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1. Introduction

The concepts of UP-algebra are introduced and analyzed in [1]. The author in his article has introduced and analyzed the concepts of
UP-algebra, UP-subalgebra and UP-ideal and their mutual connections. This author introduced in [2] the concept of proper UP-filter in
UP-algebras on something different way then it is common in the available literature. In addition, in [2] he established the connection
between UP-ideals and proper UP-filters.

In this article, the author further develops the idea of a proper UP-filter by identifying some of the fundamental features of this concept.
First, we have shown two criteria (Theorem 3.1 and Theorem 3.2) that allow us to estimate whether a certain subset of UP-algebra is proper
UP-filter or not. Other claims relate to a link between the proper UP-filters and UP-homomorphisms. Theorem 3.5 can be viewed as the first
isomorphism theorem. For more details, see [3, 4].

The notations and notions appearing in this text are not predefined, the reader can find in the articles [1, 2, 3, 4].

2. Preliminaries

Let us recall the definition of UP-algebra.

Definition 2.1. [[]], Definition 1.3] An algebra A = (A,-,0) of type (2,0) is called a UP- algebra if it satisfies the following axioms:
(UP - 1): (x,3,2€ A)((32) - ((x3) - (x-2)) =0),

(UP-2): (Vx€A)(0-x=x),

(UP-3): (Vx€A)(x-0=0),

(UP-4): (Vx,y €A)((x-y=0Ay-x=0)=x=Yy).

In the following we give definition of the concept of UP-ideals of UP-algebra.

Definition 2.2. [[1], Definition 2.1] Let A be a UP-algebra. A subset J of A is called a UP-ideal of A if it satisfies the following properties:

1. 0eJ, and
2. (Vx,y,z€A)(x-(y-z)eJNye = x-z€J).

One of fundamental properties of UP-ideals is given in statement (1) of Proposition 2.7 in the article [1]:
Proposition 2.3. Let A be a UP-algebra and B a UP-ideal of A. Then

Vx,y€A)((xeBAx<y) = y€B).

Email address and ORCID number: bato49 @hotmail.com, 0000-0003-1148-3258 (D. A.Romano)
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Our intention in short notice [2] was to construct a substructure G in UP-algebras that will have the following property
(Vx,y€A)((yeGAx<y) = x€G)

and has a standard attitude toward the UP-ideal. This was done by introducing the concept of a proper UP-filter by the following way.

Definition 2.4 ([2], Definition 3.1). Let A be a UP-algebra. A subset G of A is called a proper UP-filter of A if it satisfies the following
properties:

3. =(0€G), and
4. (Vx,y,z€A)((-(x-(y'2) €G) Ax-z€G) = y€G)

In the mentioned article it was shown

Proposition 2.5. Let A be a UP-algebra and G a proper UP-filter of A. Then

5. (Vx,yeA)((~(x-yeG) ANye G) = x€G).
6. (Vx,ycA)(x-ye G = yecQG).
7. (Wx,yeA)((x<yAnyeG) = x€G).

Proposition 2.6. A subset G of a UP-algebra A is a proper UP-filter of A if and only if the set A\G is a UP-ideal of A.
Proposition 2.7. The family &4 of all proper UP-filters in a UP-algebra A forms a completely lattice.
Finally, the concept of UP-homomorphisms is defined by the following

Definition 2.8 ([1], Definition 4.1). Let (A,-,04) and (B,0,0p) be UP-algebras. A mapping f from A to B is called a UP-homomorphism if
holds

(Vx,y € A)(f(x-y) = f(x) o f())-

In [1] it was shown that f(A) is a subalgebra of algebra B (Theorem 4.5 (3)) and that Kerf is an UP-ideal in A (Theorem 4.5 (6)).

3. The main results

First, for a subset G of UP-algebra A we show that from (5) and (6) follows (3) and (4) if we assume that G # A.

Theorem 3.1. For a subset G of a UP-algebra A (5) and (6) implies (3) and (4) if we assume that G # A

Proof. Let formulas (5) and (6) be valid for the proper subset G in A. Suppose that =(x- (y-z) € G) and x-z € G is valid for arbitrary
elements x,y,z € A.

If we put y = x in (6) we get that 0 = x-x € G implies x € G for any element x € A. This is in a contradiction with G # A. The resulting
contradiction yields —(0 € G). Thus, (3) is proven. From here it follows immediately that the subset G satisfies the formula (7). Indeed, if
x<yandy € G, then we have—(x-y =0 € G) and y € G. From here follows x € G according to (5).

First, from x-z € G we have z € G by (6). Second, suppose it is =(y € G) holds. Thus, from —(y € G) and z € G follows y-z € G by the
contraposition of (5). Third, we have y-z < x- (y-z) by statement (6) in Theorem 1.8 in the article [1]. Now, from this and y-z € G we
conclude x- (y-z) € G by (7). This is in a contradiction with the first hypothesis. So, it has to be y € G. Therefore, (4) is proven. O

Our second proposition is one more criterion for determining whether a subset G of A is a proper UP-filter or not.

Theorem 3.2. Let A be a UP-algebra and G C A such that =(0 € G). Then G is a proper UP-filter in A if and only if
8 (Vx,y,z€A)((~(y€G) Ax-z€G) = x-(y-2) € G).

Proof. Let G be a proper UP-filter in a UP-algebra A and x,y, z be arbitrary elements of A. Suppose —(y € G) and x- z € G. If there were
—(x- (y-2) € G) then from this and x-z € G would have y € G. The resulting result is in contradiction with the first hypothesis. Therefore, it
mustbe x-(y-z) € G.

Opposite, let for subset G of A (3) and (8) be hold for any x,y,z € A. Suppose =(x- (y-z) € G) and x-z € G are valid. If there were —(y € G)
then from this and the second hypothesis would have x - (y-z) € G by (8). The resulting result is in contradiction with the first hypothesis.
Therefore, it mustbe y € G. O

Corollary 3.3. Let G be a proper UP-filter in a UP-algebra A. Then

9. (Vx,y€A)((-(x€G) ANye G) = x-y€G).
Proof. If we putx =0, y=xand z =y in (8) we will got (9). O
Theorem 3.4. Let (A,-,04) and (B,0,0p) be UP-algebras and let f : A — B be a UP-homomorphism. Then the following statements hold:

(a) If F is a proper UP-filter in a UP-algebra A, then f(F) is a proper UP-filter in a UP-algebra f(A).
(b) If G is a proper UP-filter of B, then f~\(G) is a proper UP-filter of A.
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Proof. (a) Assume that F is a proper UP-filter of A. Since —(04 € F) and the statement (1) of Theorem 4.5 in article [1], we have
—(08 = f(0a) € f(F)).

Leta,b,c € f(A) be arbitrary elements such that =(ao (boc) € f(F)) and aoc € f(F). Then there exist elements x, y, z € A such that f(x) =a,
F0) = band £(z) = ¢ and ~(£(x) o ((y) 0 £(z)) € £(F)) and f(x) 0 £(z) € f(F). This means ~(f(x: (y-2) € £(F)) and f(x-z) € f(F).
So, we conclude =(x- (y-z) € F) and x-z € F. Thus y € F by (4). Therefore, c = f(y) € f(F).

(b) Assume that G is a proper UP-filter of B. Since —(0p € G), we have =(f(04) = 0p € G). Thus =(04 € f~'(G)).

Let x,,z € A be arbitrary elements of A such that =(x- (y-z) € f~'(G)) andx-z € f~'(G). Then ~(f(x- (y-z)) € G) and f(x-z) € G. Since
f is a UP-homomorphism, we have —=(f(x) o (f(y) o f(z))) € G) and f(x) o f(z) € G. Since G is a proper UP-filter of B, we have f(y) € G.
Thus y € f~1(G). O

Without major difficulties, it can be proved that if J is a UP-ideal in a UP-algebra A and ' ~  the congruence on A determined by the ideal J
([11, Proposition 3.5), then A/J = A/ ~= {[x]~ : x € A} is also UP-algebra with the internal operation ' x ' defined by

(Voe,y € A) ([~ # B~ = [x-~)
and the fixed element J. The following claims is proven by direct verification.

Theorem 3.5. Let f : A— B be a UP-homomorphism between UP-algebras. Then there exists the UP-isomorphism g : A/Ker(f) — f(A)
such that f = gon where T: A — A/Ker(f) is the canonical UP-epimorphism.

Theorem 3.6. Let f : A — B be a UP-homomorphism between UP-algebras and J be a UP-ideal in A.
IfK is a UP-ideal in a UP-algebra A such that J C K, then the set K/J = {[x]; € A/J : x € K} is a UP-ideal in UP-algebra A/J.
If G is a proper UP-filter in a UP-algebra A such that G C A\ J, then the set G/J = {[x|; : x € G} is a proper UP-filter in a UP-algebra A/J.

Proof. (a) It is clear that J = [0]; € A/J is the fixed element in a UP-algebra A/J. Let x,y,z € A be arbitrary elements such that [x]; *
(Ws*[z]ls) € K/J and [y]; € H/L. Since x- (y-z) € K and y € K and since K is a UP-ideal in a UP-algebra A we conclude x -z € K. Thus
[x]s *[z]s € K/J. Therefore, the set K /J is a UP-ideal in a UP-algebra A/J.

(b) If there were [0]; € G/J, they would have 0 € G, which is a contradiction. So, we have —([0]; € G/J). Let x,y,z € A be arbitrary elements
such that —([x]; * ([y]s * [z];) € G/J) and [x]; * [z]; € G/J. This means that =(x- (y-z) € G) and x-z € G. Since G is a proper UP-filter in a
UP-algebra A, we have y € G. Thus [y]; € G/J. Therefore, the set G/J is a proper UP-filter in a UP-algebra A/J. O

Corollary 3.7. There is a mutually unambiguous correspondence between the family Fy j; of all proper UP-filters in a UP-algebra A /J and
the family of all proper UP-filters contained in A\ J.

4. Final observation

In the present paper, in order to continue developing the theory of proper UP-filters and UP-algebras, we given some fundamental properties
of proper UP-filters in UP-algebra. The author believes that this new properties of proper UP-filters in UP-algebras enrich our knowledge
about UP-algebras.
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1. Introduction

Oubina [1] introduced trans-Sasakian manifolds that reduced to o-Sasakian and 8 —Kenmotsu manifolds, in 1985. Then, trans-Sasakian
manifolds are studied by many geometers like in [2]. Besides, Kobayashi studied semi-invariant submanifolds for a certain class of almost
contact manifolds in [3] in 1986. Afterwards, semi invariant submanifolds of several structures are discussed like nearly trans-Sasakian
and nearly Kenmotsu manifolds in [4], in 2004 and in [5], in 2009. Also, Shahid got some fundamental results on almost semi-invariant
submanifolds of trans-Sasakian manifolds in [6], in 1993. Besides, Shahid et al. discussed submersion and cohomology class of semi-invariant
submanifolds of trans-Sasakian manifolds in [7], in 2013.

