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ABSTRACT. The aim of this article is to introduce and study the notion of Fibonacci 7 ,-convergence on intuitionistic
fuzzy normed linear space. We define the Fibonacci 7,-Cauchy sequences and the Fibonacci 7, completeness with
respect to an intuitionistic fuzzy normed linear space.
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1. INTRODUCTION AND BACKGROUND

Statistical convergence of sequences of points was introduced by Fast [12]. In [46], Schoenberg established some
basic properties of statistical convergence and also studied the concept as a summability method.

The notion of 7-convergence was studied at initial stage by Kostyrko et al. [35]. They gave some of basic properties
of 7-convergence and dealt with extremal 7-limit points. Later on it was studied by Salat et al. [45], Tripathy and
Hazarika [48] and many others.

Fridy and Orhan [14] introduced the concept of lacunary statistical convergence. Some work on lacunary statistical
convergence can be found in [5, 15,36,38]. The notion of lacunary ideal convergence of real sequences was introduced
in [22,49].

Fibonacci sequences were initiated in the book Liber Abaci of Fibonacci. The sequence had been described earlier
as Virahanka numbers in Indian mathematics [18]. In Liber Abaci, the sequence starts with 1, nowadays the sequence
begins either with fy = O or with fi = 1. The numbers in the bottom row are called Fibonacci numbers, and the
number sequence 1, 1,2,3,5,8,13,21, 34,55, 89, 144, ... is the Fibonacci sequence [34]. The Fibonacci numbers are a
sequence of numbers (f,,) for n = 1, 2,... defined by the linear recurrence equation f,, = f,+1 — fu—2, 71 > 2.
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Some of the fundamental properties of Fibonacci numbers are given as follows:

lim,, o 221 = 235 = ¢ (Golden ratio)

S fi= fo—1 (ne ),
k=0

D L converges,
4 T

foctfos1 = £2 = (=)™ (n > 1) (Cassini formula)

Ityields 2, + fufu-1 — £2 = (=1)"*', if we can substituting for f,.; in Cassini’s formula.

The Fibonacci sequence was firstly used in the theory of sequence spaces by Kara and Basarir [27]. Afterward,
Kara [28] defined the Fibonacci difference matrix F by using the Fibonacci sequence (f,,) for n € {1,2,3,...} and
introduced the new sequence spaces related to the matrix domain of F. In [31], the definition of statistical convergence
with Fibonacci sequence was given and also various approximation results concerning the classical Korovkin theorem
via Fibonacci type statistical convergence were proved.

Let f, be the nth Fibonacci number for every n € N. Then, we define the infinite matrix F = (ﬁk) [28] by

_ s o

f=3 A= k=n)
0. (O<k<n—lork>n)

Following the introduction of fuzzy set theory by Zadeh [51], there has been extensive research to find applications
and fuzzy analogues of the classical theories. Fuzzy logic has become an important area of research in various branches
of mathematics such as metric and topological spaces [11,16,26], theory of functions [25,50] and approximation theory
[1]. Fuzzy set theory has also found applications for modeling uncertainty and vagueness in various fields of science
and engineering, such as computer programming [17], nonlinear dynamical systems [23], population dynamics [7],
control of chaos [13], and quantum physics [37].

Hazarika [19, 20] introduced the lacunary ideal convergent sequences of fuzzy real numbers and studied some
basic properties of this notion. Hazarika [21] introduced the notion of lacunary ideal convergent double sequences of
fuzzy real numbers. Bakery and Mohammed [6] introduced lacunary mean ideal convergence in generalized random
n-normed spaces.

As a generalization of fuzzy sets, the concept of intuitionistic fuzzy sets was introduced by Atanassov [3] in 1986,
it has been extensively used in decision-making problems [4] and in E-infinity theory of high-energy physics [10]. The
concept of an intuitionistic fuzzy metric space was introduced by Park [43]. Furthermore, Saadati and Park [44] gave
the notion of an intuitionistic fuzzy normed space. Karakus et al [29] defined statistical convergence in intuitionistic
fuzzy normed space (IFNS for short) and Mursaleen et al [39] investigated statistical convergence of double sequences
in IFNS. Some works related to the convergence of sequences in several normed linear spaces in a fuzzy setting can be
found in [8,24,32,33,40-42,47].

