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ON GENERALIZED CHEEGER-GROMOLL METRIC AND
HARMONICITY

R. KADA BEN OTMANE, A. ZAGANE, AND M. DJAA

Abstract. In this paper, we introduce the Generalized Cheeger-Gromoll met-
ric on the tangent bundle TM , as a natural metric on TM . We establish a
necessary and suffi cient conditions under which a vector field is harmonic with
respect to the Generalized Cheeger-Gromoll metric. We also construct some
examples of harmonic vector fields.

1. Introduction

Consider a smooth map φ : (Mm, g)→ (Nn, h) between two Riemannian mani-
folds, then the energy functional is defined by

E(φ) =

∫
K

e(φ)dvg (1)

or over any compact subset K ⊂M .

e(φ) =
1

2
traceg(φ

∗h) =
1

2
tracegh(dφ, dφ) (2)

is the energy density of φ.
A map is called harmonic if it is a critical point of the energy functional. For

any smooth variation {φt}t∈I of φ with φ0 = φ and V =
d

dt
φt

∣∣∣
t=0
, we have

d

dt
E(φt)

∣∣∣
t=0

= −
∫
K

h(τ(φ), V )dvg (3)

where
τ(φ) = traceg∇dφ (4)

is the tension field of φ. Then φ is harmonic if and only if τ(φ) = 0.
One can refer to [14], [15], [22] for background on harmonic maps and [9], [12]

for background on generalized harmonic maps.
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The geometry of the tangent bundle TM equipped with the Sasaki metric has
been studied by many authors such as Sasaki [25], K.Yano and S. Ishihara [27],
P.Dombrowski [13], A. Salimov, A. Gezer and N. Cengiz [26],[23], etc.... The rigid-
ity of Sasaki metric has incited some geometers to construct and study other metrics
on TM . J. Cheeger and D. Gromoll has introduced the notion of Cheeger-Gromoll
metric [5], this metric has been studied also by many authors (see [1], [2], [16], [17],
[24], [26]).

The existence and explicit construction of harmonic mappings between two given
Riemannian manifolds (M, g) and (N,h) are two of the most fundamental prob-
lems of the theory of harmonic mappings. If M is compact N has non positive
sectional curvature, then any smooth map from M to N can be deformed into a
harmonic map using the heat flow method [Eells and Sampson 1964]. However,
there is no general existence theory of harmonic mappings if the target manifold
does not satisfy the non positive curvature condition. This fact makes it interesting
to find harmonic maps defined by vector fields as a maps from Riemannian manifold
(M, g) to its tangent bundle TM .

The main idea in this note consists in the modification of the Sasaki metric. First
we introduce a natural metric called Generalized Cheeger-Gromoll metric on the
tangent bundle TM , originally defined by M. Anastasiei [2]. Afterward we establish
necessary and suffi cient conditions under which a vector field is harmonic with
respect to the Generalized Cheeger-Gromoll metric (Theorem 10 and Theorem 11).
We also construct some examples of harmonic vector fields and we give a formula for
the construction of non trivial examples of vector fields (Theorem 16 and Corollary
17 ). After that we study the harmonicity of the map σ : (M, g) −→ (TN, h̃)
(Theorem 21, Theorem 22 ) and the map φ : (TM, g̃) −→ (N,h) (Theorem 24,
Theorem 25).

1.1. Basic Notion and Definition on TM . Let (M, g) be anm-dimensional Rie-
mannian manifold and (TM, π,M) be its tangent bundle. A local chart (U, xi)i=1,m
on M induces a local chart (π−1(U), xi, yi)i=1,m on TM . Denote by Γkij the
Christoffel symbols of g and by ∇ the Levi-Civita connection of g.
We have two complementary distributions on TM , the vertical distribution V

and the horizontal distribution H, defined by:

V(x,u) = ker(dπ(x,u)) = {ai ∂
∂yi
|(x,u); ai ∈ R},

H(x,u) = {ai ∂
∂xi
|(x,u) − aiujΓkij

∂

∂yk
|(x,u); ai ∈ R},
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where (x, u) ∈ TM ,such that T(x,u)TM = H(x,u) ⊕ V(x,u). Let X = Xi ∂

∂xi
be a

local vector field on M . The vertical and the horizontal lifts of X are defined by:

XV = Xi ∂

∂yi
(5)

XH = Xi δ

δxi
= Xi{ ∂

∂xi
− yjΓkij

∂

∂yk
} (6)

For consequences, we have (
∂

∂xi
)H =

δ

δxi
and (

∂

∂xi
)V =

∂

∂yi
, then (

δ

δxi
,
∂

∂yi
)i=1,m

is a local adapted frame on TTM .