B.B. Sinha and R. K. Yadav introduced almost Sasakian Finsler manifold and determined the set of all almost Sasakian Finsler /z-connection
on almost Sasakian Finsler manifold [8], In 1991. Then Yaliniz and Caliskan studied Sasakian Finsler manifolds in [9] in 2013. In this paper,
we discussed mixed totally geodesic and totally umbilical semi- invariant submanifolds of trans-Sasakian Finsler manifolds.

2. Trans-Sasakian Finsler manifolds

Definition 2.1. Suppose that N be an (2n+ 1)-dimensional Finsler manifold. Then an almost contact metric structure ((])V Y, EY, GV)
on (N is called trans-Sasakian Finsler if the following relation is satisfied:

2V 0" = a{c" (xV y)e" —n" (v ) xV}+ B {G" (ox" y")E —n¥ (vV) oxV}
where o and B are functions on (N')Y, V is the Finsler connection with respect to G . So, (A")" is called trans-Sasakian Finsler manifold.
2.1. Semi-invariant submanifolds of trans-Sasakian Finsler manifolds

Definition 2.2. An m-dimensional Finsler submanifold (A" of a trans-Sasakian Finsler manifold (") is called a semi-invariant
submanifold if £V € Vi)Y " and there exist on (N')Y a pair of orthogonal distribution (D,D") such that

(i()vA'=DeD o {EV}

(ii) ¢D(u,v) = D(u,v)? V(u7v)e (,/V')V,Vu eN

Email addresses and ORCID bers: aysefunda 1 @dpu.edu.tr, 0000-0001-5162-6378 (A. F. Saglamer), nesrin.caliskan @usak.edu.tr, 0000-0002-3189-177X (N.
Caliskan)
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1 L
(i) ¢ (D(iuw) C <V<W></V’) for all (u,v) € (AN")", for tangential space V)" and normal space <V<M_V)</V’> of (N")Y atV with

the following decomposition :

Vi) A = Vi) A" & (Viy A ')+

The distribution D (resp. D) is called the horizontal (resp. vertical) distribution. A semi-invariant Finsler submanifold (A" is said
to be an invariant (resp. anti-invariant) submanifold if we have D(l”_v) = {0} (resp. D) = {0}) for each (u,v) € (A")". We also call

(A"YY proper if neither D nor D' is null. It is easy to check that each hypersurface of (") which is tangent to £V inherits a structure of
semi-invariant Finsler submanifold of (A)".

We denote by G the metric tensor field of (.#”)" as well as that induced on (.#")". Let V be a Finsler connection on F2"+! = (¢, ¥ F).
Thus V is a Finsler connection on F = (_#",.#" F) which we call the induced Finsler connection. Also B is an 3(.#")-bilinear mapping
on (VA" x T(V.A") and T'(V.#"+)-valued, which we call the second fundamental form of F.

Using B define the 3(.#")-bilinear mapping:

R TV Ay xTD(VA) = T(VA')*

rx¥,YVy=Bx",Y")

for any X,Y € T'(T.#"). We call h¥ the v-second fundamental form of F = (_#,.#"' | F). From Gauss formula we get;

virY =viyV +n’ (xV,yY) .1)
forany X,¥Y € D(TA").(XV,YV e T(VA")).
Now, for any X € T(T.A#") and N e T(V.4#" 1), we set
VxN = —AyX +VxN (2.2)

where AyX € T(V.A") and V&N e T(VA') L.
It follows that V- is a linear connection on the Finsler normal bundle (V.4 "+ of F™. Therefore V= is a vectorial Finsler connection on
VAL We call the normal Finsler connection with respect to V.

AV T(V A L) xT(VA") 5 T(VAN")

AV(NY xV) =Apnx”

is an 3(.#"")— bilinear mapping for any NV € T(V.4 ,l). We call Ay the shape operator (the Weingarten operator) with respect to NV
As in the case of the second fundamental form, by means of A we define for any NV € T'(V.4") L the 3(.#")— linear mappings;

AN T(VA") =T (VA)

ApxY =Aapwx”

and call the v-shape operator. Thus from the Weingarten formula we deduce that

VNV = —ARXY + Vi NV

forany X e (T A4") XV e T(V.A4") and NV e T(V.4"1).
Moreover we have

G (xV,YV),NV) = GaxV,r") (2.3)
for a vector field XV € V.. We put
x" =prxV +0x" +n" (X") v 2.4)

where PXV and QX" belong to the distribution D and D respectively.
For any vector field NV € (V.4 1), we put

ONY = fN" 4 gN"

where fNY (resp. gNV') denotes the tangential (resp. normal) component of ¢ NV .
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3. Mixed totally geodesic semi-invariant submanifolds of trans-Sasakian Finsler manifolds

Definition 3.1. A semi-invariant Finsler submanifold is said to be mixed totally geodesic if h(XV,ZV) =0forall XV € Dand ZV € D*.

Theorem 3.2. Let (AN )v be a semi-invariant submanifold of trans-Sasakian Finsler manifold (A")v. Then

PVyv (fN") = PAL X" + 9PAL XY =0 (3.1
QVyv (fNY) =AY wXY = fV NV =0 (3.2)
R (X", fNY)+ Vi (gNY) + 9 QAN XY — gV NY =0 (3.3)
VXY € D and YN € (Vi) H").
Proof.
Vv (ONY) = Vv (FN +gN") = Vv (fNV) + Vv (gN) (3.4)
AINY € (Vi) A'H), vX" €D.
For fN € V)4, we have from (2.1)
Vv (fNY) = Vv (fNY) 1Y (xV, fNY) 35)
forgN € (V(MJ,)JV’l); we have from (2.2)
Vv (gN”) = =AY XV + Vi (gN) (3.6)
By using (3.5) and (3.6) in (3.4), we get
Vv (ONY) = Vv (fNY) + 17 (XY INY) = A7 XY + Vi (gNY) (3.7)

where Vv (fNV) € (V(M,)/V’) and AV, XV € (V(W)/V’) , We have from (2.3)

Vv (FNY) = PVxv (fNY) +QVxv (fN") +1" (Vyr (fNY))EY (3.8)
and
A X" =PAY XY +0AN W XY + Y (A XY)EY (3.9)
by using (3.8) and (3.9) in (3.7) we obtain
Viv(ONY) = (Vxv@)N" +9(VyvNY)
= PV (fN")+QVxv (fNY)+n" (Vxv (fNY))E"
+hY (XY, fNY) = PAY XY — QAL XY
AT XV )E + Vi (V)
where
Vo’ = Z{ax’ W) - n' (v )x"}
B Laioxv W)Y —n¥ (v yex)
Since G(XV,NV) =0=G(NV,£Y) = G(¢XV ,N"), we get (Vx¢) N = 0. Thus, we using (2.3) and (2.4) from (3.10) then we obtain

— — — Vv

Vi (ONY) = ¢(VwNY) = 9(—AY xV + V")
= —9AXY + VNV (3.10)
= —@PANXY —9Q09AN XY + fViy NV + Vi NV

where Ay € V(W)(/V’andv)%vNV € (V(M,V)C/V/l). By seperating the components of D D' and (V(uﬁv),/i/’l) from (3.10) and (3.10) we get
(3.1),(3.2) and (3.3). O

Theorem 3.3. Let (A")" be a semi-invariant submanifold of trans-Sasakian Finsler manifold (A')". Then the following propositions are
equivalent:
(a) (") is a totally geodesic.

(b) ViyNY € ¢ D* and D is invariant with respect to A}, (all NV € ¢ D*), that is V5(¢ D*) C ¢ D+ and AXDLD cD.
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Proof. From (2.4) we know that,
ONY =NV =vV allY” € DY N € 9D+ C (V) N")

by using (3.2) from (3.3) we have

R (XY, YY)+ Vi (gNY) — 9 0A% XV — gV NY =0 (3.11)
where, since YV € D*,N € ¢D1 , we can write gNV = 0. Thus from (3.11) we have

B (xV,¥V) =qVieNY — 90AY, X" (3.12)
Now, suppose that (.#")" a total geodesic. Because of 1" (XV,¥V) =0, ¥XV € D and YV € D, from (3.12) we get
0=gVyyN" — $0AY, X"

where Ay, XV € (V) #""), QAN XY € D' and 9QAY, XV € 9D C (Vi) A "). I gV NY € 9D*, it mustbe 9NV = fNV =YV €
D+, WNY ¢ q)Di. Thus we have ¢(qV§VNV) e D1, Also from (2.4) we can write

OVirNY = VNV +qVie NV VEN € (Vi) ')
if we apply ¢ on both sides of the equation we get
~VivNY = ¢(fVieNY) + ¢ (qVieNY) (3.13)

where if Vi, NV € D+ C Viuy-¥", then it means ¢fViyNY € 9D* C (V<u1v></1/’i). In equation (3.13), since V3, NV € (V(W)(/V’L)
and ¢ (fViyN") € 9D, it means that ¢ (qVyyNY) ¢ D-.(9(gVEN) € (Vi) #"H)). If [V NV & D, then ¢ (fVixN) € V.4, , while
VAN € (Vi A™) and G(FVEN) € V)@ cither 9(qVEN) € (V(u",)(/i/u> or §(qVEN) € Vi V- TE (qVEN) € Vi) N7, we
get the following contradiction

¢(qVxN) = ¢(fVxN) (3.14)

gVxN = fVxN

In that case ¢ (¢VN") & Vi) A" (¢ D*) . Thus we get gVEN € (VW)JV’L - ¢Dl) in (3.14). Since gV, NY € {(VM/L) — 9D}

and q)QAxVXV € gD, it must be qV)%VNV =0and q)QAxVXV =0. Since qV)%VNV = (0, it means that V}%N € ¢ D and since QAXVXV =0,

then A}CVXV € D. Thus we get ng)DL andAypiD CD. O

Theorem 3.4. Let (V)" be a semi-invariant submanifolds of trans-Sasakian Finsler manifold (A')". If B # 0, then each M- leaf of Dt
is not totally geodesic at (N)".

