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ABSTRACT

In this paper, a new class of hierarchically definable graphs are proposed and they are proper
subgraphs of Hierarchic Cubic graphs. These graphs are based on the Fibonacci series by changing
initial conditions. When the initial conditions are changed, then the structure of obtained graph will be
changed. Thus, we obtained a series of hierarchically definable graphs. The obtained graphs have
logarithmic node degrees and diameters in terms of number of nodes. Thus they are comparable with
incomplete hypercube graph. Sometimes, incomplete hypercube may include at least one node whose
node degree is 1. This is an unwilling case, however, the obtained graphs do not have nodes of degree 1
except initial conditions graphs.

Hypercube graph and hierarchic cubic network are recursively definable graphs and the obtained
graphs are proper subgraphs of hierarchic cubic network. Thus, it is important to verify that the
constructed graphs are also recursively definable graphs. We prove that the obtained graphs are self-

similar graphs or decomposable in terms of lower sized graphs in the same category.

Keywords:
Fibonacci Cube Graphs.

1. INTRODUCTION

Hypercube graph H(n) is a recursively definable
graphs and it has been used for interconnection
networks [1, 2, 3]. Its nice properties such as
logarithmic diameter, regular graph, simple node
labelling, good  connectivity, recursive
scalability, symmetry, sparesity, average distance
and cost etc. makes it be a popular graph.
Hierarchic cubic network graph uses H(n)s as
building blocks and it is also recursively
constructable graph [4]. Fibonacci and extended
Fibonacci cube graphs are proper subgraphs of
H(n) [5, 6, 7].
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Efforts to improve some of these properties have
lead to the evolution of hypercube variant
graphs. Cube Connected Cycles, Folded
Hypercube, Extended Hypercube are variants
derived through the addition of extra nodes
and/or links to the H(n) [3]. Another category of
variants, which includes the Twisted n-cube
graph [1] and the Multiply twisted cube graph
[2], is derived by manipulating only the node-
link incidences of the hypercube graph without
the addition of extra nodes and links.
Hierarchical Cubic Network graphs [4] is another
derived network from hypercube graph by
combining hypercube graphs in a hierarchical
fashion.


mailto:akarci@firat.edu.tr

346

Hierarchic Graphs Based On The Fibonacci Numbers

H(n) of dimension n connects up to 2" nodes,
each of which can be labelled by n-bit address
uniquely, using a direct connection between two
nodes if and only if their n-bit addresses differ in
exactly one bit position. The reason for the
popularity of the H(n) can be attributed to its
topological properties, the ability to use simple
routing algorithms and the ability to permit the
embedding of commonly-rewired
interconnection patterns.

Hierarchical Cubic Network graphs (HCN(n,n))
are constructed by using n-dimensional H(n)s as
basic building blocks and these blocks are
connected in a hierarchical manner. The
HCN(n,n) uses almost half as many links as a
comparable H(n) and yet emulates the desirable
properties of a H(n) very efficiently. Moreover,
the maximum internodes routing distance in a
HCN(n,n) is about 3/4 of that in the comparable
H(n).

A HCN(n,n) uses H(n)s as basic components and
each such H(n) component is referred to as a
cluster. The HCN(n,n) has 2" clusters, where
each cluster is a n-cube. Each node in the
HCN(n,n) has (n+1) edges incident to it. Of
these, n edges (links) are required for local
connections within a cluster implementing the
normal links in an n-cube. The additional link,
called external link, is required to interconnect
nodes in different clusters. Each node in the
system can thus be uniquely associated with a
pair of numbers (1,J), where | is a n-bit cluster
number, and J is a n-bit address of the node
within a cluster. A new link established between
nodes (1,J), (K,L) where I=L and J=K or I=J and

K=L=1.

It is also possible to have incomplete H(n) of
dimension n and the derived HCN(m,m), where
m<n, is an incomplete HCN(n,n). Thus, the
derived interconnection network is a proper
subgraph of HCN(n,n). Many such subgraphs
can be obtained by changing the value of m in
the interval [1,n-1]. In this paper, we will give a
new class of hierarchical definable graphs based
on Fibonacci cube and extended Fibonacci cube
graphs, and these graphs are proper subgraphs of
HCN(n,n) [6,7].

The H(n) is a powerful network that is able to
perform various kinds of parallel computation
and simulate many other networks. However, the
number of nodes, which is a power of two limits

its efficiency to perform a task of arbitrary size.
Fibonacci Cube and k™ order Extended Fibonacci
Cubes (EFCy(n)s) is a special subcube of a H(n)
based on the Fibonacci number f,=f, 1+,
ef,(n)= ef(n-1)+ efy(n-2), respectively [5].

In this paper, we proposed a class of graphs
based on FC(n) and EFCy(n) from the above
reasons and these graphs are proper subgraphs of
HCN(n,n). We called these graphs as
Hierarchical Fibonacci Cube HFC(n) and
Hierarchical Extended Fibonacci Cube graphs
(HEFCy(n), k>1) [6, 7], and its properties and
features are evaluated. Therefore, the objective
of this paper is:

e to represent the construction of HFC(n)s,
HEFCy(n)s.

e to study the self-similarity properties of
HFC(n)s, HEFCy(n)s.

The rest of this paper is organized as follows.
Section 2 describes the notations, the definitions,
the outlines of H(n), HCN(n,n), FC(n), EFCy(n)
and the way to make inter-block connections.
Section 3 shows the construction of HFC(n)s,
HEFCy(n)s. Section 4 gives some structural
properties of HFC(n)s, HEFCy(n)s. Section 5
describes the decompositions of HFC(n)s,
HEFCy(n)s, ..., HEFCy(n)s in detail. Section 6
summarizes and concludes this paper.

2. DEFINITIONS AND NOTATIONS
FOR H(n), HCN(n,n), FC(n), EFCk(n)

First of all, we must briefly describe H(n),
HCN(n,n), FC(n) and EFCy(n) for k<n-1.

2.1. H(n)

A H(3) can be represented as an ordinary cube in
three dimensions where the vertices are the 8=2°
nodes of the 3-cube. In hypercube of dimension
n, there are 2" nodes, where each node is labelled
with a unique label in sequence 0, 1, ..., 2"-1,
and n2"" edges. Two nodes i and j are directly
connected if and only if the binary
representations of i and j differ in exactly one bit.
Thus in a H(n), each node is connected to n
others. The distance between two nodes in H(n)
is equal to the number of different bits in binary
addresses of corresponding nodes.
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Let u, v denote nodes u, v in H(n) or their
addresses. Hamming distance is the exclusive-or
operation on both addresses of nodes u, v and
this distance is equal to Hamming distance. In
other words, the Hamming distance between
nodes u and v is the summation of different bit-
position in addresses of nodes u and v, and it is
denoted as H(u,v).

