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ABSTRACT.  In this study, the intuitionistic fuzzy deferred statistical convergence of double sequences in the
intuitionistic fuzzy normed space is defined by considering deferred density given in 2016 by Kiigiikaslan and M.
Yilmaztiirk. Besides the main properties of this new method, it is compared with intuitionistic fuzzy statistical
convergence of double sequences and itself under different restrictions on the method. Some special cases of the
obtained results coincide with known results in literature.
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1. INTRODUCTION AND BACKGROUND

Fuzzy set theory began with the work of Zadeh [24] in 1965 as an alternative approach to the decision making
problems in engineering. Since then, many researchers have been interested in this new subject and many of them have
tried to establish whether analogues of classical theories are true or not in the fuzzy case.

In the last two decades, fuzzy logic finds application in different areas of science such as nonlinear dynamic system,
control of chaos, quantum physics, etc. It has also many applications in different brances of mathematics; metric and
topological spaces and approximation theory, etc.

The notion of statistical convergence of real valued sequences was first defined by Fast and Steinhaus in 1951 [5]
and [23]. Later on, statistical convergence turned out to be one of the most active areas of research in summability
theory after the works of [7,21]. Also, statistical convergence in topology was studied by Maio and Kocinac in
2018 [15].

In the last two decades, fuzzy logic finds application in different areas of science such as nonlinear dynamic system
[9], control of chaos [6], quantum physics [14], etc. It has also many applications in different brances of mathematics;
metric and topological spaces ( [4,8, 10, 13]).

*Corresponding Author
Email addresses: okisi@bartin.edu.tr (O. Kisi), eguler@bartin.edu.tr (E. Giiler)


https://orcid.org/0000-0001-6844-3092
https://orcid.org/0000-0003-3264-6239

Deferred Statistical Convergence 96

In 1932, R. P. Agnew [1] defined the deferred Cesaro mean D, , of a sequence x = (x,) by
1 q(n)

(Dp ’qx)n K>

T g -pm k_%ﬂ

where {p (n)} and {g (n)} are sequences of positive natural numbers satisfying

p(n) < g(n) and g (n) — co. (1.1

A sequence x = (x,) is called
1. deferred Cesaro convergent to L if

—_ (xx — L) > 0;

q(m)=pn), 24,
2. strongly deferred Cesaro convergent to L if

1 q(n)
_— |xx — L| — 0.
q(n)—pn) k%ﬂ

We denote lim,, x, = L(DS [p,q]).
Let K be an arbitrary subset of N and

K,qm)={p(n) <k<qm),keK}

be an associated set of K for the arbitrary sequences p (n) and g (n) satisfying (1.1).
Let K be an arbitrary subset of N. If the following limit

. 1
O 00 = 1 S e )

exists, then 6, , (K) is called deferred density of the subset K.
A sequence x = (xy) is said to be deferred statistically convergent to / € R if for every € > 0,

Iim ———[{k,p(n) <k<qgm) :|xx— Ll =&} =0.
n—e g (n) — p(n)
It is denoted by lim, . x, = L(D[p,q]) -

The theory of intuitionistic fuzzy sets was introduced by Atanassov in ( [2, 3]) as a generalization of fuzzy sets
theory, and it has been extensively used in decision-making problems. The concept of intuitionistic fuzzy metric space
was introduced in [16].

A triangular norm (t-norm) is a continuous mapping * : [0, 11X [0, 1] — [0, 1], such that (S, *) is an Abelian monoid
withunitoneandc*d <a=xbifc <aandd < b, forall a,b,c,d € [0,1].

A binary operation ¢ : [0,1] X [0,1] — [0, 1], is said to be a continuous t-conorm if it satisfies the following
conditions:

1. © is associative and commutative,

2. ¢ is continuous,

3.a00=a,foralla€[0,1],

4. c0d <adbifc<aandd < b,foralla,b,c,d € [0,1].

Using the continuous t-norm and t-conorm, Saadati and Park [20] have recently introduced the concept of intuition-
istic fuzzy normed space, as follows.