If w = wi
∂

∂xi
+ wj

∂

∂yj
∈ T(x,u)TM , then its horizontal and vertical parts are

defined by

wh = wi
∂

∂xi
− wiujΓkij

∂

∂yk
∈ H(x,u)

wv = {wj + wiujΓkij}
∂

∂yk
∈ V(x,u)

Proposition 1. [27]Let (M, g) be a Riemannian manifold and R its tensor curva-
ture, then for all vector fields X,Y ∈ Γ(TM) and p = (x, u) ∈ TM we have:

(1) [XH , Y H ]p = [X,Y ]Hp − (Rx(X,Y )u)V ,

(2) [XH , Y V ]p = (∇XY )Vp ,

(3) [XV , Y V ]p = 0.

2. Generalized Cheeger-Gromoll metric

2.1. Generalized Cheeger-Gromoll metric.

Definition 2. Let (M, g) be a Riemannian manifold and α, β : R+ → R+, α 6= 0
are smooth functions. On the tangent bundle TM , we define a Generalized Cheeger-
Gromoll metric noted g̃ by:

(1) g̃(XH , Y H)p = gx(X,Y ),
(2) g̃(XH , Y V )p = 0,
(3) g̃(XV , Y V )p = α(r)g(X,Y ) + β(r)g(X,u)g(Y, u),
where X,Y ∈ Γ(TM), p = (x, u) ∈ TM and r = g(u, u).

For more details see [2].

Remark 3. 1) If α = 1 and β = 0, then g̃ is the Sasaki metric [25],

2) If α = β =
1

r + 1
, then g̃ is the Cheeger-Gromoll metric [5], [17].

Lemma 4. [1], [16]Let (M, g) be a Riemannian manifold and f : R→ R a smooth
function. For all X,Y ∈ Γ(TM), p = (x, u) ∈ TM , u = ui ∂

∂xi ∈ TxM and
r = g(u, u), we have:
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(1) XH(f(r))p = 0,
(2) XV (f(r))p = 2f ′(r)g(X,u)x
(3) XH(g(Y, u))p = g(∇XY, u)x,
(4) XV (g(Y, u))p = g(X,Y )x.

Proof. Locally, the statement is a direct consequence of formulas (??) and (5). �

Lemma 5. Let (M, g) be a Riemannian manifold and (TM, g̃) its tangent bundle
equipped with the Generalized Cheeger-Gromoll metric, we have:

1) XH g̃(Y V , ZV ) = g̃((∇XY )V , ZV ) + g̃(Y V , (∇XZ)V ),

2) XV g̃(Y V , ZV ) = 2α′g(X,u)g(Y,Z) + 2β′g(X,u)g(Y, u)g(Z, u)

+β[g(Z, u)g(X,Y ) + g(Y, u)g(X,Z)].

for all X,Y, Z ∈ Γ(TM).

Proof. Using Lemma 4, we obtain:

1)XH g̃(Y V , ZV ) = XH
[
αg(X,Y ) + βg(X,u)g(Y, u)

]
= αXHg(Y,Z) + βXH(g(Y, u)g(Z, u))]

= α[g(∇XY, Z) + g(Y,∇XZ)]

+β[g(∇XY, u)g(Z, u) + g(Y, u)g(∇XZ, u)]

= g̃((∇XY )V , ZV ) + g̃(Y V , (∇XZ)V ).

2)XV g̃(Y V , ZV ) = XV
[
αg(X,Y ) + βg(X,u)g(Y, u))

]
= XV (α)g(Y,Z) +XV (β)g(Y, u)g(Z, u) + βXV (g(Y, u)g(Z, u))

= 2α′g(X,u)g(Y, Z) + 2β′g(X,u)g(Y, u)g(Z, u)

+βg(Z, u)g(X,Y ) + βg(Y, u)g(X,Z).

�

2.2. Levi-Civita connection of the Generalized Cheeger-Gromoll metric.

Lemma 6. Let (M, g) be a Riemannian manifold and (TM, g̃) its tangent bundle
equipped with the Generalized Cheeger-Gromoll metric. If ∇ (resp. ∇̃) denote the
Levi-Civita connection of (M, g) (resp. (TM, g̃), then we have:

1) g̃(∇̃XHY H , ZH) = g̃((∇XY )H , ZH),

2) g̃(∇̃XHY H , ZV ) =− 1

2
g̃((R(X,Y )u)V , ZV ),

3) g̃(∇̃XHY V , ZH) =
α(r)

2
g̃((R(u, Y )X)H , ZH),

4) g̃(∇̃XHY V , ZV ) = g̃((∇XY )V , ZV ),

5) g̃(∇̃XV Y H , ZH) =
α(r)

2
g̃((R(u,X)Y )H , ZH),
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6) g̃(∇̃XV Y H , ZV ) = 0,

7) g̃(∇̃XV Y V , ZH) = 0,

8) g̃(∇̃XV Y V , ZV ) = g̃
(α′
α

[
g(X,u)Y V + g(Y, u)XV

]
+
[ β − α′
α+ rβ

g(X,Y ) +
αβ′ − 2α′β

α(α+ rβ)
g(X,u)g(Y, u)

]
UV , ZV

)
.

for all X,Y, U ∈ Γ(TM), Ux = u = ui ∂
∂xi ∈ TxM and (x, u) ∈ TM .