More generally, the definition of a H(n) of
dimension n as a graph denoted by H(n)=(V,E)
where V={0,1}" is the set of vertices, represented
by all the binary strings of length n, and the set
of edges is

E={(u,v)|u,veV such that u and v exactly differ
in 1-bit position}.

The node degree in H(n) is n and the diameter of
H(n) is also n.

2.2. HCN(n,n)

HCN(n,n)s are constructed from H(n)s which are
used as basic building blocks and addition of
new edges between these building blocks. Each
building block is referred to as a cluster. The
HCN(n,n) has 2" clusters, where each cluster is
an n-cube. So there are 2°" nodes and (n+1)2%"*
edges. The node degree in HCN(n,n) is n+1 and

diameter of HCN(n,n) is n+[n+lJ +1. n edges
3

incident onto a node within a cluster are referred
to as local links implementing the normal edges
in an n-cube and the additional edges are needed
to connect nodes within different cluster which
are called external edges (links). The edges
within a cluster are called non-diameter edges
and the edges inter-clusters are called diameter
edges. Each node in HCN(n,n) can be
represented by a pair of numbers, (1,J) where I is
the cluster number and J is the node number
within a cluster.

Two nodes (11,J;) and (I,,J;) (13#1,) are connected
if and only if one of the following conditions is
satisfied.

e [=J,and I,=J;

e I=J;and 1,=J,= |1

2.3. FC(n)s and EFCy(n)s

f, denotes a Fibonacci number and f.=f, 1+,
where initial condition f,=0 and f;=2. efy(n) is
also a Fibonacci number and it is called first
order Fibonacci number where ef;(n)=ef;(n-
1)+efy(n-2) and initial condition is ef;(3)=2 and

efy(4)=4. k™ order Fibonacci number is defined
as ef(n) and its initial condition is different. The
initial condition for efy(n) is efy,(4)=4 and
efy(5)=8. The initial condition for ef(n) is

k k+1
efy(k+2)={dd---d}| and efi(k+3)=|{dd---d}
where de{0,1}.

FC(n), EFCy(n), ..., EFCy(n) are defined by
using f, and efi(n), respectively.

Definition 1. Assume FC(n)=(V(n),E(n)), FC(n-
1)=(V(n-1),E(n-1)) and FC(n-2)=(V(n-2),E(n-
2)). The recursion for nodes set is V(n)=0||V(n-
1)N0|[V(n-2), where || denotes the
concatenation of two bit-strings. Two nodes in
FC(n) are connected by an edge in E(n) if and
only if their labels differ exactly in 1-bit position.
The initial condition for recursion is V(2)={} and
V(3)={0,1}.

Definition 2. Let EFCy(n)=(V1(n),E1(n)) where
Vi(n) is the set of nodes and E;(n) is the set of
edges in EFCy(n), and EFCy(n-1)= (Vyi(n-
1),Ei(n-1)), EFCy(n-2)=  (Vi(n-2),E;(n-2)).
EFCy(n) can be defined recursively by using
EFCy(n-1) and EFCy(n-2). Then Vy(n)=0]|Vi(n-
1) N0|[Vi(n-2)  where || denotes  the
concatenation of two strings. Two nodes in
EFCy(n) are connected if and only if their
address representations differ in exactly 1-bit
position. An initial condition for recursion is
V,(3)={0,1} and V,(4)={00,10,11,01}.

Definition 3. Let EFCy(n)=(Vk(n),Ex(n)) where
Vi(n) is the set of nodes and Ei(n) is the set of
edges in EFCy(n), and EFC,(n-1)= (Vk(n-1),Ex(n-
1)), EFCy(n-2)= (Vk(n-2),Ex(n-2)). EFC(n) can
be defined recursively by using EFC(n-1) and
EFCy(n-2). Then Vi (n)=0[|V(n-1)10]|Vk(n-2)
where || denotes the concatenation of two
strings. Two nodes in EFCy(n) are connected if
and only if their address representations differ in
exactly 1-bit position. An initial condition for
k

—
recursion is Vi(k+2)={dd---d } and

k+1
Vi(k+3)={dd---d } where d £{0,1}.

It is immediately noticeable that FC(3)=H(1) and
FC(2)=H(0). FC(n) is a proper subcube of H(n-
2). FC(2) and FC(1) are null graphs. The node

degree of FC(n) is between {L‘ZJ and n-2 and
3
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the diameter of FC(n) is n-2. The number of
nodes in FC(n) is equal to f, and number of
edges in FC(n) is

2(n-0f, —nf,
5

The diameter of EFCy(n) is n-2 and the node
degree of a node in EFC,(n) is between {%-‘ and

n-2. The node degree of a node in EFCy(n) is

between {M
3

}L(k_l) and n-2. The number
of nodes in EFC,(n) is efy(n) and the number of
nodes in EFCy(n) is efi(n). The numbers of edges
for EFC,(n), EFC,(n), and so on, respectively,
are

n-4
|Es(n) |=4f, 5 +f, ,+ > fiefy(n—i-1)  for
i=1
n>5
n-5
|Ey(n) |=12f, , +4F, 5+ > fief,(n—i-1)
i=1

[Ec(MHE((k+3) [f o+ |E(k+2) [, 5+
n—k-3

D fef (n—i-1)

for n>k+4.

3. STRUCTION OF HFC(n) and
HEFCk(n)s

A series of graphs, which proper subgraphs of
HCN(n,n), can be built by using FC(n)s,
EFCy(n)s, EFC,(n)s, ..., EFCy(n)s as building
blocks. All of the obtained graphs (HFC(n),
HEFCy(n), ..., HEFCy(n), k<n-1) will not be
explained in detail and we will only explain
HEFC,(n) and the remaining graphs have similar
properties and similar construction process.

The construction process can be explained on an
example. The construction of new graph can be
explained by using HCN(4,4). The clusters 0110,
0111, 1100, 1101, 1110, and 1111 are removed
from HCN(4,4) and the edges in these clusters
are also removed from HCN(4,4). The nodes
0110, 0111, 1100, 1101, 1110, and 1111 are
removed from remaining clusters with incident
edges. The last step for constructing Hierarchical

Extended Fibonacci Cube- HEFCy(6) from
HCN(4,4) is removing edges between the nodes
(1,1) and nodes (1,1) and derived HEFC,(6) is
shown in Figure 2. HEFCy(3) is same as
HCN(1,1) and HEFCy(4) is same as HCN(2,2)
and the construction of HEFC,(5) is shown in
Figure 2. Thus, constructing HEFC1(n) from
HCN(n-2,n-2) can be summarized as follows.

e Removing the clusters whose node label
is same as node label of node which is
in HCN(n-2,n-2) and is not in EFC4(n).

e Removing the nodes which are in
HCN(n-2,n-2) and are not in EFC,(n).

e Removing the edges of HCN(n-2,n-2)
whose end points are (1,1) and (1, 1).

