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Abstract

In this paper, we show that the sum of a compact convex subset and a simultaneously
T-strongly proximinal convex subset (resp. simultaneously approximatively 7T-compact
convex subset) of a Banach space X is simultaneously 7-strongly proximinal (resp. simul-
taneously approximatively 7-compact ), and the sum of a weakly compact convex subset
and a simultaneously approximatively weakly compact convex subset of X is still simul-
taneously approximatively weakly compact, where 7 is the norm or the weak topology.
Moreover, some related results on the sum of simultaneously proximinal subspaces are
presented.
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1. Introduction

Let X be a real Banach space and C' a nonempty closed subset of X. An element yg € C
is called a best approximation to z from C' if

— = inf — =d . 1.1
|z — ol ;Ielcllﬂf yll = d(z,C) (1.1)

For any v € X, let Po(x) = {y € C : ||z — y|| = d(z,C)}. C is said to be proximinal if
the set Po(x) is nonempty for every x in X.

For a given bounded subset A, all elements of A might be approximated simultaneously
by a single element of C'. This type of problem arises when a function being approximated
is not known exactly but is known to belong to a set [10, 18].

For a bounded subset A C X, an element yy € C is called a best simultaneous approx-
imation of A from C' if

sup [la — yo|| = inf sup [la — yl| = d(A, ). (1.2)
acA yeCaecA
For any bounded subset A C X, let Po(A) = {y € C :sup|la —y| = d(A,C)}. C is said
a€A
to be simultaneously proximinal if Po(A) is nonempty for every bounded subset A C X
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[12]. For 6 > 0, let Po(A,8) ={y e C: Sup lla —y| < d(A,C)+d}. A sequence {y,} C C

is called minimizing for A C X if sup ||a —ynl| — d(4,C).
acA
Taking the set A to be a singleton, it follows that simultaneously proximinal sets are

proximinal. It is known that any weakly compact subsets or any reflexive subspaces of X
are simultaneously proximinal [11,16].

The notions of simultaneous approximative compactness and simultaneous strong prox-
iminality were introduced by Gupta and Narang [7]. We extend those as following. In this
paper, unless otherwise mentioned, we denote by 7 either the norm or the weak topology
on X. As usual, in case 7 is the norm topology, we omit it.

Definition 1.1. A subset C' of X is said to be simultaneously approximatively 7-compact
if for each bounded set A C X, every minimizing sequence {y,} C C for A has a subse-
quence T-convergent to an element in C.

Definition 1.2. A 7-closed set C of X is said to be simultaneously 7-strongly proximinal if
C is simultaneously proximinal for each bounded set A C X and for any 7-neighbourhood
V of 0 in X, there exists § > 0 such that Pc(A,d) C Po(A)+ V.

The following question was raised by Cheney and Wulbert in [2]:

If F and G are proximinal subspaces of a Banach space X, and F' 4 G is closed, does
it follow that F' 4 G is proximinal in X7

In [6], Feder gave a negative answer to this problem and proved that if F' is reflexive
and G is proximinal such that F'4 G is closed and F'NG is finite dimensional, then F' +G
is proximinal. Lin [9] , Deeb and Khalil [4] proved that the condition “F N G is finite
dimensional” can be dropped and the above conclusion still established.

Rawashdeh, Al-Sharif and Domi [16] generalized the Feder’s result to the sum of si-
multaneously proximinal subspaces and proved if F' is reflexive and G is simultaneously
proximinal satisfying F' + G is closed such that F' N G is finite dimensional then F + G is
simultaneously proximinal. Meng, Luo, and Shi [11] proved that a weakly compact convex
subset and a simultaneously proximinal convex subset is simultaneously proximinal. This
can be regarded as a localized version as the above conclusions. Furthermore, Gupta and
Narang [7] generalized Rawashdeh’s result to the sum of simultaneously strongly proximi-
nal subspaces. For the recent development of this topic, we refer to [14,15] and references
therein.

