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ON GENERALIZED CHEEGER-GROMOLL METRIC AND
HARMONICITY

R. KADA BEN OTMANE, A. ZAGANE, AND M. DJAA

ABSTRACT. In this paper, we introduce the Generalized Cheeger-Gromoll met-
ric on the tangent bundle TM, as a natural metric on 7M. We establish a
necessary and sufficient conditions under which a vector field is harmonic with
respect to the Generalized Cheeger-Gromoll metric. We also construct some
examples of harmonic vector fields.

1. INTRODUCTION

Consider a smooth map ¢ : (M™,g) — (N™, h) between two Riemannian mani-
folds, then the energy functional is defined by

ﬂ@=dem (1)

or over any compact subset K C M.

e(p) = %traceg(qﬁ*h) = %tracegh(dqﬁ,dd)) (2)

is the energy density of ¢.
A map is called harmonic if it is a critical point of the energy functional. For

d
any smooth variation {¢, }+er of ¢ with ¢y = ¢ and V = ﬁd)t AL have
t=

GEG|_ == [ 1) vy, Q

where
T(¢p) = trace,Vdeo (4)
is the tension field of ¢. Then ¢ is harmonic if and only if 7(¢) = 0.
One can refer to [I4], [15], [22] for background on harmonic maps and [9], [12]
for background on generalized harmonic maps.
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The geometry of the tangent bundle T'M equipped with the Sasaki metric has
been studied by many authors such as Sasaki [25], K.Yano and S. Ishihara [27],
P.Dombrowski [13], A. Salimov, A. Gezer and N. Cengiz [26],[23], etc.... The rigid-
ity of Sasaki metric has incited some geometers to construct and study other metrics
on T'M. J. Cheeger and D. Gromoll has introduced the notion of Cheeger-Gromoll
metric [5], this metric has been studied also by many authors (see [I], [2], [16], [I7],
21, [26]).

The existence and explicit construction of harmonic mappings between two given
Riemannian manifolds (M, g) and (N,h) are two of the most fundamental prob-
lems of the theory of harmonic mappings. If M is compact N has non positive
sectional curvature, then any smooth map from M to N can be deformed into a
harmonic map using the heat flow method [Eells and Sampson 1964]. However,
there is no general existence theory of harmonic mappings if the target manifold
does not satisfy the non positive curvature condition. This fact makes it interesting
to find harmonic maps defined by vector fields as a maps from Riemannian manifold
(M, g) to its tangent bundle T'M.

The main idea in this note consists in the modification of the Sasaki metric. First
we introduce a natural metric called Generalized Cheeger-Gromoll metric on the
tangent bundle T'M, originally defined by M. Anastasiei [2]. Afterward we establish
necessary and sufficient conditions under which a vector field is harmonic with
respect to the Generalized Cheeger-Gromoll metric (Theorem [10| and Theorem.
We also construct some examples of harmonic vector fields and we give a formula for
the construction of non trivial examples of vector fields (Theorem [16|and Corollary
). After that we study the harmonicity of the map o : (M,g) — (TN, h)
(Theorem Theorem [22] ) and the map ¢ : (I'M,g) — (N, h) (Theorem
Theorem [25)).

1.1. Basic Notion and Definition on TM. Let (M, g) be an m-dimensional Rie-
mannian manifold and (T'M, 7, M) be its tangent bundle. A local chart (U, z%),_1—

1=1m

on M induces a local chart (7~ '(U),z%,y"),_y7 on TM. Denote by T¥; the

i=1,m
Christoffel symbols of g and by V the Levi-Civita connection of g.
We have two complementary distributions on TM, the vertical distribution V
and the horizontal distribution H, defined by:

V(z,u) = ker(dﬂ-(z,u)) = {a 872/1|(x,u); a € R}a

H(m;u.) = {a @kz,u) —a ujl—‘waiyk‘(m)u),a c R},
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0
where (z,u) € TM such that T, ,)TM = Hzu) & Vzw. Let X = Xla— be a
local vector field on M. The vertical and the horizontal lifts of X are defined by:

. 0
XV = X'= 5
e 6
;0 0 0
H o i = X! YTk
For consequences, we have (8331 Vi = 5; and (aiZ )W o= aiyi, then (%, aiyi)i:Lm

is a local adapted frame on TT M.