We called the obtained interconnection network
as Hierarchical Extended Fibonacci Cube
(HEFCy(n)) or First Order Extended Fibonacci
Cube [6,7]. The edges within a cluster are called
horizontal edges and the edges between clusters
are called diagonal edges. The graphs obtained
by using EFC,(n) are called k™ Order Hierarchic
Extended Fibonacci Cubes — HEFCy(n)s or
simply Hierarchic Extended Fibonacci Cubes
and the graph obtained by using FC(n) as
building blocks is called Hierarchic Fibonacci
Cube — HFC(n).

Two nodes (I,J) and (K,L) in HEFCy(n) are
connected if and only if one of the following
conditions holds.

e |=L and J=K.
o |=Kand H(J,L)=1.

In Figure 2, dashed edges and nodes exist in
HCN(3,3) and do not exist in HEFC,(5).

In the following sections, most of theorem’s
proofs are done for HEFC,(n) and proof for
remaining graphs can be handled in the same
way.

HFC(n), HEFCy(n), ..., HEFCy(n) can be
constructed in the same way and the only
difference is that their initial conditions are
different. The definitions of the remaining
architectures can be expressed in the same way
by changing Vi1 as Vi, 2<k<n+2 or V.

Definition 4. A HFC(n) is a graph and it
contains FC(n) as basic building blocks and the
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node label is (1,J) where I is the label of building
block and J is the node number in I™ block. If
HFC(n)=(Vk(n),En(n)), then

Vum=J Ji{v.u)ll=vand J =u}

VveV,; YueV,

and let (1,J), (K,L) be two nodes in HFC(n) and I,
K are clusters’ labels and J, L are nodes’ labels,
then

En(n)=
(v, uy), (V,,0,)) |V, =V, AU, £ U,

V(vq,Up),(Vo,Up)eVy (N) {/\ H(ul‘ u2) :1\/ vl = u2 A V2 = ul
where I=vy, J=u;, K=v,, and L=u,.

Definition 5. A HEFC,(n), 1<k<n-2, is a graph
and it contains EFCy(n) as basic building blocks
and the node label is (1,J) where I is the label of
building block and J is the node number in I
block. Let G;=(V,E;) and G,=(V,,E;) be two
EFCy(n)s. If HEFCy(n)=(Vk(n),Enk(n)), then

V=) Jiv.w)[1=vand J =u}

VveV; VueV,

and let (1,J), (K,L) be two nodes in HEFC,(n)
and I, K are clusters’ labels and J, L are nodes’
labels, then

EHk(n)=

number of nodes, E is the edge set and |E]| is the
number of edges. The degree of a node is the
number of edges incident on to that node.

Theorem 1. The number of edges in HFC(n) is

f{Z(n ~Df, —nfnl}r f2-f,
5 2

and the number of nodes is (f, )°.

Proof. The number of nodes in HFC(n) can be
found by using Fibonacci series with given initial
conditions. Once the number of nodes in any
FC(n) is found, then the number of nodes in
HFC(n) is the square of the number of nodes in
FC(n). Similar case is also valid for obtaining a
formula for number of edges in HFC(n).

A recursive formula for the number of edges in
HFC(n) is as follows. While constructing FC(n)s
recursively, two FC(n-1) and FC(n-2) are
combined and a new FC(n)s is obtained so that
all the edges in FC(n-1) and FC(n-2) are in
constructed FC(n). The nodes in FC(n-2) are
connected to nodes in FC(n-1) in one-to-one
fashion. For this reason, the number of edges in
FC(n) is

[E(M)=IE(n-1)[+[E(n-2)[+|V(n-2)]
_2(n-Df, —nf

U{((Vbul)’(vziuz))lvl:VZ/\ul¢u2 5

V(vy,Up),(V2,Up)eViy (n)

AH(U,U,) =1V vV, =U, AV, =U, |

where I=vy, J=u;, K=v,, and L=u,.and v;, u;eV;
and vy,, UyeVs.

4. TOPOLOGICAL PROPERTIES
OF HFC(n)s, HEFCk(n)s

This section describes the definitions, the
structural properties of HFC(n), HEFCy(n), ...,
HEFC,(n) such as number of nodes, number of
edges, node degree and connectivity, diameter.

The first properties of HFC(n), HEFCy(n), ...,
HEFC,(n) are the numbers of nodes and edges.
These terms of any graph can be described as
follows.

Definition 6. Let G be an undirected graph
G=(V,E), where V is the vertex set and |V| is the

where initial condition |E(3)|=1, |[E(4)|=2.

For any HFC(n), [V(n)| FC(n)s are combined and
a HFC(n) is yielded. All the edges in FC(n)s are
in HFC(n) and any FC(n) in HFC(n) is connected
to another FC(n) by the nodes (I,J) where 12J.
Thus, first cluster in HFC(n) is connected to all
remaining clusters by an edge for each cluster.
So there are |V(n)|-1 edges for first cluster.
Second cluster is connected to all remaining
clusters (except first cluster) by an edge and so
there are |V (n)|-2 edges for second cluster, and so
on. Last two clusters are connected by only one
edge. Hence number of edges in HFC(n) is

IEH(n))I=IV(n)I-|E(n)l”fIV(n)I(IV(n)I-l)/Z2
:f{Z(n ~Df, - nfn_l}r f2 -1,
5 2

Ali KARCI



350

Hierarchic Graphs Based On The Fibonacci Numbers

where initial condition |E4(3)|=3, |[E4(4)|=9, and
the number of nodes in HFC(n) is (fn )2 .

Similar case is also valid for obtaining a formula
for numbers of nodes and edges in HEFC,(n).

Theorem 2. The number of edges in HEFCy(n)
is

i=1

n-2
efl(n){4.fn_3 +f,,+ > fef (n—i —1)} +

efl (n)(efl (n) - 1)
2

where initial condition |Epi(3)]=4, |Eqi(4)|=22,
and the number of nodes in HEFCy(n) is

ef, (n)'UEk (k+ 3)|fn—k—2 + |Ek (k+ 2)|fn—k—3 + (efl(n))z. The construction of HEFC,(n), ...,

n-k-3

> f.ef (n-
i=1

i _l)} + efk (n)(e;k (n) _1)

and the number of nodes is (efk (n))2 :

Proof. A recursive formula for the number of
edges in HEFCy(n) is as follows. While
constructing EFCy(n)s recursively, two EFC,(n-
1) and EFCy(n-2) are combined and a new
EFC,(n)s is obtained so that all the edges in
EFC,(n-1) and EFCy(n-2) are in constructed
EFC,(n). The nodes in EFC,(n-2) are connected
to nodes in EFCy(n-1) in one-to-one fashion. For
this reason, the number of edges in EFCy(n) is

|[E2(n)[=|E2(n-1)[+|E1(n-2)[+[V1(n-2)]
n-2

=4f,  +f, D fef,(n—i-1)
i=1

with initial condition |E(3)]=1, |E(4)|=4 and f;
stands for i Fibonacci number.

