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A GENERALIZED NONLINEAR ITERATIVE ALGORITHM FOR
THE EXPLICIT MIDPOINT RULE OF NONEXPANSIVE
SEMIGROUP

M. CHERAGHI, M. AZHINI, AND H.R. SAHEBI

ABSTRACT. In this paper, we introduce a new iterative midpoint rule for find-
ing a solution of fixed point problem for a nonexpansive semigroup in real
Hilbert spaces. We establish a strong convergence theorem for the sequences
generated by our proposed iterative scheme. Furthermore, we provide appli-
cation to Fredholm integral equations. A numerical example is presented to
illustrate the convergence result. Our results improve and extend the corre-
sponding results in the literature.

1. INTRODUCTION

Let R denote the set of all real numbers, H be a real Hilbert space with inner
product {.,.) and norm |.|| and C be a nonempty closed convex subset of H. A
mapping T : C' — C is said to be contraction if there exists a constant a € (0,1)
such that ||T(z) — T(y)|| < aflz —yl|, for all z,y € C. If @« = 1, T is called
nonexpansive on C.

The fixed point problem (FPP) for a nonexpansive mapping 7" is: To find z € C
such that x € Fiz(T), where Fiz(T) is the fixed point set of the nonexpansive
mapping 7.

The explicit midpoint rule is one of the powerful numerical methods for solving
ordinary differential equations and differential algebraic equations. For related
works, we refer to [2], [, [4, B, @) [10] [T 06, 19, 20, 21, 22], 23] 25| 27, 28] and the
references cited therein. For instance, consider the initial value problem for the
differential equation y (£) = f(y(t)) with the initial condition y(0) = yo, where f
is a continuous function from R? to R?. The explicit midpoint rule in which a
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sequence {y,} is generated by the following the recurrence relation

1 _
(1 = yn) = FEELEL,

In 2015, Xu et al. [30] extended and generalized the results of Alghamdi et al. [I]

and applied the viscosity method on the midpoint rule for nonexpansive mappings

and they gave the generalized viscosity explicit method:

Tn + Tn41 )

In 2016, Rizvi [24] introduced the following iterative method for the explicit mid-
point rule of nonexpansive mappings:

Tn+l1 = anf(xn) + ﬁnxn + (1 - a’ﬂ)T(

Ty + Tpt1 )
)
A family S := {T'(s) : 0 < s < oo} of mappings from C into itself is called a
nonexpansive semigroup on C' if it satisfies the following conditions:
(1) TO)z =z forallz € C
(2) T(s+1t)=T(s)T(t) for all s,t >0
3) IT(s)x —T(s)y|]| < ||z —y|| for all z,y € C and s > 0
(4) For all z € C, s — T(s)x is continuous.

Tn+l1 = 04n7f(~73n) + (1 - Oan)T(

Plubtieng and Punpaeng [18] introduced and studied the following iterative
method to prove a strong convergence theorem for F'PP in a real Hilbert space:

Tpt1 = n f(Tn) + Bpxn + (1 — ay — ﬂn)i 0" T(s)xpds, vn € N.

where f is a contraction mapping and {a,} and {5, } are the sequences in (0,1)
and {s,} is a positive real divergent sequence.
Kang et al. [12] considerd an iterative algorithm in a Hilbert space as follows:

1 sn
Tnt1 = anYf(xn) + Bz + (1= B,)1 — oz,,LA)S— / T(s)xnds.
n Jo

Under the certain conditions, the sequence {z,} strongly converges to a unique
solution of the variational inequality ((vf — A)z*,z — 2*) <0, Va € Fiz(T).
Motivated and inspired by the results mentioned and related literature in [I}, 12
24, [30], we propose an iterative midpoint algorithm based on the viscosity method
for finding a common element of the set of solutions of nonexpansive semigroup
in Hilbert spaces. Then we prove strong convergence theorems that extend and
improve the corresponding results of Rizvi [24], Xu [30], and others. Finally, we
give an example and numerical result to illustrate our main result.

