (a1n2 — 2)xy — agnaxy = n2(a1xy — agxy) — 2x2
=n9A(a,x) — zzg € A,

that is, A7, %) € (A :pr ag). Since a € A4(N) was arbitrary, we conclude that A(71, Z) €
(A :pr m(AA(N))) = B, and because 71 was arbitrary we deduce Z € AB'(N) and hence
AA(AA(N)) C AB'(N).

(2): Let # € AP'(N),n € N and @ € A4(N). Then z = ajng — njay € A and
AR, 7) € A

TLQA(&, f) = (ngal)ﬂjg — Noagx1 = (CLin + 2)332 — NoaoT1

= az(n1zy — nox1) + 222 = @AM, T) 4 229 € A,

which similarly to the (C) case, gives T € A(A'M”(N))(AA( N)) = AY(AA(N)) according
to the assumption of the theorem. So AB'(N) C AA(AA( ).

Now note that since N = A4(K) for some K < M, N = AA(AA( ) = AB (N
according to 2.2. In particular, B = A(N,N) C B'. Consequently, N C AB(N )
AB'(N) = N, and hence N = AB(N).

\/

N

This suggests to search for submodules N of M with N = AB(N) with B = A(N, N).

Theorem 4.3. Suppose that M is torsion-free and B = A(]V ]\7) % 0 and is cyclic. Then
N = AB(N). In partzcular if B is proper and has a minimal primary decomposition
B =N, Qi, then N = Nie AQl( ) is a primary decomposition ofN

Proof. By assumption B = Rd, where 0 # d = Zle a;o; with a; € R, 0 # a; = A(my, 1)
and m;,n; € N. In particular as a; € B, there exists s; € R, with «; = s;d. Thus
d= (ZZ 1 alsz) d and since M is torsion-free we get >°F , azs; =1 (). By definition of

B, it is obvious that N C AB(N). For the converse inclusion, let Z € AB(N) be arbitrary.
Then A(Z,m;), A(Z,n;) € B = Rd, that is, there are r;, 7} € R such that for each i:

{ miox1 — mi1xe = r5d (1)
N1 —npxe =rid  (2)

where for any j = 1,2 and z € M we have set z;j = m;j(Z). Now if we set ¢; = njor; —mgors,
then by subtracting m;o times Eq. (2) from n;o times Eq. (1) it follows that —a;z0 = ¢;d.
Hence c;a; = ¢;8;d = —s;zocy; and so by torsion-freeness, ¢; = —s;ze  (#%). Also dxy =
Zle a; 0Ty = — Zf_l a;c;d. Therefore,

k
Zazcl = Z alrémig —ajringg)  (3).
=1

Let 1 < i < k be such that m;s # 0. Then from (1) we deduce that s;mex; =
sirid+ simixe = iy — c;myy (by (xx)). Replacing ¢; and «; with their definitions, we get
that s;miex1 = migmiri—rimianii. Cancelling out m;e’s, we conclude s;z1 = rimi;—rin;;.
If 4 is such that m;s = 0, then n;s # 0 (else a; = 0), so again we deduce the same equation
for s;z1, using Eq. (2) instead of (1). Now summing up over all i’s and using (x) we see
that

k
Zazsle Z aﬂ’gmﬂ —a;irini1)  (4).
=1
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Adding Eq. (3) and (4) we finally get & = 1 + 22 = Y&, (a;}m; — a;rii;) € N, as
required.

For the “in particular” statement, by 4.1, we just need to show that N ZQid(Q;: M)
for each 1 < ¢ < n. Suppose that for i < ¢t we have N ZQi®(Q;:M)and fort <i<n
we have N C Q; & (Q; : M). If t = 0, then N = N/, AQ(N) = N, M = M by 2.1.
Consequently, for each m € M, m = A(m+ 0,0+ 1) € A(N,N) = B, that is, B=M
contradicting the properness assumption on B.

Thus ¢ > 0. Note that since AQ (N) = M for each t < i < n, we get N = Ni_, AQ(N)
which contains (:_;(Q; @ (Q; : M)) by 2.4. On the other hand, if t < n for any t < j <n
and by 2.2, 2.4 and 2.1, N C AQ (A% (N)) = A% (M) = Q; & (Q; : M). Therefore,

Qi@ (Qi : M) C Q@ (Qj : M), hence N'_; Q; € Q; which contradicts the
minimality of the decomposition of B. So t = n and the result is established. g
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