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ABSTRACT

This paper consists of two main sections. In the first part, we find the integrability conditions of
the horizontal lifts of F((K + 1), (K — 1))—structure satisfying FX+1 + FE-1 =0 (F#£0, K > 2).
Later, we get the results of Tachibana operators applied to vector and covector fields according to
the horizontal lifts of F((K + 1), (K — 1))—structure in cotangent bundle 7*(A/{"). Finally, we have
studied the purity conditions of Sasakian metric with respect to the horizontal lifts of the structure.
In the second part, all results obtained in the first section were obtained according to the complete
and horizontal lifts of the structure in tangent bundle 7'(M").
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1. Introduction

There are a lot of structures on n—dimensional differentiable manifold AM™. Firstly, Yano and Ishihara [20]
have obtained the integrability conditions of a structure F satisfying F* + F = 0. Gouli-Andreou [1] has
studied the integrabilty conditions of a structure F satisfying F° + F = 0. Later, R. Nivas and C.S. Prasad
[13] studied on the form F, (5, 1)—structure. Also F(7,1)—structure extended in M™ to T*(M™) by L. S. Das,
R. Nivas and V. N. Pathak [9]. In 1989, V. C. Gupta [10] studied on more generalized form F (K, 1)—structure
satisfying FX + F = 0, where K is a positive integer > 2. Later, L. Das studied on the structure f(2K + 4;2)
and the structure satisfying FX+1 — ¢2FX~1 =0 [6, 7]. In addition, manifolds with F(2K + S, S)—structure
satisfying F25+5 4 S =0, (F #0, fixed integer K > 1, fixed odd integer S > 1) have been defined and
studied by A. Singh [16] and the complete and horizontal lifts of F/(2K + S, S)—structure extended in M™
to tangent bundle by A. Singh, R. K. Pandey and S. Khare [17].

On horizantal and complete lifts of F'((K + 1)(K — 1))—structure firstly studied by L. S. Das [8]. Later, On
the exeistence and integrability conditions of the F((K + 1), (K — 1))—structure studied by Manuel de Leon
[12]. This paper consists of two main sections. In the first part, we find integrability conditions by calculating
Nijenhuis tensors of the horizontal lifts of F((K + 1), (K — 1))—structure satisfying FK+1 + FE=1 =0, (F #£ 0,
K > 2). Later, we get the results of Tachibana operators applied to vector and covector fields according to
the horizontal lifts of F((K + 1), (K — 1))—structure in cotangent bundle 7*(M™). Finally, we have studied
the purity conditions of Sasakian metric with respect to the horizontal lifts of the structure. In the second
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part, all results obtained in the first section were obtained according to the complete and horizontal lifts of
F((K +1),(K — 1))—structure in tangent bundle T'(M™).

Let M be a (K + 1)n—dimensional differentiable manifold of class C*° and let there be a C* non zero tensor
field F of the type (1, 1) satisfying [12]

FEHL L pE=1 — 0 where K > 2 (1.1)
[ mif K=1
rank F = {kznifK}Q}
rank (F)" = 2n for 2<r < K.

Let the operators on M™ be defined as follows [12]

I=(-1)>FX and m=1-(-)>FK (1.2)
The operators [ and m defined by (1.2) satisfy the following [12]:

? = IL,m?>=m,l4+m=1I, (1.3)
F?l = -, FE-"'m =0, and FEm =0.

Consequently, if there is a tensor field F' # 0 satisfying (1.1), then there exist on M™ two complementary
distributions L and M. Corresponding to [ and m respectively. Hence F' acts on L as an almost complex
structure and on M as an operator of an almost tanget structure, where I being the identity tensor field.

1.1. Horizontal Lift of the Structure F((K + 1), (K — 1)) Satisfying FE+t1 4+ FE-1 =0, (F #£0,K > 2) on
Cotangent Bundle

Let F, G be two tensor field of type (1, 1) on the manifold M™. If F# denotes the horizontal lift of F, we have
[9,19]
FEGH + GHFH = (FG + GF)". (1.4)

Taking F' and G identical, we get
(P2 = (FHT,

Continuing the above process of replacing G in equation (1.4) by some higher powers of F', we obtain

