Proceedings of International Conference on Mathematics
and Mathematics Education ICMME 2019)

Turk. J. Math. Comput. Sci.

11(Special Issue)(2019) 114-122

© MatDer
https://dergipark.org.tr/tjmcs

http://tjmcs.matder.org.tr MATDER

Padovan and Pell-Padovan Octonions

1,% 1

YaseMIN TA§YURDU , AYSE AKPINAR

' Department of Mathematics, Faculty of Sciences and Art, Erzincan Binali Yildirim University, 24100, Erzincan, Tukey.

Received: 03-09-2019 e  Accepted: 22-11-2019

ABSTRACT.  In this paper, we define the Padovan and Pell-Padovan octonions by using the Padovan and Pell-
Padovan numbers. We give the generating functions, Binet’s formulas, sums formulas and some properties for
these octonions. We also present the matrix representations of the Padovan and Pell-Padovan octonions.
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1. INTRODUCTION

Octonion algebra is eight dimensional, non-commutative, non-associative and normed division algebra. Let O be
the octonion algebra over the real number field R. It is known, by the Cayley-Dickson process that any p € O can be
written as

p =p’+pre
where pr,prr e H={ay +aii+arj+ask : i* = 2 = k*> = —1,ijk = =1, a9, a1, a», a3 € R}, the real quaternion division
algebra. The addition and multiplication of any two octonions, p = pr + prre,q = q’ + qr7e , are defined by

p+q=(pr+qr)+(prr+qre
and

pq = (prqr = qrrprr) + (q/'pr + prrgrie
where g7, q77 denote the conjugates of the quaternions gs, gs/ respectively. Thus O is an eight-dimensional non-
associative division algebra over the real numbers R. A natural basis of this algebra as a space over R is formed by the
elements
eg=1l,e1=1,ep=j,e3=k,eq =e,e5 =ie,eq = je,e7 = ke.
The multiplication table for the basis of O is

*Corresponding Author
Email addresses: ytasyurdu@erzincan.edu.tr (Y. Tagyurdu), aysekrnlk @hotmail.com (A. Akpinar)


https://orcid.org/0000-0002-9011-8269
https://orcid.org/0000-0001-9211-730X

Y. Tagyurdu, A. Akpinar, Turk. J. Math. Comput. Sci., 11(Special Issue)(2019), 114-122 115

1 er () es ey és €q ey

1 1 e1 () es é4 és €6 e7
ep e -1 e3 —ex es —e4 —e7 e
e €é; —e3 -1 e] €6 e7 —€4 —€5
e3 e3 e —e -1 e; —eq es5 —ey
€4 €4 —€5 —€5 —€7 -1 (] e es
es es e4 —e7 e —e -1 —e3 e
€6 €p ey €4 —€5 —€ es -1 —e]
e7 e —eg €5 ey —e3 —ey e -1

Under this notation, all octonions take the form

7
pP= Z Ps€s
s=0

where the coefficients p; are real. Also, every p € O can be simply written as p = Re(p) + Im(p), where Re(p) = po
and Im(p) = ZZ:I pses are called the real and imaginary parts, respectively. The conjugate of p is defined to be

p = p’ — prre = Re(p) — Im(p).
This operation satisfies

p=p. (P+9)=P+q, PGg=qp
for all p,q € O. The norm of p is defined to be

7
Ny=pp=pp= ). ph
s=0

The inverse of non-zero octonion p € O is

=L
N,
For all p,q € O
Npg = NpNy,
(g =q'p".

O is non-commutative, non-associative but it is alternative

p(pg) = P*q.(ap)p = ap*,(pO)p = p(ap) = pap,

([2,13,14])

In the literature, many authors studied sequences of integer number defined by recurrence relations such as Fi-
bonacci, Lucas, Pell, Jacobsthal, Tribonacci, Tribonacci-Lucas, Padovan, Pell-Padovan, Perrin sequences and their
generalizations. For rich applications of these sequences in science and nature, one can see the citations in (see, for
example, [11, 12]).

Padovan sequence is defined by the initial values Py = P; = P, = 1 and the recurrence relation

P,=Pyo+Pyj (1.1)
for all n > 3. The first few values of the Padovan numbers are
1,1,1,2,2,3,4,5,7,9,12,16,21,28,37, ....

