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Abstract 

In this paper, we initiate the study of lightlike hypersurfaces of an indefinite almost 

paracontact metric manifold which are tangent to the structure vector field. In particular, 

we give definitions of invariant lightlike hypersurfaces and screen semi-invariant lightlike 

hypersurfaces, and give some examples. Integrability conditions for the distributions 

involved in the screen semi-invariant lightlike hypersurface of an indefinite para Sasakian 

manifold are investigated. 

Keywords: Indefinite almost paracontact manifold, Indefinite para Sasakian 

manifold, Invariant lightlike hypersurface, Screen semi-invariant lightlike hypersurface 

Bir Belirsiz Para Sasakiyan Manifoldun Lightlike Hiperyüzeyleri 

Öz 

Bu makalede, bir belirsiz para Sasakiyan manifoldun yapı vektör alanına teğet olan 

lightlike hiperyüzeyleri çalışılmıştır. Özel olarak, değişmez lightlike hiperyüzeyler ve 

ekran yarı-değişmez lightlike hiperyüzeyler tanıtılarak bazı örnekler verilmiştir. Bir 

belirsiz para Sasakian manifoldun ekran yarı-değişmez lightlike hiperyüzeyine dahil olan 

distribüsyonlar için integrallenebilirlik koşulları incelenmiştir. 
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Anahtar Kelimeler: Belirsiz hemen hemen parakontakt manifold, Belirsiz para 

Sasakiyan manifold, Değişmez lightlike hiperyüzey, Ekran yarı-değişmez lightlike 

hiperyüzey 

1. Introduction 

The geometry of submanifolds of semi-Riemannian manifolds has been one of the 

most active research area in differential geometry. A submanifold of a semi-Riemannian 

manifold is called a lightlike submanifold provided the induced metric on the submanifold 

is degenerate. In case of a lightlike submanifold, intersection of the normal vector bundle 

and the tangent vector bundle is non-trivial, and therefore its study evolves to be quite 

different from that of the nondegenerate submanifolds. However, the existence of a 

unique lightlike line subbundle of tangent vector bundle along every lightlike 

submanifold enables us partially to overcome the problems arising from such difficulty. 

In [1], the author obtained a canonical Riemannian vector bundle along the lightlike 

submanifold, which enables to study such submanifolds using the methods of Riemannian 

geometry, by dividing out the lightlike line subbundle from tangent vector bundle. For 

further read we refer [2, 3]. 

An almost paracontact structure (Ψ, 𝜉, 𝜂), an analogue of the almost contact 

structure [4, 5], satisfying Ψ' = 𝐼 − 𝜂 ⊗ 𝜉 and 𝜂(𝜉) = 1 on a smooth manifold, was 

introduced by I. Sāto [6]. An almost contact structure is closely related to an almost 

complex structure and an almost contact manifold is always odd-dimensional, but an 

almost paracontact structure is closely related to an almost product structure and a 

manifold equipped with such an structure can be even-dimensional also. In 1969, T. 

Takahashi [7] proposed the idea of almost contact manifolds equipped with an associated 

pseudo-Riemannian metric (a.k.a. 𝜀 -almost contact metric manifolds) and studied 

Sasakian manifolds endowed with an associated pseudo-Riemannian metric (a.k.a. 𝜀 -

Sasakian manifolds) (see [8-10]). The study of lightlike hypersurfaces of indefinite 

Sasakian manifolds were initiated in [11]. Later, in 2007 lightlike submanifolds of 

indefinite Sasakian manifolds were studied [10]. 

An indefinite almost contact metric manifold is always odd-dimensional. On the 

other hand, in a Lorentzian almost paracontact manifold proposed by K. Matsumoto [12], 
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the compatible semi-Riemannian metric is of index 1 and the structure vector field is 

always timelike. Motivated by these circumstances, the authors of [13] associated a semi-

Riemannian metric, not necessarily Lorentzian, with an almost paracontact structure. The 

resulted structure is called an indefinite almost paracontact structure, where the structure 

vector field may be spacelike or timelike (see also [14]). The authors in [15] and [16] 

studied lightlike submanifolds of indefinite para-Sasakian manifolds admitting a 

spacelike characteristic vector field. 

In the present paper, as a first step to study lightlike geometry of indefinite almost 

paracontact metric manifolds we study lightlike hypersurfaces. We organize the paper as 

follows. In section 2, we give a brief account of lightlike hypersurfaces of a semi-

Riemannian manifold, for later use. Section 3 is devoted to indefinite almost paracontact 

metric manifolds. Section 4 contains investigations of lightlike hypersurfaces of 

indefinite almost paracontact metric manifolds. In section 5, we define invariant lightlike 

hypersurfaces and give an example. Screen semi invariant hypersurfaces are introduced 

in Section 6. Moreover, integrability conditions for the distributions involved in the 

screen semi-invariant lightlike hypersurface are investigated when the ambient manifold 

is an indefinite para Sasakian manifold. 

2. Lightlike Hypersurfaces 

Suppose 𝑁 is a hypersurface in an (𝑛 + 2)-dimensional semi-Riemannian manifold 

(𝑁, 𝑔) of fixed index 𝑞 ∈ 1,… , 𝑛 + 1  with the property that the induced metric 𝑔 =

𝑔|9 on the hypersurface be degenerate. Then there exists a vector field 𝐸 ≠ 0 on 𝑁 

satisfying  

𝑔 𝐸, 𝑋 = 0,								𝑋 ∈ Γ(𝑇𝑁). 

The radical space [17] of 𝑇A𝑁, at each point 𝑝 ∈ 𝑁, is defined by  

                        𝑅𝑎𝑑𝑇A𝑁 = 𝐸 ∈ 𝑇A𝑁: 𝑔 𝐸, 𝑋 = 0,								𝑋 ∈ Γ(𝑇A𝑁) ,                (1) 

and its dimension is called the nullity degree of 𝑔. In this case (𝑁, 𝑔) is called a lightlike 

hypersurface of (𝑁, 𝑔) and  

                                             𝑅𝑎𝑑𝑇A𝑁 = 𝑇A𝑁 ∩ 𝑇A𝑁H.                                          (2) 
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Since dim𝑇L𝑁H = 1, then we have  

dim𝑅𝑎𝑑𝑇A𝑁 = 1,								𝑅𝑎𝑑𝑇A𝑁 = 𝑇A𝑁H. 