Proof. Using Lemma 4, Lemma 5 and Kozul formula, we obtain:

1) 2g̃(∇̃XHY H , ZH) =XH g̃(Y H , ZH) + Y H g̃(ZH , XH)− ZH g̃(XH , Y H)

+ g̃(ZH , [XH , Y H ]) + g̃(Y H , [ZH , XH ])− g̃(XH , [Y H , ZH ])

=Xg(Y, Z) + Y g(Z,X)− Zg(X,Y ) + g(Z, [X,Y ])

+ g(Y, [Z,X])− g(X, [Y, Z])

=2g(∇XY.Z)

=2g̃((∇XY )H , ZH).

2) 2g̃(∇̃XHY H , ZV ) =XH g̃(Y H , ZV ) + Y H g̃(ZV , XH)− ZV g̃(XH , Y H)

+ g̃(ZV , [XH , Y H ]) + g̃(Y H , [ZV , XH ])− g̃(XH , [Y H , ZV ])

=g̃(ZV , [XH , Y H ])

=− g̃((R(X,Y )u)V , ZV ).

3) 2g̃(∇̃XHY V , ZH) =XH g̃(Y V , ZH) + Y V g̃(ZH , XH)− ZH g̃(XH , Y V )

+ g̃(ZH , [XH , Y V ]) + g̃(Y V , [ZH , XH ])− g̃(XH , [Y V , ZH ])

=− g̃((R(Z,X)u)V , Y V )

=− αg(R(Z,X)u, Y )− βg(Y, u)g(R(Z,X)u, u)]

=αg(R(u, Y )X,Z)

=αg̃((R(u, Y )X)H , ZH).

4) 2g̃(∇̃XHY V , ZV ) =XH g̃(Y V , ZV ) + Y V g̃(ZV , XH)− ZV g̃(XH , Y V )

+ g̃(ZV , [XH , Y V ]) + g̃(Y V , [ZV , XH ])− g̃(XH , [Y V , ZV ])

=XH g̃(Y V , ZV ) + g̃(ZV , [XH , Y V ]) + g̃(Y V , [ZV , XH ])

=g̃((∇XY )V , ZV ) + g̃(Y V , (∇XZ)V )

+ g̃(ZV , (∇XY )V )− g̃(Y V , (∇XZ)V )

=2g̃((∇XY )V , ZV ).
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The other formulas are obtained by a similar calculation. �

Theorem 7. [16], [21]Let (M, g) be a Riemannian manifold and (TM, g̃) its tangent
bundle equipped with the Generalized Cheeger-Gromoll metric. If ∇ (resp. ∇̃)
denote the Levi-Civita connection of (M, g) (resp. (TM, g̃)), then we have:

1) (∇̃XHY H)p = (∇XY )Hp −
1

2
(Rx(X,Y )u)V ,

2) (∇̃XHY V )p = (∇XY )Vp +
α

2
(Rx(u, Y )X)H ,

3) (∇̃XV Y H)p =
α

2
(Rx(u,X)Y )H ,

4) (∇̃XV Y V )p =
α′

α

[
gx(X,u)Y Vp + gx(Y, u)XV

p

]
+
[ β − α′
α+ rβ

gx(X,Y ) +
αβ′ − 2α′β

α(α+ rβ)
gx(X,u)gx(Y, u)

]
UVp .

for all X,Y, U ∈ Γ(TM), Ux = u = ui ∂
∂xi ∈ TxM and p = (x, u) ∈ TM . where R

denote the curvature tensor of (M, g).

Proof. The statement is a direct consequence of Lemma 6. �

3. Generalized Cheeger-Gromoll metric and Harmonicity

3.1. Harmonicity of a vector field X : (M, g) −→ (TM, g̃).

Lemma 8. Let (M, g) be a Riemannian manifold. If X,Y ∈ Γ(TM) are vector
fields on M and (x, u) ∈ TM such that Yx = u, then we have:

dxY (Xx) = XH
(x,u) + (∇XY )V(x,u).