Kirigci [30], studied the concept of Fibonacci statistical convergence on intuitionisitic fuzzy normed space. He de-
fined the Fibonacci statistically Cauchy sequences with respect to an intuitionisitic fuzzy normed space and introduced
the Fibonacci statistical completenes with respect to an intuitionisitic fuzzy normed space.

First we remind some basic definitions used in the paper.

A family of sets 7 C 2" is called an ideal if and only if

(i) foreachA,Be€ 7 wehave AUBe€e 7,

(i) foreach A € 7 and each B C A we have B € 1.

An ideal is called non-trivial if N ¢ I and non-trivial ideal is called admissible if {n} € 1 for each n € N.

A nontrivial ideal 7, of N X N is called strongly admissible if {i} x N and N x {i} belong to 7, for each i € N. It is
evident that a strongly admissible ideal is admissible also. Throughout the paper we take 7, as a strongly admissible
ideal in N X N.

Let

79 ={AcNxN:3m(A) e Nsuchthati,j >m(A) = (i,))¢A}.
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Then, I’ g is a nontrivial strongly admissible ideal and clearly an ideal 7 is strongly admissible if and only if 1° g c 1.
A family of sets 7 € 2" is a filter in N if and only if
() o2¢F,
(ii) foreach A,B€ ¥ wehave ANB € F,
(iii) for each A € ¥ and each B 2 A we have B € F.

If 7 is a nontrivial ideal in N (i.e., N ¢ 1), then the family of sets
FA)=McN:JAel:M=N\A}

is a filter of N and it is called the filter associated with the ideal 7.

I ,-convergence and J,-Cauchy sequences have been studied in [9], [2].

Let (X, p) be a metric space A double sequence x = (x,,,) in X is said to be J,-convergent to L € X, if for any € > 0
we have A(e) = {(m,n) e NXN : p(x,, L) > €} € I,. In this case, we say that x is 7,-convergent and we write

I,—- lim x,,=L.
m,n—co

Definition 1.1 ( [44]). The 5-tuple (X, i, v, *, ) is said to be intuitionistic fuzzy normed linear space (in short, IFNLS)
if X is a linear space, * is a continuous t-norm, < is a continuous t-conorm, and yu and v are fuzzy sets on X X (0, o)
satisfying the following conditions for every x,y € X and s,¢ > 0 :

@ux,t+vix,<l,

D) u(x, 1) >0,

(c) u(x,t) = 1if and only if x = 0,

(d) p(ax, 1) = u (x, ) for each @ # 0,
(@ux,0)xpu(y,s) Spu(x+yt+s),

(f) u(x,8) : (0,00) — [0, 1] is continuous in ¢,
(g) limy o pt (x, 1) = 1 and lim,o it (x, 1) = 0,
h)vx,n<l,

@ v(x,t) =0if and only if x = 0,

() viax,1) = v(x, th) for each a # 0,

R vx,ov(y,s) =2v(x+y,t+s),

D v(x, 1) :(0,00) = [0, 1] is continuous in 7,
(m) lim;0o v (x, 1) = 0 and lim,,o v (x, 1) = 1.
In this case (u, v) is called an intuitionistic fuzzy norm.

Remark 1.2. Hosseini et al. [24] have given a more complete definition of an intuitionistic fuzzy normed space. The
results of this paper can be investigated as a more general case in this new setting. However, the present definition
eases up the computational aspects.

Definition 1.3 ( [44]). Let (X, u,v,*, ) be an IFNLS. A sequence x = (x;) in X is said to be convergent to & € X
with respect to the intuitionistic fuzzy norm (u,v) if, for every € € (0,1) and ¢ > 0, there exists ky € N such that
ulxy —&,1)>1—¢egand v(x; —&,1) < eforall k > k. It is denoted by (u, v) — lim x = &.

Definition 1.4 ( [44]). Let (X, u,v,*,<0) be an IFNLS. A sequence x = (x;) in X is said to be Cauchy sequence
with respect to the intuitionistic fuzzy norm (u,v) if, for every € € (0,1) and 7 > 0, there exists ky € N such that
u(xe = X, ) > 1 —gand v (xg — x,,, 1) < € for all k,m > k.