Definition 1.1 ( [22]). The 5-tuple (X, , v, *, <) is said to be intuitionistic fuzzy normed linear space (in short, IFNLS)
if X is a linear space, * is a continuous t-norm, < is a continuous t-conorm, and u and v are fuzzy sets on X X (0, o)
satisfying the following conditions for every x,y € X and 5,7 > 0 :

@ux,t+vix,n<l,

D) p(x,1) >0,

(c) u(x,t) = 1if and only if x = 0,

(d) p(ax,t) = ,u(x L ) foreach a # 0,

> Tl
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(@ux,0)xp(y,s) Spu(x+yt+s),

(f) u(x,8) : (0,00) — [0, 1] is continuous in ¢,

(g) lim, 0o pt (x,7) = 1 and lim,_,o it (x, 1) = 0,

hvix,t<l,

@ v(x,t) =0if and only if x = 0,

(j) v(@x,1) = v (x, ) for each a # 0,

B vx,)ov(y,s) 2v(x+y,t+s),

D v(x,1):(0,00) = [0, 1] is continuous in 7,

(m) lim;_,0o v (x, ) = 0 and lim,_,o v (x, 1) = 1.

In this case (u, v) is called an intuitionistic fuzzy norm.

Let (X,u, v, *,<) be an IFNLS. A sequence x = (x;) in X is said to be convergent to & € X with respect to the
intuitionistic fuzzy norm (u, v) if, for every € € (0, 1) and ¢ > 0, there exists ky € N such that u (x; — &,7) > 1 — e and
v(xy —&,1) < eforall k > k. It is denoted by (u,v) — limx = &.

Let (X, i, v, *, <) be an IFNLS. A sequence x = (x;) in X is said to be Cauchy sequence with respect to the intu-
itionistic fuzzy norm (u, v) if, for every & € (0, 1) and ¢ > 0, there exists ky € N such that u (x; — x,,,1) > 1 — € and
v(xg — Xy, 1) < gforall k,m > k.

Let (X, i, v, *, &) be an IFNLS. A sequence x = (x;) in X is a bounded sequence if there exists a positive real number
M such that g (xi, 1) > 1 — M and v (x;,t) < M for all k € N.

Take an IFNS (X, u, v, *, ¢). A sequence (x;) is said to be statistically convergent with respect to IFN (u, v) (briefly,
FSC-IFN), if there is a number ¢ € X such that for every € > 0 and ¢ > 0, the set

Ke:=lk<n:ubg-§&6n<l-corv(x—§&1) >¢}

has natural density zero., i.e., d (K;) = 0. That is,
1
Iim—k<n:u(—-&nH<l-corv(x—§&1) >¢l=0.
n—oo
In this case, we write x; — £(S (u,v)).

In the paper [11], the statistical convergence of sequences in IFNS is studied. Later in ( [18,19]), lacunary statistical
convergence and A-statistical convergence of sequences in IFNS are defined and some interesting results are given,
respectively.

Let (X,u,v,%,<) be an IFNLS and x = (x;) be a sequence of X. Then, a sequence x = (x;) is said to be D, 4-
summable to & with respect to the intuitionistic fuzzy norm (u, v) if every € € (0, 1) and ¢ > 0, there exists ny € N such
that

1 q(n) 1 q(n)
_ Ul —&t)>1-g and ——— vixg—&, 1) <e
()= p(n) k_;gﬂ g p ) k_%+l

hold for all n > ny.
Let (X, u, v, *,<) be an IFNLS and x = (x;) be a sequence of X. Then, a sequence x = (xi) is said to be deferred
statistically convergent to ¢ € X with respect to the intuitionistic fuzzy norm (u, v) if every € € (0, 1) and ¢ > 0,

ShkeN:p(xg—-&én<l-cgorvig-£&n>e) =0,
or equivalently
ShkeN:pu(x—-&n>1-gorvig-&n<e) =1
In this case, we write
Xkl — f (DZS (/.l, V)) .
In [17], the intuitionistic fuzzy deferred statistical convergence in the intuitionistic fuzzy normed space was defined by
considering deferred density given in [12].

