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Abstract

In this study, we consider weighted stochastic field exponent function spaces Lg("') (D x Q)

and Wg’p () (D x ). Also, we study some basic properties and embeddings of these
spaces. Finally, we present an application for defined spaces to the stochastic partial
differential equations with stochastic field growth.
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1. Introduction

Nonlinear partial differential equations arise in chemical and biological problems, in
formulating fundamental laws of nature, in different areas of physics, applied mathematics
and engineering (such as solid mechanics, fluid dynamics, acoustics, nonlinear optics,
plasma physics, quantum eld theory) and numerous applications. To study these equations
is a very difficult task because there are no general methods to solve such equations.
Moreover, the existence and the uniqueness of the solutions are fundamental, hard-to-
prove questions for any nonlinear equation with given boundary conditions.

In various applications (such as elasticity, non-Newtonian fluids and electrorheological
fluids, see [13]), it can be seen the boundary value obstacle problems for elliptic equations.
Many of these type equations have been investigated for constant exponents of nonlinearity
but it seems to be more realistic to assume the variable exponent, see [4].

Harjulehto et. al [8] investigate an overview of applications to differential equations
with non-standard growth. Also, Aoyama [1] considered the some properties of variable
exponent Lebesgue spaces on a probability space. In 2014, Tian et. al [15] introduced
stochastic field exponent function spaces LP() (D x Q) and W*»(-) (D x Q). They gave
also an application to the stochastic partial differential equations with stochastic field
growth in these spaces. Moreover, Lahmi et. al [10] proved the existence of solutions
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for the nonlinear p(.)-degenerate problems involving nonlinear operators. This study is a
generalization of [10, 14, 15].

In this paper, we define weighted stochastic field exponent function spaces Lg("') (D x Q)

and W:; P(r) (D x Q), and discuss some basic properties of these spaces. Finally, we discuss
the existence and uniqueness of the weak solution for the nonlinear degenerated weighted
p(.,.) elliptic problem

—divA (z,t,u, Vu) + o(m t,u,Vu) = f (z,t), (x,t) € DxQ 11
{ - (1) € 0D x Q (1.1)

where A (z,t,s,£) and Ag (z,t,s,£) are Carathéodory functions, which are measurable
stochastic fields on D x ) and continuous for s and £ under some conditions. Moreover,
f (x,t) is an integrable stochastic field on D x Q. The measurable stochastic field p (.,.) :
D x Q — [1,00) satisfies 1 <p~ < p(,.) <p" < oo.

It is known that pseudo-monotone operators have been many applications in nonlinear
elliptic equations. As an example, we can refer Browder [2]. Here, the author investigated
a class of pseudo-monotone operators and applied it to a kind of boundary value problems
for nonlinear elliptic equations.

By the theory of pseudo-monotone operators, our aim is to show the compactness
techniques and the existence of a least weak solution of (1.1). The special case of the
equation of (1.1) is the following equation

—div (9(z, 1) [Vul"™D 72 Vu) + 9@, Dg(u) [VulOD = f(2,8),  (2,) € Dx O
u =0, (xz,t) € 0D x Q
Now, suppose that A is a product measure on D x Q and u(z,t) is a Lebesgue measurable

stochastic field on D x €2, where D is a bounded open subset of R? (d > 1), and (2, A, P)
is a complete probability space.

2. Weighted stochastic field exponent Lebesgue and Sobolev spaces

Definition 2.1. We denote the family of all measurable functions p (.,.) : DxQ — [1, 00)
(called a stochastic field exponent). In this paper, the function p(.,.) always denotes a
stochastic field exponent. Moreover, we put

p~ = essinf p(x,t), pT = esssup p(z,t).