Proof. Suppose that ((.#")*)" is totally geodesic in (.#”)". Then VyvY" € D+, for each XV, ¥V € D or equivalent to G(VxvY",Z") =0,
foreach Z¥ € D& {£Y'} . Using the

vVev = gyv and &Y (", 6V) =~ 21"
we get
B B

GV YV EV) = —G(YV,vyw&Y) = -G(¥Y, EXV) = —EG(YV,XV)

Thus, we find the following contradiction

0=G(Vyvx",&V) = fgc;(xV,XV)

That is, ((.#")")" is not total geodesic at (.#")". O
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4. Totally umbilical semi-invariant submanifolds of trans- Sasakian Finsler manifolds

Definition 4.1. VX".YV e VA" and NY e v+

(1) IfAX,V =al (fora € 3(AN")"), NV is called umbilical section of (N")*. (2) If NV is umbilical section of (N") then (N")" is umbilical
with respect to N¥ . (3) If (A" is umbilical for each NV € V(W)e/i/”‘ then (A') is called totally umbilical submanifold of (N"')Y. (4)
Suppose that {E Y, ,En‘i} orthonormal base of V(W)Q/V !. Then

1
H=—i ) = n (EY E))
—iz(hu) Z

is called mean curvature vector of (N atu e (N

If { MR E;/n-H } is orthonormal base of V(M_V)C/V’i, then we can write

- i 2n+1 ) v v v_ v
H=— Y izA))E,, Ay =Apy @.1
ma:m+1 “

Let (_#")" be a semi-invariant submanifold of trans-Sasakian Finsler manifold (.#”')". Since

2n+1
WV Y=Y Gm"(xV.yY")EEY
a=m+1
and
G(hV(XV7YV)7EL‘1/) = G(AZVX‘/vYV)
we have
2n+1
W'y =Y GapxV Y E;
a=m-+1

Since (.#") is totally umbilical submanifold of (.#"")", we have

AZHVXV =C, XY, Coe 3N 4.2)
Thus we get
2n+1
WxVyYy = Y GexV yV)E)
a=m+1
2n+1
= Y cGxV.y"E)
a=m+1
2n+1
= Gx"Y" | Y CGE/ 4.3)
a=m+1
by using (4.1) and (4.2), we get
1 2n+1 v v 1 2n+1 v
H = — Y iz(Ap)E; ==Y iz(Cd)E,
m_“* a m__‘
a=m+1 a=m+1
1 2n+1 2n+1
= — Y mC)E/ =Y C.E 4.4)
m__-
a=m+1 a=m+1
from (4.3) and (4.4) we obtain
WV, yVy=6x",YV)H 4.5)

Theorem 4.2. Let ()" be a semi-invariant submanifolds of trans-Sasakian Finsler manifold (A')". Then
(a) (A" is a totally geodesic.
(b) If o # O for every point of (N, then ()" is an invariant submanifold, that is D+ = 0.

Proof. For XV =&V, from (3.1) we get Vévév 0. Later, we take £V instead of XV and YV from (2.1), we obtain
VergV =ver &V +1"(8Y,8Y)
since ﬁgv(gv =0, we have

0=Ver&" +n"(g",8")
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that is ngfgv =0and AV (EY,EY) = 0. Since (.#")" is totally umbilical submanifold, we have from (4.5)
0=nh"(£".8")=G(&".&")H

since G(EV,EY) # 0, it must be H = 0. Thus we have

V. yV)y=6"x",y")0=0

This means that (.#”)" is totally geodesic. We know that V)&V = gYV and bV (YV,EV) = —5¢YV forall Y € D*. Since (.#”)" is totally
geodesic and totally umbilical, we get

~ZorV =¥ (¥ g0 =0

Since a # 0, this means that

oY =0—-Y"=0-Dt=0
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1. Introduction

Group rings of finite groups became a rich source for constructing error-correcting codes and investigation, their properties since F.J.
MacWilliams [1] and S.D Berman [2] considered cyclic codes as ideals in the group algebra of finite cyclic groups. R. Ferraz and Polcino
Milies [3] brought the techniques and deep structure of the group algebras into play by studying idempotents which generate codes. In
[4] T. Hurley proved that the group ring RG of a finite group G of order n over a ring R is isomorphic to a ring of G-matrices of size n xn
over R, and this was used in many later papers to construct and analyse codes from units and zero-divisors. When R has an identity and no
zero-divisors (e.g. when R is a field), Hurley used this identification to describe the unit group U (RG) and zero-divisors of RG in terms
of the properties of their corresponding matrices. The first (and main) step towards getting codes from a group ring RG is to choose an
appropriate listing for the elements of G upon which depend other steps namely; finding the matrix of G (relative to the listing), the ring
of matrices of RG and constructing unit-type and zero-divisor-type codes (all this steps are explained in [5]). The types of matrices have
been determined for several classes of finite groups such as cyclic, elementary abelian and dihedral groups [4]. Matrices which appear
in this identification include several types such as circulant, Toeplitz, Walsh-Toeplitz and Hankel Matrices. In this paper the linear group
G = GL(2,q) is considered; we shall use the BN-pair structure of G (see [6], section 69) to choose a listing for its elements suitable for
determining the matrix of G and hence the ring of matrices of RG. Being the first linear group to be considered in this manner we hope this
will lead to constructing new linear (unit-type and zero-divisor-type) codes.

2. The ring of matrices of a group

Let G be a finite group of order n with a given listing G = {g1, g2, ..., gn}, and let R be a ring. Consider the matrix of the group G
relative to its listing, say M (G), which has the following form:

si'er gi'er . gi'gm

-1 -1 -1
M(G) = gz.gl gz.gz - gzign

-1 -1 Sl

8 81 8n 82 --- 8n 8n

Email addresses and ORCID numbers: s43680422@st.uqu.edu.sa, 0000-0003-1855-6261 (M. M. Hamed), aakhammash @uqu.edu.sa, 0000-0001-9404-1732 (A. A. Kham-
mash)



Fundamental Journal of Mathematics and Applications 119

Now letu = Y| &g, g; be an element in the group ring RG. Then the RG-matrix which corresponds to u in R(xn)» the ring of (nxn)-matrices,
is given by:

Qgrtgy Ogrlg, oo Ogrlg
M(RG,u) = agz’.‘gl ang‘gz agg.‘gn

-1 -1 R

8n 81 8n 82 - 8n 8n/,y,

Theorem 2.1. [4] Given a listing of the elements of a group G of order n. There is a bijective ring homomorphism o : u —> M(RG,u)
between the group ring RG and the ring of (nxn) RG-matrices over R.

There are several types of the RG-matrix which appear as isomorphic to a certain group rings. These types include Toeplitz-type matrices,
Walsh-Toeplitz matrices, circulant matrices, Toeplitz combined with Hankel-type matrices and block-type circulant matrices; see [4] for
more specifics and examples.

3. BN-pair structure of G = GL(2,q)

Definition 3.1. [6] A finite group G = (G,B,N,U,R,W) is said to have a split BN-pair of rank n if the following conditions are satisfied:
* G has a BN-pair of rank n, such that:

- G =<B,N>,
- BOhN=HZJ4N,

— W =N/H, is the corresponding Coxeter (Weyl) group which is generated by involutions, W =< wi,wa,...,w, >.
o There exist a normal subgroup U < B such that B=U »x H (semidirect product),

» U=0,(G), and H is an abelian p'-group.

We have the Bruhat decomposition ,see[6]
G = ) BwB,
weW
On the other hand U = U,5.U,,, where U} = UnU" and U, = UnU""", where w, is the unique element of the coxeter group W of
maximal length.
Also we have,
BwB = BwU,,, foreachweW.

Therefore,
G = ) BwB = ) BwU,,
weW weW
and each element in G can be written uniquely in the form bnu, where b € B, u € U,,, n is the coset representative of an element w e W.
Now, for example, if G = GL(n,q) then G has the structure of split BN-pair, where B is the subgroup of an upper triangular matrices, N
is the subgroup of monomial matrices, and H is the subgroup of the diagonal matrices. In fact, the Coxeter group W of G = GL(n,q) is
isomorphic to the symmetric group Sy.
W = N/H =S,.

We shall concentrate on the case when n = 2. From the split BN-pair setting, we have

GL(2,q) = BUBwB, where
U = ! A | AeTF H = | X,y € IF*
0 1 a( 0 vy Y EEq (-

Since we have BwB = BwU,,, Yw e W, where U,, = UnU"*", and since the Coxeter group W in this case is isomorphic to S, = {e, (12)}.
Thenw = w, = (12),and U,, = UnU"""* = U. Thus,

G = B UBw,U = B UBn,U,

where noH = Hn, = w,. The monomial subgroup N in our case have the form;

v=(o D)ot )

and for n, € N, take n, = ( 0 (1) ) which corresponds to the permutation (12) in S5.

1
Therefore,
G = GL(2,q9) = HU UHUnU

x 0\f1 A\ (¥ o\(1 a)f0 1\(1 B .
{66 36 66 resenmnren)
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Counting the elements we have,

6 D06 R 6 0 D perrmer]

= (-1 g+ (-1 ¢ = (g-1)>. (g+4°) = |GL(2,9)|.

e

Notation :

We write h(x , y) = (g S)eH;x,ye]F; and u(1) = ((l) ?)GU;/’LE]FL].

4. Multiplications

In the light of the coset decomposition of GL(2,q) = BUBn,U = HU UHUn,U, we shall discuss four cases of element multiplication in
G=GL(2,9):

* HU HUnoU
HU CASE1 | CASE2
HUnoU | CASE3 | CASE4

Proposition 4.1. For each x,x",y,y € Fy and A, A" BB’ € Fy we define the multiplication as the following:
Case 1:
h(x", ¥ u(A') -h(x, y) w(A) = h(x'x, y'y) u(2+x"'2y)

Case 2:

Z(X’ 73y’) w(A') -h(x | y) u(A) no u(B) = h(x'x . y'y) u(A+x"'1'y) no u(PB)

h(x", ?') w(A") no u(B') -h(x, y) u(A) = h(x'y , y'x) u(y™'A'x) no u(A+ x~'B'y)
Case 4:

h(x' Y Yu(A"Y no u(B') -h(x,y) u(A) no u(B) = h(~x'yo~',y'xat) u(-a— o>y ' A’x) no u(B+o ")
where, 00 = A + x_lﬁ'y.

Special case :
Ifoo= A+ xilﬁ'y = 0 the multiplication will be as :
h(x' 3" Yu(A") no w(B') -h(x,y) u(A) no u(B) = h(x'y , y'x) u(B+ y~'2"x)

5. Inverses

The following proposition gives the rule for getting the inverses of the elements of GL(2,q).