The rest of paper is organized as follows. The next section presents some pre-
liminary results. Section 3 is devoted to introduce midpoint algorithm for solving
it. The last section presents a numerical example to demonstrate the proposed
algorithms.
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2. PRELIMINARIES

For each point « € H, there exists a unique nearest point of C, denote by Pox,
such that ||z — Poz| < ||z — y|| for all y € C. Pc is called the metric projection of
H onto C. It is well known that Po is nonexpansive mapping and is characterized
by the following property:

(x — Pox,y — Poy) <0 (1)

Further, it is well known that every nonexpansive operator 1" : H — H satisfies,
for all (z,y) € H x H, inequality

(z=T(2) = (y=TW), T(y) - T(z)) < (%)H(T(ﬁf) o) = (T -yl*, (2
and therefore, we get, for all (z,y) € H x Fiz(T),

((z =T(2)),(y = T(y))) < (%)H(T(w) — )|, 3)

see, e.g. [8].
It is also known that H satisfies Opial’s condition [I7], i.e., for any sequence
{zn} with z,, — z, the inequality
liminf ||z, — || < liminf ||z, — y|| (4)
n—oo n—oo

holds for every y € H with y # x.
Lemma 1. [6] The following inequality holds in real space H :

lz +ylI* < llzl® + 20y, 2 +y),  Va,y € H.
Definition 2. A mapping M : C — H is said to be monotone, if
(Mz — My,x —y) >0, Ve,y € C.

M is called a-inverse-strongly-monotone if there exist a positive real number a such
that
(Mz — My, —y) > a|| Mz — My||?, Vz,y € C.

Definition 3. A mapping B : H — H is said to be strongly positive linear bounded
operator, if there exists a constant iy > 0 such that (Bz,z) > 7||z||?, Vz € H.

Lemma 4. [I5] Assume that B is a strong positive linear bounded self adjoint
operator on a Hilbert space H with coefficient ¥ > 0 and 0 < p < ||B||~t. Then
1= pB| <1-p7.

Lemma 5. [26] Let C' be a nonempty bounded closed convex subset of a Hilbert
space H and let S = {T(s) : 0 < s < oo} be a nonexpansive semigroup on C. For
each x € C and t > 0. Then, for any 0 < h < oo,

lim sup ||% /0 T(s)mds—T(h)(% /0 T(s)zds)|| = 0.

=00 zeC
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Lemma 6. [29] Let {a,} be a sequence of nonnegative real numbers such that
ant1 < (1 — ap)an + 6,, n > 0 where oy, is a sequence in (0,1) and 6, is a
sequence in R such that

(1) 22 0, =00; (i) limsup,,_,
Then lim,,_, o a, = 0.

)

In
[e20)

<0 or X920, < o0.

3. NONLINEAR MIDPOINT ALGORITHM

In this section, we prove a strong convergence theorem based on the explicit it-

erative for fixed point of nonexpansive semigroup. We firstly present the following
unified algorithm.
Let S = {T'(s) : s € [0,400)} be a nonexpansive semigroup on C such that
Fix(S) # 0. Also f : C — H be a a-contraction mapping and B, D be strongly
positive bounded linear self adjoint operators on H with coefficients 7,5, > 0 such
that 0 <y <L <y+ 1 5 <|B|<1land|D|=7%,<1.

Algorithm 7. For given xo € C arbitrary, let the sequence {x,} be generated by:

Bt = 0 (0) + B, D+ (1= )= B, D= B) = |70

n

Tn +2'rn+1 )dS

(5)
where {an}, {B,}, {€n} are the sequence in (0,1) such that €, < o, and {s,} C
[s,00) with s > 0 satisfying conditions:

(C1)
nh_)rr;o Qy = nll_{rgo B = nh_)rr;o €n =0, 2%, = X228, = o0;
(C2)
- «
Z ‘an - 04n—1| < oo or lim Zntl =1;
3 8
Z |Bn - Bn—l| < oo or lim Pntl = 17
n—1 n—oo ﬂn
- €
Z |ETL - 6nfl| < oo or lim nl = ]_7
ne1 n—oo €,
(cs)

lim s, = 0o, sup |sp+1 — Sn| is bounded.