(z,t)eDXQ (z,t)€DXQ

A positive, measurable and locally integrable function ¢} defined on D x € is called a weight
function. Now, we introduce the integrability conditions used on the weighted variable
Lebesgue and Sobolev spaces

H) : 9Ll (DxQ) and 9 77T € L} (D x Q
loc loc
(Hy) : 9°0) e LY (D x Q),

with s(.,.) € (p(cf.),oo) N {ﬁ, oo) . The weighted modular function p, ) on D x €
is defined by

Pp(...) QM:EHPN (z,t)d ) /|u:nt]pmt (z,t)dA,

Dx

where d\ = d) (z,t) = dxdt.
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The spaces Lg("') (D x Q) consist of all measurable stochastic fields (functions) u on

D x Qsuch that [ |u(z, t)[P®) 9(x,t)d\ < co and endowed with the Luxemburg norm
DxQ

p(z,t)

u(z,t) dodt < 1

Hqu(wW =inf{7>0: /
DxQ

1
It is well known that u € Lg("') (D x Q) if and only if the norm [|ul],_,, = {ud?)

p(.,.)
is finite. Moreover, it is clear that, if the inequality 0 < C < 1 is satisfied, then

Lg("') (D x Q) — LPG) (D x Q) . In this study, we assume that 1 < p~ < p(.,.) < p* < 00
and (H1), (Hz2). Moreover, we will use the abbreviations and symbols; a.e., — and — for
almost everywhere, strong convergence and weak convergence, respectively.

It can be seen that the space Lg("') (D x Q) is uniformly convex, so it is reflexive, see

[5]. Moreover, we denote by i) (D x Q) as the dual space of Lg("') (D x Q) where

! L. — s+ _ 9l=q(
L= Land 9 = 91al),

Proposition 2.2 (Holder-type inequality, see [5]). Let p(.) € LY (2). The conjugate

space to LPC) (Q) is LP'C) (Q) , where ﬁ + ﬁ =1 for almost every x € ). Moreover,

the following inequality hold

/j (z) h(x)dx
Q

1 1 .
- (1 Lo p+) 10,0 IR

for all j € LV (Q) and h € LF'O) ().

Now, we present the relationships between ||.[[, ., and pp(_ s as follows. The proof
is clear.

Proposition 2.3 (see [15]). Ifu € Lg("') (D x Q), then we have
. - + .
) 10l )0 < oy (@) < [l with Jully o > 1.

.. + - .
() [lully )0 < Ppw (W) < lully o with [Jull, o < 1.

ye

Theorem 2.4. Let zﬁ + ﬁ =1 and 9* = 91790 Then we have

E Q If(%t)g(%t)ldﬂf) < CAfllp(.,.y,0 gllgc...y00

for every f € Lg("') (D x Q) and g € Lq(*"')(D x ) with the constant C' depends on p(.,.).

Proof. If we consider the Holder inequality, then we get

E (U/ |f<x,t>g<w,t>|da:) - B Q (@, t)gla, 1)] (9, 1)) 700 7D dm)

el

IN

1
=

p(.) q(-.)
for some C > 0. O

Theorem 2.5 (see [14,15]). The space Lf}("') (D x Q) is a reflexive Banach space with
respect to norm ||.[[,_ -
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Proposition 2.6. The space Lg("') (D x Q) is continuously embedded in L}, (D x ).

This means that every function in Lg("') (D x Q) has distributional (weak) derivative.

Proof. Suppose that u € Lfg(”') (D x Q) and let K = K1 X Ko C D x Q be a compact set.
By the Holder inequality, there is an Ax > 0 such that

potorc (@) = E | [ Jula, )| 970 0 do

< Ag w9 Hﬁ‘pi» (2.1)
p('?')7K q('7')7K
where p(l y + q(l y = 1. It is obvious that ’1917(1) < oo if and only if
b v Q(-v')vK

Pa(..) K <19_p(41,4)> < o0. Since 9 FIT € L}, . (D x ), we have

1
Py(.,.),K x(U P( 7) /19 p(w t) de | = /19 @) -1d\ = By < o0. (2.2)
If we consider (2.1) and (2.2), then we have the desired result. O

Remark 2.7. If ¥ » e (D x ), then the space Lg("‘) (D x Q) might not be
continuously embedded in L}, (D x Q).