For any HEFCy(n), the number of combined
EFCy(n)s is |Vui(n)|=efi(n) and a HEFCy(n) is
yielded. All the edges in EFCy(n)s are in
HEFC,(n) and any EFCy(n) in HEFCy(n) is
connected to another EFC,(n) by the nodes (1,J)
where 1], Thus, first cluster in HEFCy(n) is
connected to all remaining clusters by an edge
for each cluster. So there are |V(n)|-1=efy(n)-1
edges for first cluster. Second cluster is
connected to all remaining clusters (except first
cluster) by an edge and so there are efy(n)-2
edges for second cluster, and so on. Last two
clusters are connected by only one edge. Hence
number of edges in HEFC,(n) is

[Era(MEVAMHEMFHVAMIV1()I-1)/2

HEFCy(n) are same as HFC(n) and HEFC1(n), so
the numbers of nodes and edges can be expressed
as follow.

[Era(M)EIV2MLEAMFHVAMIV2()I-1)/2

n-5
ef, (n){lz.fn4 +4f o+ > fef,(n—i —1)}
i=1
, eh ()(ef, (n) -1)
2
and the number of nodes is (ef2 (n))2 :

B MFIVAMHEMFHVAMIVi<n)I-1)/2

ef, (N)[E (K +3)f, s +[E (K+ 21 i

n-k-3

2

i=1

+ ef, (n)(ezk (n) _1)

ef (n—i —1)}

and the number of nodes is (ef, (n))* #

Theorem 3. The node degree in HFC(n) is

between {n“w_l and n-1. The node degree in
3

HEFC,(n) is between [w—lﬂk—l) and

n-1.

Proof. The second property of HEFCy(n) is the

node degrees. The node degrees of EFC,(n)s are

between [n—‘ and n-2. While constructing
3

HEFCy(n)s from EFC,(n)s, all nodes in each
cluster have a diagonal link except (l,1) node for
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each cluster. This means that the node degrees of
each node in each cluster except node (I,1) for
each cluster increase by 1, and lower bound for
degree does not change and upper bound
increases by 1. So degrees of nodes for

HEFCy(n) are between P] and n-1. Similar
3

proof can be done for HFC(n), HEFCy(n), ...,

HEFC(n). Similar proof can be handled for

HFC(n) and HEFC,(n), ..., HEFCy(n) ¢

Thus, the connectivity of HEFC,(n) is[n—‘,
3

n
3

node in HEFCy(n) may separate HEFC,(n) to
two disjoint subgraphs. The connectivity of

HFC(n) is [M—‘_l and connectivity of
3

because at least removing { 1 edges from a

HEFCW(n) is {#W +(k=-1).

In order to determine the length of diameter, let
us consider the properties of paths in HEFC,(n)
(remaining graphs have similar properties and
they will be depicted in short).

Definition 7. Given a graph G=(V,E), let a
sequence of nodes P=vy, vy, ..., Vg (vieV, 1<i<k)
be a path from node v; to v, where (v;,vi+1) €E for
i=1, ..., k-1. For any pair of nodes u, veV, the
distance between u and v is the length of the
shortest path from u to v. The diameter of G is
the maximum value among distances of all pairs
of nodes u, veV. The average distance of G is the
average of distances between any pair of nodes
u, vev.

The properties of paths in HEFCy(n) can be
expressed in the following theorems. Same path
properties are held for remaining graphs
(HFC(n), HEFCy(n), ..., HEFC(n)).

Theorem 4. Let labels of source and destination
nodes be (S.S,) and (D.D,), respectively in
HEFC((n). If S;=D, then the shortest path
between (S,S,) and (DD,) does not contain
diagonal link.

Proof. Let assume that the shortest path P
between (S,S,) and (D¢,D,) contains at least one
diagonal link. If the routing between (S,S,) and

(D¢,Dy) nodes contains one diagonal edge in P, it
is impossible. In order to return back to (S,S,)
node, P has to contain at least two diagonal
edges. Let P contains r diagonal links. If r is r>2,
then P will be as follows.

P=(S.,Sn) —...—> (Sa.S1) — (S1.S)) — ....—>
(SLSZ) —> (Sz,sl) — > (82,83) —> (83,82) —>
..... — (S3,D¢) = (D¢,S3) = ....— (D,Dy).

This is not a shortest path and this is a
contradiction. The longest path length in this
case is the length of diameter of EFC,(n) which
is n-2. This value can be evaluated by H(S,,D,)
.

Let us considered paths (path P) starting at node
(S.,Sy) and ending at node (D¢D,). All the
following properties are considered for Sg=D.
case. Proofs of these properties are not
considered, because all of them will be proved in
Theorem 3.

Property 1. If S;=S,, DD, and S;=D,, then the
shortest path between (S.S,) and (D¢,Dy)
contains one diagonal link and length of P is
H(Sn,D¢)+1.

Property 2. If S;=S;,Sc#Dy,and D.=D, then the
shortest path between (S.S,) and (D¢D,)
contains at most one diagonal link and length of
P is H(S,,D¢)+H(S.,D,)+1.

Property 3. If S;=S;, S¢=Dp,Sy=D, and D =D,
,then the shortest path between (S.S,) and
(D¢,Dy) contains at most one diagonal link and
length of P is 2H(S,,D¢)+1.

Property 4. If S;=5, and S,=D,, and S.;=D,, then
the shortest path between (S.S,) and (D¢,D,)
consists of only one diagonal link and length of P
is 1.

Property 5. If S.25,,,S.=D,,S,#D, and D.=D,,
then the shortest path between (S.S,) and
(D¢,Dy) contains at most one diagonal link and
length of P is H(S,,D)+1.

Property 6. If S;=S, and S,=D,, then the shortest
path between (SS,) and (DD,) contains at
most one diagonal link and length of P is
H(S,Dn)+1.
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Property 7. If S;=S,, Sp=D., S;=Dp,and D =D,
then the shortest path between (S.S,) and
(D¢,D,) contains at most two diagonal links and
length of P is H(S,D.)+2.

Property 8. If S;=5,, S,#D., S.#D,, and D,=D,
then the shortest path between (SS,) and
(D¢,Dy) contains at most one diagonal link and
length of P is H(S,,D,)+H(S,Dn)+1.

Theorem 5. Let labels of source and destination
nodes be (S.S,) and (D.D,), respectively in
HEFCy(n). Let P be the shortest path between
nodes (S.,Sy) and (D.,Dy),then P contains at most
two diagonal links (S¢=D).