Lemma 8. For any 0 < v < 1—1 < v+ é, there exists a unique fixed point for
sequence {x,}.

Proof. As a matter of fact, for fixed x € C, we can define the sequence {P,, : H —
H} as follows:

P,(z) := apyf(z) + 8, Dz + (1 —en)] — B, D — oan)i /5" T(s)x ds, Vo € H.
0

Sn
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We may assume without loss of generality that a,, < (1—¢, —23,[|D|)||B|~!. Since

B and D are linear bounded self adjoint operators, we have
| B|l = sup{[(Bz,z)| : = € H, [|lz|| =1},
|D|| = sup{[{Dz, z)| : x € H, [|lz| = 1}
and observe that
(1—e )] =B, D—a,B)z,z) = (1-—¢€y)(z,z)—B,(Dx,z) — a,(Bzx,x)
> 1—en = B,lD| —an|Bl| = 0.

Therefore, (1 —¢€,)I — 3, D — a, B is positive. Then, by strong positivity of B and
D, we get
(1 —e€,)I —B,D—a,B|| =sup{{((1 —e€,)]—B,D—a,B)x,x):x e H,|z| =1}
= sup{(1 — €,)(z,z) — B,(Dx, x)
—ap(Bzx,z):x € H,|z| =1}
S 1- €n — ﬂn:)/2 - OLTL’_Yl
<1-05,79 —ans-

For any z,y € C
| Prz — Poyll

IN

anllf(@) — F@)] + Bl DIl — v
HI( =€) = D — an Bl / IT(s)z — T(s)yllds

anvallz =yl + B, 720l =yl + (1 = 8,72 — anyy)llz — |
(1= (71 —ya)an)llz =yl

Therefore, Banach contraction principle guarantees that P, has a unique fixed point
in H, and so the iteration is well defined. [l

Lemma 9. Let p € Fiz(S). Then the sequence {x,,} generated by Algorithm [7 is
bounded.

Proof. Let p € Fiz(S), we obtain
[Znt1 =2l = llanyf(@n) + B, Dy

=)l = oD =, B) o [T s )
< anllf(en) = Boll + B, D — Dpll + el
= el = 5,0~ Bl [ TEEE L - o
< an(lf (@) = 1 @)+ 17 () = Bl) + B, D — Dpll + eallp
(1= 8,3 — )| |
< anyalz, —pll + anllvf(p) — Bpll + B2 llen — pll + anllpll

(1 B 571’72 B anﬁll)

* 2

(lzn = pll + lZn41 = pl)-



618

M. CHERAGHI, M. AZHINI, AND H.R. SAHEBI

which implies that

1 + ﬁni}/Q + an:yl

1+ ﬂ?L;YQ B anr71

Then

[€nt1 = pll

[Zne1 =2l < (anya+

)lza —

2 2
+an(|[vf(p) — Bpll + llpl))-
(1- 2(7, —ya)an Vzn — ol + 2a,(Y1 =) |7 f(p) — Bpll + [Ipll
- 1+ 8,72 + anTy 1+ 8,72 + anTy Y1 — Yo
Ivf(p) — Bpll + llp
< max{flen —pl), 12f @)L= Bl + Il 7)
1 — e
f(p) — Bp| + [lp
< max{[lzo — pf, 12f @ = Bl +lIplly
¥ — Yo
0

Hence {z,} is bounded.

Now, set &, := L+ [*" T(s)(225321)ds. Then {t,} and {f(z,)} are bounded.

Lemma 10.

Sp J0

The following properties are satisfying for the Algorithm 7

P1. limy, oo |41 — 2n]] = 0.
P2, lim,_ Hxn - tn“ =0.
P3. lim,_oo |T(8)tn — ta] = 0.

Lemma 11.