0 0
3 +wl — 5 € T(4u)T'M, then its horizontal and vertical parts are
Tt yJ

If w=w
defined by

o, 0
h 7 k
w :watfquFuakEH(iu)

0
w’ = {w’ + w' uJFU}a = € Vi)

Proposition 1. [27]Let (M, g) be a Riemannian manifold and R its tensor curva-
ture, then for all vector fields X, Y € T'(TM) and p = (x,u) € TM we have:

(1) [XF,YH], = [X,Y]H — (Ro(X,Y)u)V
(2) X7, Y], = (VxY)Y
(3) [XV,¥V], = 0.

2. GENERALIZED CHEEGER-GROMOLL METRIC

2.1. Generalized Cheeger-Gromoll metric.

Definition 2. Let (M, g) be a Riemannian manifold and o, 3 : RT — RT, « # 0
are smooth functions. On the tangent bundle T M, we define a Generalized Cheeger-
Gromoll metric noted g by:
(1) g(XHv YH)p = gz(Xa Y)a
(2) g(x™, YY), =0,
(3) g(XV, YY), = a(r)g(X,Y) + B(r)g(X,u)g(Y, u),
where X, Y e T(TM), p = (x,u) € TM and r = g(u,u).

For more details see [2].

Remark 3. 1) Ifa =1 and 8 =0, then g is the Sasaki metric [25],
1
2)Ifa=p= g then g is the Cheeger-Gromoll metric [5], [17).
r
Lemma 4. [1], [16] Let (M, g) be a Riemannian manifold and f : R — R a smooth

function. For all XY € '(TM), p = (z,u) € TM, u = uia‘zi € T.M and
r = g(u,u), we have:
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1) X5 (f(r)py =

2) XV(f(r))p —2f'( )9(X, u)a
3) X" (g(Y,u)p = g(VxY,u)s,
4) XV(g(Y, u))p =9(X,Y),.

( H
(

(

(

Proof. Locally, the statement is a direct consequence of formulas (??) and .
Lemma 5. Let (M, g) be a Riemannian manifold and (TM,gq) its tangent bundle
equipped with the Generalized Cheeger-Gromoll metric, we have:
D) xTgyV,z¥) = g(vx)",2")+3(Y",(Vx2)"),
2) XVg(YV,z") = 2d/g(X,u)g(Y,Z) + 28'9(X,u)g(Y,u)g(Z, u)
+B[9(Z,u)g(X,Y) + g(Y, u)g(X, Z)].
forall XY, Z € T(TM).
Proof. Using Lemma [4] we obtain:
X"y, z") = X"[ag(X,Y)+ Bg(X,u)g(Y, u)]
= aXg(Y,2) + X" (9(Y,u)9(Z,u))]
= alg(VxY,2) +9(Y,VxZ)]
+Blg(VxY, u)g(Z,u) + g(Y,u)g(Vx Z, u)]
= (VxV)", 2V) + (Y'Y, (Vx2)").

2)XVg(YV,2") = XV[ag(XY)+ Bg(X,u)g(Y, u))]
= XY(a)g(Y,2) + X" (B)g(Y, ) (Z,u) + BXY (g(Y,u)g(Z,u))
= 2d'g(X,u)g(Y,Z) +26'9(X,u)g(Y,u)g(Z,u)
+89(Z,u)g(X,Y) + By(Y, U)g(Xv Z).
([l
2.2. Levi-Civita connection of the Generalized Cheeger-Gromoll metric.