Binet’s formula of the nth Padovan number is given by
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P, =ar] +Bry +yr,
where ry, r, and r3 are the roots of the equation X*—x—1=0and
_(n-D-1)  (n-Dr-1)  (n-D-1)

B S M T R S A TS (S,

Pell-Padovan sequence is defined by the initial values Ry = R} = R, = 1 and the recurrence relation

R, =2R, > +R,_3, (1.2)
for all n > 3. The first few values of the Pell-Padovan numbers are
1,1,1,3,3,7,9,17,25,43,67,111, 177,289, ...
Binet’s formula of the nth Pell-Padovan number is given by

n+1 n+1 n
R, =2(r1+ s ]—2(4_5)“’;”

rn—n ry—nr

where r, r, and r3 are the roots of the equation X =2x-1=0T]10].

On the other hand, several authors have defined new classes of quaternion and octonion numbers associated with
these sequences of integer number. In [9] and [8], the authors defined the Fibonacci and Lucas quaternions, octonions
with the classic Fibonacci and Lucas numbers and studied the properties of these quaternions and octonions. Several
interesting and useful extensions of many of the familiar quaternions and octonions numbers such as the Pell, Pell-
Lucas, Jacobsthal and Jacobsthal-Lucas, Tribonacci quaternions and octonions have been considered by many authors.
In addition, generating functions, Binet’s formulas and identities involving these octonions have been presented (see,
for example, [1,3-7]).

2. MAIN REsuLrs

In this paper, we aim at establishing new classes of octonion numbers associated with the Padovan and Pell-Padovan
numbers and introduce the Padovan and Pell-Padovan octonions by using recurrence relations of the Padovan and Pell-
Padovan sequence. It is introduced the Binet’s formulas known as the general formulas and the generating functions,
sums formulas and some properties for these octonions. We present the matrix representations of the Padovan and
Pell-Padovan octonions and the terms of these octonions are derivated by the matrix.

2.1. Padovan Octonions.

Definition 2.1. For n > 0, the nth Padovan octonion is defined by

7
OP, = ) Pyoie;
i=0
where P, is the nth Padovan number and (e, e1, 2, €3, €4, €5, €6, €7) is the standard octonion basis.

We now give the following theorem for the recurrence relation of the Padovan octonions.

Theorem 2.2. Let OP, be the nth Padovan octonion. The sequence {OP,} of the Padovan octonions satisfies following
second order recurrence relation

OP,, = OPn,z + OP,,,3
with inital conditions OPy = 217:0 Pie;,OP; = ZZ:O Piie;, 0P, = 217:0 Py e
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Proof. Using the (1.1) and Definiton 2.1 we have

7 7
OP, ,+O0OP, 3 = Z Py oiiei+ Z Py34ie;
i=0 i=0

7
= Z(Pn—2+i + Pp3iide
i=0

7
= Z P n+i€i
i=0
= OP,.
So theorem is completed. O

The next theorem gives the generating function for the Padovan octonions.

Theorem 2.3. Let OP, be the nth Padovan octonion. The generating function of the Padovan octonions is

OPy + OP 1t + (OP5 — OPyt?)
-2 -1 '

r(t) =

Proof. Let

r(t) = i OP,t"
n=0

be generating function of the Padovan octonions. On the other hand, multiplying both sides of this equation by > and
3, we obtain

r(f) = OPy + OPt + OP2t> + OP3> -« + OP,t" + - - -

£2r(t) = OPot* + OP1F + OPot* + OP38 + -+ + OPyot + - -+

£r(t) = OPot’ + OPit* + OP,f° + OP3t° + -+ + OP, 51" + - -+
and we write

(1 =22 = )r(t) = OPy + OP1t + (OP, — OPy)t> + (OP3 — OPy — OPY)f + ... + (OP, — OP,_y — OP,_3)t" + ...
Using the sequence {OP,} of the Padovan octonions satisfies following second order recurrence relation
OP, =OP,», + OP,_;

with inital conditions OP = 217:0 Pie;,OP; = 217:0 Py, e;,0P; = 217:0 P> ;e;. Then we obtain

_ OPy + OP1 + (0P, — OPy1%)
- 1-2-7 '
So theorem is completed. O

r(t)

The next theorem gives the Binet’s formula for the Padovan octonions.
Theorem 2.4. For n > 0, the Binet’s formula for the Padovan octonions is
OP, = a*ar] +B°Brs + y'vyri

where ry,ry and ry are the roots of the equation X—x-1=0and

7 7
* i * i * i
a = Z re,B = Z e,y = Z rse;,

i=0 i=0 i=0

_n=D-1D) , i =Ds-1 =D -1)
(ri = r)(ri—r3)’ (r—ri)(ra—r3) (r—r3)(ra—r3)
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Proof. Consider the Binet’s formula of the Padovan sequence is
P, =ar] +pry +yr,
where ry, r, and r3 are the roots of the equation X—x—1=0and
_ (n=Dm-1D ,  (n-Dz-1D — (n-D-D