(FE)T = (FMF, (1.5)
(FK+1)H _ (FH)K-&-l’
(FKfl)H _ (FH)Kfl

where F' # 0 and K > 2. Also if G and H are tensors of the same type then
(G+H)" =g+ HY (1.6)
Taking horizontal lift on both sides of equation F¥ ! 4+ FK~1 = 0, we get
(FEAHH L (pE-HH —, (1.7)
In view of (1.5) and (1.6), we can write [9, 17]
(FHYE+H (PR =0, (1.8)

Proposition 1.1. Let M"™ be a Riemannian manifold with metric g, V be the Levi-Civita connection and R be the
Riemannian curvature tensor. Then the Lie bracket of the cotangent bundle T*(M™) of M™ satisfies the following

i) [WV’ 9\/} = 0, (1.9)
i1) [XH,wV] = (Vxw)¥,
i) [XT Y] = [X,Y]" +9R(X,Y) = [X,Y]" + pR(X,Y))"

forall X,Y € S§(M™) and w,0 € Y (M™) . (See [19] p. 238, p. 277 for more details).
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2. Main Results

Definition 2.1. Let F be a tensor field of type (1, 1) admitting FX+! + FX=1 = 0 structure in M". The Nijenhuis
tensor of a (1,1) tensor field F of M" is given by

Np =[FX,FY]-F[X,FY] - F[FX,Y]+ F?[X,Y] (2.1)

for any X,Y € S{(M™) [2, 14, 15]. The condition of Np(X,Y) = N(X,Y) =0 is essential to integrability
condition in these structures.
The Nijenhuis tensor N is defined local coordinates by

NEOy = (FOLF} — Flo,F} — 0,F\F} + 0,F; FF)o, (2.2)
where X = 9;,Y = 9;, F € S}(M™).
2.1. The Integrability Conditions of (FX+1)H on Cotangent Bundle T*(M™)

Theorem 2.1. The Nijenhuis tensors of (FK“)H and (FK=1H denote by N and N, respectively. Thus, taking
account of the definition of the Nijenhuis tensor, the formulas (1.9) stated in Proposition 1.1 and the structure
(FEOYH 4 (FE=1H = 0, we find the following results of computation.

1) N(FK+1)H(FK+1)H (XH, YH) = {[FK_lX, FK_1Y] — FK_I[FK_lX, Y]
_FKfl[X, FKfly} + (FK71)2[X’ Y]}H
+{R(FEI X, FE-1Y) - R(FEIX, Y)FE!
—R(X,FEIY)FE-1 L R(X,Y)(FE-1)2).

ZZ) N(FK+1)H(FK+1)H (XH,WV) = {w o (VFKfleKil) _ (w o (VXFKfl)FKfl}V,

iii)N(FKH)H(FKH)H (wV,HV) = 0.

Proof. i)The Nijenhuis tensor N px+1yu (prc+1yn (XH, Y ) of the horizontal lift (FX+1)H vanishes if FX~! is an
almost complex structure i.e., (FX~1)2 = —T and R(FE-1X, FE-1Y) = R(X,Y).
Niprsyupreayn (X YH) = [(PETHHXH (PEAHHYH)
_<FK+1)H[(FK+1)HXH,YH]
7(FK+1)H[XH, (FK+1)HyH]
+(FK+1)H(FK+1)H[XH, YH]
= {[FFIX, FE-Y) - FEHFE-IX )Y
—FEUX PR 4 (FRD2X YR
+{R(FEI X, FE-Y) - R(FEIX, Y)FE!
—R(X,FE-IY)FE-1 L R(X,Y)(FE-1)2).

(FE+1)H is integrable if the curvature tensor R of V satisfies R(FX-1X, FEK-1Y) = R(X,Y) and FK-!
is an almost complex structure, then we get R(FX~'X,Y) = —R(X, FK~'Y). Hence using (FKX~1)2 =],
we find R(FK-'X, FE7Y) — R(FEIX,Y)F — R(X, FK7'Y)F + R(X,Y)(FX~1)? = 0. Therefore, it follows
N(FK+1)H(FK+1)H(XH,YH) = 0.

ii)The Nijenhuis tensor Npic+1yu (pr+1yu (X, w") of the horizontal lift (F%+1)H vanishes if VFX~1 = 0.