Lemma 6. Let (M, g) be a Riemannian manifold and (T M,q) its tangent bundle
equipped with the Generalized Cheeger-Gromoll metric. If V (resp. V) denote the
Levi-Civita connection of (M, g) (resp. (T'M,g), then we have:

1) g(ﬁXHYHv ZH) = g((vXY)H7 ZH)7

SHRC Y)Y, 2%),

2) g(eXHYHa ZV)

alr)

3) §(VyxrY", Z1) = G(R(u, )X, ZzH),

2
) g(VxaYV, 2V) =5((VxY)", 2",
(

)G (R, XYY, 21,

5) §(Var ¥, 21 = =
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~ (7 H 14
6) g(vXVY 7Z ):Oa
~ (7 \% H
7) g(vXVY 7Z ):O7

/

8) §(Var Y, 2¥) = (% [g(X, u)YY + g(Viw)XY]

8- af —2a/'B VooV
a+r69(XaY)+mg(XaU)Q(Y,U)]U ZY).

forall X, YU e T(TM), U, :u:ui% € T,M and (z,u) € TM.

+

Proof. Using Lemma [} Lemma [5] and Kozul formula, we obtain:
1) 2§(Vxn Y, 20y =X Hg(vH z7) 1 vHG(zH, X7y - 7zHg(xH vH)
+g(Z" XY + (v (27, x M) - g(x M, YT, Z1])
=Xg(Y,2) +Yg(Z,X) = Zg(X,Y) + 9(Z,[X,Y])
+9(Y,[Z,X]) —g(X,[Y, Z])
=29(VxY.Z)
=25((VxY)H, ZzH).
2) 25(Vxn Y ZV) =XHgv " 2V + YHg(zV, X)) - ZzVg(x " vH)
+g(2V (XY )+ gy ", 2V, X)) —g(x M, [y ", ZY))
=g(z",[x", Y1)
=—J(R(X,Y)u)",Z2").

3) 25(Vxu Y, 2"y =xHgvV, z") + YVg(z", x") - zHg(x ", vV)
+g(Z" XYV + (v, (27, X)) — g(x T vV, zM)
=—3((R(Z, X)u)",Y")
=—ag(R(Z,X)u,Y) — Bg(Y,u)g(R(Z, X)u, u)]
=ag(R(u,Y)X,Z)
=ag((R(u,Y) X)), Z1).

4)25(VxuY"V, ZV) =X"g(vV, 2"+ YV z", X" - ZVg(x",y")
+9(Z7 (X YY) +g(vY, (2, X)) - g(x P [YY, Z2Y))
=X"TgvV,Z2") +9(ZV, X" YY) + g(vV, [2V, X))
=3(VxY)V, Z2V) +g(YV,(Vx2)")
+9(Z27,(VxY)") =Y, (Vx2)")
=20((VxY)V,ZV).
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The other formulas are obtained by a similar calculation. O

Theorem 7. [10], [2I]Let (M, g) be a Riemannian manifold and (T'M,q) its tangent
bundle equipped with the Generalized Cheeger-Gromoll metric. If V (resp. V)
denote the Levi-Civita connection of (M, g) (resp. (TM,q)), then we have:

D(@xn¥™), = (Nl - SRV,
2) (Vxn¥V)y = (VxV)y o+ 5 (Rew V)X)",
B (Var¥™), = F(Rou X)Y)",
4)(VxvYY), = %I[gz(X, w)Y, + go (Y, u) X,
B—a aff —2d'B
+ [a + T,Bgm(X’ Y) + mgm(Xv u)gz(Ya u)] U;;/

for al X, Y, U e T'(TM), Uy =u = uia‘zi €T, M and p = (x,u) € TM. where R
denote the curvature tensor of (M, g).

Proof. The statement is a direct consequence of Lemma [6] [

3. GENERALIZED CHEEGER-GROMOLL METRIC AND HARMONICITY
3.1. Harmonicity of a vector field X : (M,g) — (T'M,g).

Lemma 8. Let (M,g) be a Riemannian manifold. If XY € T'(TM) are vector
fields on M and (z,u) € TM such that Y, = u, then we have:

d.Y (X2) = X3y + (VXY) -

Proof. Let (U,z%) be a local chart on M in € M and #(=Y(U),z%,37) be the

induced chart on TM, if X, = X*(2)52|, and Y, = Y(2) 22|, = u, then

oY* 0
Ot (SL‘) 373/“ ‘(z,u)’