The distribution 𝑅𝑎𝑑𝑇𝑁 is known as the radical distribution, which is spanned by the null 

vector field 𝐸. 

We decompose 𝑇𝑁 into orthogonal direct sum  

                                            𝑇𝑁 = 𝑆 𝑇𝑁 ⊥ 𝑅𝑎𝑑𝑇𝑁,                                           (3) 

where 𝑆(𝑇𝑁) a complementary vector bundle of 𝑅𝑎𝑑𝑇𝑁 in 𝑇𝑁, known as the screen 

distribution on 𝑁. Because of non-degeneracy of 𝑆(𝑇𝑁), there exists the screen 

transversal bundle 𝑆(𝑇𝑁)H of rank 2, which is a complementary orthogonal vector 

subbundle to 𝑆(𝑇𝑁) in 𝑇𝑁. 

Since 𝑅𝑎𝑑𝑇𝑁 is a lightlike vector subbundle of 𝑆(𝑇𝑁)H, therefore for any local 

section 𝐸 ∈ Γ 𝑅𝑎𝑑𝑇𝑁  we have a unique local section 𝜁 of 𝑆(𝑇𝑁)H such that  

                                       𝑔(𝜁, 𝜁) = 0,								𝑔(𝐸, 𝜁) = 1.                                         (4) 

Hence, 𝜁 is not tangent to 𝑁 and 𝐸, 𝜁  is a local frame field of 𝑆(𝑇𝑁)H. Moreover, 

we obtain a 1-dimensional vector subbundle 𝑙𝑡𝑟𝑇𝑁 of 𝑇𝑁, namely lightlike transversal 

bundle, which is locally spanned by 𝜁. Then we set  

𝑆(𝑇𝑁)H = 𝑅𝑎𝑑𝑇𝑁⊕ 𝑙𝑡𝑟𝑇𝑁, 

where the decomposition is not orthogonal. Thus we have the following decomposition 

of 𝑇𝑁:  

                     𝑇𝑁 = 𝑆(𝑇𝑁) ⊥ 	𝑅𝑎𝑑𝑇𝑁⊕ 𝑙𝑡𝑟𝑇𝑁 = 𝑇𝑁⊕ 𝑙𝑡𝑟𝑇𝑁.                       (5) 

The decomposition (5) of 𝑁 along a lightlike hypersurface 𝑁 entails the following 

Gauss and Weingarten formulas, respectively:  

                                            ∇U𝑌 = ∇U𝑌 + 𝐵 𝑋, 𝑌 𝜁,                                            (6) 

                                            ∇U𝜁 = −	𝐴Y𝑋 + 𝜈 𝑋 𝜁,                                             (7) 
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where 𝐵 is a second order symmetric tensor field called the second fundamental form, 𝐴 

is an endomorphism of 𝑇𝑁 called the shape operator with respect to 𝜁 and 𝜈 is a 1-form 

on 𝑁 [2]. For each 𝑋 ∈ Γ(𝑇𝑁), we may write  

                                              𝑋 = 𝑓𝑋 + 𝑤 𝑋 𝐸,                                                   (8) 

where 𝑓 is the projection of 𝑇𝑁 on 𝑆(𝑇𝑁) and 𝑤 a 1-form given by 

                                                 𝑤 𝑋 = 𝑔 𝑋, 𝜁 .                                                   (9) 

From (7), for all 𝑋, 𝑌, 𝑍 ∈ Γ(𝑇𝑁), we get  

                       ∇U𝑔 𝑌, 𝑍 = 𝐵(𝑋, 𝑌)𝑤 𝑍 + 𝐵 𝑋, 𝑍 𝑤 𝑌 .                            (10) 

The aforementioned relation shows that the induced connection ∇ on 𝑁 is non-metric. 

From (3), we have  

                                         ∇U𝑊 = ∇U∗𝑊 + 𝐶 𝑋,𝑊 𝐸,                                        (11) 

                                            ∇U𝐸 = −	𝐴a∗ 𝑋 − 𝜈 𝑋 𝐸,                                         (12) 

for all 𝑋 ∈ Γ(𝑇𝑁), 𝑊 ∈ Γ 𝑆(𝑇𝑁) , where 𝐶, 𝐴a∗  and ∇∗ denote the local second 

fundamental form, the local shape operator and the induced connection on 𝑆(𝑇𝑁), 

respectively. Note that ∇U∗𝑊 and 𝐴a∗ 𝑋 belong to Γ 𝑆(𝑇𝑁) . Also, we have the following 

identities  

                                              𝑔 𝐴a∗ 𝑋,𝑊 = 𝐵 𝑋,𝑊 ,                                        (13) 

                                                𝑔 𝐴a∗ 𝑋, 𝜁 = 0,                                                    (14) 

                                                    𝐵 𝑋, 𝐸 = 0,                                                    (15) 

                                                 𝑔 𝐴Y𝑋, 𝜁 = 0.                                                   (16) 

In view of (13) and (15) one gets  

                                                       𝐴a∗ 𝐸 = 0.                                                       (17) 

For details we refer to [2, 3] and [18]. 
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3. Indefinite Almost Paracontact Metric Manifolds 

Let 𝑁 be an almost paracontact manifold [6] endowed with an almost paracontact 

structure (Ψ, 𝜉, 𝜂) consisting of a tensor field Ψ of type (1,1), a vector field 𝜉 and a 1-

form 𝜂 satisfying  

                                                 Ψ' = 𝐼 − 𝜂 ⊗ 𝜉,                                                 (18) 

                                                       𝜂(𝜉) = 1,                                                      (19) 

                                                        Ψ𝜉 = 0,                                                        (20) 

                                                       𝜂 ∘ Ψ = 0.                                                     (21) 

It is easy to verify that (18) and one of (19), (20) and (21) imply the remaining two 

equations. Let 𝑔 be a semi-Riemannian metric [17] such that  

                   𝑔(Ψ𝑋,Ψ𝑌) = 𝑔 𝑋, 𝑌 − 𝜀𝜂(𝑋)𝜂 𝑌 ,								𝑋, 𝑌 ∈ Γ(𝑇𝑁),                (22) 

where 𝜀 = ±1. Then 𝑁 is called an indefinite almost paracontact metric manifold 

equipped with an indefinite  almost paracontact metric structure (Ψ, 𝜉, 𝜂, 𝑔, 𝜀) [13]. In 

particular, if the metric is a Lorentzian metric [19], then an indefinite almost paracontact 

metric manifold is called a Lorentzian almost paracontact manifold. From (22) we have  

                                            𝑔(𝑋,Ψ𝑌) = 𝑔(Ψ𝑋, 𝑌)                                             (23) 

along with  

                                                𝑔(𝑋, 𝜉) = 𝜀𝜂(𝑋),                                                 (24) 

for all 𝑋, 𝑌 ∈ Γ(𝑇𝑁). From (24) it follows that  

                                                    𝑔(𝜉, 𝜉) = 𝜀,                                                      (25) 

that is, the structure vector field 𝜉 cannot be lightlike. 