”tn-i-l - tn”

In order to prove P1, one can write

1 Sn+1 1 Sn
= [ e - [P
0 0

Sn+1 2 Sn 2
1 Sntt Tn41 + Tn4-2 Tn + Tn41
= o [T @) - (P s
Sn+1 Jo
1 1 sn Ty + Tpt1
2y [ (s (Bt By
- [Tt Iy,
1 Sn41 n + n
b [ e |
Sn+1 Js,
1 e ,
= | / (T(S)(M) _ T(s)(m))ds
S’Nr‘rl 0 2 2
1 1 sn Tn + Tna1
+( - —) (T(S)(%) — T (s)p)ds

Sn+1 Sn, 0
1 Sn+1 T, +T
b [ @ ropas)
Sn+1 Sn 2
|| Tn41 + Tn4-2 Tn + Tn41

IN

|5n+1 - Sn‘sn Tn + Tn+1
| -

2 B ;I Snt1Sn 2

ds||
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Sptl — S Ty + Tpaa 1
o = ol It Enen il 4 fonss — 2l
Sn+1 2 2

[2n =Pl + llzns1 = pll).- (8)
Sn+41

Nezxt, we show that the sequence {x,,} is asymptotically regular, i.e., lim, o0 ||Tn42—
Tni1] = 0. By (§) we estimate that

lzns2 — Tng1ll = [(@n1 v f(@ng) + 5n+1D$n+1

St Tp4+1 + T
H= )] = B D = apaB) o [ ()P )
0

Sn41
~(@1 @)+ B D+ (1 =€)l =B, D = e B) o= [T a)]

Sn

1 Sn+1 Toi1 + Ty
= (1 = €ns )] = Bryr D — ans1 B)( / T(s)(——12)ds
Sn+1 Jo 2

1 sn n + n
—— [ D)) ds) + (€0 + B, D + @ B)
n JO

1 [ Tn + Tn
—(eny1 + Bpp1 D+ an+lB)); / T(S)(%)d&? + (ans1 — an)vf(zn)
n Jo

Fan1(Vf(nt1) — vf(2n)) + (ﬂn—i—l — Bn)Dxy + /Bn+1(Dxn+1 — Dz, )|

_ B 1 [ Ty + Tl
< (1= BuaTa = e Tltass = tall + lenis = eall = [ T ]

+M|en, — ant1| + N|B, — /8n+1| + an 1Y f(@nr1) — f(@n)]]

B B 1 Sn
<(1- Bri17V2 — n171) [tn1 — tall + [€ns1 — 6n|H:/O T(s)(
n

+Mlan — anq1| + N|B, — 6n+1| + anp1val|Tn e — 2|

1 —Bhi172 — 1Ty (
- 2

Ty + Tn+1

I |

Znt1 — ol + [[Tnr2 — Tngal])

|Sn+1 - Sn‘ (
Sn+1

+M|ayn — ant1| + N|B,, — ﬁn+1| + any17al|Tne1 — 2al,s

where M = sup{[| L [3" T(s)(22 2251 )ds|| + | f (@)} and
N = sup{[l L [ T(s)(22220)dsl| + |} Then

+(1 = Bni1¥2 — ang171) [2n = pll + 201 = PlI) + lent1 — €nl[tn]]

(14 ang1y; + Bn+1'72)||xn+2 —Tpy1| < (11— 5n+1'_72 + (207 = 1) an 1) [[Tns1 — o]

)2|sn+1 - Sn| (

+(1 - ﬁn+1’72 - an+1’71 Hxn - p”

Hzng1 = pll) + 2lent1 — enll|tnl
+2M|an - O‘n-‘r1| + 2N|ﬂn - ﬂn-&-l"
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Therefore

2(B1172 + (1 — ay)ang1)
I+ any1y1 + Bni1Ve
1- ﬁn+1’72 — Qpt171 2|Sn+1 - Sn| )(‘

[Znt2 — Tnyal < (1— Mznt1 — zal

|20 =Pl + |20 41 = plD)

1+ ans1y1 + Bni1Ve Sn+1
" ? | ltall + = | |
— — |€n+1 — € — — |0y, — Q41
1+ oanp171 + Bryi¥a e 1+ onp171 + Bnyi¥a "
2N

+ — —|8,, — B .
1+ Opt+171 + B7L+172| " n+1|

Lemma[f] and (C1)-(C2) implies

nler;O [#n+1 — 2 =0. (9)
And similarly, we have
lim ||€p42 — Zpi1] = 0. (10)

n—oo

Also by (§), (9).(10) and (C3) we have lim;, .o [|[tni1 — tal| = 0.
In order to prove P2, one can write