Proposition 5.1. For each x,y € ]FZ; and A, B € Fy there are two cases for getting the inverse:
1- The element of the form h(x , y) u(1) :

[hx, ) ()] =h(! 57 u(-ady™)
2- The element of the form h(x , y) u(1) no u(p) :

[, ) w(A) no u(B)])™ = h(v™"x7") u(=x""By) o u(-xiy™")

6. Elements listing of G = GL(2,q)

The listing of this group depends on the number ¢ and we discuss two cases:
Casel: when ¢ = p is an odd-prime (¢ = p > 3):

-1
In this case, the linear group G = GL(2, p) has (p* - 1) blocks, each consists of (pT) matrices each of size (2p), (note that
-1
- 1)(”7)(21;) = (p-1)*(p*+p) = |GL(2,p))) obtained by the following listing:
Type (x,x); x € Z}, gives (p+1) blocks:

(1) THE BLOCK B(x,x); x € Z}, obtained from the following listing subset:

T(x,x):h(x,x), h(p=x,p=x)u(p=1), h(x,x)u(p=2),h(p-x,p=x)u(p=3), -, =+ h(x,x)u(1), -+, =+, -, h(x,x)u(2),
h(p—x,p-x)u(1).

such that, x = 1,2,~--,p—_1.

THE BLOCKS B(x,x)(A); A = 0,1,2,---, p—1, obtained from the listing subsets:

T(x,x)nou(A); A= 0,1,2,-,p—1.

Type (x,y);x # y gives the following (p2 — p—2) blocks:

THE BLOCKS B;(x,y); i=1,2,---,p—2, obtained from the listing subsets:
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Ti(xy)(j); 1<i<p-2,1<j< PT*I; where,

Ti(x,y) () : h(j, j(p=1)), h(j(p=1), ji)u(i), h(j, j(p—i))u(2i),h(j(p=1),ji)u(3i), -+, -, h(j(p—1), ji)u((p-3)i),
h(j, j(p=i))u((p-2)i), h(j(p-1), ji)u((p—1)i).

THE BLOCKS B;(x,y)(A);x#y, i=1,2,-,p—-2, 0< A < p—1, obtained from the listing subsets:

Ti(x,y)(J)nou(A); 1<i<p-2,1<j< pT—l
The total number of blocks in this case:
(p+1)+(p*-p-2)=p*-1.

Case2, when g is a power of p (g = p"),and (n>2, p>2):
In this case we take Fy = < ala?™ ' =1 >, then the matrix of G = GL(2,¢) has (¢*> - 1) blocks each block consists of (ﬂ) matrices each of
p

size p(q—1) (note that (¢* - l)(g)p(q— 1) = (g-1)*(¢* +q) = |GL(2,¢)]) obtained by the following listing:
p

Type (d',d') gives the following (g + 1) blocks:

THE BLOCK B(d',a'); i=1,2,+,q - 1 obtained by the following listing subset:
T(al7al)7 T(al7al)(1)7 T(a[7a[)(2)1 ) T(a’7a')((q/p)—l),

Where,
T(aivai): h(1‘1)7 h(aq72 ) aq72) u(aq72) ) h(aq73 ) aq73) u(z(aq72)) R EE B h(aqu ) aqu) u((p_])(aq72)) ’
Mt ) () ) (@) e e, @) (p-2) (@) A 1) l(p- 1) (@)

h(aq—Zvaq—Z) A T h(a,a)u((p— 1)(04—2))'
Such that, T(a',d') (s) = T(a',a"Yu(d"); s=1,2,-,(q/p) -1, and d* € {a,a® --,a?"}.

THE BLOCKS B(d',a")(1); A =0,1,2,--,a?"2, obtained by the following listing subsets:
T(d',a")nou(2), T(a',a")(1)nou(1), -, T(d',a")((q/p) - )nou().

Type (ai,aj ); i # j gives the following (q2 —g—2) blocks:

THE BLOCKS B, (a',a’); r=1,2,--,q~2, obtained from the listing subsets:
T.(d',a’), Tr(d',a’) (1), Tr(d',a’)(2), -, T:(d',a’)((q/p) — 1), such that:
Ty(d',a’)(s) = Tr(a',a u(a®): s = 1,2, (q/p) - 1.

Where:
T;’(ai7aj) : h(lvar) ’ h(aq_27ar_l)u(ar_l) ) h(aq—3’ar—2)u(2ar—]) ) h(aq_4aar_3)u(3ar_]) y Ty T h(a(]—pya(q—p)+r)u((p_ l)ar_l) s
h(@t P! Py (a2 R (@) e (g,  u((p-1)a ).

THE BLOCKS B, (d',a’)(1); r=1,2,-+,q-2, 0< A <a?"?, obtained from the listing subsets:
Tr(d',a’ )nou(A), Tr(a',a’ Y (Dnou(r), Tr(d',a’ ) (2)nou(r), - - , T (d',a’)((q/p) — )nou(R).
The total number of blocks in this case:

(g+1)+(¢*-q-2)=¢" - 1.

Example 6.1. The special case when (q=3, G=GL(2,3)) :

From the general theory, the matrix of this group has 32— 1 =8 blocks each block consists of 3;—1 = 1 matrix of size 2 x 3 = 6 obtained from
the following listing:

Block B(x,x):

h(1,1), h(2,2)u(2), h(1, Du(1), h(2,2), h(1, Du(2), h(2,2)u(1),

Block B(x,x)(A =0):

h(1,D)no, h(2,2)u(2)no, h(1,1)u(1)no, h(2,2)ne, h(1,1)u(2)n0, h(2,2)u(1)n,,

Block B(x,x)(A =1):

h(1, Dnou(1), h(2,2)u(2)nou(1), h(1,1)u(1)nou(1), h(2,2)nou(1), h(1,1)u(2)nou(1),
h(2,2)u(1)nou(1),

Block B(x,x)(A =2):

h(1, D)nou(2), h(2,2)u(2)nou(2), h(1,1)u(1)nou(2), h(2,2)nou(2), h(1,1)u(2)n.u(2),
h(2,2)u(1)nou(2),

Block By (x,y):

h(1,2), h(2,1)u(1), h(1,2)u(2), h(2,1), h(1,2)u(1), h(2,1)u(2),

Block By (x,y)(A =0):

h(1,2)n0, h(2,1)u(1)no, h(1,2)u(2)no, h(2,1)ne, h(1,2)u(1)no, h(2,1)u(2)n,,

Block By (x,y)(A =1):

h(1,2)nou(1), h(1,2)u(1)nou(1), h(2,1)u(2)nou(1), h(2,1)nou(1), h(2,1)u(1)nou(1), h(1,2)u(2)nou(l),
Block By (x,y)(A =2):

h(1,2)nou(2), h(1,2)u(1)nou(2), h(2,1)u(2)nou(2), h(2,1)nou(2), h(2,1)u(1)nou(2), h(1,2)u(2)nou(2).
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7. The matrix of G = GL(2,q)

Now we shall determine the G-matrix of the group GL(2,q) with respect to the listing which obtained in the previous section:
We start with the first case when g = p. Consider 7(1,1) in the first block B(x,x) which has the elements g1,g2,-,**,82p—2,82p~1,82p With
their inverses. Then the resulting matrix will have the following form:

81 82 83 84 8 .- 82p-3 82p-2 82p-1 82p
82p 81 82 83 84 .- 82p-4 82p-3 82p-2 82p-1
82p-1 82p 81 82 83 .- 82p-4  82p-3  82p-2
82p—2  82p-1 82p g 8 .- 82p-4  82p-3
82p-3 82p-2 82p-1 8&2p 81 .- cee cee cee 82p-4
85 81 82 83 84
84 85 82p 81 82 83
83 84 85 see e e 82p-] 82p 81 82
82 83 84 85 cee e 82p-2 82p-1 82p 81

This is a circulant matrix type.

Now for any subset in the the block B(x,x). Consider the elements of T(£,1): gt,,81, " ,8tp-1 581, With the inverses of the elements in
T(1,1), then we will get the following matrix:

8n 8t 8n 8ty 815 coo 8hpz 8hpr 8ty 8ty
8ty 8 8 8 8ty - 8tyya 8tz 8ty  8hp-i
8yt 8ty 8n 8n 8 .- e 8typ-a  8hp-z  8hp-
8ty 8ty 8t 8 8 - e e 8trp-a  8tp-3
8tz 8typ2 8ty 8hpy 8 .- e e cee 8trp-s
8ts 8t 8t 8tz 8t
8ty 8ts e .. . .. gtz,; 8n 8t 8
&t 8t 8ts cee e e 8hp 8t 8t 8t
8t 813 8ty 8ts .o s g12p—2 gt2p—l thp 8n

Furthermore, if we get the elements of 7'(¢,¢) as above with inverses of an arbitrary subset in B(x,x), say T(j, j), we will get the following
matrix:

8 8 8 8k 8ks - B8kys 8kypo Sk 8k
8ky 8k 8k 8k 8k -+ 8kyps SBkaps  Skypr  8kopo
8yt 8ky 8k 8k 8k o 8kypes  Bkaps  8kapo
8kopr  8kypr 8k 8k &k o 8kopy 8kaps
gkzp_3 gkzp_z gkzp_] gkzp gk] e e e . gkzp_4
gk5 gk1 gkz ng gk4
8k, 8ks e 8k 8k 8k, 8ks
8ks 8k, ks o e oo 8kopy 8k 8k 8k,
8k, 8k 8ky  8ks -+ - Bk 8kape  8ky 8k

Where, g, *gji_l =gk » 1 <i<2p, such that:
g = W07 g = G (=) T (p=0)) u(p=1) . gk = AT ) u(p=2)
g = h(™ (=15 (p=1)) u(p=3) , &s = h(j "1, 1) u(p-4)

; 8oy = (G (P=1),J7 (P=1)) u(5) , ghyp = h(j7 "1, 1) u(4) |
8o = hGT (P=1), 5 (P=1)) u(3) , gk, = R ) 1(2)
8, = (G (p=1), 57" (p=1)) u(1),

This obtained using these tow following equations :
W (p=j) 1t = (p=1)
@) (p-i) (p-1) =jt.
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L 1)) I3 la Is .. hps bpo bp1 Iy
by I 1) I3 Iy ... - bp3 bpo by
lZp—l lzp I 153 I3 ... lzp,g, lgp,z
bpo bp1 by I b o by
bp-3 bpa bhp1 by 1
Is .. L L Ll
n I5 cee e e Dy A 12 18]
I3 Iy I5 lzp_] lzp L 153
12 I3 Iy Is ... ... bpo bp by I

Where, g;, *gj_-xl =, 1<s<2p.