Theorem 2.8. Let u € Lfg(”') (D x Q) and u,, € Lfg("') (D x Q) with [[unlly )9 < C for
some C > 0. If u, — u a.e. in D x Q, then u, — u in Lp("') (D x Q).

Proof. Since the space Lp (D x Q) is reflexive, we only need to see that

(D/ungdm) . ngdx)

for every g € Lq(*"')(D x ) where p( 3 q( 3= =1 and ¥* = 9179¢) Tt is well known that
[unlly, )0 < Cif and only if py(_ ) (%) < 1 for every n € N. This follows by the Fatou’s
Un

Lemma that
p(zt) o p(z,t)
— W, t)dx §171Lni}£1ofE / el Ha,t)de | < 1.

Thus, we get ||qu(. yw < C. By the absolute continuity of the Lebesgue integral, we have

lim / lgx x| 1@ 9% (2, £)dX = 0

meas(K )—>O

where g € LY (D x Q) and K € D x Q. This yields that  lim [lgxx |- = 0,
meas(K)—0 o)y

and there is a § > 0 such that

€ 11\
. 14 ——— 2.
ol .00 < 75 (1+ 2= = (2.3

for meas(K) < §. If we consider the Egorov theorem, then there is a set L C D x §2 such
that w, — w uniformly on L with meas ((D x Q) — L) < §. Moreover, if we choose ng
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such that n > ng, then we have

1 1 €
i fun = ul ol Il o (14 = 2 ) < 5. (2.4)

Let us denote K = (D x Q) — L. By (2.3) and (2.4), we have

{fe)-(=)

< [ fun = ullgldr+ [ fun = ullgldA
L K

< (I%?XL |up, — u| E (Z lgxz| dil?) +F Q |wn — ul |gxK] dw)

1 1
< e [un = ul glyq..) o0 DXLl 0 <1 T >

1 1
+ |lun — U‘|p(,7.),19 ||9XK||q(.7,),19* 1+ ——-—
< €.
That is the desired result. OJ

Definition 2.9. The weighted stochastic field variable Sobolev spaces WZ; #() (D x Q)
defined by

Wyt (D x @) = {ue 15 (D x Q) : D*w € L) (D x ©),0 < |a] <k}
equipped with the norm

||“”W§’“""(stz): b D%l
0<a|<k

where a € N¢ is a multi-index, |a| = a3 +ag + ... + ag and D = %. It is clear that
PR

the space (Wg’p("') (D xQ),|.]
2.5).
Moreover, the space Wq;’p () (D x Q) is defined by

Wy (D x 9) = {ue I (D x 9): [Vul € ) (D x )}

Wg,p<.,.>(DXQ)> is a reflexive Banach space by [15, Theorem

with the norm HuH HUHP(.,J#? + ||Vqu(.7.)ﬂ9

PG (DxQ) T

The space Wo,ﬁ( ol (D x Q) is the closure of

C(DxQ)={u:u(.,t) e Cy° (D) for every t € Q}

in W$7p(”') (D x ). Also, it is obvious that C' (D x ) is a subspace of Wolﬁ("') (D x ),
and the dual space of Woly’g("’) (D xQ)is W(L;;q(”') (D x Q), where ﬁ + =1 and
9 = 9r=ats)

The following theorem present the Poincaré inequality for the weighted Sobolev spaces
Wo, 19( ) (D x ). For the proof, it can be used the similar method in [16, Theorem 7].

1
a(»)

Theorem 2.10. Assume that p(.,.) satisfies the jump condition (see [7]) in D x Q. Then
there is a C > 0 such that the inequality

[ellp,y0 < ClIVEllp, 0 (2.5)



1388 1. Aydwn, C. Unal

holds for every u € W(if("') (D x Q) (orueC(DxN)).

Therefore, the space W&’g("’) (D x ) equipped with the norm

|||u|||W017§(-,->(DXQ) = [Vl )0
1p(... .
for u € Wo,g( )(D x ). It is note that the norms H.HW;,,,(.J(DXQ) and H"H‘W(}:g(‘“)(DxQ)
are equivalent on Wq;’p () (D x Q). Then, Wg’p () (D x Q) is continuously embedded in
Lg("') (D x Q) if and only if the inequality (2.5) is satisfied for every u € Wol’g(”') (D x Q).