Npronymprnyn (XT,0Y) = [(FREHIXH (PRI
—(FK+1)H[(FK+1)HXH,CUV}
L(PEANH[XH (PEH1YH V]
H(FKAYH (R H[XH V]
= {wo (VpxixFEY) = (wo (Vx FEHFE1Y,
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We now suppose VFX~1 =0, then we see N(pr+1yn(pr+iyu (X7, w") =0, where FE—1 € SH(M™), X €
SHM™), we UMM

iii) The Nijenhuis tensor N(pr+1)u(pr+1ya(w’,0Y) of the horizontal lift (F¥+!)" vanishes.

Because of [w",0V]=0 for woFE-1 goFE-1 u 0eQIY(M™) on T*(M"), the Nijenhuis tensor
N(prynpr1yn (w',0Y) of the horizontal lift (FX+!)# vanishes. O

2.2. Tachibana Operators Applied to Vector and Covector Fields According to Lifts of FX+1 + FE=1 = 0 Structure on
T(M")
Definition 2.2. Let ¢ € S{(M"), and S(M") = 37 _S5(M") be a tensor algebra over R. A map ¢, |, .,
%(M ") — ¥(M™) is called as Tachibana operator or ¢,operator on M™ if

a) ¢, is linear with respect to constant coefficient,

b) by : S(M™) — ST, ,(M™) for all r and s,

C *
¢) po(K ® L) = (¢,K)® L+ K ® ¢, L forall K, L € S(M"),
d) poxY = —(Lyyp)X forall X,Y € S{(M™), where Ly is the Lie derivation with respect to Y (see [3, 5, 11]),
)

Q

(Poxn)Y = (d(ryn))(pX) — (d(ry (nop))) X + n((Ly ) X) (2.3)
= ¢X(ryn) — X(1ovn) +n((Lye)X)

C *
foralln € SY(M™) and X,Y € S(M™), where vyn = n(Y) = n® Y, % (M™) the module of all pure tensor fields

c
of type (r,s) on M™ with respect to the affinor field, ® is a tensor product with a contraction C [2, 4, 14] (see
[15] for applied to pure tensor field).

Remark 2.1. 1If r = s = 0, then from c¢),d) and e) of Definition2.2 we have ¢, x (1vn) = ¢X (2yn) — X (2,vn) for
1yn € IY(M™), which is not well-defined ¢, —operator. Different choices of Y and 7 leading to same function

0 1 .

1 0 ).Conmder
the function f = 1. This may be written in many different ways as 1y 7. Indeed taking n = dz, we may choose
Y = % orY = a%. + xa%. Now the right-hand side of ¢, x (1yn) = ¢X (1y1n) — X (2,vn) is (¢X)1 — 0 = 0 in the
first case, and (¢X)1 — Xx = —Xz in the second case. For X = a%’ the latter expression is —1 # 0. Therefore,
we put r + s > 0 [14].

Remark 2.2. From d) of Definition2.2 we have

[ = 1yn do get the same values. Consider M" = R? with standard coordinates z,y. Let ¢ = (

By virtue of
[fX,gY] = fglX, Y]+ f(Xg)Y —g(Y )X (2.5)
for any f,g € SY(M™), we see that ¢, xY is linear in X, but not Y [14].

Theorem 2.2. Let (FE+Y)H be g tensor field of type (1,1) on T*(M™). If the Tachibana operator ¢, applied to vector
fields according to horizontal lifts of FX+1 + FK=1 = 0 structure defined by (1.7) on T*(M™), then we get the following
results.
i) $riyuxn Y™ = (Ly FRHX)" + (pR(Y, FE 71 X))V
~((PR(Y, X) 0 FE7H)Y,

i) ¢(FK+1)HXHWV = ((Vxw)oFE- 1V — (V(FK—lx)W)V,
iit) ¢(FK+1)HUJVXH = (wO(VXFKil))V,
iv) ¢(FK+1)HWV0V = 0,
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where horizontal lifts X YH € S}(T*(M™)) of X,Y € I} (M™) and the vertical lift w"', 0V € S{(T*(M™)) of
w, 8 € SY(M™) are given, respectively.