Hxn - tn” < ||$n+1 - xn”
Hlanyf(zn) + By Dan + (1 — en)] = 8, D — anB)ty — ta|
Zn — g1l + anllvf(@n) — Bto|l + Bp¥allwn — tall + enlltnll-

IN

Then

(1= Bu¥2)llzn = tull < llon — Tnaall + anllvf(zn) — Btol + enlltnll-
By (C1) and (9), we obtain
lim ||z, —t,| = 0. (11)

n—oo

In order to prove P8, set K :={w e C: |lw—p| < ||x0—p||+;Yliw(nyf(p)—BpH—k
IlplD}. Then K is a nonempty bounded closed convex subset of C' which is T(s)-
invariant for each s € [0,+00) and contains {x,}. So, without loss of generality,

we may assume that S := {T'(s) : s € [0,+00)} is a nonerpansive semigroup on K.

IT(8)tn — all = [T(s)2n — T(s)— / (s

Sn

Tn + Tn+1 )ds
2

1 n 'n/+ n
() /O T(s)( 2t T g

1 Sn Ty + Tpnt1

—— | T()(

sn Jo 2 Sn

76 T [T )

1 Sn n n
s+ o [T s |
0

IN
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1 [°n T + Tpt1 1 /S" Ty + Tyt
T(s)— [ T(s)(timtlygs — — [ sy (e tintt
T [Ty - [Tt
1 [ Tp + Tn
Hio [ TP s =)
< oo [T )

Tn + Tn+41 1 n Tn + Tn+1
T(s T —)ds — — T _
) [T @ s L [T e,

2
1 Sn
= 2 [T s
n JO

1 [ Tp + Tpat
Hi [T s =)

2

1 [o Ty + Tn, 1 Ty + Tn
T [T - [Tt

Since w# e C, from and Lemma@ we obtain limy, oo ||T(s)zn —zy| = 0.
Therefore

1T(s)tn —tull < NT(8)tn — T(s)znll + | T(8)Tn — ol + |20 — tull

< itn —zall +IT(8)zn — znll + [[20 — tall-
Then we have lim,, o ||T(s)t, — t,|| = 0.

4. CONVERGENCE ALGORITHM

Theorem 12. The Algorithm (@ converges strongly z € Fix(S), which is a unique
solution of the variational inequality {(vf — B)z,y — z) <0, for all y € Fiz(S).

Proof. Let q = Prjy(s). We get

lg( =B+vf)(z) =gl =B+l < I-B+vf)@)— I -B+v/)W|
< = Bllllz =yl + vl f(=) = fFW)

< A=)l =yl +yelz -yl

(I= 1 —va))lz -yl

Then ¢(I — B + «f) is a contraction mapping from H into itself. Therefore by

Banach contraction principle, there exists z € H such that z = ¢(I — B+ vyf)z =

Priws)(I = B+7f)z.
We show that ((vf — B)z,x, — z) < 0. To show this inequality, we choose a
subsequence {t,,} of {¢,} such that

limsup{(vf = B)z,tn —2) = lim ((vf = B)z, s, = 2). (12)

n—oo

Since {t,,} is bounded, there exists a subsequence {tnij} of {t,,} € K which
converges weakly to some w € C'. Without loss of generality, we can assume that

ds||

ds||

ds||
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tn, — w. Now, we prove that w € Fiz(S). Assume that w ¢ Fiz(S). Since
tn, — w and T'(s)w # w, from Opial’s conditions and Lemma[10] (P3), we have

liminf ||t,, —w| < liminf|¢,, —T(s)w||
< liminf(|[tn, = T(s)tn, || + | T(s)tn, = T(s)wl])
<

lim inf [, — w]|
1— 00

which is a contradiction. Thus, we obtain w € Fiz(S). Now from , we have

limsup((vf — B)z, 2z, —2) = limsup((vf — B)z,t, — 2)
< limsup((vf — B)z, tn, — 2) (13)

= ((Wf=B)zw—2) <0.
Now we prove that x,, is strongly convergence to z.