, 0

thus the horizontal part is given by:

|(z,u) + Xz(x)

@Y (XD = X gl — X @V @05l
_ H
- X(wau)’
and the vertical part is given by:
v j oy” i j k 9
(dY (Xo))" = {X(2) 55 (2) + X' (@)Y (x)Fij(x)}aiykkw,u)
= (VX)) (o)
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Lemma 9. Let (M™,g) be a Riemannian m-dimensional manifold and (TM,q)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. If X €
[(T'M), then the energy density associated to X is given by:

1
e(X) = % + gtraceg [ocg(VX7 VX)+B9(VX, U)Z]

Proof. Let X € T'(TM) and (Ey,---,E) be a local orthonormal frame on M,
then:

1 o=
e(X) = B Zg(dX(Ei)adX<Ei))
i=1
Using Lemma 8] we obtain:

N =
VMS

e(X) =
1

-
Il

[9(E, B +5(VeX)Y, (Ve X))

Il
N |
'MS

«
I
—

I
N |
'MS

1

1
+ itmceg [ag(VX,VX)+ Bg(VX,u)?].

?

o] 3

O

Theorem 10. Let (M™,g) be a Riemannian m-dimensional manifold and (TM,q)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. If X €
D(TM), then the tension field associated to X is given by:

7(X) = [traceg(aR(X, VX)*)]H + [tmcegA(X)]V.

where A(X) is a bilinear map defined by:
B—of

2 !
AX) = VX + %g(VX,X)VX n [Wg(VX, vX)
af — 248 9
AP 2P v, X2 X
ot X VX XX

and || X2 = g(X, X).

Proof. Let x € M and {E:};,_1,;
(VAE/[EZ);E =0 and X, = u, then:

be a local orthonormal frame on M such that

m

Z{VE dX(E;) — dX (VY E)}s
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m

= > {Vaxs)dX(E)} @

=1

= Y Vi, o B + (Ve X) Baw

i=1

= Y AVer B + Vpn (Ve X) + Vv, xyv ()" + Vi, xyv (VEX) }aw,

i=1

Using Theorem [7], we obtain:

T(X) = Z [(VEEi)H - %(R(E,-,Ei)X)V + (Ve Ve X)Y + %(R(vaEiX)Ei)H

1

Oé/

af —2a/'B
a(a+ || X[]25)

B—d
+|———5=9(VE, X, Vg X) +
[Oé ¥+ ||X||269( E; E; )

20/
(RO VX BN + (V5 V5, X) + =—g(V, X, X)(VE,X)Y

I

s
Il
-

aff — 245

et sl
ala+ (| X[125)

a+ || X[?8

_|_

9(VE X,V X) + 9(Vr X, X)) xV]

H
+

2 /
trace, (aR(X, VX) % ) tracegy (VQX + %g(VX, X)VX

B —d af — 248

eV YOt X

|4
g(VX, X)Q]X)] :
O

Theorem 11. Let (M™,g) be a Riemannian m-dimensional manifold and (TM,q)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. If X €
T(TM), then X is harmonic if and only the following conditions are verified

tracegy (R(X, VX) % ) =0

and
!
trace, (V2X + %g(VX,X)VX
B —a af — 248 5
P2 X, VX)) 2P vx, X)?|X) =0 7
o= )+ et g XFIX) @)

Proof. The statement is a direct consequence of Theorem [

(R(X, Vg, X)E)" + o 9(VEX, X)(VEX)" +9(VE,X,X)(VEX)Y]
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Corollary 12. Let (M™,g) be a Riemannian m-dimensional manifold and (T M, q)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. If X €
I(TM) is a parallel (i.e VX = 0), then X is harmonic.

Theorem 13. Let (M™,g) be a Riemannian compact m-dimensional manifold and
(TM,7q) its tangent bundle equipped with the Generalized Cheeger-Gromoll metric.
If X e T(TM), then X is harmonic if and only if X is parallel (i.e VX = 0).