2. MaIN REsuLTS

Definition 2.1. Let (X, u, v, *, &) be an IFNLS and x = (x;) be a double sequence of X. Then, the double sequence x
is said to be convergent to & € X with respect to the intuitionistic fuzzy norm (u, v) if every € € (0, 1) and ¢ > 0, there
exist ng, my € N such that

Uy —&n>1—-candv(xy —€,1) <e¢
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hold for all n > ny, m > my. We denote this by (i, v) — limx = &€ or xy (ﬂ—";) &

Definition 2.2. Let (X, y, v, *, ) be an IFNLS and x = (xy;) be a sequence of X. Then, a double sequence x = (xi)
is said to be statistically convergent to & € X with respect to the intuitionistic fuzzy norm (u, v) if every € € (0, 1) and
t>0,

Ok, ) eNXN:pu(xy—-&<l—corvxy—-§&1 =6 =0,
or equivalently

O(k,) e NXN:u(xy—-&ét>1—-corvixy—§&,1)<e)=1.
In this case, we write

X — (S (W, ).

Definition 2.3. Let x = (x) be a double sequence and B(n) = g(n) — p(n), y(m) = r(m) — t(m), and let {p (n)},
{g (m)}, {r m)} and {t (m)} be sequences of nonnegative integers satisfying the conditions

p(n) <t(m),t(m) < r(m) and

lim, 00 g (n) = 00, limy_,e0 7 (M) = oo0.

Then deferred Cesaro mean Dy, of the double sequence x is defined by

1 a(n),r(m)
Dyx) = — Xkl
(Dpyx),,, B(n)y (m) k—%*l

I=t(m)+1

Definition 2.4. Let (X, u, v, *, &) be an IFNLS and x = (xi) be a double sequence of X. Then, the double sequence
X = (xg) is said to be Dg,-summable to ¢ with respect to the intuitionistic fuzzy norm (u,v) if every & € (0, 1) and
t > 0, there exist ng, mgy € N such that

| q(n),r(m) | q(n),r(m)
Yoy g —&0D>1-gand —— viw—§&n<e
B(n)y(m) k{%;ﬂ B(n)y (m) k%+ .

I=t(m)+1 I=t(m)+1

hold for all n > ng, m > my.
Definition 2.5. Let (X, y, v, *, ) be an IFNLS and x = (xi) be a double sequence of X. Then, the double sequence
x = (xx7) is said to be deferred statistically convergent to & € X with respect to the intuitionistic fuzzy norm (u, v) if
every e € (0,1)and t > 0,

6;((k,l) ENXN:u@xy—-&D<l—cgorv(xy—&1>¢)=0,
or equivalently

6;((k,l) ENXN:uby—&D>1—gorvxy—&1<e)=1.
In this case, we write

3 = & (DS ().

2.1. D;S (u, v)-convergence in IFNS. In this part, we are going to give the main results about D;S (u,v).

Theorem 2.6. Let (X,u,v,*,<) be an IFNLS and x = (xi) be a sequence of X. Then, xy (/J—J;) &, implies xy (y—'v>)
£(D} m).
Proof. For every € € (0, 1) and ¢ > 0, there exist ng, my € N such that
Uy —&>1—-candv(xy —§€,1) <e¢ 2.1
hold for all n > ng, m > my. If the inequalities in (2.1) are assumed from to g (n) and ¢ (m) + 1 to r (m), then the
following inequality is obtained:
q(n),r(m) q(n),r(m)

p(xg = &,1) > (1 —&)B(n)y(m) and Z v(xu —&,1) < gBn)y(m) 2.2

k=p(n)+1 k=p(n)+1
I=t(m)+1 I=t(m)+1
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If both sides of (2.2) are divided by S (n) y (m), then the desired result is obtained. O

V) ,V
Theorem 2.7. Let (X,u,v,*,<) be an IFNLS and x = (xi) be a sequence of X. Then, xy (ﬂ—> &, implies xy (ﬂ—>)
£(DjS wv)).
Proof. By hypothesis, for every € € (0, 1) and ¢ > 0, there exist ng, my € N such that
uy—&D>1-candv(xy—&,10)<e

hold for all n > ng, m > my.
This guarantees that the cardinality of the set

{(k,) eNXN:pu(xy—-&t<l—-corv(xy—£&1) =&}
is finite. So, immediately we see that
6;((k,l) ENXN:u@xy—-&D<l—gorv(xy—&1>6)=0.