Definition 1.5 ( [44]). Let (X, u, v, %, <) be an IFNLS. For ¢ > 0, the open ball B (x, r, f) with center x € X and radius
r € (0,1) is defined as

Bx,rnty={yeX:u(x-y,t)>1—-randv(x-y,1t) <r}.

Definition 1.6. Let (X, u, v, %, &) be an IFNLS. A subset F' of X is said to be closed if any sequence (x;) in X converging
to the some x € X with respect to the intuitionistic fuzzy norm (u, v) implies that x € F. A subset Y of X is said to
be the closure of A C X if, for any x € Y, then there exists a sequence (x;) in A converging to x with respect to the
intuitionistic fuzzy norm (i, v). We denote the set ¥ by A.



O. Kisi, E. Giiler, Turk. J. Math. Comput. Sci., 11(Special Issue)(2019), 46-55 49

Definition 1.7 ( [44]). Consider the IFNLS (X, u, v, *, O). Let g, ¢ > 0. If there exists N € N such that y (x; — £,1) > 1—-¢
and v(x; —&,1) < g for all k > N, then, in IFN (u,v), a sequence (x;) in X is said to be convergent to ¢ € X. It is
denoted by (u,v) —limx = €.

Definition 1.8 ( [30]). Take an IFNS (X, u, v, %, ©). A sequence (x;) is said to be Fibonacci statistical convergence with
respect to IFN (i, v) (briefly, FSC-IFN), if there is a number ¢ € X such that for every € > 0 and ¢ > 0, the set

KE(I?) = {kSn:,u(ka—f,t)sl—sorv(ka—f,t)ZS}

has natural density zero., i.e., d (KS(F)) = 0. That is,

1
lim —

n—oo n

In this case, we write d(F);py — limx; = & or x; — & (S (F),FN) . The set of FSC-IFN will denoted by S (F);ry.

'kSn:y(ka—f,t)sl—sorv(f’\xk—f,t)Ze':O.

Definition 1.9 ( [30]). Take an IFNS (X, u, v, *, &). A sequence (xi) is said to be Fibonacci statistical Cauchy with
respect to IFN (u, v) (briefly, FSCa-IFN), if for every € > 0 and ¢ > 0, there exists N = N (&) such that

KE(F) = {k < n:,u(ka—FxN,t) <1 —8orv(ka —FxN,t) 28}

has natural density zero., i.e., d (Kg(l?)> = 0. That is,

liml|k§n:p(ka—FxN,t)§l—gorv(ka—fx]v,t)zg =0.
n—co 1

2. MaAIN REsuLTS

In this section, we introduce the notion of Fibonacci 7,-convergence in an intuitionistic fuzzy normed space and
study some its properties.

Definition 2.1. Let (X, u,v,*, ) be an IFNLS and 7, ¢ P(N x N) be a nontrivial ideal. A double sequence x = (x;)
in X is said to be Fibonacci 7,-convergent with respect to the intuitionistic fuzzy norm (u, v) (briefly, F7,C-IFN), if
there is a number ¢ € X such that for every ¢ > 0 and € € (0, 1), the set

Kg(f) = {(k,i)eNxN:p(kai—f,t)s 1 —sorv(ka,-—f,t)Ze}eIg.

In this case, we write 1. (2’”) — limxy; = &. The element £ is called the Fibonacci 7,-limit of the sequence (xi;) with
respect to the intuitionistic fuzzy norm (u, v) . The set of F7,C-IFN will be denoted by I 2(F )IEN-

Example 2.2. If we take 7,={A C NXN: §(A) = 0}, then it is clear that 7, is an admissible ideal in N X N and the
corresponding Fibonacci J,-convergence coincides with Fibonacci statistical convergence in an IFNLS.

Lemma 2.3. Let (X, u,v, %, <) be an IFNLS, and x = (xi;) be a double sequence in X. Then, for every e > 0 and t > 0,
the following statements are equivalent.

(@) 73" ~limxy = &

(b) {(k.i) e NX Nzt (Fxig —£.1) < 1 =g} € Tp and {(k, i) e N XN : v(Fxs = £,1) 2 &) € T

(¢) {(k,i) € NxN:y(l?xk,- —f,t) > 1 —sandv(l?xk,- —§,t) < s} € F (1),

(d) {(k,i) e N XN 2yt (Fog = £,1) > 1 — &} € F(I) and {(k,i) e N XN : v(Fxy = &,1) < &} € F(I2)

and

(e) ](2;1,»7) —limpu (kai - &, t) =1and ](2’”) - limv(kai - &, t) =0.