Let (𝑁,Ψ, 𝜉, 𝜂, 𝑔, 𝜀) be an indefinite almost paracontact metric manifold (resp. a 

Lorentzian almost paracontact manifold). If 𝜀 = 1, then 𝑁 will be said to be a spacelike 

indefinite almost paracontact metric manifold (resp. a spacelike Lorentzian almost 
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paracontact manifold). Similarly, if 𝜀 = −	1, then 𝑁 will be said to be a timelike indefinite 

almost paracontact metric manifold (resp. a timelike Lorentzian almost paracontact 

manifold) [13]. 

An indefinite almost contact metric structure is called an indefinite para Sasakian 

structure if  

                (∇UΨ)𝑌 = −	𝑔(Ψ𝑋,Ψ𝑌)𝜉 − 𝜀𝜂 𝑌 Ψ'𝑋,								𝑋, 𝑌 ∈ Γ(𝑇𝑁),            (26) 

where ∇ is the Levi-Civita connection with respect to 𝑔. A manifold endowed with an 

indefinite para Sasakian structure is called an indefinite para Sasakian manifold [13]. In 

an indefinite para Sasakian manifold, we have  

                                                       ∇𝜉 = 𝜀Ψ,                                                       (27) 

           Φ 𝑋, 𝑌 = 𝑔(Ψ𝑋, 𝑌) = 𝜀𝑔(∇U𝜉, 𝑌) = (∇U𝜂)𝑌,				𝑋, 𝑌 ∈ Γ(𝑇𝑁),           (28) 

where  

                                              Φ 𝑋, 𝑌 = 𝑔 𝑋,Ψ𝑌 .                                            (29) 

From (29) we have  

                                                     Φ(𝑋, 𝜉) = 0,                                                   (30) 

                                              Φ(Ψ𝑋,Ψ𝑌) = Φ 𝑋, 𝑌 ,                                         (31) 

                                              Φ(𝑋,Ψ𝑌) = Φ(Ψ𝑋, 𝑌),                                        (32) 

for all 𝑋, 𝑌 ∈ Γ(𝑇𝑁). 

In an indefinite para Sasakian manifold 𝑁, Riemannian curvature tensor 𝑅 and Ricci 

tensor 𝑆 of 𝑁 satisfy [13] 

                                        𝑅 𝑋, 𝑌 𝜉 = 𝜂 𝑋 𝑌 − 𝜂 𝑌 𝑋,                                      (33) 

                            𝑅(𝑋, 𝑌, 𝑍, 𝜉) = −	𝜂 𝑋 𝑔 𝑌, 𝑍 + 𝜂 𝑌 𝑔 𝑋, 𝑍 ,                     (34) 

                            𝜂(𝑅 𝑋, 𝑌 𝑍) = −	𝜀𝜂 𝑋 𝑔 𝑌, 𝑍 + 𝜀𝜂 𝑌 𝑔 𝑋, 𝑍 ,                 (35) 
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                                     𝑅(𝜉, 𝑋)𝑌 = −	𝜀𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝑋,                               (36) 

                                            𝑆(𝑌, 𝜉) = − 𝑛 − 1 𝜂 𝑌 ,                                       (37) 

for all 𝑋, 𝑌, 𝑍 ∈ Γ(𝑇𝑁). 

4. Lightlike Hypersurfaces of Indefinite Para Sasakian Manifolds 

Let 𝑁 be a lightlike hypersurface of an indefinite para Sasakian manifold 

(𝑁,Ψ, 𝜉, 𝜂, 𝑔, 𝜀) of dimension 𝑛 + 2 , tangent to 𝜉. In this case, the non-null vector field 

𝜉 must belong to the screen distribution 𝑆(𝑇𝑁). Moreover, 𝜉 must be spacelike, that is, 

𝑁 must be a spacelike para Sasakian manifold. 

Let 𝐸 be a local section of 𝑅𝑎𝑑𝑇𝑁 and 𝜁 a local section of 𝑙𝑡𝑟𝑇𝑁. In view of (24), 

we have  

𝜂 𝐸 = 0,								𝜂 𝜁 = 0. 

From (22), it is easy to see that Ψ𝐸 and Ψ𝜁 are lightlike vector fields and  

Ψ'𝐸 = 𝐸,								Ψ'𝜁 = 𝜁. 

Now, for 𝑋 ∈ Γ(𝑇𝑁), we write  

                                                Ψ𝑋 = 𝜙𝑋 + 𝜇 𝑋 𝑁,                                            (38) 

where 𝜙𝑋 ∈ Γ(𝑇𝑁) and  

                                     𝜇 𝑋 = 𝑔(Ψ𝑋, 𝐸) = 𝑔(𝑋,Ψ𝐸).                                     (39) 

Proposition 1. Let 𝑁 be a lightlike hypersurface of an 𝑛 + 2 -dimensional 

indefinite almost paracontact metric manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀), tangent to 𝜉. Then  

                                               𝑔(Ψ𝐸, 𝐸) = 0,                                                      (40) 

                                               𝑔(Ψ𝐸, 𝜁) = 𝜀𝑔(𝐴Y𝐸, 𝜉).                                       (41) 

Proof. The equations (27) and (17) imply (40). By using (27), (4) and (7) we obtain  

𝜀𝑔(Ψ𝐸, 𝜁) = 𝑔((∇a𝜉, 𝜁) = −𝑔(𝜉, ∇a𝜁) = 𝑔(𝐴Y𝐸, 𝜉), 
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which implies (41).  