Also, for another matrix in the same Block. We can get the elements of 7;(x,y)(n)(A = w) from the Block B;(x,y)(A = w) with the
inverses of the elements of Tj(x,y)(n)(A = k) in the block Bj(x,y)(A = k). Then we will get the same circulant matrix which we obtained
when we take the elements from the first subsets of these certain blocks. We find in this case the G —matrix of the group GL(2,q) with

respect to the above proposed listing form (q2 -1 x q2 - l)— Block Circulant matrix.
Now, for the other case when q is a power of p :

of the elements in each subsets in this type, and a is the generator of the multiplicative group of the field 4 ). Together with the inverses of
elements in T(a',a") from the block B(a',a'). The resulting matrix will have the following form:

by by b3 by bs ... by3 byy by bs
bs by by b3 by ... - by3 byp by
bs_q by by by by ... ... bs_3  bg_o
bs—2 bs—1 by by by by
by 3 byp by1 bs b
bs . by by b3 by
by  bs ... bs by by by
by by bs ... ... by bs b by
by by by bs ... ... bey bey by b

The same matrix will appear when we take the elements of T,(a',a’)(n) from the block By, (a',a’), with the inverses of elements in
T(d',a')(n) from the block B(d',a").

the following :

71 22 3 4 5 Zs-3  Zs-2  Zs-1 s
Zs 71 22 3 4 o is-3  Ls-2  ZTs-1
Zs—1 s 21 2 3 . Zs-3 252
Zg—2  Zs—1 s 21 22 is-3
Zg-3 Zs-2 Zs-1 Is 2
Z5 21 22 3 24
24 Z5 s 21 22 23
3 24 5 Ts—1 s 21 22
22 23 24 25 Zs-2  Zs-1 Zs 21

Where, ¢ * di =7z , 1<k<s. The same matrix will obtained when we take the elements of Tx(a',a’)(m)(A = &) from the block
By(d',a’) (A = &), with the inverses of elements of Ty(a',a’) (m) (A = aﬁ) from the block By(d',a’) (A = aP ).

Note that :

When the matrix is appear again in a certain block (with the same elements) the order of the element maybe change (they permute) not
always the same (as in the example of GL(2,5)) .

We find the G-matrix of the group GL(2,q) with respect to the above proposed listing using the multiplication table as well as the rule for
getting the inverses explained above. It turns out that the G-matrix (and hence the coding matrices) is a (q2 -1x q2 - 1)-block circulant
matrix.

Remark 7.1. When g =2, the general linear group G = GL(2,q) = S3 and the matrix of this group is actually a block circulant matrix as
well. Also, when q = 3, the matrix of GL(2,3) with respect to the listing given in [example (6.1)] is a block circulant matrix.

Summarizing we have the following,

Theorem 7.2. : With respect to the elements listing for the group G = GL(2,q), the G-matrix has the form of block circulant matrix.
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8. Examples of the G-matrices

Here we have two examples of the matrix of G = GL(2,q) :
1- The listing of elements of GL(2,5) :
|GI(2,5)|=480. This will divide in to 24 blocks with 20 elements in each block .

Type (x, x) :

Block B(x,x):

T (1,1):

L=h(1,1), b= h(4,4) u(4) , l3=h(1,1) u(3) , Iy = h(4,4) u(2) , Is = h(1,1) u(1) ,
lo=h(4,4) , b= h(1,1) u(4) , Iy = h(4,4) u(3) , lo = h(1,1) u(2) , Lo = h(4,4) u(1).

T (2,2):

I = h(272) , iz :h(373) u(4) , iz = h(2,2) M(3) , ha = h(373) M(Z) s s :h(2>2) ”t(l) ’

ll6 = h(373) B l|7 :h(2,2) u(4) s l]g = h(3,3) M(3) ) l]9 = h(2,2) M(Z) s 120 = h(3,3) M(l).
Block B(x,x)(A =0):

T (1,LD(A =0):

121 =h(l7 1) Ho 122 = h(4,4) u(4) Ho 123 = h(l, l) u(3) Ho 124 = h(4,4) u(2) Ho

ls = h(1,1) u(1) 1o , lag = h(4,4) no , by = h(1,1) u(4) no , lag = h(4,4) u(3) no ,

129 = h(l7 1) M(2) no , 130 = h(4,4) M(l) No.

T (2.2)(A = 0):

13] = h(2,2)n0, l32 = h(3,3)u(4)n07 l33 = h(2,2)u(3)n07 134 = h(3,3)u(2)n07 l35 = h(2,2)u(1)n0,
136 = h(3,3)l’lo, 137 = h(2,2)u(4)l’lo, 133 = h(3,3)u(3)n0, 139 = h(2,2)u(2)no, 140 = h(3,3)u(l)no, .
Block B(x,x)(A =1):

T A,1)A = 1):

ly1 =h(1,D)nou(1), lyp = h(4,4)u(4)nou(1), lyz = h(1,1)u(3)nou(1), lag = h(4,4)u(2)nou(1),
lys = h(1, D)u(1)nou(1), lyg = h(4,4)nou(1), ly7 = h(1,1)u(4)nou(1), lyg = h(4,4)u(3)nou(1),
lyo = h(1,D)u(2)nou(1), lsg = h(4,4)u(1)nou(1).

T (2,2)A=1):

Is1 =h(2,2)nou(1), Isp = h(3,3)u(4)nou(1), lsz = h(2,2)u(3)nou(1), lsq = h(3,3)u(2)nou(1),
Iss =h(2,2)u(1)nou(l), Is¢ = h(3,3)nou(1), ls7 = h(2,2)u(4)nou(1), lsg = h(3,3)u(3)nou(1),
Iso = h(2,2)u(2)nou(1), leg = h(3,3)u(1)nou(1).

Block B(x,x)(A =2):

T (1,D(A =2):

le1 = h(1,)nou(2), lep = h(4,4)u(4)nou(2), lez = h(1,1)u(3)nou(2), lgs = h(4,4)u(2)nou(2),
les = (1, Du(1)nou(2), lgg = h(4,4)nou(2), lg7 = h(1, 1) u(4)nou(2), leg = h(4,4)u(3)nou(2),
leo = h(1,D)u(2)nou(2), b0 = h(4,4)u(1)nou(2).

T (2,2)(A =2):

l711 = h(2,2)nou(2), I72 = h(3,3)u(4)nou(2), b3 = h(2,2)u(3)nou(2), lig = h(3,3)u(2)nou(2),
l7s = h(2,2)u(1)nou(2), lrg = h(3,3)nou(2), l77 = h(2,2)u(4)nou(2), g = h(3,3)u(3)nou(2),
lig = h(2,2)u(2)nou(2), lgg = h(3,3)u(1)nou(2).

Block B(x,x)(A =3):

T (1,1(A =3):

Ig1 = h(1,1)nou(3), lgy = h(4,4)u(4)nou(3), lgs = h(1,1)u(3)nou(3), lgs = h(4,4)u(2)nou(3),
Igs = h(1,D)u(1)nou(3), lge = h(4,4)nou(3), ly7 = h(1,1)u(4)nou(3), lgg = h(4,4)u(3)nou(3),
lgg = h(l7 1)14(2)}’1014(3)7 lgo = h(4,4)u(l)n0u(3).

T (2,2)(A =3):

lo1 = h(2,2)nou(3), lop = h(3,3)u(4)nou(3), los = h(2,2)u(3)nou(3), log = h(3,3)u(2)nou(3),
los = h(2,2)u(1)nou(3), log = h(3,3)nou(3), lo7 = h(2,2)u(4)nou(3), log = h(3,3)u(3)nou(3),
199 = h(2,2)u(2)n0u(3), 1100 = h(3,3)u(1)ngu(3).

Block B(x,x)(A =4):

T (L,LD(A =4):

lior = h(1, Dnou(4), Lo = h(4,4)u(4)nou(4), Loz = h(1,1)u(3)nou(4), liog = h(4,4)u(2)nou(4),
los = h(1, D)u(D)nou(4), lioe = h(4,4)nou(4), oy = (1, u(4)nou(4), hog = h(4,4)u(3)nou(4),
liog = (1, Du(2)nou(4), 110 = h(4,4)u(1)nou(4).

T (22)(A = 4);

i =h(2,2)n0u(4), liz = h(3,3)u(4)nou(4), iz = h(2,2)u(3)nou(4), lia =h(3,3)u(2)nou(4),
l] 15 = h(2,2)u(1)ngu(4), l] 16 = h(3,3)nou(4), 1117 = h(2,2)u(4)nou(4), 1118 = h(3,3)u(3)nou(4),
l] 19 = h(2,2)u(2)n0u(4), 1120 = h(3,3)u(1)n0u(4), .

Type (x, y) :

Block By (x,y) :

Ti(x,y)(1):

lio1 = h(1,4), lipp = h(4, Du(l), lizz = h(1,4)u(2), liog = h(4,1)u(3), l12s = h(1,4)u(4),
lag = h(4,1), lio7 = h(1,4)u(1), liog = h(4,1)u(2), liog = h(1,4)u(3), li30 = h(4,1)u(4).
T1(x,y)(2):

li31 = h(2,3), iz = h(3,2)u(1), liz3 = 1(2,3)u(2), i34 = h(3,2)u(3), li35 = h(2,3)u(4),
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li3e = h(3,2), l137 = h(2,3)u(1), liag = h(3,2)u(2), li39 = h(2,3)u(3), l140 = h(3,2)u(4).

Block B (x,y)(A =0):

T1(x,y)(1)(A = 0):

har =h(1,4)n0, ligp = (4, 1)u(1)no, L4z = h(1,4)u(2)no, liag =h(4, Du(3)no, ligs = h(1,4)u(4)n,,
1146 = /’1(47 1)}’107 1147 = h(1,4)u(l)no, 1148 = h(4, l)u(Z)}’l()7 1149 = h(1,4)u(3)n0, 1150 = h(4, l)u(4)}’l0.
T1(x,y)(2)(A = 0):

lis1 = h(2,3)n0, lis2 = h(3,2)u(1)no, lis3 = h(2,3)u(2)n0, liss = h(3,2)u(3)no, lis55 = h(2,3)u(4)no,
1156 = h(3,2)no, 1157 = h(2,3)u(l)ng, [|5g = h(3,2)u(2)n0, 1159 = h(2,3)u(3)ng, 1160 = h(3,2)u(4)n0,
Block B (x,y)(A=1):

Ti(x,y)(1)(A =1):

List = h(1,4)nou(1), Liga = h(4, 1) u(1)nou(1), lie3 = h(1,4)u(2)nou(1), ligs = h(4,1)u(3)nou(1),
lies = h(1,4)u(4)nou(1), liss = h(4, 1)nou(1), Ligy = h(1,4)u(1)nou(1), lisg = h(4, 1)u(2)nou(1),
Ligo = h(1,4)u(3)nou(l), lyz0 = h(4,1)u(4)nou(1).