In this paper, we shall study the sum of simultaneously proximinal subsets of a Banach
space X. We prove that the sum of a compact convex subset and a simultaneously 7-
strongly proximinal convex subset (resp. simultaneously approximatively 7-compact con-
vex subset) of X is simultaneously 7-strongly proximinal (resp. simultaneously approxima-
tively 7-compact ), and the sum of weakly compact convex subset and a simultaneously
approximatively weakly compact convex subset of X is simultaneously approximatively
weakly compact. As an application, some related results on the sum of simultaneously
proximinal subspaces are presented.

All symbols and notations in this paper are standard. We use X to denote a real Banach
space. By (resp. Sx) stands for the closed unit ball (resp. the unit sphere) of X. For a
subset A C X, co(A) denotes the convex hull of A.

2. General results

In this section, we consider the simultaneous proximinality of 7-closed subsets in a
Banach space. It was shown that a reflexive subspace or a weakly compact subset of a
Banach space X is simultaneously proximinal [11,16], and a finite dimensional subspace is
simultaneously approximatively compact [7]. We will show that every T-compact subsets
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are T-simultaneously approximatively compact, and we shall characterize reflexive spaces
from simultaneous proximinality point of view.

Proposition 2.1. Let C' be a nonempty subset of a Banach space X. Then

(1) C is simultaneously proximinal if and only if z + C is simultaneously proziminal for
any z € X, and if and only if A\C is simultaneously proziminal for any A > 0.

(2) C is simultaneously T-strongly proziminal if and only if z + C' is simultaneously -
strongly proximinal for any z € X, and if and only if \C' is simultaneously T-strongly
proziminal for any A > 0.

(3) C is simultaneously approximatively T-compact if and only if z + C is simultaneously
approximatively T-compact for any z € X, and if and only if A\C' is simultaneously approz-
imatively T-compact for any A > 0.

Proof. The proof is elementary. It is sufficient to note that for every bounded set A C X,

d(A,C) = d(z+ A,z + C), d(AA,\C) = Ad(A,C) (2.1)

and
Pz+C(z + A) =z+ Pc(A), PAc(/\A) = )\Pc(A> (2.2)
([l

Proposition 2.2. Suppose that C' is a T-compact subset of a Banach space X. Then C
is simultaneously approximatively T-compact.

Proof. Let A C X be a bounded subset of X and {y,} C C' a minimizing sequence for
A, ie.
,gggoigglla—ynll =d(4,0). (2.3)

By the 7-compactness of C, {y,} has a 7-convergent subsequence. The proof is complete.
O

Corollary 2.3. Let E be a subspace of a Banach space X. Then
(1) if E is reflexive, then E is simultaneously approximatively weakly compact.
(2) if E is finite dimensional, then E is simultaneously approximatively compact.

Proof. (1) Suppose that A C X be a bounded subset and {y,,} C E a minimizing sequence
for A, then {y,} is bounded. Let A\ = sup ||y,||, then
n

d(A, E) = d(A,\Bg) and {y,} C A\Bg. (2.4)

Since Bg is weakly compact, it follows from Proposition 2.1 and Proposition 2.2 that ABg
is simultaneously approximatively weakly compact. This implies that {y,} has a weakly
convergent subsequence, and so F is simultaneously approximatively weakly compact.
(2) The proof is similar to (1), it is sufficient to substitute compactness for weak com-
pactness. ]

Gupta and Narang [7] showed that a closed subset C' of X is simultaneously approx-
imatively compact if and only if C' is simultaneously strongly proximinal and Po(A) is
compact for every bounded subset A of X. When C' is weakly closed, we have the following
result.

Theorem 2.4. Let C be a weakly closed subset of a Banach space X and A C X be a
bounded subset. If C is simultaneously approzimatively weakly compact for A, then C is
simultaneously weakly strongly proziminal for A and Po(A) is weakly compact.