Proof. There are eight cases (d(P) denotes the
length of P), and when two nodes are in the same
cluster, the shortest routing path is determined by
conventional algorithms in EFC,(n) and denoted
by (SC!SH)S(DC!DH)'

1-S.=S,, D#D, and S;=D,
P: (Sc,Sn)=(S¢,D)—(D,Sc) and
d(P)=H(S,,,Do)+1.

2-S.=S,, and D.=D,,
P: (S.,Sn)=(S.,D¢)—(D.,Sc)=(D.,D,) and
d(P)=H(Sn,Dc)+1+H(Sc,Dy).

3-S.=S,, Sc=D,,,S#D;, and DD,
P: (Sc,Sn)=(S¢,D)—(De,Sc)=(D,,D,) and
d(P)=H(S,,Dc)+1+H(S.,D,)=2H(S,,D,)+1.

4-S#Sy, Sy=D¢, and S¢=D,
P: (SCISH)_)(SYHSC):(DDDH) and d(P):l

5-S:#Sh,,S.=D,,S#=D. and D=D,,
P: (Sc,Sn)=(S¢,D)—(D,Sc) and
d(P)=H(S,,D.)+1.

6-S.#S, and S,=D,
P: (Se,Sn)—>(Sn,Se)=(Sn,Dn) and
d(P)=H(S;,D,)+1.

7-Sc#S,, Sn2D¢, and S,=D,,
P: (Se,Sn)—(Sn,Se)=(Sn,De)—(D.,Sn)  and
d(P)=H(S.,D.)+1.

8-S#S,, Sy#D¢, Se=D;, and D,=D,
P:  (5,S1)=(SD¢)—(Dc,Sc)=(D.,Dy) and
d(P):l+H(Sn|DC)+H(SC|Dn)-

When S¢=S,=D#D,, minimizing cluster is used
to determine routing path and finding minimizing
cluster will be discussed in the following section
.

Theorem 6. The number of node disjoint paths
between any pair of nodes in HEFC(n) is equal
to minimum node degree of corresponding nodes
for n>5.

Proof. The node degree of HEFC,(n) is between

{“1 and n-1. So, the number of disjoint paths
3

between two nodes is at Ieast{g] . For example,
the number of node disjoint paths between node
(010,010) and (*,*) (* don’t care) is equal to 2,
since the node degree of node (010,010) is equal
to 2. The node degree of node (101,000) is 4 and
the node degree of node (000,001) is 4, so, there
must be 4 disjoint paths between these nodes.
The node disjoint paths between these nodes are
as follow and they are also seen in Figure 4.

Path 1: (101,000)—(101,001)—(001,101)—
(001,100)—(001,000)—(000,001).

Path 2: (101,000)—>(000,101)—>(000,001).

Path 3: (101,000)—(101,010)—(101,011)—>
(011,101)—(011,100)—>(011,000)—(000,011)—>
(000,001).

Path4:(101,000)—>(101,100)—>(100,101)—>
(100,100)—>(100,000)—(000,100)—(000,000)—>
(000,001) +

The fourth analysed structural property in this
paper is the diameter of HEFC,(n). The diameter
of an EFCy(n) is n-2 and the diameter of
HEFC,(n) can be derived from diameter of
EFCy(n).

The maximum length of a shortest path in
HEFC,(n) occurs in the case of source and
destination nodes in different clusters. From
Theorem 3, it can easily seen that cases 1, 4, 5, 6,
and 7 may not determine the length of diameter
of HEFC,(n), because the shortest paths in these
cases generally have shorter length than
diameter. The cases 2, 3, or 8 may determine the
diameter of HEFCy(n). The diameter of
HEFC(n) is independent on k.
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Theorem 7. The upper bound of diameters of
HFC(n), HEFCy(n), ..., HEFCy(n) is 2n-3.

Proof. The diameter of HEFC,(n) traverses
between two clusters. The length of diameter can
be derived from the following routing steps. Let
(Se, Sn) be source node and (D;, D) be
destination node. Routing steps are taken from
proof of Theorem 3.

1-d(P)=H(S;,D;)+1<n-2+1=n-1.
2-d(P)=H(S,D¢)+1+H(S¢,Dy)<n-2+n-2+1=2n-3.
3-d(P)=H(Sn,D¢)+1+H(S¢,Dy)=2H(Sy,De)+1=2H(
S¢,Dn)+1<2(n-2)+1=2n-3.

4-d(P)=1.

5-d(P)= H(S,,D,)+1<n-2+1=n-1.
6-d(P)=H(S,,D,)+1<n-2+1=n-1.
7-d(P)=H(S,,D¢)+1<n-2+1=n-1.
8-d(P)=H(S,D¢)+1+H(S¢,Dy)<n-2+1+n-2=2n-3.

The length of shortest path in case of
Se#S#De=D,, discussed in next section e

5. SELF-SIMILARITY OF HFC(n),
HEFC;(n), ..., HEFCy(n)

In this section, most of the explanations of
decompositions will be done on HEFC;(n) and
HFC(n), since HEFC,(n), ..., HEFCy(n) have
similar decompositions. Because of the different
coefficients used in decompositions of HFC(n)
and HEFCy(n)s, some theorem for HFC(n) will
be given. However, all explanations will be done
on HEFCy(n). Each HEFCy(n) can be
decomposed to lower sized HEFC,(r)s, r<n.
Before giving decomposition of HEFC,(n)s,
some definitions must be given.

o If graphs G; and G, are isomorphic, then it is
denoted as G1~G,. If G; is a subgraph of G, it
is denoted as G;cG..

e A subgraph of a graph G=(V,E) induced by a
subset of its vertices, V’cV, is the graph
(V',E”), where E’={(i,j)cE| i,jeV'}.

e We write G;UG, to denote the graph (V,UV,,
E;UE,) and G;nG, to denote the graph
(VlﬁVZ, ElﬁEz), and

" G,=G,uUG,uU--UG,.
i=1

o If GiNG,=(0,7), then we write G3=G,VG,,
instead of G;UG, to emphasize the G; consists
of two disjoint subgraphs. If all graphs are
isomorphic, then G;VG,V...VG,,=m.G.

o A graph G; is said to be directly embedded in
G,, denoted G;<G, if and only if there is a

subgraph G=(V,E) induced by a subset of its
vertices, V’'cV, is the graph (V’,E’), where
E’={(i,j)eE:i,jeE’}.

e V., FC(i) = FC())VFC(2)V ---VFC(n).

o ¢(i) means that if i is an even number, then e(i)
returns true, otherwise returns false, and
similarly, o(i) returns true, if 1 is odd,
otherwise returns false.