[2n41 = 21* = an(vf(xn) = Bz, 2ni1 = 2) + B, (D2n — D2, Tni1 — 2)
—en{z,Tpy1 — 2y + (L —€p)] — B,,D — a,B)(t, — 2),Zpt1 — 2)
an(Y(f(2n) = f(2), Zny1 — 2) + (Vf(2) = Bz, &nt1 = 2))

B, IDN[[en = 2l €nt1 = 2l = enllzll|lzn41 = 2]|

(1 =€) = B, D — anBl|[[tn — z|[|zn+1 — ]|

anayllzn = 2|[#nt1 = 2l + an(vf(2) = Bz, 2ny1 = 2)

+B8u72llen = 2l |nt1 = 2l = enllzll[|2n1 — 2|

+(1 = 8,92 — an'yl)”%

anay|zn = 2|01 — 2| + an(vf(2) = Bz, 2p41 — 2)

+BnV2llZn — 2ll|Znt1 — 2l — enllzlllzns1 — 2]

1- ﬁnﬁ/Q - an’?l
2

L+ 8,9 — an(1 — 2a)

= D) |zn = 2|l Znt1 — 2|l + @n(vf(2) = B2z, Znt1 — 2)

IN

IN

= 2ll[zn41 = =]l

IN

+

(lzn = 2l + lZn41 = 2l 201 = 2]|

1 - B,75 — o
Bn’Y; An71 ||xn+1 _ ZHQ

—enlzll[[Ent1 — 2] +

1+ ﬁni@ — O‘n(:yl - 20‘7)
4
Fan(vf(2) = Bz, xp1 — 2) — enl2||[|2n41 — 2]
1- Bnﬁ/Q - anfyl
2
14 8,72 — an(y; — 2a7)
4

IN

(ln = 217 + lznsr — 2%)

+ [l

IA

l — 2II?
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+3 - Bn’72 - O‘n(3'71 - 20[’}/)
4
+O[7L<r)/f(z) - Bzvxn+1 - Z> - en”Z”H:En—i-l — ZH
4
+an(7f(2) = Bz,Zn41 — 2) — &l2]|[|#n11 — 2|
This implies that

Alzpi — 2P < (1 + Buz — an(¥1 — 2a7))||lzn — 2)|? + 3l znt1 — 2|2
o (Vf(2) = B2, mns1 — 2) + denl2lmn i1 — 2],

|41 = 2

IN

3
Ln — ZHQ + szn-H - ZH2

Then
[Zns1 — ZH2 < (1= (an(71 = 2a) = B72)) o0 — ZHQ
+an (vf(2) = Bz, Tny1 — 2) + den| 2| |41 — 2|
= (1 =k)|zn —2||* + danly, (14)
where ky = an (7, — 20) + 8,75 and by = (1(2) — B2, g — 2) — 2ll2ns1 — 211
Since limy, oo @p = limy, 00 5,, = 0 and 352 ja, = X028, = 00, it is easy to see

that lim, .o kn, = 0, 02k, = 00 and hm SUP,, o0 In < 0. Hence, from (I3) and
and Lemma @, we deduce that x, — z, where z = Ppiy(5)(I = B+~f)z. O

5. NUMERICAL EXAMPLES

In this section, we give some examples and numerical results for supporting our
main theorem. All the numerical results have been produced in Matlab 2017 on a
Linux workstation with a 3.8 GHZ Intel annex processor and 8 Gb of memory

Example 13. Consider a Fredholm integral equation of the following form

x(t):g(t)—l—/OtF(Lk,a:(k)) b, telo1], (15)

where g is a continuous function on [0,1] and F : [0,1]x[0,1]x R — R is continuous.
Note that if F satisfies the Lipschitz continuity condition, i.e.,
|F(t, k,x) — F(t, k,y)| < |z —yl, Vi, k €[0,1], =z,y€R,

then equation has at least one solution in L*[0,1] (see [13]).
Define a mapping T(s) : L?[0,1] — L?[0,1] by

(T(s)2)(t) = e (g(t) + / F(t,k,a(k) dk),  te[0,1].