3. Compact embedding theorems

In this section, we present several compact embeddings between the weighted stochas-
tic field variable Lebesgue and Sobolev spaces. Because, we need these embeddings to
investigate weak solutions of stochastic partial differential equation (1.1). Now, we will
introduce the function p* (.,.) and ps (.,.) defined by

dp@t) it (2,1) < d,

* 1) = d—p(z,t)
7 (@) { o i p ety > d.

Y

p(x,t)s(x,t)

S ) t = ) t )
pola.t) = P <y
and we have
dps(z,t) .
Pt (2,t) = | Tt —paass 1 Ps(#:8) <d
arbitrary if ps (z,t) > d,

for almost all (z,t) € D x Q.
If we use the similar method in [11, Proposition 2.5], then we have the following result.

Proposition 3.1. Assume that the boundary of D x € possesses the cone property and
p(.,.) eC (D X Q) Moreover, let q(.,.) € C(D X Q) and 1 < g(z,t) < p*(x,t) for
(z,t) € D x Q. Then the space W) (D x Q) is compactly embedded in L) (D x Q).
Theorem 3.2. Assume that the boundary of D x £ possesses the cone property, p(.,.) €
C (D X Q) and 1 < p(z,t) for all (z,t) € D x Q. Suppose that
(i) 0 < d(,t) € L) (D x Q) with (z,t) € D x Q, a(,.) € C (DX Q) and 1 < o™

(ii) 1 < q(z,t) < %p* (x,t) for all (z,t) € D x S

Then, there is a compact embedding from W'PG) (D x Q) to Lg("')(D x Q).
Proof. For the proof, we use similar method in [6, Theorem 2.1]. Assume that
u € Whrt) (D x Q) and set r(z,t) = a‘();fi’)tzlq(az,t) = ap(z,t)q(x,t). Then (ii) implies
r(z,t) < p* (z,t). This follows that WPt (D x Q) < L") (D x Q) by Proposition

3.1. Moreover, for u € WhP() (D x Q) , we get |[ul[?@? € L@ (D x Q). By the Hélder
inequality

1 1
q(,t) - = a(.-)
E Qﬁ(aﬁ,t) | dx) < (1 + e p+> 19Mla..) H\u| Hoco(-,-) < 0.

Therefore, we have WhP() (D x Q) C Lg("')(D x Q). Now, assume that (up), .y C
Wirl) (D x Q) and u, — 0 in WP0) (D x Q). Since WG (D x Q) is compactly
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embedded in L") (D x Q) by the Proposition 3.1, we get u, — 0 in L") (D x Q),
that is, [[unll, y — 0. This yields p,( )(un) — 0 and

oy

E (D/ |Un(33‘, t)|r($7t) dl‘) = pao(.7_)(|un(.%', t)|q(1‘,t)) — 0

or equivalently

— 0.

H’unrz(»-) )

Thus, we have

e 11 a(..)
E (D/ﬁ(x,t) | d:c) < <1+ = p+> 191l ||1unl Hao<.,.> — 0

which implies [[upl[ )y — 0. That is the desired result. O

4

Theorem 3.3. Let all conditions in Proposition 3.1 be hold. Moreover, assume that the
assumptions in Theorem 3.2 replacing p(.,.) by ps(.,.) are also satisfied. Thus we obtain

WP (D x Q) s L) (D x Q)
where T(z,t) < pk(x,t) for all (x,t) € D x Q and 0 < C < 9.
Proof. First of all, we will show that Wé’p () (D x Q) is continuously embedded in

Wips() (D x Q). Let u € Wy (D x ). Then it is clear that u, |[Vu| € LE") (D x Q).
If we consider the Holder inequality, Proposition 2.3 and 9~5(+) e L1 (D x Q), then we

have
’ Q‘Wm dx) - (D/'W"’S“%”s&m”;&?dw)

ps(-)
p(.;-)