Hsu [5] developed FC(n)s and denoted that all
FC(n)s can be decomposed into two smaller
different FC(n)s, and he denoted these subcubes
as LOW(n) and HIGH(n) which denote the
subgraph induced by the set of nodes in
{0,1,...,f,.:-1}, {fi1,..., -1}, respectively. Then

e LOW(n)=FC(n-1)
e HIGH(n) ~FC(n-2)
o LOW(n)NHIGH(n)=(J,9)

He defined another important point such as
LINK(n)={(i,j): li-i|=fo1, (i,j)eE(n)}. FC(n) can
be decomposed into FC(n-1) and FC(n-2) and are
connected exactly by the set of edges in
LINK(n). It is clear that each edge (i,j) in
LINK(n) connects a node j in HIGH(n) to a node
i=j-f..n in LOW(n), and no other edges exist
between LOW(n) and HIGH(n).

Thus, FC(n) can be decomposed into a subgraph
FC(n-1) and a subgraph FC(n-2); moreover,
there are exactly f,, links between the two
subgraphs, and this decomposition can be
handled recursively. This property is useful when
deriving substructures or embeddings of other
types of graphs.

FC(6) consists of FC(5) and FC(4), and FC(5)
consists of FC(4) and FC(3). So,

FC(6)-(2.FC(4)VFC(3)). This decomposition
can be generalized as follows (k<n), for all
FC(n), n>5.

o FC(n)~(f.FC(n-j+1)Vf...FC(n-j))
FC(n)>(fyj+1.FC(j) VF, . FC(j-1))

FC(2n)- VI, FC(2i-1)
FC(2n+1)>- V1, FC(2i)

FC(n+2)>- V[, FC(i)
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In the following, we show that HEFC,(n)
contains  disjoint  subgraphs HEFCy(n-1),
HEFCy(n-2), efy(n-1).EFCy(n-2), and efy(n-
2).EFCy(n-1). For example, HEFC,(5) consists of
HEFCy(4), HEFCy(3), efi(4).EFCy(3), and
ef,(3).EFC,(4) as shown in Figure 5.

Let us redefine LOW(n), and HIGH(n) with
respect to HEFC,(n). Let
HEFCy(n)=(Vu1(n),Ena(n)) be a hierarchical
Fibonacci cube of dimension n. LOWyy(n)
denotes the subgraph induced by the set of nodes
in the Cartesian product of the set {0,1,...,ef;(n-
1)-1} by itself, HIGH4.(n) denotes the subgraph
induced by the set of nodes in the Cartesian
product of the set {ef;(n-1),..., efy(n)-1} by itself,
LOWE;(n) denotes the subgraph induced by the
set of nodes in the set {ef;(n-1),..., efy(n)-
1}3X{0,1,...,ef;(n-1)-1}, and HIGHg(n) denotes
the subgraph induced by the set of nodes in the
set {0,1,....ef;(n-1)-1}X{efi(n-1),..., efy(n)-1}.

Theorem 8. HFC(n) consists of LOWy(n),
HlGHH(n), fn_zLOWF(n), and fn_lHlGHF(n).

Proof.
1+

HFC(n) consists of f,.FC(n) and f,=f.

HFC(n)~f..FC(n)
:(fn-1+fn-2)FC(n)
=(fr1+fo2)(FC(n-1)VFC(n-2))
=f,...FC(n-1)Vf,+.FC(n-2)Vf,,.FC(n-1)
Vf,2.FC(n-2)
=f,_.FC(h-)Vf, ;. FC(n-2)

LOW,, (n) HIGH (n)
Vf,_, FC(n-2)Vf,_,.FC(n-1) ¢
HIGH,, (n) LOW; (n)

Corollary 1. If HFC(n) consists of LOWy(n),
HIGH(n), f,.LOWEk(n), and f,.;HIGHE(n), then
o LOWy(n)~HFC(n-1)

o LOW(n)=f,,FC(n-1)

oHIGHy(n)~HFC(n-2)

OHIGHF(n)zfn_lFC(n-Z)

Theorem 9. HEFCy(n) consists of LOWy(n),
HIGHu(n), efy(n-2).LOWg(n), and efi(n-
1).HIGHg(n).

Proof. HEFC4(n) consists of ef;(n).EFC,(n) and
ef;(n)=ef,(n-1)+ef,(n-2).
HEFC,(n)~efy(n).EFC4(n)

=(efy(n-1)+ef (n-2))EFCy(n)

=( efy(n-1)+ef (n-2))(EFC(n-1)VEFC,(n-2))
=ef,(n-1).EFC,(n-1)Vefy(n-1).EFC,(n-2)
Vef;(n-2).EFC,(n-1)Vef,(n-2).EFC,(n-2)
=ef,(n-1) EFC (n-1Vef,(n—-1).EFC (n-2)
LOW,, (n) HIGH: (n)

Vef,(n—2).EFC (n—2Vef,(n-2) EFC (n-1)
HIGH,, (n) LOW (n)

HEFCy(n), ..., HEFCy(n) have similar structures
.

Corollary 2. If HEFC,(n) consists of LOW(n),
HIGHu(n), efi(n-2).LOWg(n), and efi(n-
1).HIGHg(n), then

oL OW(n)=HEFC,(n-1)

o LOWg(n)=ef(n-2).EFC(n-1)
eHIGHy(n)~HEFC,(n-2)
eHIGHg(n)=¢f(n-1).EFC,(n-2)

This property of HEFCy(n) is useful
when  deriving  substructures  or
embedding of other types of graphs. It is
also a basis for divide-and-conquer
algorithms on the HEFC;(n). So,
HEFC;(n) can be decomposed with
respect to Theorem 9 and Corollary 2.
LINK(n) defined by Hsu [5] can be
redefined for HEFC,(n), and

LINK:(m)={((1,9),(K,L)):]I-L|=0, J-K|=0, (1,))e
{efy(n-1),..., ef (n)-1}X{0,1,...,ef;(n-1)-1},
(K,.L)e {0,1,...,efi(n-1)-1} X{efi(n-1),..., efi(n)-
1}1 (IIJ)GEHl(n)! (KvL)EEHl(n)}'

All HEFC,(n) contains LOW(n), HIGH(n),
LOWHg(n), and HIGHg(n). A node in LOWg(n)
is connected to a node in HIGHg(n) by a link in
LINKk(n), and this case is correct for all nodes
in LOWg(n), and HIGHg(n).

Theorem 10. HFC(n) has the embedding for n>5
such as below.

o HFC()~(f.HFC(n-j+1)Vf;,.HFC(n-j))

\Y nszn_i_l(fi.FC(i+1)me.FC(i))
i=n-j

for 2<j<n-3.
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o HFC(n)~(f, . HFC(j+1)Vf, ;1. HFC())

n-2
V [ U faia (f.FCG+D)VE, FC())
i=j
for 3<j<n-2.

Proof. Proof the first case can be done by using
induction on the pair (n,j).

(Base step) When j=2,

HFC(n)-(f,. HFC(n-1) V.. HFC(n-2) Vfa(f,.
,.FC(n-1)
V1. FC(n-1)).