Proof. Note that in weak topology, weak compactness and weakly sequential compactness
coincide. It follows that if C' is simultaneously approximatively weakly compact , then
Pc(A) is weakly compact, for every bounded subset A C X.
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If C is not simultaneously weakly strongly proximinal, then there exists a bounded
subset A C X, a weak neighbourhood of 0 and a minimizing sequence {y,} C C for A
with y, ¢ Po(A) 4+ V. Since C is simultaneously approximatively weakly compact, {y,}
has a weakly convergent subsequence {yy,, } with y,, — yo. By the weakly lower semi-
continuity of the norm, we have yo € Po(A). Therefore, there exist some n > 1 such that
Yyn € yo+V C Po(A) + V. A contradiction! d

Note that if C' is a closed convex set, then C' is simultaneously approximatively compact=-
C' is simultaneously approximatively weakly compact and C' is simultaneously strongly
proximinal = C' is simultaneously weakly strongly proximinal. The following example
due to Dutta [5] will show that none of the implications can be reversed.

Example 2.5 ([5, Example 2.3]). Consider the sequence {z,} in ¢g, where
1
Ty = (_ﬁuoa 71707"')7

here 1 occurs at the nth place. Note that x, — 0 weakly. Let C = co{z, : n € N}.
Then C' is weakly compact hence simultaneously approximatively weakly compact. Since
C' is convex, by Theorem 2.4, C' is simultaneously weakly strongly proximinal. It was
shown that C is not strongly proximinal in [5]. Further, C' is not simultaneously strongly
proximinal.

The following result characterizes reflexive spaces from simultaneous proximinality point
of view.

Theorem 2.6. Let X be a Banach space. Then the following statements are equivalent.
(1) X is reflexive.

(2) Every closed convex set is simultaneously approzimatively weakly compact.

(3) Every closed convez set is simultaneously weakly strongly proximinal.

(4) Every closed convex set is simultaneously proximinal.

Proof. (1)=(2): Let C be a closed convex subset of X and A C X be a bounded sub-
set. Suppose {y,} C C is a minimizing sequence for A, then {y,} is bounded. Since
X is reflexive, {y,} is relatively weakly compact. Thus, {y,} has a weakly convergent
subsequence.

(2)=(3): Follows from Theorem 2.4.

(3)=-(4): Obviously.

(4)=-(1): Note that a simultaneously proximinal set is proximinal, this follows from
[1, Theorem 2.8]. O

3. Sum of simultaneously proximinal sets

In this section, we discuss the simultaneous proximinality under sum operation. Firstly,
we will show that there exist two simultaneously approximatively compact sets satisfying
the sum is closed but not simultaneously proximinal in any infinite-dimensional Banach
space X. The following lemma is classical.

Lemma 3.1. Let X be a Banach space and Y a proper closed subspace of X. Then for
every 0 < e < 1, there exists © € Sx such that d(z,Y) > ¢.

By the Lemma 3.1, we have

Lemma 3.2. Let X be a Banach space and Y a proper closed subspace of X. Then for
every 0 < e < 1, there exists x € X with ||z|| = L such that d(z,Y) > 1.

Proof. 1t is sufficient to note that d(2z,Y) = 1d(z,Y). O

T e

The following result is motivated by Pyatyshev’s construction|[13].
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Theorem 3.3. Let X be a infinite-dimensional Banach space. Then there exist two simul-
taneously approximatively compact sets satisfying the sum is closed but not simultaneously
proximinal.

Proof. Let {&,} be a number sequence satisfying: % <éep<1lande, — 1. Let xyp € Sy,
by Lemma 3.2, we can choose a sequence {z,} C X such that for any n € N,

1
H{L‘n” =~ d(xTL?span{xO?xl?' T 7xn71}> > 1. (31)
e

n

Therefore, 1 < |lz,[| < 2 and [|z,[ — 1.
For any n € N, we can choose \,, > 0, such that ||\,z¢ + z,|| = n. Introduce the sets

A = span{xo}, B = U {A\nzo + 2} (3.2)
n=1
Then
A+ B = spanf{xo} + |J {Anzo + 2} = | {span{zo} + zn}. (3.3)
n=1 n=1