Proof. If X is parallel from Corollary we deduce that X is harmonic vector
field.
Inversely, let ¢, be a compactly supported variation of X defined by:

p:RxM — T,M
(tx) — olt,z) =) =0C+1)Xs

From Lemma [0 we have:

t+1)32
e(p,) = % + (t+1) traceg [ocg(VX, VX) —|—,39(VX,X)2]
t+1)2
E(p,) = %VOZ(M) L +2 ) / trace, [ag(VX, VX) + Bg(VX, X)2] dv,
M
If X is a critical point of the energy functional, then we have :
0
0 = 5B(@)l=o
t+1)32
= 9 {ﬁVol(M) + E+1” / traceg[ag(VX,VX) + ﬂg(VX,X)ﬂdvg}
8t 2 2 M t=0
— / traceg[ag(VX,VX) + Bg(VX, X)?|dv,
M
then g(VX,VX)+g(VX, X)?=0,
hence VX = 0. ([l

Example 14. Let R™ equipped with the canonical metric (flat manifold and non
compact) and the vector field :

X:R*" — TR" ,
z= (21, ,Tn) sz(X;,m,Xg)
we have:
n 82X1 aQXn
7(X) :Z(Txf”aixf)

i=1
1) If X is constant, then X is harmonic.
2) If X' = a;z; and a; # 0, then X is harmonic (7(X) = 0) but

0

i
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indeed
8 0 0
VX(0z;) = Vo, X = Zalva% xz Zaz ”6 =a;— a;°
Example 15. Let S' equipped with the metric:
4
o —
gst (1+a22)? z

as S is compact then. The vector field X = a,(x)% , a € C>(SY) is harmonic if
and only if X is parallel, i.e

VX=0 <& ViCLQZO
or Oz
Oa
& — I'=0
8x+a
T
dxr 1+z2

e alr)=k(1+2?),keR
9

X=k(1+2>)= , keR

pEN (+$)8x’ =

Theorem 16. Let (R™, go) the real euclidean space and (TR™, gq) its tangent bun-
dle equipped with the Generalized Cheeger-Gromoll metric. If X = (X*',---  X™) €
D(TR™), then X is harmonic if and only if X verifies the following system of equa-
tions

a?xk T s2a) L OXT oX” B —a 0X7 2
Y k
g ]Z_:l( o X e o Taz st Cat) )

ap’ —2d/p 8X3
ala £ IXI°0) X'“Z(X; 5r) =0 (&)

forallk=1,m.

Proof. Let { aiz }i=1om De a canonical frame on R™. Using Theorem |11} we have:
7(X) = 0 equivalent the following equations (??) and (??) are Verlﬁed

As R™ is flat, then the equation (??) is obvious.

Hence,

T(X)=0<(77)
5 2a/
& traceg {V X+ Fg(VX, X)VX

[ B—a Ozﬁ/ —2d/p

eV VOt e X8

g(VX,X)Q]X] =0
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/
[V 2 Vo X—l—%g(v o X, X)(V_o X)
1=1 ’ o ' o
B—a aff — 248 5
e (Vo X, Vo X)+ 2P (V. X, X)2X|=0

sV XV s 0+ ey Y X XA
aX 0\ 20 = 0XT O~ 0XE D

Q);{Z 28xk)+?;(8xi‘x)k:1<8ﬂ@)
8X3 — 20/ aXJ b

a—i— ||X||2ﬁ Z 8:10’ CH— 1X1126) Z:: 8:61 ; Ozk ]

+ (5))
a dzt 0zt a+ || X|?8 oz’

af — 2
(a+||X||2B Xk;(zxj a:m) =0

for all k =1,m. O

- T 92Xk N - (2a XjaXJ oxk B—a . 0XI

i=1 i,j=1

Corollary 17. Let (R™, gg) the real euclidean space and (TR™, go) its tangent bun-
dle equipped with the Generalized Cheeger-Gromoll metric and X = (X*',--- , X™) €
T(TR™). If a and  are constant functions, then X is a harmonic if and only if
for allk =1,m:

92Xk 8 poam 0XT o
2 56 T av i 2 (Gar) =0

Remark 18. Using Corollary[I7, we can construct many examples of non trivial
harmonic vector fields.