T (x,y)(2)(A =1):

lir = h(2,3)nou(l), lyzo = h(3,2)u(1)neu(1), li73 = h(2,3)u(2)nou(l), li74 = h(3,2)u(3)nou(1),
lizs = h(2,3)u(4)nou(1), lizs = h(3,2)nou(1), li77 = h(2,3)u(1)nou(l), li7s = h(3,2)u(2)nou(1),
l179 = h(2,3)u(3)n0u(1), l1g0 = h(3,2)u(4)nuu(1).

Block By (x,y)(A =2):

T1(x,y)(1)(A =2):

1181 = }1(1,4)1101/[(2)7 1132 = h(4—7 l)u(l)nou(2)7 1133 = h(174)u(2)nou(2)7 1134 = h(4—7 l)u(3)nou(2)7
Ligs = h(1,4)u(4)nou(2), ligs = h(4,1)nou(2), lig7 = h(1,4)u(1)nou(2), ligg = h(4,1)u(2)nou(2),
l1go = h(1,4)u(3)nou(2), ligo = h(4,1)u(4)nou(2).

Ti(x,y)(2)(A =2):

Lot = h(2,3)nou(2), ligo = h(3,2)u(1)neu(2), lio3 = h(2,3)u(2)nou(2), lios = h(3,2)u(3)nou(2),
1195 = h(2,3)u(4)n0u(2), 1196 = h(3,2)nou(2), l]97 = h(2,3)u(1)nou(2), llgg = h(3,2)u(2)nou(2),
l199 = h(2,3)u(3)n0u(2), boo = h(3,2)u(4)n0u(2)‘

Block By (x,y)(A =3):

Ti(x,y)(1)(A =3):

o1 = h(1,4)n0u(3), oy = h(4,1)u(1)nou(3), oz = h(1,4)u(2)nou(3), bos = h(4,1)u(3)nou(3),
bos = h(1,4)u(4)nou(3), hos = h(4,1)nou(3), loy = h(1,4)u(1)nou(3), hog = h(4,1)u(2)nou(3),
Lo =h(1,4)u(3)nou(3), lr1o = h(4,1)u(4)nou(3).

Ti(x,y)(2)(A =3):

bi1=h(2,3)n0u(3), bio =h(3,2)u(1)neu(3), bz = h(2,3)u(2)nou(3), s = h(3,2)u(3)nou(3),
bis =h(2,3)u(4)nou(3), lie = h(3,2)nou(3), la17 = h(2,3)u(1)nou(3), g = h(3,2)u(2)nou(3),
1219 = /’1(2,3)14(3)}'1(;14(3)7 1220 = h(3,2)u(4)nou(3).

Block B (x,y)(A =4):

T (x,y)(1)(A =4):

bt = h(1,4)n0u(4), by = h(4,1)u(1)neu(4), boz =h(1,4)u(2)nou(4), lns = h(4,1)u(3)nou(4),
Ins = h(1,4)u(4)nou(4), bhog = h(4,1)nou(4), oy = h(1,4)u(1)nou(4), bog = h(4,1)u(2)neu(4),
g = h(1,4)u(3)nou(4), lhzo = h(4,1)u(4)nou(4).

T (x,y)(2)(A =4):

b3t =h(2,3)nou(4), bar = h(3,2)u(1)nou(4), lzz = h(2,3)u(2)nou(4), s = h(3,2)u(3)nou(4),
lras = h(2,3)u(4)nou(4), bze = h(3,2)nou(4), by = h(2,3)u(1)nou(4), lag = h(3,2)u(2)nou(4),
1239 = /’1(2,3)14(3)}1014(4)7 1240 = h(3,2)u(4)n0u(4).

Block B;(x,y):

T (x,y)(1):

a1 = h(1,3), bz = h(4,2)u(2), baz = h(1,3)u(4), hag = h(4,2)u(1), lags = h(1,3)u(3),

s =h(4,2) , bz =h(1,3)u(2), lag =h(4,2)u(4), bag = h(1,3)u(l), lrso = h(4,2)u(3).
T>(x,y)(2):

bs1 =h(2,1), sy = h(3,4)u(2), ls3 = h(2,)u(4), lrss = h(3,4)u(l), lss = h(2,1)u(3),

lse = h(3,4), bsy = (2, )u(2), losg = h(3,4)u(4), lso = h(2, u(1), leo =h(3,4)u(3).

Block B, (x,y)(A =0) :

T (x,y)(1)(A =0):

b1 = h(1,3)n0, gy = h(4,2)u(2)n0, ez = h(1,3)u(4)no, bhes = h(4,2)u(1)no, bes = h(1,3)u(3)no,
1266 = h(4,2)no, 1267 = /’1(1,3)11(2)}’!07 1268 = h(472)u(4)n0, 1269 = h(1,3)u(1)no, 1270 = h(4,2)u(3)n0.
T (x,y)(2)(A =0):

by =h(2, D)no, bpa = h(3,4)u(2)no, b7z = h(2,1) u(4)no, bya =h(3,4)u(1)no, lyzs = h(2,1)u(3)no,
1276 = /’1(374)}’107 1277 = h(27 1)u(2)no, 1278 = ]1(3,4)14(4)}’107 1279 = h(27 l)u(l)nn, 1280 = h(3,4)u(3)n0.
Block B, (x,y)(A=1):

L (x,y)(1)(A =1):

g1 =h(1,3)nou(l), lgo = h(4,2)u(2)neu(1), lys =h(1,3)u(4)nou(l), lgs = h(4,2)u(1)nou(1),
1285 = h(1,3)u(3)n0u(1), 1286 = /’1(4—,2)1’101,{(1)7 1237 = h(1,3)u(2)nou(1), lzgg = ]’1(4-,2)Ll(4-)l’lol,t(1)7
lhgo = h(1,3)u(1)nou(1), loo = h(4,2)u(3)nou(1).

T (x,y)(2)(A = 1):

bot = h(2,1)nou(l), lo = h(3,4)u(2)nou(1), loz = h(2,1)u(4)nou(l), los = h(3,4)u(1)nou(1),
los = h(2,1)u(3)nou(1), hoe = h(3,4)nou(1), oy = h(2, 1 )u(2)nou(1), log = h(3,4)u(4)nou(1),
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o9 =h(2,1)u(1)nou(1), l300 = h(3,4)u(3)nou(1).
Block B (x,y)(A =2):
T (x,y)(1)(A =2):

B3o1 = h(1,3)n0u(2), l3o2 = h(4,2)u(2)nou(2), Loz = h(1,3)u(4)nou(2), log = h(4,2)u(1)nou(2),
1305 = h(173)u(3)n0u(2)7 1306 = h(472)n0u(2)7 1307 = h(173)u(2)n0u(2)7 1308 = h(472)u(4)n0u(2)7

l309 = h(1,3)u(1)nou(2), l310 = h(4,2)u(3)neu(2).
L (x,y)(2)(4 =2):

Bi1 =h(2,D)nou(2), l312 = h(3,4)u(2)neu(2), 313 = h(2,1)u(4)nou(2), lz314 = h(3,4)u(1)nou(2),
Bis=h(2,D)u(3)nou(2), l316 = h(3,4)n0u(2), l317 = h(2,1)u(2)nou(2), 313 = h(3,4)u(4)nou(2),

l319 = h(2,D)u(1)nou(2), l30 = h(3,4)u(3)nou(2).
Block B, (x,y)(A =3):
T (x,y)(1)(4 =3):

I321 = h(1,3)nou(3), 322 = h(4,2)u(2)nou(3), lx3z = h(1,3)u(4)nou(3), l324 = h(4,2)u(1)nou(3),
I3ps = h(1,3)u(3)nou(3), l3o6 = h(4,2)nou(3), 1307 = h(1,3)u(2)nou(3), lxg = h(4,2)u(4)nou(3),

I329 = h(1,3)u(1)nou(3), l330 = h(4,2)u(3)nou(3).
T (x,y)(2)(A =3):

131 =h(2,1)nou(3), I3z = h(3,4)u(2)nou(3), l333 = h(2,1)u(4)nou(3), l334 = h(3,4)u(1)nou(3),
I35 = h(2,1)u(3)nou(3), l336 = h(3,4)nou(3), 1337 = h(2,1)u(2)nou(3), l3ag = h(3,4)u(4)nou(3),

I339 = h(2, D)u(1)nou(3), L340 = h(3,4)u(3)nou(3).
Block By (x,y)(A =4) :
T (x,y)(1)(A =4):

I341 = h(1,3)n0u(4), I3a2 = h(4,2)u(2)nou(4), 43 = h(1,3)u(4)nou(4), lag = h(4,2)u(1)nou(4),
Bas = h(1,3)u(3)nou(4), lass = h(4,2)nou(4), la47 = h(1,3)u(2)nou(4), g = h(4,2)u(4)nou(4),

l349 = h(1,3)u(1)nou(4), l350 = h(4,2)u(3)nou(4).
L (x,y)(2)(A =4):

351 = h(2, D)nou(4), I35z = h(3,4)u(2)nou(4), sz = h(2, u(4)nou(4), lass = h(3,4)u(1)nou(4),
Lss = h(2,1)u(3)nou(4), lass = h(3,4)nou(4), l3s7 = h(2,1)u(2)nou(4), lisg = h(3,4)u(4)nou(4),

1359 = /’1(27 l)u(l)nou(4), 1360 = h(3,4)u(3)nou(4).
Block B3 (x,y):
T3(x,y)(1):

Be1 = h(1,2), liez = h(4,3)u(3), le3 = h(1,2)u(1), l3es = h(4,3)u(4), l365 = h(1,2)u(2),
e = h(4,3), lie7 = 1(1,2)u(3), 368 = h(4,3)u(1), lgg = h(1,2)u(4), 370 = h(4,3)u(2).

T3(x,y)(2):

i =h(2,4), 372 = h(3,)u(3), l373 = K(2,4)u(1), l374 = h(3,1)u(4), l375 = h(2,4)u(2),
I376 = h(3,1), l377 = h(2,4)u(3), I378 = (3, 1)u(1), la79 = h(2,4)u(4), l380 = h(3,1)u(2).