Proof. Let (U, xi) be a local chart on M in x ∈ M and π(−1)(U), xi, yj) be the
induced chart on TM , if Xx = Xi(x) ∂

∂xi |x and Yx = Y i(x) ∂
∂xi |x = u, then

dxY (Xx) = Xi(x)
∂

∂xi
|(x,u) +Xi(x)

∂Y k

∂xi
(x)

∂

∂yk
|(x,u),

thus the horizontal part is given by:

(dxY (Xx))h = Xi(x)
∂

∂xi
|(x,u) −Xi(x)Y j(x)Γkij(x)

∂

∂yk
|(x,u)

= XH
(x,u),

and the vertical part is given by:

(dxY (Xx))v = {Xj(x)
∂Y k

∂xi
(x) +Xi(x)Y j(x)Γkij(x)} ∂

∂yk
|(x,u)

= (∇XY )V(x,u).

�
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Lemma 9. Let (Mm, g) be a Riemannian m-dimensional manifold and (TM, g̃)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. If X ∈
Γ(TM), then the energy density associated to X is given by:

e(X) =
m

2
+

1

2
traceg

[
αg(∇X,∇X) + βg(∇X,u)2

]
.

Proof. Let X ∈ Γ(TM) and (E1, · · · , Em) be a local orthonormal frame on M ,
then:

e(X) =
1

2

m∑
i=1

g̃(dX(Ei), dX(Ei))

Using Lemma 8, we obtain:

e(X) =
1

2

m∑
i=1

g̃(EHi + (∇EiX)V , EHi + (∇EiX)V )

=
1

2

m∑
i=1

[
g̃(EHi , E

H
i ) + g̃((∇EiX)V , (∇EiX)V ))

]
=

1

2

m∑
i=1

[
g(Ei, Ei) + αg(∇EiX,∇EiX) + βg(∇EiX,u)2

]
=

m

2
+

1

2
traceg

[
αg(∇X,∇X) + βg(∇X,u)2

]
.

�

Theorem 10. Let (Mm, g) be a Riemannian m-dimensional manifold and (TM, g̃)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. If X ∈
Γ(TM), then the tension field associated to X is given by:

τ(X) =
[
traceg(αR(X,∇X)∗)

]H
+
[
tracegA(X)

]V
.

where A(X) is a bilinear map defined by:

A(X) = ∇2X +
2α′

α
g(∇X,X)∇X +

[ β − α′
α+ ‖X‖2β g(∇X,∇X)

+
αβ′ − 2α′β

α(α+ ‖X‖2β)
g(∇X,X)2

]
X,

and ‖X‖2 = g(X,X).

Proof. Let x ∈ M and {Ei}i=1,m be a local orthonormal frame on M such that
(∇MEiEi)x = 0 and Xx = u, then:

τ(X)x =

m∑
i=1

{∇XEidX(Ei)− dX(∇MEiEi)}x
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=

m∑
i=1

{∇̃dX(Ei)dX(Ei)}(x,u)

=

m∑
i=1

{∇̃[EHi +(∇EiX)V ][E
H
i + (∇EiX)V ]}(x,u)

=

m∑
i=1

{∇̃EHi E
H
i + ∇̃EHi (∇EiX)V + ∇̃(∇EiX)V (Ei)

H + ∇̃(∇EiX)V (∇EiX)V }(x,u),

Using Theorem 7, we obtain:

τ(X) =

m∑
i=1

[
(∇EiEi)H −

1

2
(R(Ei, Ei)X)V + (∇Ei∇EiX)V +

α

2
(R(X,∇EiX)Ei)

H

+
α

2
(R(X,∇EiX)Ei)

H +
α′

α

[
g(∇EiX,X)(∇EiX)V + g(∇EiX,X)(∇EiX)V

]
+
[ β − α′
α+ ‖X‖2β g(∇EiX,∇EiX) +

αβ′ − 2α′β

α(α+ ‖X‖2β)
g(∇EiX,X)g(∇EiX,X)

]
XV

]
=

m∑
i=1

[
α(R(X,∇EiX)Ei)

H + (∇Ei∇EiX)V +
2α′

α
g(∇EiX,X)(∇EiX)V

+
[ β − α′
α+ ‖X‖2β g(∇EiX,∇EiX) +

αβ′ − 2α′β

α(α+ ‖X‖2β)
g(∇EiX,X)2

]
XV

]
=

[
traceg

(
αR(X,∇X) ∗

)]H
+

[
traceg

(
∇2X +

2α′

α
g(∇X,X)∇X

+
[ β − α′
α+ ‖X‖2β g(∇X,∇X) +

αβ′ − 2α′β

α(α+ ‖X‖2β)
g(∇X,X)2

]
X
)]V

.