Example 19. If R™ is endowed with the canonical metric and TR™ its tangent
bundle equipped with the Generalized Cheeger-Gromoll metric. From corollary [LT],
we deduce that:

1) If X = (y(x1),0,---,0) € T(TR™) is a harmonic vector field if and only the
function y is solution of differential equation:

/
" aiyﬁyygy, _
2) If X = (y(z1,22),0,---,0) € I(TR™) is a harmonic vector field if and only the
function y is the solution of the partial derivative equation:
Py 0y e
dz3  0z3  a+pBy? 0x1 Oz

where a, 8 € RT.
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3.2. Harmonicity of the map o: (M,g) — (TN,E).

Lemma 20. Let (M™,g), (N",h) two Riemannian manifolds and f : N —]0, +00]
a smooth function. Let (TN, h) the tangent bundle of N equipped with the Gener-
alized Cheeger-Gromoll metric. If

o:(M,g9) — (TN,h)
r o (p(x),v)

a map, such that ¢ = mpy o0 and v = Yy € Ty N where Y € T'(TN),
mrn : TN — N is the canonical projection, then:

do(X) = (dp(X)" + (V50)Y
for all X e T(T'M).
Proof. Using Lemma[8] we obtain:
dyo(Xz) = do(Y 0 0)(X5)

= dy(a)Y (dp(Xz))

= (dp(X)) (o)) + (Vaox)Y ) {o(a).0)

= (do(X) Ly T (VZO) (o))
where Y ;) = v € Ty N ([
Theorem 21. Let (M™,g), (N",h) two Riemannian manifolds and f : N —

10, +00[ a smooth function. Let (T'N,h) the tangent bundle of N equipped with the
Generalized Cheeger-Gromoll metric. The tension field of the map

o:(M,g) — (TN,h%)
z — (p(x),v)
such that ¢ = N o 0, is given by:
7(0) = [T((p) + traceg(ocRN(a, V“"a)dgp(*))]H + [tracegA(a)] v
where A(o) is a bilinear map defined by:

2 /
Alo) = (V?)%0 + %h(v%,a)v%
g—a af —2d'B 9
+|————h(V¥0,V¥0)+ ——————h(V¥0,0)° |0
AT " aat loa) ")
and ||o||* = h(o,0) = 7.
Proof. Let x € M and {E;};,_15; be a local orthonormal frame on M such that

(V%Ez)x = 0 and o(z) = Uy(y) = v. From the Lemma |20/ and theorem |7, we
obtain:

T(0)s = tracey(Vdo),
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m

= D Vom0 do(E) o))

=1

= Z{ﬁ[ug@(&))u(vgiaw] [(de(E) T + (V5,0)V T} o))

=1
= Z{%(dgp(Ei))H(dso(Ei))H + Vidg(myn (Vo) + 6(vgia)v(d<P(Ez'))H
i=1

V(w0 (V5,0 N )
m

= 3 [V de(E Y~ S (RN (B, dolB))o)"

=1
«
(Vo) VE) + 5 (R (0, VE, 0)dp ()"
«
+5 (R (0, Vo))

/

+ L h(V50,0)(V5,0)Y +h(VE0,0) (V5 0)]

Q|9

A o 2
+(f+ fﬁh(vgia, V%.0)+ Wh(VEU,U)Q)UV]

After offsetting the values of 7 = h(0,0) = [|o||* and o(z) = Uy ()

(¢(2),0)

= v, we have:

NE

(o) = Y [(VEde(E)T +a(RN (0, V,0)de(E.)"

1

<.