Proof. i)
prryaxn Y = —(Lyn(FETHTXH
_ _LYH(FK—H)HXH + (FK+1)HLYHXH
_ LYH(FK—l)HXH _ (FK_l)H([K X]H
+(pR(Y, X))")
= (LyFEHX)T + (pR(Y, FF1X))"
~((pPR(Y, X)) o F71)Y
i)
¢(FK+1)HXHCUV _ _(va (FK+1)H)XH
_ _LwV(FKH)HXH + (FK“)HvaXH
va (FKle)H + (FKfl)H(va)V
= —(V(kalX)w)V + ((wa) o FKil)V
= ((wa) o FKil)V — (V(FK—IX)W)V

)
ppranymy X = —(Lyn (FETHH)0Y
= —Lyn(FEHYI0Y + (FE YT Lynw?
= Lyn(wo FK)Y — (FK-1)H( x)V
= (Vx(woFE )Y — (Vxw)o FE-1)V
= (wo(VxFE™))Y

v1)
(]5(FK+1)HwV9V = —(LQV(FK+1)H>WV

= —Lov(F*H WY + (FF O (Lyvw")
= Lyv(wo FE-HY

=0
O
2.3. The Purity Conditions of Sasakian Metric According to (FX+1)H
Definition 2.3. A Sasakian metric 9¢ is defined on T*(M™) by the three equations
gw",0%) = (97 (. 0))" = g7 (w, 0o, (2.6)
Sgw”, YH) =0, 2.7)
Bg(XTYH) = (9(X, Y)Y =g(X,Y)om (2.8)

For each z € M™ the scalar product g=! = (¢g%) is defined on the cotangent space 7~ (z) = T (M™) by
97 (w,0) = gwib,

where X,Y € §§(M™) and w,6 € S{(M™). Since any tensor field of type (0,2) on T*(M™) is completely
determined by its action on vector fields of type X and w" (see [19], p.280), it follows that g is completely
determined by equations (2.6), (2.7) and (2.8).

Theorem 2.3. Let (T*(M™)," g) be the cotangent bundle equipped with Sasakian metric © g and a tensor field (FX+1)H
of type (1, 1) defined by (1.7). Sasakian metric ° g is pure with respect to (FE+1)H if FK=1 = [ (I = identity tensor field
of type (1,1)).
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Proof. We put
S(X,Y) = g(FETHX,Y) =% (X, (FFETHHY).

If S(X,Y) = 0, for all vector fields X and Y which are of the form w",6" or X, Y then S = 0. By virtue
of FEF 4 FE=1 = 0 and (2.6), (2.7), (2.8), we get

i)

SV.0Y) = Sg((FIH)ILY6Y) S gl (FRF)AY)
= Sg- (LY 6Y) S gV~ (FF)gY)
(S ( w oFK_l)V79V) _S g<wV7 (9 oFK_1>V)),

i)
S(XU,0Y) = Sq((FRFEXH gv) S g(xXH, (PR gY)
= Sg(—(FFHIXH V) =5 g(X T, —(FE-1)HeY)
= —(g((FF1X)",07) =5 g(X™, (wo FETH))
= 0.
)
S(XHYH) = Sq((FRFYIXH i) S g(xXH, (P )
— g( (FK 1)HXH,YH) _Sg(XH7_(FK_1)HYH)
= —(Cg((FEIX)T Y 5 g(x M (FE1Y)™)).
Thus, FX~! = I, then 9¢ is pure with respect to (FX+1)H, O

2.4. Complete Lift of F(K + 1, K — 1)—Structure on Tangent Bundle T'(M™)

Let M" be an n—dimensional differentiable manifold of class C° and T (M™) the tangent space at a point p
of M"™ and
T(M") = U Tp(M") 29)

is the tangent bundle over the manifold M".

Let us denote by T7 (M"), the set of all tensor fields of class C*> and of type (r,s) in M™ and T'(M") be the
tangent bundle over M. The complete lift of F© of an element of 7} (M™) with local components F has
components of the form [18]

c_ { F!' 0 ]
F : (2.10)

6h Fih

Now we obtain the following results on the complete lift of F satisfying FX+! + FE=1 =0, (F #£0, K > 2).
Let F,G € T} (M™). Then we have [18]
(FG)¢ = F¢G°. (2.11)

Replacing G by F in (2.11) we obtain
(FF)¢ = FEFC or (F*)° = (F°)*. (2.12)

Now putting G = F* in (2.11) since G is (1, 1) tensor field therefore F* is also (1,1) so we obtain (FF*)¢ =
FC(F%)® which in view of (2.12) becomes
(F5)C _ (FC)E).