(hypothesis) Assume that given relation satisfied
for j<n-3, and then

HFC(n)>-(2HFC(n-2)VHFC(n-3)Vf,3.FC(n-2)
Vfi2.FC(n-3)Vf,,.FC(n-1)Vf, 1. FC(n-

2)).
(Concluding step) Hypothesis step can be used to
obtain result of concluding step.

HFC(n)-(2HFC(n-2) VHFC(n-3)Vf,..FC(n-2)
Vio2.FC(N-3)Vf,..FC(n-1)VF,.1.FC(n-2)
~([HFC(n-2) VHFC(n-3)Vf,.s.FC(n-

2)
Vfi.2.FC(n-3)]JVHFC(n-2)Vf, ».FC(n-1)
Vf.1.FC(n-2))
=(HFC(n-1)VHFC(n-2)Vf,.,.FC(n-
1)

Vf,.1.FC(n-2)).
Similar proof can be done for second case ¢

Theorem 11. HEFC(n) has the embeddings
seen in Fig. 6 for n>5 (1<k<n-2).

Proof. Proof of the first case can be done by
using induction on the pair (n,j).

(Base step) When j=4,

H EFCl(n)>-(f4. HEFCl(n-3)Vf3 HEFCl(n-4)

V(f,.ef (n-1)+f,.ef (n-3))EFCy(n-2)
V(f,.ef (n-2)+f3.ef (n-4))EFCy(n-3)
Vfiefi(n-2).EFCy(n-1)V
fs.efy(n-3).
EFC,(n-4)).

(Hypothesis) Assume that given relation satisfied
for j<n-4, and then

H EFCl(n)F(an. H EFC]_(S) an.5. H EFC1(4)

V(fl.efl(n-l)+f2.8f1(n'3))EFC1(n'2)
V(fz.efl(n-Z)+f3.8f1(n'4))EFC1(n'3)
\% fl.Efl(n'Z).EFcl(n-l)V
fs.efy(n-3).
EFCi(n-4)).

(Concluding step) Hypothesis step can be used to
obtain result of concluding step.

H EFCl(n)>-(fn_4. H EFC1(5) an_5. H EFC1(4)

V(f,.ef;(n-1)+f,.ef;(n-3))EFC,(n-2)
V(f,.ef1(n-2)+f3.ef (n-4))EFC,(n-3)
V....V(f.c.6f1(6)+f,
5.6f1(4))EFCy(5)
Vf,.efi(n-2).EFCy(n-1)V f.5.ef1(5).
EFC,(4)).
>'(fn_3. H EFC1(4)an_4 H EFC1(3)

V(f..efi(n-1)+f,.ef (n-3))EFCy(n-2)
V(f,.efi(n-2)+f3.ef (n-4))EFCy(n-3)
V... V(fe.ef1(6)+f,
5.ef1(4))EFCy(5)
V(fos.ef1(5)+fo4.ef1(3))EFCy(4)
Vfi.efy(n-2).EFCy(n-1)
Vf.4.€f1(4).EFC4(3)).
Similar proof can be done for second case ¢

Theorem 12. Assume that n>7 and HFC(n) is a
hierarchical Fibonacci cube, then the the
embeddings of HFC(n) depend on the value of j
either odd or even.. When j is even, the
embeddings in Fig. 7 can be obtrained.

Proof. If we prove first case, then all other cases
can be proved in similar way. When k is even,
2n-j+1 is odd and 2n-j is even. Due to values of j,
first case is based on the following recurrences.

2n—j 2n—j

2 2
fj Zme +1+fj,1 Zme,l +

m=1 m=1

i=2n—j r=0

All other cases can be proved in similar ways ¢
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Theorem 13. Assume that n>7 and HEFCy(n) is
a hierarchical extended Fibonacci cube, then the
embeddings of HEFC,(n) depend on the value of
j either odd or even. When j is even, the
embeddings in the Fig. 8 can be obtained.

Proof. If we prove first case, then all other cases
can be proved in similar way. When j is even,
2n-j+1 is odd and 2n-j is even. Due to values of j,
first case is based on the following recurrences.

2n—j 2n—j
2 2
£ fom +14F0 D o+
m=1 m=1

j—2 n—i—
J ((fi.efk(Zn —i)+f;, ef (2n—i-2)) 23(fr +1)]

i=i r=0

n-1
+f,.ef (2n-2)) (fy +1)

r=1
2n-j-1
+fiaef@2n—j+1) Y fory
r=0

All other cases can be proved in similar ways ¢
Theorem 14. Assume that n>5 and HFC(n) is a
hierarchical Fibonacci cube, then the embeddings
in Fig.9 can be obtained (j is odd).

Proof. HFC(n)s are based on Fibonacci series

f2=(f _, +f ,)°. This series has the
following recursive properties (for 2<j<n-3).
2n-2 2
Zf2m1+ > fonia (Zf +1j (Zfr +1j
i=2n-j =0
2n-1 -2
fZM_Zme i+ Y o [Zf +1] (Zfr +1J
i=2n—j+1
2n-2 2
f.» —Zf +1+ ) fonin [Zf +l] [Zfr +l]
i=2n—j 0

Thus, HFC(n)s can be also constructed in same
manner (f,s are used for HFC(n)s; fs and f, are
used for FC(n)s ) ¢

Theorem 15. Assume that n>7 and HEFCy(n) is
a hierarchical extended Fibonacci cube. The
embeddings in the Fig.10 can be obtained, when
j is odd.

Proof. If we prove first case, then all other cases
can be proved in similar way. When j is odd, 2n-
j*+1is even and 2n-j is odd. Due to the values of
j, first case is based on the following recurrences.

2 2
F) fon +1460 ) o 1+
m=1 m=1
j-2 n—i-3
{(fi ef(2n-i)+f ef (2n—-i-2)) D (f, +1)]
i=i r=0
n-1
+fefy (2n-2) (Fy +1)
r=1
2n—-j-1
+f,ef @n=j+1) D f,
r=0

All other cases can be proved in similar ways ¢

Theorem 16. Assume that n>7 and HFC(n) is a
hierarchical Fibonacci cube. Then embeddings in
the Fig. 11 are valid, while j is odd.

Proof. If we prove first case, then all other cases
can be proved in similar way. When j is odd, 2n-
j+1 is even and 2n-j is odd. Due to values of j,
first case is based on the following recurrences.

j is odd: First case is based on the recurrence

2n—j+1 2n-j-1
2 2
fi D foma+fia D o +14+
m=1 m=1
2n-2

I;me i 1[[Zf +1j {fbfmﬂn

All other cases can be proved in similar ways ¢

Theorem 17. Assume that n>5 and HEFCy(n) is
a hierarchical extended Fibonacci cube. The
embeddings in Fig.12 are valid for HEFCy(n),
while j is odd.