�

Theorem 11. Let (Mm, g) be a Riemannian m-dimensional manifold and (TM, g̃)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. If X ∈
Γ(TM), then X is harmonic if and only the following conditions are verified

traceg

(
R(X,∇X) ∗

)
= 0

and

traceg

(
∇2X +

2α′

α
g(∇X,X)∇X

+
[ β − α′
α+ ‖X‖2β g(∇X,∇X) +

αβ′ − 2α′β

α(α+ ‖X‖2β)
g(∇X,X)2

]
X
)

= 0 (7)

Proof. The statement is a direct consequence of Theorem 10. �
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Corollary 12. Let (Mm, g) be a Riemannian m-dimensional manifold and (TM, g̃)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. If X ∈
Γ(TM) is a parallel (i.e ∇X = 0), then X is harmonic.

Theorem 13. Let (Mm, g) be a Riemannian compact m-dimensional manifold and
(TM, g̃) its tangent bundle equipped with the Generalized Cheeger-Gromoll metric.
If X ∈ Γ(TM), then X is harmonic if and only if X is parallel (i.e ∇X = 0).

Proof. If X is parallel from Corollary 12, we deduce that X is harmonic vector
field.
Inversely, let ϕt be a compactly supported variation of X defined by:

ϕ : R×M −→ TxM

(t, x) 7−→ ϕ(t, x) = ϕt(x) = (t+ 1)Xx

From Lemma 9 we have:

e(ϕt) =
m

2
+

(t+ 1)2

2
traceg

[
αg(∇X,∇X) + βg(∇X,X)2

]
E(ϕt) =

m

2
V ol(M) +

(t+ 1)2

2

∫
M

traceg
[
αg(∇X,∇X) + βg(∇X,X)2

]
dvg

If X is a critical point of the energy functional, then we have :

0 =
∂

∂t
E(ϕt)|t=0

=
∂

∂t

[m
2
V ol(M) +

(t+ 1)2

2

∫
M

traceg
[
αg(∇X,∇X) + βg(∇X,X)2

]
dvg

]
t=0

=

∫
M

traceg
[
αg(∇X,∇X) + βg(∇X,X)2

]
dvg

then g(∇X,∇X) + g(∇X,X)2 = 0,
hence ∇X = 0. �

Example 14. Let Rn equipped with the canonical metric (flat manifold and non
compact) and the vector field :

X : Rn −→ TRn ,

x = (x1, · · · , xn) 7−→ Xx = (X1
x, · · · , Xn

x )

we have:

τ(X) =

n∑
i=1

(
∂2X1

∂x2i
, ...,

∂2Xn

∂x2i
)

1) If X is constant, then X is harmonic.
2) If Xi = aixi and ai 6= 0, then X is harmonic (τ(X) = 0) but

∇X =
∑
i

ai
∂

∂xi
⊗ dxi 6= 0.



638 R. KADA BEN OTMANE, A. ZAGANE, AND M. DJAA

indeed

∇X(∂xj) = ∇∂xjX =
∑
i

ai∇∂xj (xi
∂

∂xi
) =

∑
i

aiδij
∂

∂xi
= aj

∂

∂xj
.

Example 15. Let S1 equipped with the metric:

gS1 =
4

(1 + x2)2
dx2

as S1 is compact then. The vector field X = a(x) ∂
∂x , a ∈ C

∞(S1) is harmonic if
and only if X is parallel, i.e

∇X = 0 ⇔ ∇ ∂
∂x
a
∂

∂x
= 0

⇔ ∂a

∂x
+ aΓ = 0

⇔ ∂a

∂x
− 2x

1 + x2
a = 0

⇔ a(x) = k(1 + x2) , k ∈ R

⇔ X = k(1 + x2)
∂

∂x
, k ∈ R

Theorem 16. Let (Rm, g0) the real euclidean space and (TRm, g̃0) its tangent bun-
dle equipped with the Generalized Cheeger-Gromoll metric. If X = (X1, · · · , Xm) ∈
Γ(TRm), then X is harmonic if and only if X verifies the following system of equa-
tions
m∑
i=1

∂2Xk

∂(xi)2
+

m∑
i,j=1

(2α′

α
Xj ∂X

j

∂xi
∂Xk

∂xi
+

β − α′
α+ ‖X‖2βX

k
(∂Xj

∂xi
)2)

+
αβ′ − 2α′β

α(α+ ‖X‖2β)
Xk

m∑
i=1

( m∑
j=1

Xj ∂X
j

∂xi

)2
= 0. (8)

for all k = 1,m.

Proof. Let { ∂
∂xi }i=1,m be a canonical frame on Rm. Using Theorem 11, we have:

τ(X) = 0 equivalent the following equations (??) and (??) are verified.
As Rm is flat, then the equation (??) is obvious.
Hence,

τ(X) = 0⇔ (??)