Continuing the above process of replacing G in equation (2.11) by some higher powers of F', we obtain
( FK )C’ _ ( FC ) K
where K > 2. Also if G and H are tensors of the same type then

(G+H)° =G° 4+ HC (2.13)
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Taking complete lift on both sides of equation FX*+! + FE~1 =0, we get
(FE+1 4 pK-1C _ ¢
Using (2.13) and I¢ = I, we get
(FFEHHC 4 (FH9 =0 (2.14)

(FC)KJrl + (FC)Kfl —0.

2.5. Horizontal Lift of F(K + 1, K — 1)—Structure on Tangent Bundle T (M™)

Let F]* be the component of F at A in the coordinate neighbourhood U of M™. Then the horizontal lift F* of
F is also a tensor field of type (1,1) in T(M™) whose components F3 in 7~1(U) are given by

FH — FC _ 4(VF) = ( _F?Ffi - Foih ) . (2.15)
Let F, G be two tensor fields of type (1, 1) on the manifold M. If F¥ denotes the horizontal lift of F', we have
(FG)H = FEGH, (2.16)

Taking F' and G identical, we get
(FH)2 = (F?)H, (2.17)

Multiplying both sides by F// and making use of the same (2.17) , we get
(FH)S _ (F3)H

Thus it follows that
(P = (FHT, (FT)° = (F*)" (2.18)
and so on. Taking horizontal lift on both sides of equation FX+! + FEK-1 = 0 we get
(FETOHH L (pE-1HH = ¢ (2.19)

view of (2.18), we can write
(FH)K+1 + (FH)Kfl =0.

2.6. The Structure (FE+1C + (FE-1YC = 0 on Tungent Bundle T (M™)

Definition 2.4. Let X and Y be any vector fields on a Riemannian manifold (M", g), we have [19]

XY = (XY - (R Y)Y
(X2 yV] = (vxY)Y,
XV,vyV] = o,

where R is the Riemannian curvature tensor of g defined by
R(X,)Y)=[Vx,Vy] - Vixy]
In particular, we have the vertical spray v and the horizontal spray v on T(M™) defined by
u =l (8;)" = u'os, uf! =o' @)" = u's;,
where §; = 0; — u/ I'3,05. uV is also called the canonical or Liouville vector field on T'(M™).

Theorem 2.4. The Nijenhuis tensors

Nipriyeprane (X9Y9) = 0
N(FK+1)C(FK+1)C (XC7YV) = 0
N(FK+1)C(FK+1)C (XV,YV) =0

of the complete lift (FX+1)C vanishes if the Nijenhuis tensor of the FX~1 is zero.
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Proof. In consequence of Definition 2.1 and the formulations in Definition 2.4, the Nijenhuis tensors of (F*+1) ©
are given by
i)
Neprinyepene (X, YO) = [(FF)C XC (FEH) Ty
(P () )
(FK+1)C (FK+1)C Yc]
(FK+1) (FK+1) [XC,v°]
= [(FFX) 7 (FFY)
HEO(FR I X) ¥
~(FECIXE, (PR
HFEH)O(FEHE X, Y]
= Npx1 (X,Y)
i)
Nepxiyerime (XO YY) = [(FKH) X (FK) YY)
(FK+1) (FK+1) XC, ¥V
(FK+1)C (FK+1)CYV]
(FK+1) (FK+1) (XC,YV]
- (X))
~(FECFX) T Y]
—(FK-H)CXC, (FF1y) "]
H(FE9) X, vy
= Npxa (X,Y)Y
iii) Because of [XV,Y"] =0and X,Y € M, easily we get

N(FK+1)C(FK+1)C (XV7YV) = O

2.7. The Purity Conditions of Sasakian Metric with Respect to (FX+1)¢ on T(M™)

Definition 2.5. The Sasaki metric 9g is a (positive definite) Riemannian metric on the tangent bundle 7'(M™)
which is derived from the given Riemannian metric on A" as follows [14]:

Sg(xH.vH) = g(X,Y), (2.20)
S (XH7Yv) _ Sg(XV,YH):O,
Sg(xV YY) = g(X)Y)

forall X,Y € 3} (M™).

Theorem 2.5. The Sasaki metric ©g is pure with respect to (F¥ +1)C if VEK=1 = 0and FX=! = T, where I=identity
tensor field of type (1,1).