This gives the proof. O

Remark 2.8. The converse of Theorem 2 is not true, in general.

Let us consider the IFNLS (R, g, vo, *, <) and

1, k=m?1=n?
Xk =

0, otherwise.

For any & > 0 and ¢ > 0, consider the following set:

| pm+1<k<gm),tm)+1<I<r(m):
Kg(‘g’”‘{ o (i — £, < 1~ 50t vo (i —£,1) > & }

It is clear that
pm)+1<k<qm),tm+1<I<r(m):

Ixul > 1% orvo (i —€,0) > €

| pm+1<k<sgm), tm)+1<1<r(m):
- k=m?1=n% mneN

and we have
5y (K} (.0) < lim VB ym)
nm—e B (n)y (m)
The last inequality gives that x;; — 0 (D;S (1o, vo)). By Lemma 4.10 in [20], the sequence (xy;) is not (ug, vo) conver-

gent to zero because it is not convergent to zero in (R, |.|).
From the definition, we can give the following result without proof.

Lemma 2.9. Let (X,u, v, *,O) be an IFNLS, and x = (xy;) be a double sequence in X. Then, for every e > 0 and t > 0,
the following statements are equivalent.

(@) xu = £(D}S (u,m);

b) 6;({(k,l) ENXN:u(y—-&0<l—g))= 6;({(k,l) ENXN:v(xy—&1H2e})=0;
() 0y (kD) e N XN : i (g = £,0) 2 8)) = 6 (k) e NX N : v (g = £,1) 2 8) = 0;

(d) 8, (k) e NXN: F(xy —£,1) < &) =8, (k, ) eENXN: v(xy —£,1) < &) = I3

(&) (X — & 1) —> o(D;S) and v (xy — &,1) — o(D;S).

Theorem 2.10. Let (X, u,v,*, <) be an IFNLS, and x = (xy) be a double sequence in X. Then, the D;S (u, v) limit of
(xxp) is unique.
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Proof. Suppose that there exist two distinct elements &1, &, € X such that x;; — & (D;S (u, v)) and xy; — & (D;S (u, v)).
Given € € (0, 1), choose r > 0 such that (1 —r) (1 —r) > 1 — & and r&r < &. Then, from the assumption for every
t > 0, we have

& (Kya (8.0)) = 6 (Ky.1 (2,1)) = 0 and 6} (K2 (&,1) = 6} (K (8,0) = 0,
where
K n={pm+1<k<qn), tm+1<1<r(m:pulxy-&,1)<1-¢g},
KoE)={pm)+1<k<qm), tm+1<I<rm):ulxy—&,H)<1-¢g},
and

KiEn={pm+1<k<qgn),tm+1<I<r(m):v(xy—E&,t > ¢},

KoEt={pm)+1<k<qmn), ttm)+1<I<r(m):v(xy—&,t) >¢€}.
If we denote the set
Ky (8.8) = (K1 (&) U K2 (8,0) 0 (Ko (8,0 U Koo (£.,1)).

then it is enough to show that &, (K. (£, )) = 0, which implies that 6} (N - K,.,, (s, ) = 1.
Now, letk € N - K, (&, 1), then there are two cases:

keN = {Ky1 (&) UK, (8,0} ork e N = (K, (6,0 UK, (&,1).

Firstly, assume that k € N — {K#,l (e,H) UK, (&, t)}. From Definition 1.1(e), we have

t t
uE —&,0 2 ,U(xkz =&, E) *,U(sz - &, 5)
> 1-r=0-r)
and
uE —&,0>1-¢ (2.3)
holds. Since ¢ is arbitrary in (2.3), then u (&) — &) > 1 holds. Hence, Definition 1.1(c), it follows that &; = &.
Secondly, assume that k € N — {K,,; (¢,1) U K, » (&, £)}. From the assumption and Definition 1.1(k), we have
t t
v -6, < V(sz - &1, 5) ov (xkl - &, 5)
< ror

By using the fact ror < g,
v —&,N)<e 2.4
is obtained. Since & > 0 is arbitrary in (2.4), then &; = &; is obtained. Therefore, the limit of the sequence is unique. O

Theorem 2.11. Let (X, u, v, *, &) be an IFNLS. Then a double sequence x = (xy;) in X. If a sequence (xy) is D;S (u, v)-
convergent, then it is DgS (u, v)-Cauchy sequence in IFNS.