IN

C H\vuyps(” 9

_ s
9 s()+1
p(.,.)
Ps(-5-)

s(y)+1

C (o (V)™ (pscy (27))

1

CCy (pp(‘,.),ﬂ (\VUD)W

IN

IN

where .
— ps(.,.
(&) . if H\Vu|ps(-v-)19p<w>

Y= + ps(.,.)
(2)", i H\Vu|p5("')19p<w>

and
. - s(.,.)
s 41, if ||§ sCo+t

V2 = s(,)
st 41, if Hf} SCFT

s()+1
Hence, we get

1
IVull? )y < E (D/Wuyps(m dx) <o (pp(,,.)ﬁﬁ(\vup)“ﬂ

4
CCL[Vull )y

IN
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where

L { P iVl > 1
’ ps, i [Vall, <1
and
by = { pT, %f [Vully )0 =1 ‘
p, A [Vl y9 <1

Therefore, we obtain
4

I9ul,. .o < CIVUI T, (3.1)
Since ps (.,.) < p(.,.), we have LEC (D x Q) < LPC) (D x Q) < LP<() (D x Q), see
[9, Theorem 2.8]. Then there exists C** > 0 such that

e,y < C Nlullyy.0 (3.2)

for almost everywhere in D x Q. By (3.1) and (3.2), we conclude that W;’p("') (DxQ)C

Whps() (D x Q). If we consider the Banach theorem in [3], we get Wg’p("') (D x Q) —
WPs() (D x Q). This follows from Theorem 3.2 that

Whrs() (D x Q) s LI (D x Q).
That is the desired result. ]

Now, we reveal several required assumptions for the equation (1.1). Assume that A :
R? x O x R x R — R% and f : R? x Q@ — R satisfy the following growth conditions:

(H3) |A (2,1, 5,8)| < BI7eD [k:(a;,t) L g g1

(Hy) (A(x,t,5,6) — Az, t,s,p1))(E—p)>0,&#p
(Hs) A(z,t,s,8) ¢ > ad(z,t) ‘ﬂp(az,t)

where k(z,t) is a positive function in L) (D x Q) where /p(.l.) + q(‘l.) =1 and a, 5 are

positive constants.
Let Ag (z,t,5,&) : R x Q x R x R? — R be a Carathéodory function such that for a.e.
(z,t) € R? x Q and for every s € R, £ € R?, the growth condition

[ (2,1, 5,€)] <7 (2,1) + g(s)(x, 1) |¢P
holds where g : R — R is a continuous function that belongs to L' (R) and 7 (z,t)
belongs to Lq( ) (D x ). Finally, we assume that f € Wt;*l’q("') (D x Q).

Lemma 3.4 (see [10]). Assume that (H3) — (Hs) hold and suppose that {un}, .y is @
sequence in WO{’g("') (D x Q) such that u, — u in Wolv’g("') (D x Q) and

E (Z[A (x,t, Up, Vup) — A(x,t, up, V)| V (up, — u) dx) — 0.

Then w, — u in W(i’g("') (D x Q).

4. Existence of weak solution of stochastic partial differential equations
with stochastic field growth

Definition 4.1. A function u € Wl’p("') (D x ) is said to be a weak solution (1.1), if

(D/ (x,t,u, Vu) Vi + Ag (z,t,u, Vu) ¢ d:):): (D/fxtcpd:v)

for all o € Wy (D x Q).
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Definition 4.2. A bounded operator T from Wolv’g("') (D x Q) toits dual Wl;l’q("') (D x Q)
is called pseudo-monotone if for any sequences (ug),cy in VVO1 ’g("') (D x ) satisfying

(i) ux — win W&g("') (D xQ)as k— oo,
(ii) limsup(T (ug),ur —u) <0,

k—> o0

T (ur) = T (u) and (T (ug) ,ug) — (T (u) , u).