It is easy to observe that S = {T(s) : s € [0,+00)} is a nonexpansive semigroup.
In fact, we have, for z,y € L?[0,1],

IT(s)a — T(s)u? /| (TS0 dt
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[ e [P - e k() drf d
0 0

/ K / k) — (k)2 di) de
_ /|g; (k)2 dk

= o -yl

IN

This means that to find the solution of integral equation is reduced to find a
fized point of the monexpansive semigroup S in L?[0,1]. For any given function
xo € L?[0,1], define a sequence of functions x,, in L*[0,1] by

T + xn-&-l

5 )ds

Tni1 = any f(2n) + B Datn + (1 — en)I — B, D — anB)Si /0 ")

satisfying the conditions of Algorithm @ Then the sequence {x,} converges strongly
in L2[0,1] to the solution of integral equation which is also a solution of the
following variational inequality

(Wf=B)z,y—2z) <0, Vye Fiz(9).

Example 14. Let H = R, the set of all real numbers, with the inner product

defined by (z,y) = zy, Vz,y € R, and induced usual norm | . |. Let C = [-1,3];
Let f(z) = iz, B(z) = tz, D(z) = = and let, for each x € C, T(s)z = Tl%m
Then there exists a unique sequence {x,} C R generated by the iterative scheme
1 1
1 = (—— 4 =)z 16
ot = (grm+ ) (16)
1 1 1 1/ 1 xp+Tps
l-—— )~ —D— —B)— d
*( (n—|—1)2) m )sn/o 72 2 %
where o, = \F’ B, = 2n7 €, = (n+1)2 and s, = n. Then {z,} converges to
{0} € Fiz(S). f is contraction mapping with constant & = § and B, D are strongly
positive bounded linear operators with constant ¥, = % on C. Therefore, we can

choose v = 1 which satisfies 0 < v < % <7+ i Furthermore, it is easy to observe
that Fiz(S) = {0} # 0. After simplification, scheme (16) reduce to

1 1 1 1 1
ovr Tan t (1= gz — 35 — 1) In(1 +2n)
Tnt1 = 1 1 In(1+2 Tn-
-0 (n+1)2 “on T 4f) n(1+ 2n)

Following the proof of Theorem we obtain that {xz,} converges strongly to w =
{0} € Fix(S).
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Let H = R, the set of all real numbers, with the inner product defined by (x,y) =
zy, Yo,y € R, and induced usual norm | . |. Let C = [0,4]; Let f(z) = {5(z —
3), B(x) = sz, D(z) = 3z and let, for each x € C, T(s)x = e 2*z. Then there
exists a unique sequence {x,} C R generated by the iterative scheme

3 1
n n_3 n 17
ot AU W (17)
1 1 3 1 [°" o XTp+ Tt
1— =) - D - B)— 2s(Tn T Tntly
HO = )= s D= g B [
where o, = 7471:117 B, = ~—

Tt n = # and s, = 2n. Then {x,} converges to
{0} € Fiz(S). f is contraction mapping with constant & = § and B, D are strongly
positive bounded linear operators with constant ¥, = % on C. Therefore, we can

choose v = 2 which satisfies 0 < v < g <~v+ é Furthermore, it is easy to observe
that Fiz(S) = {0} # 0. After simplification, scheme reduce to

3 1 1 —4 1 1 1 9
R (Gonms T oz @ V- — 57w — ma )~ wrs
+1 = =
" L+ g (e =D - 25 = 575 — 7r1)

Following the proof of Theorem we obtain that {xz,} converges strongly to w =
{0} € Fix(S).
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6. CONCULSION

In this paper, we present a viscosity nonlinear midpoint algorithm for solving
equilibrium problems in real Hilbert spaces. The methods propose a theoretical
generalization of some existing results in the literature and primary numerical ex-
periments also demonstrate the potential applicability of these methods. We es-
tablish the algorithm’s strong convergence under mild and standard assumptions.
This work open the doors for many promising research directions such as obtaining

error bound and convergence rate of our algorithms as well as extensions to Banach
spaces.
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