Since A is a one dimensional space, by Corollary 2.3 (2), A is simultaneously approx-
imatively compact. Note that B consists of norm-divergent sequences, Then B is also
simultaneously approximatively compact. For any n > m, we have

d(span{xo} + xn, span{zo} + xy) = d(xpn, Tm + span{ze}) > 1, (3.4)

this implies that A+ B is closed. Let us now show that the sum A+ B is not simultaneously
proximinal. Taking D = {0} to be a singleton set, for every n € N, we have

d(D, span{zo} + x,) = d(zp, span{zo}) > 1. (3.5)
Therefore, ||z|| > 1 for every x € A+ B, and d(D, A+ B) > 1. Note that
{zp} CA+ B and |z,] — 1, (3.6)

then d(D, A+ B) =1 and P4yp(D) = 0. So A+ B is not simultaneously proximinal. [J

In the following, we will discuss the preserving properties of 7-compact sets and simulta-
neously proximinal sets under sum operation. We show that the sum of a compact convex
set C' and a simultaneously 7-strongly proximinal set (resp. simultaneously approxima-
tively 7-compact set) D of a Banach space is also simultaneously 7-strongly proximinal
(resp. simultaneously approximatively 7-compact). This implies that C' 4+ D is closed.

Theorem 3.4. Let C and D be two convex subsets of a Banach space X. Assume that C
is compact and D is simultaneously T-strongly proximinal. Then C' + D is simultaneously
T-strongly proximinal.

Proof. Firstly, we show that C + D is simultaneously proximinal. Let A be a bounded
subset of X. Then there exist a sequence {c,} C C and a sequence {d,,} C D such that

sup ||a — ¢, — dyp|| = d(A,C + D). (3.7)
acA

Here {c, + d,} is a minimizing sequence of C' + D for A. Since C' is compact, {c,} has
a convergent subsequence {c,, } in the norm topology. We still denote the subsequence
{cn, } as {cn}, and let ¢, — c.
Note that
sup |la — ¢ —dy|| < sup|la — cn — dpl| + |len — |- (3.8)
acA acA
This implies that

d(A,c+ D) <suplla—c—d,|| = d(A,C+ D) <d(A,c+D)=d(A—e¢c,D). (3.9)
acA
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Therefore, d(A,C + D) = d(A — ¢, D). Since D is simultaneously proximinal, there exists
d € D such that
sup |la—c—d|| =d(A—¢,D)=d(A,C+ D), (3.10)
acA

so c+d € Poyp(A). Since A is arbitrary, C' + D is simultaneously proximinal.

Note that C'+ D is convex, then C'+ D is 7-closed by the simultaneous proximinality. If
C + D is not simultaneously 7-strongly proximinal, then there exist a bounded set A C X,
a T-neighbourhood V' of 0 and a minimizing sequence {¢, + d,} C C + D for A with
cn+dn & Porp(A) +V for all n > 1. Without loss of generality, let ¢,, — ¢. Thus,

sup |la — ¢ —dy| — d(A,C + D) =d(A,c+ D) =d(A — ¢, D). (3.11)
acA
Suppose that d € Pp(A — ¢), then
sup|la —c—d|| =d(A—¢, D) =d(A,C + D). (3.12)
acA
This implies ¢ +d € Poyp(A) and

C—I—PD(A—C) C P0+D(A). (3.13)

By the continuity of addition, there exist a 7-neighbourhood V; of 0 with V3 +V; C V.
Since {d,} C D is a minimizing sequence for A — ¢ and D is simultaneously 7-strongly
proximinal, there is a ng € N such that for all n > ng, d,, € Pp(A — ¢) + V5. Note that
¢n — ¢, there is a ny € N such that for all n > nq, ¢, € ¢+ Vy. Thus, for n > max{ng,n;},
we have

ecntdyp€c+Vi+Pp(A—c)+ Vi C Poyp(A)+ V. (3.14)
This is a contradiction! O

Theorem 3.5. Let C and D be two convex subsets of a Banach space X. Assume that C is
compact and D is simultaneously approxzimatively T-compact, then C+ D is simultaneously
approzimatively T-compact.