Block B3 (x,y)(A =0):
T3(x,y)(1)(A =0):

I3g1 = h(1,2)n0, l3g2 = h(4,3)u(3)no, l3g3 = h(1,2)u(1)no, l3gs = h(4,3)u(4)no, lags = h(1,2)u(2)n,,
I3g6 = h(4,3)n0, I387 = h(1,2)u(3)no, l3gg = h(4,3)u(1)no, l3gg = h(1,2)u(4)no, 390 = h(4,3)u(2)no.

T3(x,y)(2)(4 = 0):

B3o1 = h(2,4)n0, l392 = h(3,1)u(3)no, 1393 = h(2,4)u(1)no, l3o4 = h(3, u(4)no, los = h(2,4)u(2)n,,
l396 = h(3, )10, 1397 = h(2,4)u(3)no, l308 = h(3, Du(1)no, 399 = h(2,4)u(4)no, o0 = h(3,1)u(2)n,.

Block B3 (x,y)(A =1):
T3(x,y)(1)(A =1):

lyo1 = h(1,2)nou(1), lyon = h(4,3)u(3)nou(1), lyoz = h(1,2)u(1)nou(1), lygs = h(4,3)u(4)nou(1),
lgos = h(1,2)u(2)nou(1), lyoe = 1(4,3)nou(1l), lyo7 = h(1,2)u(3)nou(1), laog = h(4,3)u(1)nou(1),

l409 = h(1,2)u(4)nou(1), lg10 = h(4,3)u(2)nou(1).
T3(x,y)(2)(A =1):

lair = h(2,4)nou(1), laio = h(3, 1 )u(3)nou(1), ls13 = h(2,4)u(1)nou(l), lars = h(3,1)u(4)nou(1),
la1s = h(2,4)u(2)nou(1), Iy = h(3,1)nou(1), lar7 = h(2,4)u(3)nou(1), ly18 = h(3,1)u(1)nou(1),

l419 = /’1(2,4)14(4-)}1014(1)7 1420 = /’1(37 1)u(2)n0u(1).
Block B3 (x,y)(A =2):
T3(x,y)(1)(A =2):

laz1 = h(1,2)nou(2), lago = h(4,3)u(3)nou(2), laoz = h(1,2)u(1)nou(2), laps = h(4,3)u(4)nou(2),
Lips = h(1,2)u(2)nou(2), laog = h(4,3)nou(2), lagz = h(1,2)u(3)nou(2), laog = h(4,3)u(1)nou(2),

lypg = h(1,2)u(4)nou(2), lyz0 = h(4,3)u(2)nou(2).
T3(x,y)(2)(A =2):

laz1 = h(2,4)n0u(2), lyzo = h(3, 1) u(3)nou(2), laz3 = h(2,4)u(1)nou(2), lazs = h(3,1)u(4)nou(2),
lyzs = h(2,4)u(2)nou(2), luze = h(3,1)nou(2), lyz7 = h(2,4)u(3)nou(2), lazg = h(3,1)u(1)nou(2),

1439 = /’1(2,4)14(4-)?101,4(2)7 1440 = /’1(37 I)M(Z)HOM(Z).
Block B3 (x,y)(A =3):
T3(x,y)(1)(A =3):

laar = h(1,2)n0u(3), laap = h(4,3)u(3)nou(3), laaz = h(1,2)u(1)nou(3), laas = h(4,3)u(4)nou(3),
lygs = h(1,2)u(2)nou(3), laas = h(4,3)nou(3), laaz = h(1,2)u(3)nou(3), laag = h(4,3)u(1)nou(3),

l449 = /’l(1,2)14(4)}'1(;1,{(3)7 1450 = h(4,3)u(2)nou(3).
T3(x,y)(2) (4 = 3):
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lys1 = h(2,4)n0u(3), lasz = h(3, 1)u(3)nou(3), lasz = h(2,4)u(1)nou(3), laysa = h(3,1)u(4)nou(3),
lass = h(2,4)u(2)nou(3), lass = h(3,1)nou(3), las7 = h(2,4)u(3)nou(3), lasg = h(3,1)u(1)nou(3),
lyso = h(2,4)u(4)nou(3), laso = h(3,1)u(2)nou(3).
Block B3 (x,y)(A =4):

T3(x,y)(1)(4 = 4):

lag1 = h(1,2)n0u(4), lasy = h(4,3)u(3)nou(4), lasz = h(1,2)u(1)nou(4), lags = h(4,3)u(4)nou(4),
lags = h(1,2)u(2)nou(4), lass = h(4,3)nou(4), las7 = h(1,2)u(3)nou(4), lygg = h(4,3)u(1)nou(4),
lago = h(1,2)u(4)nou(4), lazo = h(4,3)u(2)nou(4).

T3(x,y)(2)(4 = 4):

l471 = h(274)n0u(4)7 1472 = h(37 l)u(3)n0u(4)7 1473 = h(274)u(1)n0u(4)7 1474 = h(37 l)u(4)n0u(4)7
lyzs = h(2,4)u(2)nou(4), laze = h(3,1)nou(4), laz7 = h(2,4)u(3)nou(4), lazg = h(3,1)u(1)nou(4),
lazg = h(2,4)u(4)nou(4), lago = h(3,1)u(2)nou(4).

The matrix of GL(2,5) :

We will discuss some blocks of the G — matrix for G = GL(2,5) .

First we take the first block B(x,x). That is :

Now for another block we take the elements of block B, (x,y)(A = 2) with inverses of the elements of the block B(x,x). So, we get :

Lh L L 4y s s L I i ha hs hsa bhLs hLe L7 Lsg
ho h b L It s g &L bho I hy hs ha bLis lLe k7
lo Lo h L L L 5 I e by I ha hs ha hLs L
lg o Lo L L I Iy I hg Lo bo L1 hy L hLs Iis
L g b Lo LI L L I iy hg Lo Lo Ly Ly Lz lia
le L I lo Lo L L I e h7 hs lio ho L1 Il I3
Is I L Ig lo Lo L b Iis he hz hLis Lo bo In Iz
Iy Is e B g Iy lLip L hy his he hr hs Lo by In
he li7 hs Lo ho L1 Lz I3 L L L L 5 I L I
his he hr hsg Lo by I h» o h b L I 5 lg L
ha hs he L7 hig Lo by I lo Lo L L L I Is5 I
hs ha hs he hir hs Lo Iy lsg o ho L L L L4 I
ho hs hsa hLs hLe Lz hLg o L g Ly Lo L L L I
In lz Ly ha bLs hLe hr lig le L I b Lo L L I
bo In hy hs ha bLs bLe Iz Is e L Lk vy Lo L b
lo Lo Ly Lo Lz ha Ls I b s I L g by Lip I

lor  Box oz Loa  Bos  los Doz By B Bz By Bis B Bz
Izio o1 1302 1303 l304  los  l306 lio B Bz Bz By Bis s
log  Bio ot Box Doz s Bos I3 Do B Bz Bz B s
los  l300 310 1301 302 303 l304 g B o B Bz Bz b
lo7  l3os 1300 310 o1 o2 1303 iz Bis B o B B B
los Bt s oo B0 lor Loz e Bi7 g B B B b2
los s 1307 l30s 1309 l310 l301 Lis L Bz Bis B o B
e Bz Bis By o b b l3or 32 1303 304 l30s  l3os  [307
Bis e L7 Bis B oo B Bio Lot Box o3 Boa  los  Bos
iy Bis e Bir Bis 39 B log  Bo ot o2 Doz s Bos
iz B Bis B Bir Bis B lzos 1300 l310 1301 1302 1303 304
Bz Bz B Bis B Bir B lo7 138 1300 310 o1 oz 1303
i B Bz B Bis B bGir ls 1307 1308 1309 310 301 l302
Lo B Bz Bz Bis Bis s Los s 1307 los 1309 310 l301
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Now, if we take the elements of block By (x,y) with the inverses of the elements of block B, (x,y)(A =0) we get the following :

los  la1 laze  last lae lzor  lne - || B3s1 laos  lazt laae  last  l3ge a0
iy Bos  lant lwe  last Iy ot - || lase  Bs1 laoe  lazt lage  last  D3se
lase  lam1 loe  lann laze  last lars - || lasr laes  B3s1 laos  laz1 laae  lae
Izt lase o los  lant laze  last - || laze  laar  lase  ID3s1 laoe a2t lage
late  las1 lase L Bos  lann lsze - || laor  laoe  laar  laes D381 laoe  laoi
lor Iyt I3t lase Il L3 lann - || B3se  laor  laze  laar  lase  D3s1 laoe
lyze o1 laie Izt lase  la;t s - || last 36 laor  laze  laar  lass  I3si
l3ge  lao1  laoe  laar laes 1381 laos - || laoe  latr  laze  last laze  Dor  late
Ly  lge  laor  laoe  laar  laes I3t - || la;t o larr laze  last laze  Dor
lase  lasr  l3ge  laor  laze  lasn lass - || lase  lam1t oo  lann laze  last lares
Iy laae laer g laor  laoe  laar - || Lzt lase  lazt Do larn laze  lasi
looe  lax1 lase  ler lBse  laor  laos - || late  las1 lase L Bos  lann laze
I3g1 laos  lao1 laae  laer  l3ge  laor - || ot lae  last lase  lamt Bos  lann
lass  l3g1  laos  laot laas  lacr [3ge - || lare Dot late  lazt lase  lamt Dos

2- The listing of elements of GL(2,4) :
|GI(2,4)|=180, and this will divide into 15 blocks with 12 elements in each block .

Type (a', d') :

Block B(a',a"):

T(d',a'):

g1=h(1,1 )7 g22: h(a27a2)u(a2)7 g3 ="h(a,a), g4 =h(1,1 )M(a2)7 85 = h(a27a2)7
g6 = h(a,a)u(a?).

T(d',a")(1): ,

87 :h(]" l)u(a)v 88 = h(a a4 )M(1)7 89 = h(ava)u(a)v 810 = h(17 I)M(l),

811 = h(azzaz_)u(a)7 812 = h(a7a)u(l)'

Block B(a',a")(A = 0):

T(d',a")(A=0): , , 5

813 = h(l,zl);lm gua=h(a’,a )M(az)nm g15 = h(a,a)no, g16="h(1, u(a)no,
g17=h(a”,a )no, g18 =h(a,a)u(a”)no.