⇔ traceg

[
∇2X +

2α′

α
g(∇X,X)∇X

+
[ β − α′
α+ ‖X‖2β g(∇X,∇X) +

αβ′ − 2α′β

α(α+ ‖X‖2β)
g(∇X,X)2

]
X
]

= 0



ON GENERALIZED CHEEGER-GROMOLL METRIC AND HARMONICITY 639

m∑
i=1

[
∇ ∂

∂xi
∇ ∂

∂xi
X +

2α′

α
g(∇ ∂

∂xi
X,X)(∇ ∂

∂xi
X)

+
[ β − α′
α+ ‖X‖2β g(∇ ∂

∂xi
X,∇ ∂

∂xi
X) +

αβ′ − 2α′β

α(α+ ‖X‖2β)
g(∇ ∂

∂xi
X,X)2

]
X
]

= 0

⇔
m∑
i=1

[ m∑
k=1

( ∂2Xk

∂(xi)2
∂

∂xk
)

+
2α′

α

m∑
j=1

(∂Xj

∂xi
Xj
) m∑
k=1

(∂Xk

∂xi
∂

∂xk
)

+
[ β − α′
α+ ‖X‖2β

m∑
j=1

(
∂Xj

∂xi
)2 +

αβ′ − 2α′β

α(α+ ‖X‖2β)

( m∑
j=1

Xj ∂X
j

∂xi
)2] k∑

i=1

(Xk ∂

∂xk
)
]

= 0

⇔
m∑
i=1

∂2Xk

∂(xi)2
+

m∑
i,j=1

(2α′

α
Xj ∂X

j

∂xi
∂Xk

∂xi
+

β − α′
α+ ‖X‖2βX

k
(∂Xj

∂xi
)2)

+
αβ′ − 2α′β

α(α+ ‖X‖2β)
Xk

m∑
i=1

( m∑
j=1

Xj ∂X
j

∂xi

)2
= 0.

for all k = 1,m. �

Corollary 17. Let (Rm, g0) the real euclidean space and (TRm, g̃0) its tangent bun-
dle equipped with the Generalized Cheeger-Gromoll metric and X = (X1, · · · , Xm) ∈
Γ(TRm). If α and β are constant functions, then X is a harmonic if and only if
for all k = 1,m:

m∑
i=1

∂2Xk

∂(xi)2
+

β

α+ ‖X‖2βX
k

m∑
i,j=1

(∂Xj

∂xi
)2

= 0.

Remark 18. Using Corollary 17, we can construct many examples of non trivial
harmonic vector fields.

Example 19. If Rn is endowed with the canonical metric and TRm its tangent
bundle equipped with the Generalized Cheeger-Gromoll metric. From corollary 17,
we deduce that:
1) If X = (y(x1), 0, · · · , 0) ∈ Γ(TRm) is a harmonic vector field if and only the
function y is solution of differential equation:

y′′ +
βy′y

α+ βy2
y′ = 0.

2) If X = (y(x1, x2), 0, · · · , 0) ∈ Γ(TRm) is a harmonic vector field if and only the
function y is the solution of the partial derivative equation:

∂2y

∂x21
+
∂2y

∂x22
+

βy

α+ βy2
(
∂y

∂x1
+

∂y

∂x2
) = 0.

where α, β ∈ R+.
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3.2. Harmonicity of the map σ : (M, g) −→ (TN, h̃).

Lemma 20. Let (Mm, g), (Nn, h) two Riemannian manifolds and f : N →]0,+∞[

a smooth function. Let (TN, h̃) the tangent bundle of N equipped with the Gener-
alized Cheeger-Gromoll metric. If

σ : (M, g) −→ (TN, h̃)

x 7−→ (ϕ(x), v)

a map, such that ϕ = πTN ◦ σ and v = Yϕ(x) ∈ Tϕ(x)N where Y ∈ Γ(TN),
πTN : TN → N is the canonical projection, then:

dσ(X) = (dϕ(X))H + (∇ϕXσ)V

for all X ∈ Γ(TM).