Proof. Suppose that C' + D is not simultaneously approximatively 7-compact for some
bounded set A C X. Then there is a minimizing sequence {¢, + d,} C C + D for A such
that no subsequence is T-convergent. By the compactness of C, {d,} has no 7-convergent
subsequence. Without loss of generality, let ¢, — ¢ in norm topology. Thus,

sup |la —c—dy| = d(A,C + D) =d(A,c+ D) =d(A — ¢, D). (3.15)
acA

Therefore, {d,} C D is a minimizing sequence for A — ¢. This contradicts to the simulta-
neous approximatively 7-compactness for D. ([l

Remark 3.6. Note that the sum of a weakly compact convex subset and a simultaneously
approximatively compact subset may be not simultaneously approximatively compact. Let
C' be the weakly compact subset in Example 2.5 and D = {0}. Since D is a singleton,
D is simultaneously approximatively compact. But C'+ D = C is not simultaneously
approximatively compact.

We will show that the sum of a weakly compact convex subset C' and a simultaneously
approximatively weakly compact convex subset D is also simultaneously approximatively
weakly compact. This deduces that C'+ D is closed. We recall first the following useful
results.

Lemma 3.7 ([3]). Let X be a Banach space and C be a closed convex set of X. Then the
following statements are equivalent.

(1) C 1is weakly compact.

(2) for every sequence {x,} C C, there is a convergent sequence {yn} satisfying y, €
co{z;}j>n for alln € N,
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(3) for every sequence {x,} C C, there is a weakly convergent sequence {y,} satisfying
Yn € co{xj}tj>n for alln € N.

Lemma 3.8 ([8]). Let X be a Banach space and C be a bounded subset of X. Then the
following statements are equivalent.

(1) C is not relatively weakly compact.

(2) there exists a sequence {y,} C C satisfying the James condition, i.e., there exists some
0 > 0, such that

d(CO(yl, Y2, 7yk)7 co(yk+17 Y42, )) > 97Vk eN. (316)

Lemma 3.9. Let X be a Banach space and {x,} C X be a bounded sequence. If {x,} has
no weakly convergent subsequence, then exists a subsequence of {x,} satisfying the James
condition.

Proof. Since {x,} has no weakly convergent subsequence, C = {x,} is not relatively
weakly compact. Then there exists a sequence {y,} C C such that {y,} satisfying the
James condition and {y,, } are different from each other. Therefore, {y,} has a subsequence
{yn, } such that {y,, } is also a subsequence of {z,}. Obviously, {yy, } satisfies the James
condition, and the proof is complete. O

Theorem 3.10. Let C' and D be two conver subsets of a Banach space X. Assume that C
is weakly compact and D is simultaneously approximatively weakly compact. Then C + D
s simultaneously approrimatively weakly compact.

Proof. Let A be a bounded subset of X. Then there exist a sequence {¢,} C C and a
sequence {d,,} C D such that

sup |la — ¢, — dy|| = d(A,C + D). (3.17)
acA

Here {¢,, + d,} is a minimizing sequence of C' + D for A.

It is sufficient to show {¢, + d,} has a weakly convergent subsequence. By the weak
compactness of C| it is equivalent to show that {d,,} has a weakly convergent subsequence.
Without loss of generality, we assume that sup ||la — ¢, — dy|| \  d(A4,C + D).

acA

Conversely, suppose {d,,} has no weakly convergent subsequence, by Lemma 3.9, there
exists a subsequence {dy, }( we still denote the subsequence {d,, } as {d,}) satisfying the
James condition. According to Lemma 3.7, there exists a convergent sequence y,, € co{c; :
Jj > n}, ie., for every n € N, there exists {\,; > 0:j > n} with > A, ; = 1 such that

i>n
Yn = Y. An,jCj, where {\,; > 0:j > n} is a finite set. Let z, = > A, ;d;, then
j>n j>n

d(A,C+ D) < sup la = yn — 2ol = sup | Y Anj(a —¢; —dj)|
ac

ac

jzn
<sup Y Anjlla—¢j —djl| < suplla—c, — dnl|
aGAjzn a€A
— d(A,C + D).
Let y, — y, then
sup|la —y — zn || <suplla — ypn — zull + [lyn — ¥l (3.18)
a€A a€A