Definition 4.3. Assume that X is a reflexive Banach space and X* denotes dual of X.
Also, let (.,.) be a pair between X and X*. Then a mapping I' : X — X* is called
coercive if there exists a u € X such that

(C(u), u)

— 00 as ||lul|y — oo.
l[ull x

Let us define the operator I": Wol”g("') (D x Q) — Wl;l’q("') (D x Q) by

(T(u),p) =F (Z [A (x,t,u, Vu) Vo + Ag (z,t,u, Vu) ] dm)

for all ¢ € W()l’g("’) (D x Q) and
as (I'(u), ¢) = (f, ).

Proposition 4.4 (Weak compactness of bounded set, see [12]). Suppose that X is a
reflexive Banach space. Moreover, assume that (ug),cy is a sequence such that

(i) up € X
(i) ||ugl|x < C for all k € N,

p(i.) + q(‘l’.) = 1. Hence, we can write the equation (1.1)

that is, (uk)pen 95 @ bounded sequence in X, then there exists a subsequence (u,),cy and
an element ug € X such that uy, — ug in X.

Theorem 4.5 (see [12]). Let X be a reflexive Banach space and assume thatT' : X — X*
is continuous (bounded), coercive and pseudo-monotone. Then for every g € X* there
exists a solution u € X of the equation I' (u) = g.

Now, we are ready to give our main motivation of the paper.

Theorem 4.6. If the conditions (H1)— (Hs) hold, then there exists at least a weak solution
of (1.1) in Wy b) (D x Q).

Proof. The proof is based on three parts.

Step 1. First of all, we will show that the operator I' is bounded. The operator I' is
equal to the sum of two operators such that I' = I'y + I'y where

(T1(u),p) =FE (D/A(x,t,u, Vu) V(pdx)

and

(T2(u),p) =FE (D/AO (x,t,u, Vu) cpdm) .
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If we consider (H3), Proposition 2.3 and Holder inequality, then we have

[(T1(u), )| < C‘A(x,t,u,vu)ﬁ‘p(in
q(

H Vi p(;’t)

(..
= C ‘ A(x,t,u, Vu) ﬁ_m

||\<P’” 1 p( )
qa(.,-) (D)

r 0
q(x,t) g— LD
C|FE |A (xvt’uvvu” Y pEdr |H90||| 1P )(DXQ)

clE Q‘wmiw [k(z, )

q(z,t)

IN

IN

T yvu|p(‘”’t)1]

_gq(z,t) o
0582 ) | el ey

E (3/ ([k(z, 1))

1960 9] d2) | Nl ey

O (Cr 4y o) Tl 150 (D)

IN

c* (max {ﬁ‘f BRI

IN

where

q

o %, i.f [A (2, t,u, V)| oy = 1 |
PREE if HA (x7t7u7vu)Hq(A,.),19* <1

and p( ot ﬁ = 1. This yields that I'; is bounded. In a similar way, since v €
Lﬂ(*’) (D x ), we get

2wl < [ dootuvayo | oo
p(-)
__1
< c\Ao@,t,u,ww | el oy
q.,.
<

_ e g-228 .\
C|E |Ag (z,t, u, Vu)| 1Y 9 p@D do ] - 120 (Dxg)

IN

n

(D/I'y a,1)|1®0 “>da:)

n
+E Q lg (u) |7 |7 P ﬁdm)] lelllyyrreo oy

< O oy (1) + max gl S 191% } 2pco (V)] Mellgapc e

IN
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where

= q%’ lf ||A0 (m,t,u,VU)||q(.7.)ﬂg* 2 1
q%, if [[Ao (2,8, u, VU g ygr <17

and ( 3+ ( 3 = = 1. Thus, we obtain that I's is bounded. Therefore, we get that I is
bounded.
Step 2. Now, we will show that the operator I" is coercive. By (Hj), we have

a |[VulP@h 9(x x
o E@ Ve ’t)d>

Mellyastoeny Vel

APp(.,) 0 (V ) >
= 27 s O Vau
[Vul,, IVl

for some r > 1. On the other hand, since the norm [[Ag (z,t,u, Vu)|ly ) 4+ is bounded,
then we have

[(Ta(uw),u)] < CllAo (2, t,u, Vu)llye )00 lullp )0
< Clulllyt oy
This follows that
T'(u),u
(L), u) — oo as [|[ulll,,, 110 (D) — 0.