Remark 2. From (40) we see that there is no component of 𝛹𝐸 in 𝑙𝑡𝑟𝑇𝑁, thus 

𝛹𝐸 ∈ 𝛤(𝑇𝑁). Moreover, (41) implies that there may be a component of 𝛹𝐸 in 𝑅𝑎𝑑𝑇𝑁. 

Thus, in view of (8) and (40), we observe that  

                                     Ψ𝐸 = 𝜙𝐸 = 𝑓	Ψ𝐸 + 𝑤(Ψ𝐸)𝐸.                                     (42) 

Proposition 3. Let 𝑁 be a lightlike hypersurface of an 𝑛 + 2 -dimensional 

indefinite almost paracontact metric manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀), tangent to 𝜉. Then  

                                  𝑔 𝑋, 𝜙𝑌 = 𝑔 𝜙𝑋, 𝑌 + (𝜇 ∧ 𝑤)(𝑋, 𝑌),                           (43) 

          𝑔 𝑋, 𝑌 = 𝑔 𝜙𝑋, 𝜙𝑌 + 𝜀𝜂 𝑋 𝜂 𝑌 + 𝜇 𝑋 𝑤 𝜙𝑌 + 𝜇 𝑌 𝑤 𝜙𝑋 ,      (44) 

for all 𝑋, 𝑌 ∈ 𝛤(𝑇𝑁).  

Proof. From (38) and (39), we get  

𝑔(Ψ𝑋, 𝑌) = 𝑔 𝜙𝑋, 𝑌 + 𝜇(𝑋)𝑤(𝑌). 

Hence in view of (23) we get (43). Using (38) we have 

                  𝑔(Ψ𝑋,Ψ𝑌) = 𝑔 𝜙𝑋, 𝜙𝑌 + 𝜇(𝑋)𝑤(𝜙𝑌) + 𝜇(𝑌)𝑤(𝜙𝑋).               (45) 

Thus by using (45) and (22) we complete the proof.  

Corollary 4. Suppose that 𝑁 is a lightlike hypersurface of an 𝑛 + 2 -dimensional 

indefinite almost paracontact metric manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀), tangent to 𝜉. Then  

𝑔(𝜉, 𝜙𝑋) = 0,								𝑋 ∈ Γ(𝑇𝑁). 

Proposition 5. If 𝑁 is a lightlike hypersurface of an 𝑛 + 2 -dimensional indefinite 

para Sasakian manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀), which is tangnet to 𝜉, then  

                             𝜙'𝑋 = 𝑋 − 𝜂(𝑋)𝜉 − 𝜇(𝜙𝑋)𝜁 − 𝜇(𝑋)Ψ𝜁,                             (46) 

                                                      𝜙𝑋 = 𝜀∇U𝜉,                                                   (47) 

                                                  𝐵 𝑋, 𝜉 = 𝜀𝜇 𝑋 ,                                              (48) 
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for any 𝑋 ∈ 𝛤(𝑇𝑁).  

Proof. From (38) and (18), we get (46). Next, from (27), (6) and (38) we obtain  

                                  𝜀∇U𝜉 + 𝜀𝐵(𝑋, 𝜉)𝜁 = 𝜙𝑋 + 𝜇 𝑋 𝜁.                                   (49) 

Now, equating tangential parts in (49), one gets (47). Similarly, equating transversal parts 

in (49), one gets (48).  

5. Invariant Lightlike Hypersurfaces 

We begin with the following. 

Definition 6. A lightlike hypersurface 𝑁 of an 𝑛 + 2 -dimensional indefinite 

almost paracontact metric manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀) is said to be invariant if 

𝛹 𝑆(𝑇𝑁) = 𝑆(𝑇𝑁).   

Example 7. Let Rk be the 5-dimensional real number space with a coordinate 

system x, y, z, t, s . We define  

𝜂 = 𝑑𝑠 − 𝑦𝑑𝑥 − 𝑡𝑑𝑧		,								𝜉 =
𝜕
𝜕𝑠
		, 

Ψ
𝜕
𝜕𝑥

= −	
𝜕
𝜕𝑥

− 𝑦
𝜕
𝜕𝑠
		,								Ψ

𝜕
𝜕𝑦

= −	
𝜕
𝜕𝑦
		, 

Ψ
𝜕
𝜕𝑧

= −	
𝜕
𝜕𝑧
− 𝑡

𝜕
𝜕𝑠
		,								Ψ

𝜕
𝜕𝑡

= −	
𝜕
𝜕𝑡
		,								Ψ

𝜕
𝜕𝑠

= 0		, 

𝑔 = −	 𝑑𝑥 ' − 𝑑𝑦 ' + 𝑑𝑧 ' + 𝑑𝑡 ' + 𝑑𝑠 ' 

                −	𝑡 𝑑𝑧 ⊗ 𝑑𝑠 + 𝑑𝑠 ⊗ 𝑑𝑧 − 𝑦 𝑑𝑥 ⊗ 𝑑𝑠 + 𝑑𝑠 ⊗ 𝑑𝑥 . 

Then the set (Ψ, 𝜉, 𝜂, 𝑔) is a spacelike almost paracontact structure with  index 𝑔 = 3 

on 𝑅k. Suppose 𝑁 is a hypersurface of 𝑅k defined by 𝑦 = 𝑡. The radical distribution 

𝑅𝑎𝑑𝑇𝑁 is spanned by  

𝐸 =
𝜕
𝜕𝑦

+
𝜕
𝜕𝑡
. 

The lightlike transversal vector bundle 𝑙𝑡𝑟𝑇𝑁 is spanned by  
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𝜁 =
1
2
−
𝜕
𝜕𝑦

+
𝜕
𝜕𝑡

, 

and the screen bundle 𝑆(𝑇𝑁) is spanned by 

{𝑈z, 𝑈', 𝜉}, 

where 𝑈z = 𝜕/𝜕𝑥 and 𝑈' = 𝜕/𝜕𝑧. Also,  

Ψ𝐸 = −𝐸,				Ψ𝜁 = −𝜁. 

Consequently, 𝑁 becomes an invariant lightlike hypersurface. 

Now, we obtain a necessary and sufficient condition for a lightlike hypersurface to 

be invariant. 