6. CONCLUSION AND FUTURE
RESEARCH

The constructed graphs HFC(n), HEFC,(n), ...,
HEFC(n) are special proper subgraphs of
HCN(n-2,n-2) for k<n-1. HEFCy(n)s can be
constructed  recursively from  HEFCy(n-1),
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HEFC((n-2), EFCy(n-1), and EFCy(n-2) and
HFC(n)s can be constructed recursively from
HFC(n-1), HFC(n-2), FC(n-1), and FC(n-2). The
obtained graphss are more sparse than HCN(n-
2,n-2) and they have self-similarity property. The
properties of HFC(n), HEFCy(n), ..., HEFCy(n)
can be summarized as follows.

e The number of nodes in HFC(n) is (fn )2 and

the number of nodes in HEFCy(n) is
(ef, (m)°
e The number of edges in HFC(n)
2
isf 2(n-1f, —nf_, +fn f, and
5 2

the number of edges in HEFCy(n) is

ef (M) [E (K+3)fy iz +|E (K+2)[fp 45 +

"3 : f (n)(ef, (n) -1
iZ;fi.efk(n-u-l)}re'<(n)(ezk(”) )

e HFC(n)s have node degrees between

{M]_l and n-1 and the node degree for
3

HEFC,(n) is between {#W +(k—1) and

n-1.

e All HFC(n), HEFCy(n), ..., HEFC(n) can be
decomposed to lower sized HFC(r), HEFC(r),
..., HEFC(r), r<n. Thus, HFC(n), HEFC,(n),
..., HEFC(n) have self-similarity property.
These graphs have recurrent structures which
are essential in developing fault-tolerant
schemes.

e Due to HFC(n), HEFCy(n), ..., HEFCy(n)
having recurrent structures, recursive-descent
and recursive-doubling algorithms can be
developed on HFC(n), HEFCy(n), ...,
HEFC(n) easily, if these graphs are used as
interconnection networks.

e If path P in one of HFC(n), HEFCy(n), ...,
HEFCy(n) contains three or more diagonal
links, then P is not a shortest path.

e Any shortest path in one of HFC(n),
HEFCy(n), ..., HEFCy(n) contains at most two
diagonal links.

o The upper bound for the shortest paths in one
of HFC(n), HEFCy(n), ..., HEFCy(n) and
diameter of HFC(n), HEFCy(n), ..., HEFCy(n)
are 2n-3.

REFERENCES

[1] A. Esfahanian, L.M. Ni and B. E.
Sagan, “The Twisted n-cube with application to
multiprocessing”, IEEE  Transactions on
Computers, vol.40, pp.88-93, 1991.

[2] K. Efe, “A variation on the hypercube with
lower diameter”, IEEE Transactions on
Computers, vol. 40, pp. 1312-1316, 1991.

[3] A. S. Vaidya, P. S. N. Rao, and S. R.
Shankar, “A class of hypercube-like networks”,
Tech. Rep. EE/01/93, Dept. of Electrical Eng.,
Indian Institute of Science, Bangalore, 1993.

[4] K. Chose, and K. R. Desai, “Hierarchical
Cubic Networks”, IEEE Transactions on Parallel
and Distributed Systems, vol. 6, pp.427-435,
1995.

[5] W.-J. Hsu, “Fibonacci Cubes — A New
Interconnection Topology”, IEEE Transactions
on Parallel and Distributed Systems, vol. 4, pp.
3-12, 1993.

[6] A. Karci, “New Interconnection Netwroks:
Fibonacci Cube and Extended Fibonacci Cubes
Based Hierarchic Networks”, IEEE: The 15"
International  Conference on  Information
Networking (ICOIN-15), Jan. 31 - Feb. 2, 2001,
Beppu Convention(B-Con) Plaza, Beppu City,
Japan.

[71 A. Karci, “Recursive Construction of
Hierarchical Fibonacci Cubes and Hierarchical
Extended Fibonacci Cubes”, IEEE: 2001
International Conference on Parallel and
Distributed Systems (ICPADS-2001), June 26-
29, 2001, KyongJu city, Korea.

[8] J. Duato, S. Yalamanchili, and L. Ni,
“Interconnection networks — An engineering
approach”, IEEE Computer Society Press, 1997.

Ali KARCI



358

Hierarchic Graphs Based On The Fibonacci Numbers

Appendix

Non-diameter
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Figure 2. HEFCy(5)s: (a) Deriving HEFC,(5) from HCN(3,3); (b) HEFC,(5).
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Figure 5. Decomposition of HEFCy(n): decomposition of HEFC,(5).

Ali KARCI



360

Hierarchic Graphs Based On The Fibonacci Numbers
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Figure 6. The embeddings of HEFC,(n) for n>5 (Theorem 11).
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Figure 7. Embeddings of HFC(n) for even values of j ( Theorem 12).
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Figure 8. Embeddings of HEFCy(n) for even values of j (Theorem 13).
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Figure 9. Embeddings of HFC(n) for odd values of j (Theorem 14).
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Figure 10. Theorem 15.

Ali KARCI




364
Hierarchic Graphs Based On The Fibonacci Numbers

2n—j+1 2n-j-1
e HFC(2n)- [f Vil HFC(2m —1)] Y (f Vil HFC(zm)] \Y

2n-2 . .
{ Uon_i_l{fiv',;leC(m)}v{fi+1v'r,;leC(m)}] for 2<j<n-5.

i=2n-j

2n-j+l 2n-j+l
. HFC(2n+1)>{ijm_§ HFC(2m)JV[fJ~le_§ HFC(Zm—l)JV

{ ZUlfzn—i {fiv‘mhFC(m)}V{fﬂlvi”‘zfc(m)}}

i=2n-j+1
for 2<j<n-5.
. HFC(n+2)>(fjv?njleFC(m))v

(fj_1VPnJ1HFC(m))V[ Lann_m{fivia_lFC<m>}V{fi+1vL;ti<m>}]
i=n-j+2

for 2<j<n-5.

i i
e HFC(2n)- {fmvfn_lHFC(Zm)J v [fmjlv 2 HFC(2m —1)] v
2n-2 , ,
Ufania VL FCm) WV fiaVis2FC(m) | for 3<j<n-2.
7

i i
e HFC(2n+1)- (on_ 1V %_lHFC(Zm)J v [fm_ [V2_HFC(2m —1)J v

2n-1 i .

{ Uf2n—i {fivlrﬁllFC(m)}V{fmvlrﬁzfc(m)}}

i=j
for 3<j<n-2.

1 1
e HFC(n+2)>- [fnj+zvr%1_1HFC(2m)J \Y, {fnmv 2 _HFC(2m —1)] \Y,
n . .

I:Ufni+1{fivlmilFC(m)}V{fiﬂvlmgll:c(m)}]

i=]
for 3<j<n-2.

Figure 11. Theorem 16.
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Figure 12. Theorem 17.
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