Proof. 1t is not hard to prove the equivalence of (a), (b), (c), (d). So we only prove the equivalence of (b) and (e).
Suppose that (b) holds. Since for every € > 0 and ¢ > 0, we have

{(k,i)eNxN:]y(ka,-—g,r)—l' zs}

={k.i) eNxN:p(Fxyy—£1)2 1+ Ulke N: p(Faxy—£,1) < 1 - &}
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and for every € > 0 the set {(k, )eNXN: ,u(kai =&, t) >1+ s} = @ € I,, it follows together with (b) that

{(k, )eNXN: ';1 (ka[ -¢, t) - 1| > 8} € 71,. Hence, we have I(zl‘w) — limpu (I?xk,- - &, t) = 1. Similarly, the fact
that for every € > 0 and ¢ > 0,

{(k,i) eNxN:|v(ka,-—§,t)—0| 28}
= {(k,i) eNXN: V(ka,‘—f,t) Zg}U{keN : v(kai—f,t) < —8}

and {(k,i) € N XN : u (Fxi; - £,1) < —g} = @ € I, implies that 73" — limv (Fx; - £,1) = 0. Also it is clear that (e)
implies (b) . O

Theorem 2.4. Let (X, u,v,*,O) be an IFNLS, and x = (xi;) be a double sequence in X. If (xy;) is Fibonacci I ;-
convergent with respect to the intuitionistic fuzzy norm (u,v), then I ;’"V) — lim x is unique.

Proof. Suppose that there exist two distinct elements &1, &, € X such that 7. (2” Y _1lim Xy =& and I (Z“’V) —limx; = &.
Given € € (0, 1), choose y > 0 such that (1 — y)*(1 —y) > 1 —g and yOy < €. Then, for any ¢ > 0, define the following
sets:

Ky (r,0) = {(k,i) e Nx N : po(Fxy — &1, 5) < 1= 9,
Koy (0 = {(k,)) e N XN :v(Faxy - £1,5) 2 v},
Ky,z(%l)={(k,i)ENXN:,u(kal ,%)31 y},

Koo (.0 ={(k.) e NxN:v(Fxy—&.4) 2y}

and Ky, (7, 1) = (Ku1 (7, U Ko (7, 0) 0 (Ko (7,0 U Ka (7, 1).

Since 7 “Y _im x = & and I ) _lim x; = &, therefore all the sets K1 (v,0), K1 (7,0, K2 (7, 1), K2 (7, 1) and
K.\ (y,0 belongs to Z. This 1mphes that its complement KC , (¥, 1) is anon-empty set in F(1,). Let (m,n) € ﬁ,v (y,1).
Then we have (m, n) € K‘ L DN K‘ , (y,t) or (m,n) € Kvl (y, HNKy(y, ).

Case (i) Suppose that (m, n) € K;’] (y, HN K;Q (v, 1). Then we have u (Fxm,, - &, %) >1-ru (}?xm,, - &, %) >1-r
and therefore
— t — t
/J(‘(;:l _§2’t) > ﬂ(Fxmn _§7 E)*ﬂ(Fxmn _§2’ E)
> l-yp)x(-y)>1-¢.
Since € > 0 is arbitrary, we get u (£; — &,1) = 1 for all £ > 0, which yields & = &.
Case (ii) Suppose that (m,n) € Kf;l (y,)N KS’Z (y,1). Then, we have v(Fx,,m - &, %) <v, v(Fxmn - &, %) < rand
therefore
— t
ver =& < v(Fim -5 ) ov(Fam - &7
< yOy<e.

As € > 0 was selected arbitrary, we have v (&) — &,1) = 0 for all # > 0. This implies that &, = &. Hence, in all cases,

(u,v)
‘[2

we conclude that — lim x is unique. This completes the proof of the theorem. O

Theorem 2.5. Let (X, i, v, %, <) be an IFNLS, and x = (xi;), y = OVii) be two sequences in X.