This implies that
d(A,y+ D) <suplla—y — zp|| = d(A,C+ D) < d(A,y+ D). (3.19)
a€A
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Therefore, {z,} C D is a minimizing sequence for A — y. By the simultaneously approxi-
matively weak compactness of D, there exists a weakly convergent subsequence {z,, } of
{zn} satisfying

Zn, € co{d; :np < j <npy}, forall ke N, (3.20)

Thus, for all k € N
CO(ZTLl?z”Q’ T 7znk) - Co(dl, dg,- - ,dnk+1—1)v (3'21)
CO(an+17 anJrQ? e ) C Co(dnkJrl ) dnk+1+l; e ) (322)

Note that {d,} satisfies the James condition, then {z,, } satisfies the James condition. By
Lemma 3.8, {z,,} is not relatively weakly compact, this contradicts to {z,,} is weakly
convergent. O

4. Sum of simultaneously proximinal subspaces

In this section, we shall discuss the sum of simultaneously proximinal subspaces. The
Lemma 4.1 below is easy to prove, see also [17, Theorem 5.20].

Lemma 4.1. Suppose that E, F are two closed subspace of a Banach space X satisfying
E + F is closed. Then there exists m > 0 such that Bpyr C m(Bg + Br).

Theorem 4.2. Let E and F be two subspaces of a Banach space X. Assume that E is
a finite dimensional subspace and F' is a simultaneously T-strongly proximinal subspace.
Then E + F' is simultaneously T-strongly proximinal.

Proof. Since F is finite dimensional and F' is 7-closed, E + F is closed. According to
Lemma 4.1, there exists m > 0 such that

BE+FCm(BE—|—BF)CmBE+F. (4.1)
Therefore, for a bounded subset A C X, there exists a A > d(A, E+ F) +sup ||a|| + 1 such
acA

that

d(A,E+ F)=d(A,X(mBg + F)) =d(A,\mBg + F). (4.2)
Since AmBpg is compact and F' is simultaneously 7-strongly proximinal, by Theorem 3.4,
AMmBEg + F is simultaneously 7-strongly proximinal. Thus, for any 7-neighbourhood V' of
0, there exists a 0 < § < 1, such that

Pampg+r(A,6) C Pxmpg+r(A) + V. (4.3)
Note that
PyxmBp+r(A;0) = Ppyp(A,6), Panpp+r(A) = Peir(A). (4.4)
Thus,
PE+F(A, 5) C PE+F(A) + V. (45)
By the arbitrariness of A, E + F' is simultaneously 7-strongly proximinal in X. O

Theorem 4.3. Let E and F be two subspaces of a Banach space X. Assume that E is
finite dimensional and F is simultaneously approximatively 7-compact. Then E + F is
simultaneously approrimatively T-compact.

Proof. Let A be a bounded subset of X. Suppose {e,} C E and {f,} C F such that

sup |la —ep, — ful = d(A, E + F). (4.6)
acA

Thus, {e, + fn} is a bounded sequence in E + F, and {e,, + f,} C kBgp for some k > 0.
Since E is finite dimensional and F' is closed, E + F' is closed. According to Lemma 4.1,
there exists m > 0 such that

{en + fn} C kBg+r C km(Bg + Br) C kmBg + F. (4.7)
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Therefore,
sup |la —ep, — full = d(A,E+ F) = d(A,kmBg + F). (4.8)
acA
Since kmBpg is compact and F' is simultaneously approximatively 7-compact, by Theorem
3.5, kmBg + F is simultaneously approximatively 7-compact. Then {e, + f,} has a
T-convergent subsequence and the proof is complete. ]

Theorem 4.4. Let E and F be two subspaces of a Banach space X. Assume that E
is reflexive and F is simultaneously approximatively weakly compact, satisfying E + F s
closed. Then E + F is simultaneously approzimatively weakly compact.

Proof. The proof is similar to Theorem 4.3, it is sufficient to substitute weak compact-
ness for compactness and substitute simultaneously approximatively weak compactness
for simultaneously approximatively compactness. ]
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