Proof. S(X,Y) =5 g((FK+1)“ X,Y) -5 g(X, (FE+1)“ V) if S(X,Y) = 0 for all vector fields X and ¥ which are
of the form XV,Y" or X¥ ,YH then S = 0.
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S(xV,vY) = Sg((FK+1)C XV, yY) -5 g(xV, (FK—H)C YV)
_ _S ((FKle) )+Sg(XV7(FK71Y)V)}
= (e (FFxY) (o (P Y))”
i)
S(XV,vH) = sg((FK+1)C XV, yH)y -5 g(xV, (FKH)C yH)
= Sg(xV,(FEY)" 4 (v, PR Y H)
= Sg(XV, (V,FE-1) v H)
= g (VF* ) u)v)")
= @& (VFE) Y)Y
i)
S(XH yH) = sg((FKH)C XH yHY S g(xH (FKJrl)C vH)
_ _S ((FKfl)CXH YH) +Sg(XH’(FK71)CyH)
= (PR~ 1X) + (V,FE-Y) xH yH)
+Sg( (FK 1y) (V’YFKfl) YH)
= o ((F*7%).Y)" 4o (X, (FF 7))

O

Theorem 2.6. Let ¢, be the Tachibana operator and the structure (F* +1)C + (FE=1Y = 0 defined by Definition 2.2

and (2.14), respectively. If Ly FK=1 =0, then all results with respect to (FK“)C is zero, where X, Y € 3§ (M™), the
complete lifts X, Y € S} (T (M™)) and the vertical lift XV, YV € ¢ (T (M™)).

i) dprnyexeYC = ((LyF¥1) x)¢
it) ppianexeYV = ((Ly X1 x)"
i) dprinyexvY? = ((LyF¥1) x)"
) dprryoxvY’ = 0

Proof. i)

¢(FK+1)CXCYC = —(Lyc (FK—H)C)XC
= Lyc (FK'X)" = (FK)CLye X€
= ((LyFK_l) X)C
¢(FK+1)CXCYV = *(Lyv (FKJrl)C)XC'
= —Lyv (FK+1)CXC + (FK+1)C’LYVXC
= Lyv (FKfIX)C — (FK1C Ly X©
= ((LYFK—l) X)V
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i)
SprenexvYC = —(Lye (FKT)9)xV
= —Lye (FKM XY 4 (FK) Lyex”
= Lye (F5'x)Y = (FK)CLyexV
= ((LyF* ) x)"
)
SprinexvY? = —(Lyv (FKH)9)xV
= —Lyv (FE™ XY 4 (FK) Ly XV
0
O

Theorem 2.7. If Ly FE~1 =0 for Y € M™ , then its complete lift Y to the tangent bundle is an almost holomorfic
vector field with respect to the structure (F¥ +1)C + (FE-1)¢ =q.

Proof. i)

(Lye (FKP))XC = Lye (FEP)C XC - (P Lye X©
= —Lyc (FF'X) 4 (FK)Lyo x¢
= — (P x)°

i)
DXV = Lye (FK XY — (FK) LyexV
= —Lye (FE' X)) 4+ (FK1CLye XV
= —((LyF N x)"

(Lyc (F5H)

2.8. The Structure (FK+1)H + (FE-Y)H = 0 on Tangent Bundle T (M™)

Theorem 2.8. The Nijenhuis tensor N px+1yupr+yn (X, YH) of the horizontal lift (FE)Y vanishes if the
Nijenhuis tensor of the FX~1 is zero and

{—(R(FEIX, FEZIY) u) + (FE-Y (R (FEIX,Y) w) + (FE-Y(R (X, FEY ) u) —
(FE=12(R(X,Y)u))}V =0.
Proof.
N(FK+1)H(FK+1)H (x"y") = [(FKH)HXH (FK+1)HYH]
i(FKJrl) (FK+1) XH,YH]
—( )H o (FRn Ty
+ (FR) " (e Xy ]
(N (V) - (R (FKIX PRY) )Y
H(FE- I(R(FK 1y, Y)u
+(F* (R (X FE= lY)u
—(FE (R (X,Y)u)".

FEAL
FEHL

O
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If Npx-1 (X,Y) = 0and {—(R (FK-1X, FK-1Y) u) + (FEK-YR (FEK1X,Y) ) + (FEYR (X, FK1Y) u) -
(FE=1)2(R(X,Y)u))}V = 0, then we get

N(FK+1)H(FK+1)H (XH, YH) =0,
where R denotes the curvature tensor of the affine connection V defined by VyY =Vy X + [X,Y] (see [19]
p-88-89).