Theorem 8. A hypersurface 𝑁 of an indefinite almost paracontact metric manifold 

(𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀) is invariant if and only if  

Ψ𝑅𝑎𝑑𝑇𝑁 = 𝑅𝑎𝑑𝑇𝑁								a𝑛𝑑								Ψ	𝑙𝑡𝑟𝑇𝑁 = 𝑙𝑡𝑟𝑇𝑁. 

Proof. Suppose 𝑁 is an invariant lightlike hypersurface of 𝑁. From (42), for any 

𝑋 ∈ Γ(𝑇𝑁), we get 𝑔(𝑓	Ψ𝐸, 𝑓𝑋) = 0 (that is, there is no component of Ψ𝐸 in 𝑆(𝑇𝑁)) 

and Ψ𝑅𝑎𝑑𝑇𝑁 = 𝑅𝑎𝑑𝑇𝑁. We write  

                              Ψ𝑁 = 𝑓	Ψ𝑁 + 𝑔(Ψ𝜁, 𝜁)𝐸 + 𝑔(Ψ𝜁, 𝐸)𝜁,                              (50) 

where 𝜁 is a local section of 𝑙𝑡𝑟𝑇𝑁. From (50), for any 𝑋 ∈ Γ(𝑇𝑁), we get 

𝑔 𝑓	Ψ𝑁, 𝑓𝑋 = 0, that is, there is no component of Ψ𝑁 in 𝑆(𝑇𝑁). Applying Ψ to (50), 

we get  

2𝑔(Ψ𝜁, 𝜁)𝑔(Ψ𝜁, 𝐸) = 0. 

Since kerΨ = 𝑆𝑝𝑎𝑛{𝜉}, we obtain 𝑔(Ψ𝜁, 𝜁) = 0. Thus we get Ψ𝜁 = 𝑔(Ψ𝜁, 𝐸)𝜁, that is, 

Ψ	𝑙𝑡𝑟𝑇𝑁 = 𝑙𝑡𝑟𝑇𝑁. 

Conversely, let Ψ𝑅𝑎𝑑𝑇𝑁 = 𝑅𝑎𝑑𝑇𝑁 and Ψ	𝑙𝑡𝑟𝑇𝑁 = 𝑙𝑡𝑟𝑇𝑁. Then for every 𝑋 ∈

Γ(𝑆(𝑇𝑁)) we get  



		

 363 

𝑔(Ψ𝑋, 𝐸) = 𝑔(𝑋,Ψ𝐸) = 0; 

thus there is no component of Ψ𝑋 in 𝑙𝑡𝑟𝑇𝑁 . Similarly, one obtains  

𝑔(Ψ𝑋, 𝜁) = 𝑔(𝑋,Ψ𝜁) = 0, 

which implies that there is no component of Ψ𝑋 in 𝑅𝑎𝑑𝑇𝑁. This completes the proof.  

Theorem 9. Let (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀) be an indefinite almost paracontact metric 

manifold and 𝑁 be an invariant lightlike hypersurface of 𝑁. Then (𝑁, 𝜙, 𝜉, 𝜂, 𝑔, 𝜀) is an 

indefinite almost paracontact metric manifold.  

Proof. Suppose that 𝑁 is a lightlike hypersurface of 𝑁, which is invariant. In view 

of (38), it follows that  

                                       Ψ𝑋 = 𝜙𝑋,								𝑋 ∈ Γ(𝑇𝑁).                                            (51) 

Using (18) and (51), we have  

                                                    𝜙'𝑋 = 𝑋 − 𝜂(𝑋)𝜉.                                           (52) 

Also from (51), it follows that  

                                                              𝜙𝜉 = 0.                                                  (53) 

Next, in view of (52) and (53) one can easily see that  

𝜂 ∘ 𝜙 = 0, 

𝜂(𝜉) = 1. 

Moreover, from (44) we have  

𝑔 𝜙𝑋, 𝜙𝑌 = 𝑔 𝑋, 𝑌 − 𝜀𝜂 𝑋 𝜂 𝑌 , 

for all 𝑋, 𝑌 ∈ Γ(𝑇𝑁). This completes the proof.  

Proposition 10. Let 𝑁 be an invariant lightlike hypersurface of an indefinite para 

Sasakian manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀). Then  

𝑔(𝐴Y𝑓𝑋, 𝜉) = 0,								𝑋 ∈ Γ 𝑇𝑁 . 
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Proof. Because of 𝑔(𝜉, 𝜁) = 0, using (27), we get  

𝑔(∇U𝜁, 𝜉) = −𝜀𝑔(𝜁,Ψ𝑋). 

Now from (7), we give the conclusion as follows.  

Theorem 11. An invariant lightlike hypersurface of an indefinite para Sasakian 

manifold is always indefinite para Sasakian. Also,  

                                       𝐵 𝑋, 𝜙𝑌 𝜁 − 𝐵 𝑋, 𝑌 Ψ𝜁 = 0,                                      (54) 

                                        𝜙 𝐴Y𝑋 = 𝐴�Y𝑋 − 𝑤 𝑋 𝜉,                                        (55) 

for all 𝑋, 𝑌 ∈ 𝛤(𝑇𝑁).  

Proof. We have 

              (∇UΨ)𝑌 = ∇UΨ𝑌 − Ψ(∇U𝑌) 

                                           = ∇UΨ𝑌 − Ψ(∇U𝑌 + 𝐵 𝑋, 𝑌 𝜁) 

																																								= ∇U𝜙𝑌 + 𝐵 𝑋,𝜙𝑌 𝜁 − 𝜙∇U𝑌 − 𝐵 𝑋, 𝑌 Ψ𝜁 

 																															= ∇U𝜙 𝑌 + 𝐵 𝑋,𝜙𝑌 𝜁 − 𝐵 𝑋, 𝑌 Ψ𝜁. 

Using (26) in the above equation one gets  

       −	𝑔(𝜙𝑋, 𝜙𝑌)𝜉 − 𝜀𝜂 𝑌 𝜙'𝑋 = ∇U𝜙 𝑌 + 𝐵 𝑋,𝜙𝑌 𝜁 − 𝐵 𝑋, 𝑌 Ψ𝜁         (56) 

When we equate tangential parts in (56), we get  

                               ∇U𝜙 𝑌 = −	𝑔(𝜙𝑋, 𝜙𝑌)𝜉 − 𝜀𝜂 𝑌 𝜙'𝑋,                             (57) 

In view of (57) and Theorem 9, we see that 𝑁 is indefinite para Sasakian. When we equate 

transversal parts in (56), we get (54). 