Proof. Using Lemma 8, we obtain:

dxσ(Xx) = dx(Y ◦ ϕ)(Xx)

= dϕ(x)Y (dϕ(Xx))

= (dϕ(X))H(ϕ(x),v) + (∇dϕ(X)Y )V(ϕ(x),v)

= (dϕ(X))H(ϕ(x),v) + (∇ϕXσ)V(ϕ(x),v)

where Yϕ(x) = v ∈ Tϕ(x)N �

Theorem 21. Let (Mm, g), (Nn, h) two Riemannian manifolds and f : N →
]0,+∞[ a smooth function. Let (TN, h̃) the tangent bundle of N equipped with the
Generalized Cheeger-Gromoll metric. The tension field of the map

σ : (M, g) −→ (TN, hf )

x 7−→ (ϕ(x), v)

such that ϕ = πTN ◦ σ, is given by:

τ(σ) =
[
τ(ϕ) + traceg(αR

N (σ,∇ϕσ)dϕ(∗))
]H

+
[
tracegA(σ)

]V
where A(σ) is a bilinear map defined by:

A(σ) = (∇ϕ)2σ +
2α′

α
h(∇ϕσ, σ)∇ϕσ

+
[ β − α′
α+ ‖σ‖2β h(∇ϕσ,∇ϕσ) +

αβ′ − 2α′β

α(α+ ‖σ‖2β)
h(∇ϕσ, σ)2

]
σ

and ‖σ‖2 = h(σ, σ) = r.

Proof. Let x ∈ M and {Ei}i=1,m be a local orthonormal frame on M such that
(∇MEiEi)x = 0 and σ(x) = Uϕ(x) = v. From the Lemma 20 and theorem 7, we
obtain:

τ(σ)x = traceg(∇dσ)x
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=

m∑
i=1

{∇̃dσ(Ei)dσ(Ei)}(ϕ(x),v)

=

m∑
i=1

{∇̃[(dϕ(Ei))H+(∇ϕEiσ)V ][(dϕ(Ei))
H + (∇ϕEiσ)V ]}(ϕ(x),v)

=

m∑
i=1

{∇̃(dϕ(Ei))H (dϕ(Ei))
H + ∇̃(dϕ(Ei))H (∇ϕEiσ)V + ∇̃(∇ϕEiσ)V (dϕ(Ei))

H

+∇̃(∇ϕEiσ)V (∇ϕEiσ)V }(ϕ(x),v)

=

m∑
i=1

[
(∇Ndϕ(Ei)dϕ(Ei))

H − 1

2
(RN (dϕ(Ei), dϕ(Ei))σ)V

+(∇Ndϕ(Ei)∇
ϕ
Ei
σ)V +

α

2
(RN (v,∇ϕEiσ)dϕ(Ei))

H

+
α

2
(RN (v,∇ϕEiσ)dϕ(Ei))

H

+
α′

α

[
h(∇ϕEiσ, v)(∇ϕEiσ)V + h(∇ϕEiσ, v)(∇ϕEiσ)V

]
+
( β − α′
α+ rβ

h(∇ϕEiσ,∇
ϕ
Ei
σ) +

αβ′ − 2α′β

α(α+ rβ)
h(∇ϕEiσ, v)2

)
UV
]
(ϕ(x),v)

After offsetting the values of r = h(σ, σ) = ‖σ‖2 and σ(x) = Uϕ(x) = v, we have:

τ(σ) =

m∑
i=1

[
(∇ϕEidϕ(Ei))

H + α(RN (σ,∇ϕEiσ)dϕ(Ei))
H

+(∇ϕEi∇
ϕ
Ei
σ)V +

2α′

α
h(∇ϕEiσ, σ)(∇ϕEiσ)V

+
( β − α′
α+ ‖σ‖2β h(∇ϕEiσ,∇

ϕ
Ei
σ) +

αβ′ − 2α′β

α(α+ ‖σ‖2β)
h(∇ϕEiσ, σ)2

)
σV
]

τ(σ) =
[
τ(ϕ) + traceg

(
αRN (σ,∇ϕσ)dϕ(∗)

)]H
+
[
traceg

[
(∇ϕ)2σ +

2α′

α
h(∇ϕσ, σ)∇ϕσ

+
( β − α′
α+ ‖σ‖2β h(∇ϕEiσ,∇

ϕ
Ei
σ) +

αβ′ − 2α′β

α(α+ ‖σ‖2β)
h(∇ϕσ, σ)2

)
σ
]]V

�

Theorem 22. Let (Mm, g), (Nn, h) two Riemannian manifolds and f : N →
]0,+∞[ a smooth function. Let (TN, hf ) the tangent bundle of N equipped with the
Generalized Cheeger-Gromoll metric. The map

σ : (M, g) −→ (TN, hf )
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x 7−→ (ϕ(x), v)

such that ϕ = πTN ◦ σ, is a harmonic if and only if the following conditions are
verified

τ(ϕ) = −traceg
(
αRN (σ,∇ϕσ)dϕ(∗)

)
and

0 = traceg
[
(∇ϕ)2σ +

2α′

α
h(∇ϕσ, σ)∇ϕσ

+
( β − α′
α+ ‖σ‖2β h(∇ϕEiσ,∇

ϕ
Ei
σ) +

αβ′ − 2α′β

α(α+ ‖σ‖2β)
h(∇ϕσ, σ)2

)
σ
]

(9)

3.3. Harmonicity of the map φ : (TM, g̃) −→ (N,h).

Lemma 23. Let (Mm, g) be a Riemannian m-dimensional manifold and (TM, g̃)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. The
canonical projection

π : (TM, g̃) −→ (M, g)

(x, u) 7−→ x

is harmonic: i.e. τ(π) = 0.