(@) If (u,v) — lim xy; = &, then I(z"’v) —lim Fxy = &.
(b) If 79" — lim Fxy; = & and T — lim Fyy; = &, then 73" — lim (Fxyi + Fy) = (1 + &)
(b)If I (z’"v) —lim Fx = & and @ be any real number, then T (2” Y _limaFxy = aé.
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Proof. (a) As (u,v) — limxy; = &, so for each € > 0 and ¢ > O there exists ry € N such that u (x; — &,1) > 1 — g and
v(xg —&,1) < eforall k,i > ry. Since

A={k,)) e NXN:uxy;—&<l—-corv(xy—§&1) > &}

is contained in {1, 2, ...,ro — 1}.
Then,
{(k.) e NXN:p(Fxy—£1)<1-gorv(Fx;-&1)2 &) eI,

because the ideal 7, is admissible. This shows that 7 (z“’v) —lim xy; = €.
(b) Let € > 0 be given. Choose y > O such that (1 —y) * (1 —y) > 1 —gand yOy < €. For t > 0, define

K (v.0) = {(k.i) e NN : o (Fo = £1.5) < 1=},
Kv,l (77t): {(k,i)ENXN:V(kai—é‘:]’%>Z'y},
Ky,z(%t)={(k,i)ENXN:u(fyki—.fz,%)g1_7},

Koo (7, 0) = {(k,i) e NXN 2 v(Fyis - &, 4) 2 7).

and Ky, (7.1) = (K, (.0 U K2 (7.0)) U (Ko (7.0 U Ky (7,1)). Since 19 — lim x; = & and 79 — limy, = &, so
fort > 0, all the sets K, (v,1), K1 (7,0, Ko (v, 1), K, (v, 1) and K, , (7, 1) belongs to 1. It follows that K/i,v (y,0) s
a non-empty set in ¥ (Z;). Next we shall show that

(ki) € N XN : pu(F (i + yis) — (61 + £).1) > 1 - g and }

KC S —_
uy (¥ Z)C{ V(F(xki+yki)—(fl+§2)J)<8

For this let (m,n) € Kﬁ,v (y,t). Then we have
—~ t — t
M(Fxmn_flyi) > 1_r’ﬂ(Fymn_'st§)>l_r
= t — t
V(Fxmn—fl,i) < V(Fymn—§2,§)<r.

Now we have,

v

1 (F Gt ) = €@+ £,1) = 4(Fon = & 5) 51 (Frun - 82,7

> (l=-y)+s(-y)>1-¢

and

IA

—~ t — t
V(Fxmn _69 E)OV(Fymn _§27 5)

V(F(xmn + ymn) - (é‘:l + 62) 5 t)
< yOoy<e.
This shows that _
Ke Gty (k,i) € Nx N :it(F(xki + i) = (61 + £),1) > 1 - s and '
* v(F Cog +yi) — (€ +€),1) < &
Since K, (y,1) € F(I>). Hence 74" — lim (ka,» + fyki) =& +8).
(c) Case-(i) If @ = 0, then for each & > 0 and t > 0, y1 (FOx; = 0£,¢) = 1 (0,8) = 1 > 1 — £ and v (FOxy; — 04, 1) =
v(0,1) = 0 < &. This implies that (, v) — lim Oxy; = 6, and so by part (i), we have 74" — lim FOxy; = 6.
Case-(ii) If @ # 0. As Ig”) —lim xy; = ¢ so foreach e > 0 and ¢ > 0,

A=) eNxN:p(Fxy—£1)>1-candv(Fxy—£1) < &} € F(I).
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Next to prove the result it is sufficient to prove that for each € > 0 and 7 > O,
AC {(k,i) € NXN:y(akai —a/f,t) > 1 —sandv(aka,- —af,t) < s}.

For this let (m, n) € A. Then we have u (I::xm,,, =&, t) >1-¢gand v(l?xm,, =&, t) < &. Now,

(0P~ 06.1) = (P ). ) 2 1 (P ) (0.

:p(fxmn—f,t)* 1 :u(fxmn—f,t)> 1-¢
and

V(CL’Fan —aé, t) = V((Fxmn - ‘f) @ |) (Fx’"" &, t) Op (O’ |IZY| )

= ,u(i':xmn -¢, t) S0 = y(l?xmn =&, t) <&
Hence, we have A C {(k, )eNXN:pu (akai - €, t) >1—-¢gand v(a/kai —aé, t) < 8}. But then (2) shows that

I(z’"v) —lim akai = aé. m|

Before giving the next theorem we recall the following: Let (X, u, v, *, &) be an IFNLS. The open ball B (x, €, f) with
center x and radius 0 < & < 1 is given as
Bx,e,t)={yeX:u(x-y,t) >l —eandv(x—y,1) < &}

where ¢ > 0. A subset A of X is said to be IF-bounded if there exists > 0 and O < € < 1 such that u (x,7) > 1 — € and
v(x,t) < & for each x € A.