Taking into account (26) and (7), one gets  

           −𝑤 𝑋 𝜉 = (∇UΨ)𝜁 = ∇UΨ𝜁 − Ψ(∇U𝜁) 

                          = −𝐴�Y𝑋 + 𝑔 ∇UΨ𝜁, 𝐸 𝜁 + Ψ 𝐴Y𝑋 − 𝜈 𝑋 Ψ𝜁. 
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After equating the tangential parts, one obtains  

−𝑤 𝑋 𝜉 = −	𝐴�Y𝑋 + 𝜙(𝐴Y𝑋), 

which cocludes the proof.  

Remark 12. It is well-understood that, if there is a lightlike hypersurface in an 

indefinite Sasakian manifold, then the dimension of the Sasakian manifold must be 

greater than or equal to 5. However, for the existence of lightlike hypersurfaces of an 

indefinite paracontact metric manifold, such an obstruction on the dimension of the 

ambient manifold disappears.   

6. Screen Semi-İnvariant Lightlike Hypersurfaces 

We begin with the following. 

Definition 13. Let (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀) be an 𝑛 + 2 -dimensional indefinite almost 

paracontact metric manifold and 𝑁 be a lightlike hypersurface of 𝑁. If 𝛹𝑅𝑎𝑑𝑇𝑁 ⊂

𝑆(𝑇𝑁) and 𝛹	𝑙𝑡𝑟𝑇𝑁 ⊂ 𝑆(𝑇𝑁), then 𝑁 is called a screen semi-invariant lightlike 

hypersurface of 𝑁. 

Example 14. Let Rk be the 5-dimensional real number space with a coordinate 

system x, y, z, t, s . We define  

𝜂 =
1
2
𝑧𝑑𝑥 + 𝑡𝑑𝑦 + 𝑑𝑠 ,								𝜉 = 2

𝜕
𝜕𝑠
, 

Ψ𝑋 = −𝑋�
𝜕
𝜕𝑥

− 𝑋�
𝜕
𝜕𝑦

− 𝑋z
𝜕
𝜕𝑧
− 𝑋'

𝜕
𝜕𝑡
+ 𝑋�𝑧 + 𝑋�𝑡

𝜕
𝜕𝑠
, 

𝑔 = −
1
4
𝑑𝑥 ⊗ 𝑑𝑥 + 𝑑𝑧 ⊗ 𝑑𝑧 +

1
4
𝑑𝑦 ⊗ 𝑑𝑦 + 𝑑𝑡 ⊗ 𝑑𝑡 + 𝜂 ⊗ 𝜂. 

Here 𝑋 is a vector field given by 

𝑋 = 𝑋z
𝜕
𝜕𝑥

+ 𝑋'
𝜕
𝜕𝑦

+ 𝑋�
𝜕
𝜕𝑧
+ 𝑋�

𝜕
𝜕𝑡
+ 𝑋k

𝜕
𝜕𝑠
. 

Then (Ψ, 𝜉, 𝜂, 𝑔) is a spacelike almost paracontact structure on 𝑅k and  index 𝑔 = 2. 
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Now consider a hypersurface 𝑁 given by  

𝑡 = 𝑧. 

Then the tangent bundle 𝑇𝑁 of 𝑁 is spanned by  

𝑈z =
𝜕
𝜕𝑥
, 𝑈' =

𝜕
𝜕𝑦
, 𝑈� =

𝜕
𝜕𝑧
+
𝜕
𝜕𝑡
, 𝑈� =

𝜕
𝜕𝑠

, 

and 𝑅𝑎𝑑𝑇𝑁 is spanned by 𝐸 = 𝑈�. Here, the lightlike transversal vector bundle is given 

by  

𝑙𝑡𝑟𝑇𝑁 = S𝑝𝑎𝑛 𝜁 = 2 −
𝜕
𝜕𝑧
+
𝜕
𝜕𝑡

. 

Furthermore 

Ψ𝐸 = −
𝜕
𝜕𝑥

+
𝜕
𝜕𝑦

+ (𝑧 + 𝑡)
𝜕
𝜕𝑠
∈ Γ 𝑆(𝑇𝑁) , 

Ψ𝜁 = 2
𝜕
𝜕𝑥

−
𝜕
𝜕𝑦

+ (𝑡 − 𝑧)
𝜕
𝜕𝑠

∈ Γ 𝑆(𝑇𝑁) . 

Thus 𝑀 is a screen semi-invariant lightlike hypersurface of 𝑅k. 

Let 𝑁 be a screen semi-invariant lightlike hypersurface of an 𝑛 + 2 -dimensional 

indefinite almost paracontact metric manifold 𝑁. We set  

                                     𝑉 = Ψ𝐸								and								𝑈 = Ψ𝜁.                                        (58) 

Then, from the second equation of (4) and (22), we obtain  

                                                       𝑔 𝑉, 𝑈 = 1.                                                 (59) 

Therefore 〈𝑉〉 ⊕ 〈𝑈〉 is a non-degenerate vector subbundle of 𝑆(𝑇𝑁) of rank 2. Since 𝜉 

belongs to 𝑆(𝑇𝑁) and  

𝑔 𝑉, 𝜉 = 𝑔 𝑈, 𝜉 = 0, 

then there exists a non-degenerate distribution 𝐷� of rank 𝑛 − 3 on 𝑁 such that  
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                                   𝑆(𝑇𝑁) = 𝐷� ⊥ 〈𝑉〉 ⊕ 〈𝑈〉 ⊥ 〈𝜉〉.                                  (60) 

We note that 𝐷� is an invariant distribution with respect to Ψ, that is, Ψ𝐷� = 𝐷�. 