Cri=r)(ri =) (=) - V3)’y (=) —r3)’
On the other hand, from Definition 2.1 we have

7
oP, = Z Pyie; = Py + Ppyier + Ppppes + Pryzes + Prygeq + Pryses + Priges + Pryzer.
=0

Then we obtain

7

OP, = Z Pie;
=0
7

= Z[ari’“ + Byt 4 i e
i=0
= aar] + BB+ vy
where o* = Y] e, " = YL rhei,y* = L, rie;. So theorem is completed. o
Theorem 2.5. Let OP,, be the nth Padovan octonion. Then we get the following sums formulas
i 221:0 OPm = OPn+3 + OPn+2 — OPy,

ii. Yoo OP2y = OPyyy3 — OPy,
iii. 30 OPons1 = OPyyi4 — OP;.

Proof. i. We can complete the proof by induction method on n. For n = 0 and n = 1, we obtain

0

Q
)
3

|

OP() = (0P1 +0P0)+0P2 —(0P2 +0P1) = 0P3 +0P2 —0P4,

[
Q
~
3

I

OPy + OP; = OP3 + OP4 — OP,.
We assume that it is true for n € Z*, namely

Z OP,, = OP, .3 + OP,.» — OP,.

m=0
Now we shall show it is true for n + 1. Indeed we have

n+l

Z OP,, = Z OP,, + OP,.,.
m=0

m=0
Using our assumption for n + 1 we have

n+l
D 0Py = OPy3 + 0Py = OPs + OP,..
m=0
By Theorem 2.2, since OP,,.4 = OP,» + OP,;; we obtain
n+l
Z OP,y = OPyss + OPpy3 — OPy.

m=0

The proofs of ii. and iii. are obtained by induction method on 7. O
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Theorem 2.6. Let for n > 1 be integer. We have

n

0 1 1 oP, OP,.»
i.]1 0 0 OP, |=| OP,y |,
010 OP, OP,

n

or, OP; OP
orP, OPy, OP_
OPy OP_, OP_,
where OP,, is the nth Padovan octonion.

0Pn+2 0Pn+1 OPn
OPn+l OPn OPn—l
OPn OPn—l OPn—Z

0 1 1
ii.|1 0 0
010

Proof. i. We can complete the proof by induction method on n. If n = 0 and n = 1 then the result is obviosly true. We
assume that it is true for n € Z*, namely

0 1 1 oP, OP,.»
1 0 O OP; |=| OPy,y
01 0 OPy OP,

Now we shall show that it is true for n + 1. For n + 1 by using our assumption, we obtain

n

01 171"'[ op, (0 1 1][0 1 1] 0P,
1 0 0 OP, = 1 0 0 1 0 0 OP,
01 0 OPy, |01 0[O0 1 O OPy,
[0 1 1] OPusa
= 1 0 0 OP, 1
|0 1 0 || OP,
[ 0Pn+3
= 0Pn+2
L 0Pn+l
where OP,.3 = OP,,1 + OP,, from Theorem 2.2. O

The proof of ii. is obtained by induction on 7.

2.2. Pell-Padovan Octonions.

Definition 2.7. 2. For n > 0, the nth Pell-Padovan octonion is defined by

7
ORy = )" Rysie;
i=0

where R, is the nth Pell-Padovan number and (e, e1, 3, €3, €4, €5, €, €7) is the standard octonion basis.
We now give the following theorem for the recurrence relation of the Pell-Padovan octonions.

Theorem 2.8. Let OR,, be the nth Pell-Padovan octonion. The sequence {OR,} of the Pell-Padovan octonions satisfies
following second order recurrence relation

OR, =20R,_» + OR,_3

with inital conditions ORy = 27:0 Rie;,OR; = ZZ:O Ri.ie;,OR, = 217:0 Ry ie;.
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Proof. By the equation (1.2) and Definiton 2.7, we have

7 7
20R, 2 +OR, 3 = Z 2R, ayi€i + Z R, 31ie
i=0 i=0

7
= Z(an_2+i + Rn—3+i)ei
i=0

7

= ZRn+i€i
i=0

= OR,.

So theorem is completed.

The next theorem gives the generating function for the Pell-Padovan octonions.