Let lf; (X) denotes the space of all /F-bounded double sequences whereas by 17 @) (X) we shall denote the space
of all IF- bounded and 7,-convergent double sequences in an intuitionistic fuzzy normed linear space (X, u, v, *, <) .
Now we have the following theorem.

Theorem 2.6. Let (X, u,v,*, <) be an IFNLS. Then 17 ) (X) is a closed linear subspace ofl(ﬂ " X).

Proof. 1t is clear by Theorem 2 that J° ;"(ﬂ ) (X) is a subspace of l ) (X). Next we prove the closedness of 17 ) (X).

As I (X) C Iz(#v) (X) always, so we prove that IZ(# )(X) C I2(”v) (X). For this, let x € I;‘,’(y’v) (X). Then

2,(1,y)
B(x,r,t) N I (X) # @, for each open ball B(x,r,t) centered at x. Lety € B(x,r,£) N Iz(;w) (X). Lett > 0 and

€ (0,1). Choosey € (0,1)suchthat (1 —y)*(1 —y) > l—cand yOy < e. Asy € B(x,r, t)ﬂ]z(y )(X) so there exists
asubset K ¢ NxN such that K € 7 (J,) and for all (k,i) € K we have u (ka, Fyk,, ) >1-vy,v (ka, Fykl, -) <y,
,u(i’\yk,», %) >1-y, v(ﬁyki, %) < . But then for every (k, i) € K we have

M (kai’ t) =p (kai - Fyki + F)’ki’ t)

> u(Fog = Fyas §) < i (Fyun 3) > =7 x (1 =) > 1 - &
and . - - —~
v(ka,-, t) = V(kai = Fypi + Fy, t)

< V(ka,‘ - fyk,‘, %) Qu (f)}ki’ %) <yoy <e.
This implies that K C {(k, eNXN:pu (I?xki,t) >1-¢gand V(ka,‘,l‘) < 8}.
Since K € F(Z>), it follows that {(k, eNXN:u (ka,', t) >1—-¢gand V(ka,', t) < 8} € F(ZI,). Hence, we have
xefz(w) X). |

Definition 2.7. Let (X, u,v,*, ) be an IFNLS and 7, ¢ P(N x N) be a nontrivial ideal. A double sequence x = (x;)
in X is said to be Fibonacci 7,-Cauchy with respect to the intuitionistic fuzzy norm (u, v) if, for every € > 0 and ¢ > 0,
there exists N = N (¢) and M = M (¢) such that, forall k,p > N, i,q > M,

KS(F) = {(k,i) ENXN:/,t(kai—Fx,,q,t) <1 —gorv(kai—Fqu,t) Zs} €7,.
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Theorem 2.8. Let (X, u, v, *,<) be an IFNLS. Then a double sequence x = (xy;) in X Fibonacci I,-convergent with
respect to the intuitionistic fuzzy norm (u,v) if and only if it is Fibonacci I,-Cauchy with respect to the intuitionistic

fuzzy norm (u, v).

Proof. Necessity. Let x = (x;;) in X Fibonacci J,-convergent to & with respect to the intuitionistic fuzzy norm (g, v),
i.e., I(Z”’V) —limxg; = &. For a given & > 0, choose € > 0 such that (1 —y) * (1 —y) > 1 — & and yOy < €. Then, for
t > 0, we have,

K(F) ={(ki) e NxN: pu(Fxiy—£,1) < 1= yorv(Fxy-£1) 2y} € I 1
which implies that
@ # K°(F) = {(k,i) e N XN : t (Foig = £,1) > 1 =y or v(Fxiy = &,1) < y} € F(I).
Let (m,n) € K¢, (F). But then for every ¢ > 0 we have, st (Fxy, — £,1) > 1 =y or v(Fx — £,1) < 7. If we take
B(F) = {(k,i) e N XN : s (Fxii = Fxyu,t) < 1= £ 0or v(Fxi = Fxm, 1) 2 £} 112 0,

then to prove the result it is sufficient to prove B(f ) is contained in K (f ). Let (ki) € B(F ), then we have u (F Xii — F. Xonns %) <
l-¢gorv (I?xk,- - fxm,,, %) > g, for t > 0. We have two possible cases.