Denoting  

𝐷 = 𝐷� ⊥ 𝑅𝑎𝑑𝑇𝑁 ⊥ 〈𝑉〉								and								𝐷� = 〈𝑈〉, 

we have  

                                              𝑇𝑁 = 𝐷⊕𝐷� ⊥ 〈𝜉〉.                                             (61) 

Thus, using projections 𝑅: 𝑇𝑁 → 𝐷 and 𝑄: 𝑇𝑁 → 𝐷�, every 𝑋 ∈ Γ(𝑇𝑁) can be expressed 

as  

𝑋 = 𝑅𝑋 + 𝑄𝑋 + 𝜂 𝑋 𝜉, 

yielding  

𝜙𝑋 = Ψ𝑅𝑋,								𝑋 ∈ Γ(𝑇𝑁). 

From (19), (38) and (39), we obtain 

                                  Ψ'𝑋 = 𝜙'𝑋 + 𝑢 𝑋 𝑈 + 𝜇(𝜙𝑋)𝜁.                                    (62) 

Equalize tangential and transversal parts in (62) one obtains  

                                        𝜙' = 𝐼 − 𝜂 ⊗ 𝜉 − 𝜇 ⊗𝑈,                                          (63) 

                                                       𝜇 ∘ 𝜙 = 0,                                                     (64) 

respectively. Afterwards, from (20) one can easily see that  

                                           𝜙𝜉 = 0				and				𝜇 𝜉 = 0.                                        (65) 

Since Ψ'𝜁 = 𝜁, by using (38) we also have 

                                          𝜙𝑈 = 0				and				𝜇 𝑈 = 1.                                        (66) 

Further, in view of (21), it follows that  

                                                     𝜂 𝑈 = 0.                                                        (67) 
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Finally, one obtains  

(𝜂 ∘ 𝜙)𝑋 = 𝜂(Ψ𝑋 − 𝜇(𝑋)𝜁), 

yielding  

                                                       𝜂 ∘ 𝜙 = 0.                                                     (68) 

Now, these conclusions can be narrated as the following 

Proposition 15. Let 𝑁 be a screen semi-invariant lightlike hypersurface of an 

indefinite almost paracontact metric manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀). Then 𝑀 is equipped with 

a para (𝜙, 𝜉, 𝜂, 𝑈, 𝜇)-structure, that is,  

𝜙' = 𝐼 − 𝜂 ⊗ 𝜉 − 𝜇 ⊗𝑈,								𝜙𝜉 = 0,								𝜙𝑈 = 0,								𝜂 ∘ 𝜙 = 0, 

𝜇 ∘ 𝜙 = 0,				𝜂 𝜉 = 1,				𝜇 𝑈 = 1,								𝜂 𝑈 = 0,								𝜇 𝜉 = 0. 

Next, we present the following Theorem: 

Theorem 16. If (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀) is an indefinite para Sasakian manifold and 𝑁 is 

a screen semi-invariant lightlike hypersurface of it, then  

               ∇U𝜙 𝑌 = 𝜇 𝑌 𝐴Y𝑋 + 𝐵 𝑋, 𝑌 𝑈 

                                 −	𝑔(𝑋, 𝑌)𝜉 + 2𝜀𝜂 𝑋 𝜂 𝑌 𝜉 − 𝜀𝜂 𝑌 𝑋,              (69) 

              ∇U𝜙 𝑌 = 𝜇 𝑌 𝐴Y𝑋 + 𝐵 𝑋, 𝑌 𝑈 

                               −	 𝑔 𝜙𝑋, 𝜙𝑌 + 𝜇(𝑋)𝑤(𝜙𝑌) + 𝜇(𝑌)𝑤(𝜙𝑋) 𝜉 

                               −	𝜀𝜂 𝑌 𝜙'𝑋 + 𝜇 𝑋 𝑈 ,                                      (70) 

                                 (∇U𝜇)𝑌 = −	𝐵(𝑋, 𝜙𝑌) − 𝜇(𝑌)𝜈(𝑋),                                 (71) 

                                       ∇U𝑈 = −𝜙(𝐴Y𝑋) + 𝜈 𝑋 𝑈,                                        (72) 

                                               𝐵(𝑋, 𝑈) = −𝜇(𝐴Y𝑋),                                           (73) 

for all 𝑋, 𝑌 ∈ 𝛤(𝑇𝑁).  
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Proof. We have  

                       			(∇UΨ)𝑌 = ∇U𝜙 𝑌 − 𝜇 𝑌 𝐴9𝑋 − 𝐵 𝑋, 𝑌 𝑈 

                   + ∇U𝜇 𝑌 + 𝜇 𝑌 𝜈 𝑋 + 𝐵 𝑋,𝜙𝑌 𝜁,                             (74) 

where (38), (6), (7) and (58) are used. Next, from (26) we have  

     (∇UΨ)𝑌 = −	𝑔(𝑋, 𝑌)𝜉 + 2𝜀𝜂 𝑋 𝜂 𝑌 𝜉 − 𝜀𝜂 𝑌 𝑋,								𝑋, 𝑌 ∈ Γ(𝑇𝑁).       (75) 

Using (45), (62) and (64) in (26), for all 𝑋, 𝑌 ∈ Γ(𝑇𝑁), we also have  

 (∇UΨ)𝑌 = −	 𝑔 𝜙𝑋, 𝜙𝑌 + 𝜇(𝑋)𝑤(𝜙𝑌) + 𝜇(𝑌)𝑤(𝜙𝑋) 𝜉 

   																				−𝜀𝜂 𝑌 𝜙'𝑋 + 𝜇 𝑋 𝑈 .                                                  (76) 

From (74) and (75) we get (69). Similarly, from (74) and (76) we get (70). Next, taking 

transversal part in (74) to be zero, we get (71). 

Using (6), (7) and (38) we get  

          (∇UΨ)𝜁 = ∇U𝑈 + 𝜙(𝐴Y𝑋) − 𝜈 𝑋 𝑈 

                           +(𝐵(𝑋, 𝑈) + 𝜇(𝐴Y𝑋))𝜁.                                            (77) 

Since, from (26) we have  

                                                     (∇UΨ)𝜁 = 0,                                                   (78) 

then using (77) and (78) we have  

0 = ∇U𝑈 + 𝜙(𝐴Y𝑋) − 𝜈 𝑋 𝑈 + (𝐵(𝑋, 𝑈) + 𝜇(𝐴Y𝑋))𝜁. 

By equating tangential and transversal parts in the above equation we obtain (72) and 

(73), respectively. 