Proof. Let (x, u) ∈ TM and {Ei}i=1,m such that E1 = u
‖u‖ is an orthonormal basis

on M in x, then

{EHi ,
1√

α+ rβ
EV1 ,

1√
α
EVj }i=1,m,j=2,m

is an orthonormal basis on TM in (x, u).

τ(π) = traceg̃∇dπ

=

m∑
i=1

{
∇πEHi dπ(EHi )− dπ(∇TMEHi E

H
i )
}

+∇π( 1√
α+rβ

EV1 )
dπ(

1√
α+ rβ

EV1 )− dπ(∇TM( 1√
α+rβ

EV1 )
(

1√
α+ rβ

EV1 ))

+

m∑
j=2

{
∇π( 1√

α
EVj )

dπ(
1√
α
EVj )− dπ(∇TM( 1√

α
EVj )

(
1√
α
EVj ))

}
as dπ(EVi ) = 0 and dπ(EHi ) = Ei ◦ π then:

τ(π) =

m∑
i=1

{
(∇MEiEi) ◦ π − dπ(∇MEiEi)

H
}

− 1√
α+ rβ

dπ
[
EV1 (

1√
α+ rβ

)EV1 +
1√

α+ rβ
∇TMEV1 E

V
1

]
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−
m∑
j=2

{ 1√
α
dπ
[
EVj (

1√
α

)EVj +
1√
α
∇TMEVj E

V
j

]}
= − 1

α+ rβ
dπ(∇TMEV1 E

V
1 )−

m∑
j=2

{ 1

α
dπ(∇TMEVj E

V
j )
}

= 0

�

Theorem 24. Let (Mm, g), (Nn, h) two Riemannian manifolds and f : M →
]0,+∞[ a smooth function. Let (TM, g̃) the tangent bundle of M equipped with the
Generalized Cheeger-Gromoll metric.
Let ϕ : (M, g) −→ (N,h) a smooth map. The tension field of the map:

φ : (TM, g̃) −→ (N,h)

(x, y) 7−→ ϕ(x)

is given by:
τ(φ) =

[
τ(ϕ)] ◦ π.

Proof. Let (x, u) ∈ TM and {Ei}i=1,m such that E1 = u
‖u‖ is an orthonormal basis

on M in x, then {EHi , 1√
α+rβ

EV1 ,
1√
α
EVj }i=1,m,j=2,m is an orthonormal basis on

TM in (x, u).
as the φ is defined by:

φ : (TM, g̃)
π−→ (M, g)

ϕ−→ (N,h)

(x, y) 7−→ x 7−→ ϕ(x)

i.e. φ = ϕ ◦ π, we have:
τ(φ) = τ(ϕ ◦ π)

= dϕ(τ(π)) + traceg̃∇dϕ(dπ, dπ)

traceg̃∇dϕ(dπ, dπ) =

m∑
i=1

{
∇ϕ
dπ(EHi )

dϕ(dπ(EHi ))− dϕ(∇Mdπ(EHi )dπ(EHi ))
}

+

m∑
j=2

{
∇ϕ
dπ( 1√

α
EVj )

dϕ(dπ(
1√
α
EVj ))− dϕ(∇Mdπ( 1√

α
EVj )

dπ(
1√
α
EVj ))

}
+∇ϕ

dπ( 1√
α+rβ

EV1 )
dϕ(dπ(

1√
α+ rβ

EV1 ))− dϕ(∇Mdπ( 1√
α+rβ

EV1 )
dπ(

1√
α+ rβ

EV1 ))

=

m∑
i=1

{
(∇ϕEidϕ(Ei)) ◦ π − dϕ(∇MEiEi) ◦ π

}
=

m∑
i=1

{
∇ϕEidϕ(Ei)− dϕ(∇MEiEi)

}
◦ π
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= τ(ϕ) ◦ π
Using Lemma 23, we obtain:

τ(φ) = τ(ϕ) ◦ π
�

Theorem 25. Let (Mm, g), (Nn, h) two Riemannian manifolds and f : M →
]0,+∞[ a smooth function. Let (TM, g̃) the tangent bundle of M equipped with the
Generalized Cheeger-Gromoll metric. The map

φ : (TM, g̃) −→ (N,h)

(x, y) 7−→ ϕ(x)

is harmonic if and only if ϕ is a harmonic.
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