Case (i) We first consider that u (ka,- - fxmn, t) < 1 — &. Then, we have u (kai -¢, %) < 1 — v and therefore,
(k,i) € K(I?). As otherwise i.e., if u (kai - &, %) > 1 — vy, then we have

1—82#(kai—Fan,t) Z/J(F)Ck,'—f,%)*ﬂ(Fxlnl1_§’é)

>A-y)+«0-y)>1-¢

which is not possible. Hence, B(f yC K (f ).
Case (i) If v (kai - Fxp, t) > g, then we have v (ka,- =&, %) > vy and therefore (k, i) € K(F). As otherwise i.e., if

v(kai - &, %) < 7, then we have
e< V(kai - I’:\xmn»t) = V(kai _g’ %)OV(Fxmn _‘fa %)
<yOy <&
which is not possible. Hence B(f) C K(f). Thus, in all case we get B(f) C K(f). By (1) B(F) € I,. This shows that

(x;) in X is a Fibonacci 7,-Cauchy sequence.
Sufficiency. Let x = (xi;) in X be Fibonacci 7,-Cauchy with respect to the intuitionistic fuzzy norm (y, v) but not
Fibonacci 7,-convergent with respect to the intuitionistic fuzzy norm (u, v) . Then there exist (p, ¢) such that
A(g,,)(i*:) = {(k, )eNXN: ,u(kai - fqu,t) <l-¢gor V(kai - Fqu,t) > 8} el
and
—~ — t — t
Bey(F) = {(k, ) e NXN: ,u(ka,- =&, 5) > 1 —EOI‘V(ka[ =&, 5) < 8} el

equivalently, B, (F) € F(I,). Since
—~ — — t
,u(kal- - Fx,,q,t) > 2,u(kai =&, 5) >1-g,
and
— — — t
v(kai — Fqu,t) < ZV(ka,- =&, 5) <eg,

- 1- - . e T .
If u (kai - &, %) > (2—8) and v(ka,- - ¢, %) < §, respectively, we have A{, (F) € I, and 50 A((F) € F(Z>), which
is a contradiction, as x = (xy;) was Fibonacci 7,-Cauchy with respect to the intuitionistic fuzzy norm (u, v). Hence,
x = (xx;) must be Fibonacci J,-convergent with respect to the intuitionistic fuzzy norm (u, v) . O
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Definition 2.9. Let (X, u,v,*, <) be an IFNLS. A sequence x = (xi;) in X is said to be Fibonacci Z*-convergent to
¢ € X with respect to the intuitionistic fuzzy norm (u, v) if there exists a subset

M = {(ky,in) ki <ky <. i1 <ih<..)

of N X N such that M € F(7,) and (i, v) — lim,,_,e0 X
sequence (x;) with respect to the intuitionistic fuzzy norm (u, v) and we write 7. ;

mlm

= £. The element ¢ is called the Fibonacci Z3-limit of the

) _ lim xi; = &.

Theorem 2.10. Let (X, 1, v, *, <) be an IFNLS and I, c P (N x N) be a nontrivial ideal. If I5%" —1im xy = & then
79 —lim xy =
2 ki = é:

Proof. Suppose that 72" — limx; = & Then M = {(Kp, in) : ki < ko < ...;i1 < is < ...} € F(I5) such that (i, v) —

2
limy,—y00 Xg,,;,, = &. But then for each € > 0 and ¢ > 0 there exists a positive integer N such that u (xy,;, —&,1) > 1 —¢
and v (xy,;, —&,1) < e for all m > N. Since
(neN:u(x, —&t)>1—corv(x,, —&1t) <&l €In.
Hence,
{k eN:u(kai —§,t) > 1 —sorv(kai —f,t) < s}
CHU{(ky,in) ki <ko<..<ky_13i1 <ih<..<iy_1} € 1s.

for all € > 0 and 7 > 0. Therefore, we conclude that T (2“”') —limxy; = &. m]
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