Proposition 17. For a screen semi-invariant lightlike hypersurface 𝑁 of an 

indefinite para Sasakian metric manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀), the Lie derivative of 𝑔 with 

respect to the vector field 𝑉 satisfies  

             (𝐿�𝑔)(𝑋, 𝑌) = 𝑋(𝜇(𝑌)) + 𝑌(𝜇(𝑋)) + 𝜇([𝑋, 𝑌]) − 2𝜇(∇U𝑌),             (79) 
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for all 𝑋, 𝑌 ∈ 𝛤(𝑇𝑁).  

Proof. We have 

                        (𝐿�𝑔)(𝑋, 𝑌) = (𝐿�𝑔)(𝑋, 𝑌),								𝑋, 𝑌, 𝑍 ∈ Γ(𝑇𝑁).                     (80) 

Hence, using 𝑉 = Ψ𝐸 and 𝑔((∇UΨ)𝐸, 𝑌) = 0 we have  

               (𝐿�𝑔)(𝑋, 𝑌) = (𝐿�𝑔)(𝑋, 𝑌) = 𝑔(∇U𝐸,Ψ𝑌) + 𝑔(Ψ𝑋, ∇�𝐸).              (81) 

Next, 

𝑔(∇U𝐸,Ψ𝑌) = 𝑔(∇U𝐸, 𝜙𝑌 + 𝜇(𝑌)𝜁) 

                                      = 𝑔(∇U𝐸, 𝜙𝑌) + 𝜇(𝑌)𝑔(∇U𝐸, 𝜁) 

                                      = −𝑔(𝐸, ∇U𝜙𝑌) − 𝜇(𝑌)𝑔(𝐸, ∇U𝜁) 

               																										= −𝐵(𝑋, 𝜙𝑌) − 𝜇(𝑌)𝜈(𝑋) 

                 																								= (∇U𝜇)𝑌, 

which gives 

                                𝑔(∇U𝐸,Ψ𝑌) = 𝑋(𝜇(𝑌)) − 𝜇(∇U𝑌).                                   (82) 

Using (82) in (81) we complete the proof. 

6.1. Integrability of 𝑫 ⊥ 〈𝝃〉 

We note that 𝑋 ∈ Γ(𝐷 ⊥ 〈𝜉〉) if and only if 𝜇 𝑋 = 0. Now from (71), we have  

𝜇(∇U𝑌) = ∇U𝜇(𝑌) + 𝐵(𝑋, 𝜙𝑌) + 𝜇(𝑌)𝜈(𝑋), 

for all 𝑋, 𝑌 ∈ Γ(𝑇𝑀). From the above equation we get  

             𝜇 𝑋, 𝑌 = 𝐵(𝑋, 𝜙𝑌) − 𝐵(𝜙𝑋, 𝑌) 

 																																+∇U𝜇(𝑌) − ∇�𝜇(𝑋) + 𝜇(𝑌)𝜈(𝑋) − 𝜇(𝑋)𝜈(𝑌). 

Now, let 𝑋, 𝑌 ∈ Γ(𝐷 ⊥ 〈𝜉〉). Then 𝜇 𝑋 = 0 = 𝜇 𝑌 , and from the previous 

equation we get  
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𝜇 𝑋, 𝑌 = 𝐵(𝑋, 𝜙𝑌) − 𝐵(𝜙𝑋, 𝑌), 

for all 𝑋, 𝑌 ∈ Γ(𝐷 ⊥ 〈𝜉〉). Thus we get a necessary and sufficient condition for the 

integrability of the distribution 𝐷 ⊥ 〈𝜉〉 in the following: 

Theorem 18. For a screen semi-invariant lightlike hypersurface 𝑁 of an indefinite 

para Sasakian manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀), the distribution 𝐷 ⊥ 〈𝜉〉 is integrable if and only 

if  

𝐵(𝑋, 𝜙𝑌) = 𝐵(𝜙𝑋, 𝑌),								𝑋, 𝑌 ∈ Γ(𝐷 ⊥ 〈𝜉〉). 

6.2. Integrability of 𝑫� ⊥ 	 〈𝝃〉 

Here we find a necessary and sufficient condition for the distribution 𝐷� ⊥ 〈𝜉〉 to 

be integrable. 

Theorem 19. For a screen semi-invariant lightlike hypersurface 𝑁 of an indefinite 

para Sasakian manifold (𝑁,𝛹, 𝜉, 𝜂, 𝑔, 𝜀), the distribution 𝐷� ⊥ 〈𝜉〉 is integrable if and 

only if  

                                                      𝐴Y𝜉 + 𝜀𝑈 = 0.                                               (83) 

Proof. Note that 𝑋 ∈ Γ(𝐷� ⊥ 〈𝜉〉) if and only if 𝜙𝑋 = 0. Now for all 𝑋, 𝑌 ∈ Γ(𝑇𝑀), 

in view of (69), we have  

 𝜙 ∇U𝑌 = ∇U𝜙𝑌 − 𝜇 𝑌 𝐴Y𝑋 − 𝐵 𝑋, 𝑌 𝑈 

 																			+	𝑔(𝑋, 𝑌)𝜉 − 2𝜀𝜂 𝑋 𝜂 𝑌 𝜉 + 𝜀𝜂 𝑌 𝑋. 

From the above equation we get  

𝜙 𝑋, 𝑌 = ∇U𝜙𝑌 − ∇�𝜙𝑋 + 𝜇 𝑋 𝐴Y𝑌 − 𝜇 𝑌 𝐴Y𝑋 + 𝜀𝜂 𝑌 𝑋 − 𝜀𝜂 𝑋 𝑌. 

In particular, for 𝑋, 𝑌 ∈ Γ(𝐷� ⊥ 〈𝜉〉) we get  

                  𝜙 𝑋, 𝑌 = 𝜇 𝑋 𝐴Y𝑌 − 𝜇 𝑌 𝐴Y𝑋 + 𝜀𝜂 𝑌 𝑋 − 𝜀𝜂 𝑋 𝑌.                   (84) 

But 𝐷� and 〈𝜉〉 are integrable, hence 𝐷� ⊥ 〈𝜉〉 is integrable if and only if  
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𝜙[𝑈, 𝜉] = 0, 

which, in view of (84), is equivalent to (83).  
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