Theorem 2.9. The Nijenhuis tensor N px+iyuprryu (X2, YV of the horizontal lift (FK+1)H vanishes if the
Nijenhuis tensor of the FX~1 is zero and VFX-1 = 0.

Proof.

N(FK+1)H(FK+1)H (x" YY) = [(FK+1)HXH7 (FK-H)HYv]

_ (FK+1)H [(FKJrl)HXH’Yv]
_ (FK+1)H XH, (FK-H)H YV
+ (FK+1)H (FK+1)H [xH vV

=[x e Ey] (O )
— (FE-1 [X’FKAY])V + ((FKA)? X, v])Y
(T P — (P (9 P51
— (FE (Vpray X)) 4 (FE)? vy x)Y

= (Npxs (X)) + (Veray FE71) X)Y
— (P (P X))

]
Theorem 2.10. The Nijenhuis tensor N px+1yu pr+1yu (XV,YV) of the horizontal lift (FX+1)H vanishes.
Proof. Because of [XV,YV] =0for X,Y € M", easily we get
Niprinyaprinys (XY, YY) =0.
]

Theorem 2.11. The Sasakian metric © g is pure with respect to (F¥ +1)H if FK=1 = [, where I =identity tensor field of
type (1,1).

Proof. S(X,Y) =5 g((FE+1)" X,V) =5 g(X, (FX+1)" V) if S(X,Y) = 0 for all vector fields X and ¥ which are
of the form XV, YV or X# Y then S = 0.
i)
S(xV,vY) = Sg((FKJrl)HXV’YV) S g(xV, (FK+1)H YV)
= Sg((FFX)" YY) 45 g(x Y, (FF ) )
= (P X))+ (g (X PV
i)
S(xV,vH) = Sg((FK-i-l)HXV’YH) S g(xV, (FK+1)HYH)
Sg(XV, (FKAY)H)
0
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111)
S (XH’YH) _ Sg((FK+1)H XH yH) S g(xH, (FK+1)H YH)
- (sg (FKAX)H ,YH) 45 g(XH’ (FK71Y)H)
— (g (FF'X), V)" + (g(x, (FF1y) ")V

O

Theorem 2.12. Let ¢, be the Tachibana operator and the structure (F* “)H + (FE=1H = 0 defined by Definition
2.2 and (2.19), respectively. if Ly FX=' = 0 and FX=1 = I, then all results with respect to (FK“)H is zero, where

X, Y € 3 (M™), the horizontal lifts X Y € S§ (T (M™)) and the vertical lift XV, YV € S§ (T (M™)) .
i) drryuxn Y = —(Ly FE ) X)" + (R (Y, FX1X) w)V
—(F* YR (Y, X)),
i) byt = (L <) X) (93 F ) x) 7
iit) gy Y = (Ly FE ) X)Y 4+ (Vpxoax V)Y — (FE (VxY) ",

iv) ¢)(FK+1)HXV YV

Il
e

Proof. 1)
Grrryrxa Y = —(Lys (FKH)H)XH
— —Lye (FK+1)HXH n (FK+1)HLYHXH
— [V, FEX])" —R[Y, FE1X]
— (FR Y X))+ (FRHH (R (Y, X) u)
= —((IyFE ) X)" + (R (Y, FE'X) w)V
—(FE YR (Y, X)u))”
i)
dpprenyuxn YV = —(Lyv (FFH) ) xH
= —Lyv (F* )" 4 (P Lo xH
= [v,FEx)Y - (v FEx)Y
_ (FK71 Y, X])V T (FK71 (VyX))V
= ((LyF* ) X)" = (Vv x)"
i)
dprcinyuxv Y = —(Lyn (FK)")XV
— Ly (FKJrlX)V 4 (FK+1)HLYHXV
= — [V FX]Y 4 (VexoaxY)
— (FE 1y, x))" = (FE1 (VxY))”
= ((IyFE X)) 4 (Verax Y)Y = (FE1 (VxY))”
)
prrinyaxvY’ = —(Lyv (FK+1)H)XV
= Lyv (F5'x)Y = (FK)H Ly XV
0
0
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