2 /
+(VE,V5,0)" + =h(V§,0,0)(VE,0)"
B —a af —2d/8
+(———53h(Ve o, Voo) + —
VESVED T SatTolB)

PR h(Vg,o, 0)2)0‘/}
(o) = [T((p) + trace, (aRN(o, V“"U)dcp(*))} "

©\2 20/ ® %]
Jr{traceg[(v )0+ ?h(v o,0)V¥0o

( B8 —a af — 248

+(———h V‘PU,V@_J 4 —-—
a1 Topp Ve Vi) T o o)

h(V“"J,U)2)JH Y
O

Theorem 22. Let (M™,g), (N™, h) two Riemannian manifolds and f : N —
10, +00[ a smooth function. Let (T'N,h') the tangent bundle of N equipped with the
Generalized Cheeger-Gromoll metric. The map

o:(M,g) — (TN,h))
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z — (p(z),v)

such that ¢ = wpy o o, is a harmonic if and only if the following conditions are
verified

7(p) = —tracey (aRN (0, V¥0)dp(x))

and
9 2a/
0 = traceg[(V“")cr—|—7h(V"°a,a)V“"a
B— o af — 24/ 5
(Y (v 0, Ve o)+ P TP ves 0)2)o 9
(G ToEs" Ve VR T Giatoay Y 7)) ®)

3.3. Harmonicity of the map ¢ : (TM,g) — (N, h).

Lemma 23. Let (M™,g) be a Riemannian m-dimensional manifold and (TM,q)
its tangent bundle equipped with the Generalized Cheeger-Gromoll metric. The
canonical projection

is harmonic: i.e. T(w) = 0.

Proof. Let (x,u) € TM and {E;},
on M in z, then

i—T.m such that £y = ﬂ is an orthonormal basis

1 1
EF gV, BV}
{ i \/W 1 \/* ] }1_ j=2
is an orthonormal basis on TM in (x,u).
T(m) = tracezVdnm

= i{ngdw(E) dn (VY )}

i=1

1
Vi pyydr(———
Vit ===E 3 L Gy TJF

+Z{vﬂl Ev)dﬂ(\ﬁ E)) - dﬁ(v(ﬁEv)(}EjV))}

as drn(E)) =0 and dr(E) = E; o then:

V) = dn(VTY, )

) = S {(VEE)or - dn(VYE)")

i=1

1
VBV + ————=VpV' BY ]

v vt
Vo e Pt e
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m

—Z{—dﬂ f)EVJrTv ]}

1 TM VY - 1 TM 2V
= (VY ED) Z{adw(ijij)}

=2

O

Theorem 24. Let (M™,g), (N™ h) two Riemannian manifolds and f : M —
10, 400[ a smooth function. Let (TM,q) the tangent bundle of M equipped with the
Generalized Cheeger-Gromoll metric.
Let ¢ : (M, g) — (N, h) a smooth map. The tension field of the map:
¢:(T'M,g) — (N,h)
(0,y) — )
is given by:

(¢) = [r(p)] o .

Proof. Let (x,u) € TM and {E;},_17 - such that By = H T is an orthonormal basis
on M in z, then {EZH7 ﬁEY, \}EV i=T.m,j—2m 18 an orthonormal basis on

TM in (z,u).
as the ¢ is defined by:

¢: (TM,g) —~ (M,g) = (N,h)
(z,y) — zr— ()
i.e. ¢ = pom, we have:
m(¢) = 7(pom)
= do(7(m)) + tracezVde(dr, dr)

m

trace;Vdip(dr,dm) = 3 {vg (e de(dn(B]) = dp(V1] o dr(EF ))}
=1
+§m:{v*" do(dr(—=EY)) — dp(VM dm(—— BV}
= dr(LEY) Ja i PWNVan(LEY) Ja i
1 1
® VY _ - gY
Y ey 2 W mm s B )) — 40Vl oy (e L)

Ms

{(VEde(E)) om —dp(VI E) o]
1

o
I

{V“o do(E d@(V%{,Ei)} om
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Using Lemma [23] we obtain:

O

Theorem 25. Let (M™,g), (N™ h) two Riemannian manifolds and f : M —
10, +00[ a smooth function. Let (TM,q) the tangent bundle of M equipped with the
Generalized Cheeger-Gromoll metric. The map

¢:(TM,§) — (N,h)
(z,y) — ()

is harmonic if and only if ¢ is a harmonic.
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