Proof. Assume that the sequence Let x = (xy) is D;S (u, v)-convergent to £ € X. Let us choose s > 0 so that (1 — &) =
(1 —¢&)>1-sand ede < s hold for any € > 0. Then, for any ¢ > 0, we have,

5;({(k,l) eNxN:u(xkl—g,%) <1 —sorv(xkl—f,é) > s}) -0
and this implies that
6;({(k,l) e NxN :/J(xk;—g-“,%) > 1 —eorv(xkl—f,é) < 8}) =0.
Let (m,n) € {(k, DeNXN:pu (xkl - &, 1) <l-sgor v(x;d -&, 1) > e} be an arbitrary element.
Let us denote
B(g, 1) = {(k,l) eNXN: ,u(xkz — Xon» é) <1- sorv(xkl — Xn» %) > e}.
It is sufficient to show that

B(e, 1) C {(k,l)eNxN:,u(xk[—xmn,é)s 1 —80rv(xk1—xmn,%)2£}.
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Let (k,1) € B(e, 1) = {(k,)) € N XN : pt (x¢s = Xy §) < 1= £ 00 v (201 = s 5) 2 8.
Then, we have u (X — Xpn, 1) < 1 —egand u (xkl =&, 1) <1 — g, in particular y (x,,m =&, %) > 1 — &. Hence,
=52 p Qo — Xy, 1) 2 ,U(xkz -&, %) *,U(xmn -, é)
>(I-g«x(1-g)>1-3,
which is impossible. On the other hand, v (xg; — Xy, t) > s and v (sz =&, %) < g, in particular v (xm,, =&, %) < &. Then,
s> V(X — X, 1) < v(xkl =&, %) * v(x,,m =&, %) < Qe < s,

which is impossible. This proves our claim. O

2.2. Comparison of D; (u,v) and D;S (u,v). In this subsection we deal with the relation between D; (u,v) and
D;S (1, v) in an intuitionistic fuzzy normed space.

Theorem 2.12. Let (X, u,v,*, ) be an IFNLS, and x = (xy;) be a double sequence in X. Then, x; — f(D}; (u, v)),
implies xy — & (D;S (u, v)).

Proof. Assume xy; — & (Dz (u, v)). That is, for any € > 0 and ¢ > 0, there exist ng, my € N such that

1 q(n),r(m) q(n),r(m)
S — Ay —-&0D>1-gand ——— Z v —&ED <€
By, G, By, (o,

hold for all n > ny, m > my. From the simple calculation we have following facts:

q(n),r(m)
Bayym k=p%)+1 A = &,0)

I=t(m)+1

[{p(m)+1<k<q(m).((m)+1<I<Sr(m)m(g =D _. 4
z BO0Ym) = Ag (n,m)
L Q(”),Zr(m) ( )
e v(xy =&t
B(n)y(m) k=pGr)+1
I=t(m)+1
{p(m)+1<k<q(m) tm)+1<ISrm)uu—EDN _ . pY
2 Bnyym) =t By (n,m).

As a consequence of xy; — & (D; (u, v)) and the above inequalities, we have 6; (A; (n, m)) = 0 and 6; (B; (n, m)) =0.
Therefore,

6; {n,m) gy —&,8)>eorvxy—&1)>¢))=0.
It means that xiy — &(D}S (u,v)). O

Remark 2.13. Generally, the inverse of last theorem is not true. For example, let ¢ () and r () be monotone increasing
sequences of positive integers and 4, i, be fixed numbers. Let us define a double sequence for n,m = 1,2, ...

2P { Va)|| - by <k < || yg @)
_ ’ Vrm)|| -y < 1< || Vr(m)
0, otherwise.