Theorem 2.9. Let OR, be the nth Pell-Padovan octonion. The generating function for the Pell-Padovan octonions is

_ ORy + OR;t + (OR, — 20R,1?)
B 1-22-8 ’

s(1)

Proof. Let

s(t) = i OR, 1"
n=0

be generating function of the Pell-Padovan octonions. On the other hand, multiplying both sides of this equation by 27>

and 7, we obtain
s(f) = ORy + OR 1 + ORy> + OR38> + -+ + OR, " + - - -

2825(t) = 20Ror> + 20R, > + 20Ryt* + 20R38° + - - - + 20R, 1" + - - -
£5(f) = ORt> + OR t* + OR2t> + OR31® - - - + OR, 51" + - - -
Then we write
(1 =27 = )s(t) = ORy + OR 1 + (ORy — 20R0)?* + (OR3 — 20R; — OR)* + ... + (OR, — 20R,— — OR,_3)!" +
where the sequence {OR,,} of the Pell-Padovan octonions satisfies following second order recurrence relation,
OR,, =20R, - + OR,_3
with inital conditions OR( = 217:0 Rie;,OR;, = ZZ:O Ri.ie;,OR, = 217:0 R, ;e;. Then we obtain

_ ORy + OR;t + (OR, — 20R0l2)

t
s® 1-22-1

So theorem is completed.

The next theorem gives the Binet’s formulas for the Pell-Padovan octonions.

Theorem 2.10. For n > 0, the Binet’s formula for the Pell-Padovan octonions is

* 1 % _n+1 £} *
art =Byt ]_2(“ rn-B rg) i+

OR,,ZZ( +r3

r—rnr rn—n

where r1,ry and r3 are the roots of the equation X =2x—1=0and

7

7 7
* 1 * [ * [
a’ = Z rie,B" = Z rhe, Yy = Zréei.
i=0

i=0 i=0
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Proof. Consider the Binet’s formula of the Pell-Padovan sequence is

1 n+1 n
anz(ﬂllJr - ]_Z(ﬁ_rz)_’_rgm
ry—nr r—nr

where 71, r, and r3 are the roots of the equation x> — 2x — 1 = 0. On the other hand, from Definition 2.7 we have
7
OR, = Z Ruiiei = R, + Ryp1e1 + Rypex + Ryyzes + Rypaeq + Ryises + Ryygeq + Ryyre7.

i=0
Then we obtain
;
ORy, = ) Rue
i=0
7 ol 1+ P
— Z 2 1 2 _ 2 1 2 + rgl+1+l ei
= r—nr r—nr i
rn+la* _ rn+lﬁ* ot — rnﬂ*
- o|n 2 _,(h P, Pty
ry—nr r—n
where o* = Y] e, B = YL rheiy* = XL, rie;. So theorem is completed. o

Theorem 2.11. Let OR,, be the nth Pell-Padovan octonion. Then we get
- 1
Z OR,, = E(ORn+2 + OR,+1 + OR, — OR; — OR| + ORy).
m=0

Proof. We can complete the proof by induction method on n. Forn = 0 and n = 1, we obtain

0
1
Z ORy = ORy= 3(ORy+ ORy +ORy ~ ORy ~ OR, + ORy)
m=0
1
Z OR,, = ORy+OR,
m=0

1
= 5(20R1 + ORy + ORy)

1
= z(ORg + 0R2 + 0R1 - 0R2 - ORl + ORQ)

We assume that it is true for n € Z*, namely
n
1
> OR, = 5(ORy.2 + ORyi + OR, — ORy — ORy + ORy).
m=0

Now we shall show that it is true for n + 1. Indeed we have

n+l n
> ORy =" ORy + ORy.1.
m=0 m=0
Using our assumption for n + 1 we have
n+l 1
Z ORy = 5(ORy2 + ORyi1 + ORy = ORy = ORy + ORy +20Ry1).
m=0
By Theorem 2.8, since OR,,.3 = 20R,+; + OR,, we obtain
n+1 1
Z ORyy = 5(ORys3 + ORysz + ORyt = ORy = ORy + ORy).
m=0

So theorem is completed. O
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Theorem 2.12. Let for n > 1 be integer. We have
0 2 1]1'[ OR, OR,.»
i.l1 0 0 OR, |=| OR, |,
01 0 OR, OR,
0 2 1]'[OR, OR, OR, OR,.> OR,.; OR,
ii.l]1 0 0 ORy, ORy OR_ |=| OR,;1; OR, OR,
010 ORy OR_; OR_, OR, OR,_; OR,
where OR,, is the nth Pell-Padovan octonion.
Proof. The theorem is proved by induction method on 7. O
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