[

Step 3. Now, we will obtain that the operator I is pseudo-monotone from I/VO1 ’5("') (D x Q)

to Wy ") (D x Q). Let uy, = u in Wy (D x ©) and

lim sup(T" (ug) , u, — u) < 0. Since I is bounded and uj — u, then we have
k—>00

T (ug) = h in W) (D x Q) (4.1)
By (4.1), we can write that
tim sup (T’ (ux) , ux) < (h, ). (42)
k—>o00
By the growth condition (H3) and Proposition 4.4, the sequence (A (z,t, ux, Vug))cy is
d
bounded in (L%(;")(D x Q)) such that
d
Az, t,up, Vug) = ¢ in (LE(D x ) (4.3)

as k — oo. Similarly, since (Ag (z,t, ug, Vuyg)), is bounded in ng")(D x ), then there
exists a function ¢ € Lq(,;")(D x ) such that

Ao (2, t, g, V) = 9 in LI (D x Q) (4.4)
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as k — oo. For all v € W&’g("') (D x ), we have
(h,v)y = hm <F (ug) ,v)

= lim E(D Az, t uk,Vuk)Vvdx>
k—so00

+ hrn E (D/Ao x,t uk7Vuk)vdaz)

E QgﬁVudaz) +FE Q dwd:z) . (4.5)

Since Wol’g("') (D x ) is compactly embedded in Lg("')(D x Q) by Theorem 3.3, we get

up — u in Lg("')(D x ) and a.e. in D x . (4.6)
By (4.4) and (4.6), we have

E (D Ap (z, t,ug, Vug) ukd:c) — F ([[wudx) (4.7)

as k — 00. On the other hand, if we consider (4.2) and (4.5), then we have

lim sup(T" (ug) , ur)

k—o0

= lim sup (E Q A(m,t,uk,Vuk)Vukdx> +F ([[AO (,t, ug, Vuyg) ukdzz:>)
k—> o0
<FE Q@Vudm) + FE (D/wud:):) .

Hence we obtain

limsup £ (D A (z,t,ug, Vug) Vukdaz) <FE (D/QOVud:c) . (4.8)
k—so00

Due to (Hy), we have

E (Z(A (x,t,ug, Vug) — A (z,t, ug, Vu)) (Vur, — Vu) da:) >0

E Q Az, t,ug, Vug) Vukdac)
>_F (D/A(x,t, Uk, V) Vudac) +FE QA(m,t,uk,Vuk) Vudac)
+F (D/A(a:,t,uk,Vu) Vukdx) .

and
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Moreover, by (4.3), we get

lliminfE (ZA (x,t,up, Vug) Vukdx> >F Q@Vuda;) .
— 00

It is obtained that

klim E QA(m,t,uk,Vuk) Vukdx> =F (./chuda:) (4.9)
—00

by (4.8). If we consider (4.5), (4.7) and (4.9), then we have

Jm (U (uk) yug) = (hy ).

This follows from (4.6) and (H3) that

Az, t,ug, Vu) — A(z,t,u, Vu)

d
in (L%(*"')(D X Q)) . Hence, we get

k—o0

lim F Q(A (x,t,uk, Vug) — A (x,t, ug, Vu)) (Vug, — Vu) da:) = 0.

By Lemma 3.4, we obtain

up — u in W&’g("') (D x Q)

and then Vup — Vu a.e. in D x Q for a subsequence denoted by (ug),cy. Since A and
A are Carathéodory functions, we have

Az, t,ug, Vug) —  A(z,t,ug, Vu)
Ao (z,t,u, Vur) —  Ap(z,t,ug, Vu).

This yields that h = I' (u) and the operator I' is pseudo-monotone. Finally, if we consider

the Theorem 4.5, then there exists at least a weak solution of (1.1). t
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