Xkl

If we consider D; for the sequence p (n), t (m) satisfying

0<p < | Va@| -, 0<t0m <||Vrom| -
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then we have
{p(n)+1<k<q(n),t(m)+1<I<r(m):uo(xi,t)>1—€ or vo(xi,1) =€}

Bnyy(m)
_ |{p(l1)+1SkSq(n),l(m)-HSZSr(m):\xk[IZ%” _ hh
- B(n)y(m) = B(nyy(m)’

which implies that xi; — & (D;S (u, v)). Also, we have the following inequality:

q(n),r(m)

lim —— v (X, 1) = hhs.
nm— B (n)y (m) | 44 |

I=t(m)+1
From here, since h; # 0 and hy # 0, x;; -+ f(D; (u, v)) .

Theorem 2.14. Let (X, u,v,*,<) be an IFNLS, and x = (x;) be a bounded sequence in X. Then, the convergence
Xy — f(D;S (u, v)) implies that xi — f(D; (u, v)) .

Proof. Suppose that (xy;) is a bounded sequence and x;; — & (DZS (u, v)). Under the assumption on (x;) there exists a
positive real number M, such that y (xy; — &,1) > 1 — M and v (xy; — &, 1) < M hold for all , /.
Therefore, the following inequality
q(n)z,r:(m)~( £1)
—— Xk — E,1
puyimy e HH

I=t(m)+1

) q(n)f,(m q(n)i(m) - )
= Ty + 1y —&,t
By m Voo Thmtmy+1 k= pln)+ 1 d=tm)+1
(xy—ét)<e H(x-én)ze

<egmram P M+ 1<k<q@),10m)+ 1 <I<r(m):Ew-&1) <éll

+M p)+1<k<qgm,tm)+1<I<rm):ulxy—§&1) =&l

1
*Bnyy(m) I
holds. If we take limit by considering x;; — & (D;S (u, v)) , then it is obtained that

1 q(n),r(m)

FYA Uy H(xy =€) > &.
Bmyy(m), &= |
I=t(m)+1
This gives
1 q(n),r(m)
FYAUerny g —§nD<1-e (2.5)
Bnyy(m) o=,

I=t(m)+1

Also, the following inequality

S )
— V(xgy — &t
Bnyy(m) k=p(n)+1
I=1(m)+1
. q(n)z,r:(m) q(n)ir:(m) ( )
= + V( Xy — f,l
By Om oot Llmtmy+1 k= plny+ 1 i=tm)+1
V(xp=éi1)<e V(xg—€0)ze

<e p)+1<k<qgm),tm)+1<1<r(m):v(xy—E&1 <é&l

_1
Bnyy(m) I

+M. {pm)+1<k<qm),tm)y+1<I<r(m):v(xy—E&1) = ¢l

_1 |
" Bnyy(m)
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holds. This gives that
1 q(n),r(m)
_ v(xg — &, <e. 2.6)
By m) ot
I=1(m)+1

So, by considering (2.5) and (2.6), the proof of the theorem is completed. O

Theorem 2.15. Let (X, u, v, *,O) be an IFNLS, x = (x;) be a bounded sequence in X, and the sequences { %}, {%}
be bounded. Then, xy; — & (S (u,v)) implies xy — f(D;S (u, v)).

Proof. Since lim,,_,o, 8 (n) = oo and x;; — £ (S (u,v)), then

lim LI{k <SBM) iuxy—=-&<l—-corvixy—§&1=el=0
n—»ooﬁ(n)

holds. Also, the following inclusion

(pm)+1<k<gmn):uxy—-&t<l—-corv(xy—&1) =&}

Clk<qm:puu—E&D<]—sorvu—£&1 = 8)
and the inequality
fpm+1<k<qg):pul—§&0<1-corv(nm—§12el

Sk<gm):ulxy—§&t<l-corv(xy—§&t) >c¢l
hold. So, we get
FllpM+1<k<q@m:pGu-£n<l-gorv(n—£1 2 el

SL).gylk<qm):plu-£En<l-gorvim—§&n e,

where L (n) .%. By taking limit when n — oo, we get xy; — & (D;;S (u, v)). O
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