T(d',a")(1)(A =0): )

819 =h(1,Du(a)no, ga0 =h(a”,a’ )u(1)no, g21 = h(a,a)u(a)no,

g2 =h(1,D)u(1)no, g3 = h(a®,a®)u(a)no, grs = h(a,a)u(1)n,.

Block B(a',a')(A = 1):

T(d,d)(A=1): - s

g5 =h(1, 1)"0”51)7 g6 =h(a",a )g(az)nou(1)7 827 = h(a7a)nuugl),

28 =h(1,1)u(a”)nou(1), g9 = h(a”,a”)nou(1), g30 = h(a,a)ula”)nou(1).
T(d',a")(1)(A=1): ,

831 = h(lv l)u(a)nou(l)v 832 = h(azvaz)u(l)nou(l)a 833 = h(ava)u(a)nﬂu(l)v
834 =h(1, Du(1)nou(1), g3s = h(a”,a”)u(a)nou(1), g36 = h(a,a)u(1)nou(1).
Block B(a',a")(A = a):

T(d',a")(A=a): s e,

g37=h(1, l)nouga% gs=h(a",a )g(az)"ou(fl)v 839 = h(a7a)nuuga),

840 =h(1,1)u(a")nou(a), ga1 = h(a”,a”)nou(a), ga» = h(a,a)u(a”)nou(a).
T(d',a")(1)(A =a): ,

843 = h(la l)u(a)nou(a)a 844 = h(azvaz)u(l)nou(a)a 845 = h(ava)u(a)n”u(a)v
846 = h(1, D u(1)nou(a), ga7 = h(a”,a”)u(a)nou(a), gag = h(a,a)u(1)nou(a).
Block B(d',a')(A =a®):

T(al’al)(lzaz):z 2 2y o2 2 2

849 :h(l,l)nouga )7 g5§) :h(a a )g(az)nou(a2)7 851 :h(a,a)nouga )7 2
52 =h(1 Dl o). 853 = (e o). g5 = (e ().
T(d',a")(1)(A=a"): s - , .
855 = h(la l)u(a)nou(a2)7 856 = h(azaaz)u(l)nou(a2)7 857 = h(aaa)u(a)nou(a2)7
gss =h(1, Du(1)nou(a”), gso = h(a”,a”)u(a)nou(a”), geo = h(a,a)u(1)nou(a”).

Type h(a' 'aj)‘ :

Block B, (d',d’):

Ty(a',a’):

g61=h(1,a), ge> = h(a*,1)u(1), ge3 = h(a,a®), ges = h(1,a)u(1), ges = h(a*,1),
866 = h(a,a”)u(1).

Ti(d',a’)(1):

867 =h(1,a)u(a®), ges = h(d’, 12”(“)» 860 = h(a,a*)u(a®), g0 = h(1,a)u(a),
g71 =h(a*, Du(a*), gn = h(a,a*)u(a).
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Block B, (a',a’) (A =0):

Ti(a',a’) (2 =0):

873 =h(1,a)n, g74=h(a*,1)u(1)no, g75 = h(a,a*)no, g76=h(1,a)u(1)n,,

77 =h(a*, 1)no, g78 = h(a,a*)u(1)n,.

Ti(dal) (1)1 = 0): o

g9 = h(1,a)u(a*)no, ggo = h(a’, 1 Ju(@)no, gs1 =h(a,a Ju(a Ino,

g2 = h(1,a)u(a)no, g3 =h(a®,1)u(a*)no, gsa = h(a,a®yu(a)n,.

Block By (d',a’)(A =1):

Ti(d',a’) (A =1):

885 = h(lva)n()u(l)’ 886 = h(a27 l)lé(l)nou(l)v 887 = h(a,az)nou(l),

gss = h(1,a)u(1)nou(1), gso = h(a”,1)nou(1), goo = h(a,a” )u(1)nou(1).
Ti(d,a’)(1)(A = 1): o

go1 = h(1,a)u(a*)nou(1), gor = h(tzl27 1)“(121)"0'4(1)7 893 = h(%az)”(ﬂl Jnou(l),
o1 = h(1aYu(ano(1), g95 = h(a?, Da(a®ygu(1), 296 = h(aaYu(ahno(1).
Block By (d',a’)(A = a):

Ti(d',a’) (X =a):

897 = h(17a)n0u(a)7 898 = h(a27 1)u(21 )nou(a), 899 = h(avaz)nz()u(a)7

8100 = h(1,a)u(1)nou(a), gio1 =h(a”,1)nou(a), g102 = h(a,a”)u(1)nou(a).
Ti(da)) (1) (2 < a): i o

8103 =h(1,a)u(a”)nou(a), gio4 =h(€24 71)M(¢21)"o'4(a), 8105 =h(a,a2)u(a Jnou(a),
8106 = h(1,a)u(a)nou(a), gio7 = h(a”, 1)u(a”)nou(a), gios = h(a,a”)u(a)nou(a).
Block By (d',a’)(A = a*):

Ti(d',a’) (A = d®):

2100 = h(1,@)nou(a®), gio = h(a* Du(Dnou(a®), gii1 = h(a,a*)nou(a), ,
gi2 = h(l,a)u(l)ngu(az), g113 = h(a®, Dnou(a®), g4 = h(a,a®)u(1)nou(a®).
Ti(d',a’)(1)(A = a®):

g11s = h(1,a)u(a®)nou(a®), gii6 = h(a*, u(a)nou(a®), gii7 = h(a,a*)u(a*)nou(a®),

gus = h(1L,a)u(@)nou(a®), giio = h(a”, u(a*)nou(a®), gio = h(a,a*yu(a)nou(a®).
Block B, (d',a’):

T (d',a'):

121 =h(1,a%), g1 =h(a*,a)u(a), g123 =h(a,1), gi24 = h(1,a*)u(a),

8125 = h(a*,a), 126 = h(a,1)u(a).

T(d',a')(1): ) ) .
127 =h(1,a*)u(1), g128 = h(a*,a)u(a®), g9 = h(a, 1)u(1), g130 = h(1,a*)u(a®),
g3 =h(@®,a)u(1), gixh(a, 1u(a®).

Block B, (d',a’)(A =0):

T(d',a’) (A =0):

8133 = h(1,a*)no, g134 = h(a®,@)u(a)no, g135 = h(a,1)no, g136 = h(1,a*)u(a)no,
8137 = h(a®,a)no, g138 = h(a, u(a)n,.

Tz(al,aj)(lz(l =0): s s

g139 =h(1,a”)u(1)no, g1a0 = h(a”,a)u(a )no, gia1 = h(a, u(1)n,,

g1a2 = h(1,a*)u(a*)no, giaz = h(a*,@)u(1)no, g1aa = h(a,1)u(a)no.

Block By (d',a’)(A =1):

T(d,a))(A=1):

g1as = h(1,a*)nou(1),g146 = h(a*,a)u(a)nou(1), gia7 = h(a,1)nou(1),

guas = h(1,a>)u(a)nou(1), giao = h(a*,a)nou(1), giso = h(a,1)u(a)nou(1).
Tz(al,aj)(l)z(/lzl): , ,

g151 =h(l,a )u(lgnﬂu(l)v g152 =h(a”,a)u(a )nou(1), gis3 = h(a, 1)”(12”0”(1)7
8154 :h(l,qz)'%(a Ynou(1), giss =h(a®,a)u()nou(1), gise =h(a, u(a*)nou(1).
Block B;(d',a’)(A = a):

Tz(a’,a])(lzz a): i

g157 =h(1,a")nou(a), gi158 = h(a »a)g(a)nou(a)’ g159 = h(a, 1)nou(a),

8160 = h(1,a>u(a)nou(a), gie1 = h(a*,a)nou(a), g2 = h(a,1)u(a)nou(a).
Tz(a’,aj)(l)z(l =a): , ,

g163 = h(1,a”)u()nou(a), gie4 = h(a”,a)u(a”)nou(a), gis = h(a, 1)”(12"0”(0)7
8166 = h(1,a>)u(a*)nou(a), gi67 = h(a*,a)u(1)nou(a), gies =h(a,1)u(a*)nou(a).
Block B, (a',a’) (A = a*):

T(d,a') (A =ad*): ) ,

8169 = h(1,a*)nou(a®), g170 =h(a2,a)u(a)n0u(a2), g171 = h(a, 1)nou(a®), s

g1 = h(l,az)u(a)gou(az), 8173 = h(a®,a)nou(a®), gi7a = h(a,1)u(a)nou(a®).
Tz(a’,aj)(l)z(l =a’): i R ) ) s
g175 =h(l,a )'4(12”0”(0 » 8176 = h(a”,a)u(a )"o”(az)7 g177 =h(a, Du(1)nou(a 27
178 = h(1,a>)u(a*)nou(a*), gi79 = h(a*,a)u(1)nou(a®), giso = h(a, 1u(a*)nou(a

).



130 Fundamental Journal of Mathematics and Applications

Where, Fy is the unique field (up to the isomorphism) with four elements such that;

Bx]

Ff 2 ——
Y 21>

where (x* +x+1) is an irreducible polynomial in F[x]. o
Now we examine some blocks of the G — matrix of GL(2,4). For the first block in the G-matrix we get the elements in the block B(a',a")
with its inverses and we get the following :

81 82 83 84 85 86 87 88 89 810 811 812
86 81 82 83 84 85 812 87 88 89 810 811
85 86 81 82 83 84 811 812 87 88 89 810
84 85 86 81 82 83 810 811 812 87 88 89
83 84 85 86 81 82 g 810 811 812 &7 88
82 83 84 85 86 81 88 89 810 811 812 87

87 88 89 810 811 812 81 82 83 84 85 86
812 &7 88 89 810 811 86 81 82 83 84 85
811 812 87 88 89 810 85 86 81 82 83 84
810 811 812 87 88 89 84 85 86 81 82 83
89 810 811 812 87 88 83 84 85 86 81 82
88 89 810 811 812 87 82 83 84 85 86 81

Now, if we consider the elements of block B, (a',a’)(A = 0) with the inverses of the elements of block By (a',a’), we will get the following
matrix:

873 880 875 882 877 884 876 883 878 879 874 881
884 873 880 875 882 877 881 876 883 8718 819 874
877 884 873 880 875 882 874 881 876 883 878 879
882 877 884 873 880 875 8719 874 881 876 883 878
875 882 877 884 873 880 8718 879 874 881 876 883
880 875 882 871 884 873 883 878 879 874 881 8176

876 883 878 879 874 881 873 880 875 882 877 884
881 876 883 878 879 874 || 884 873 880 875 882 877
874 881 876 883 878 879 877 884 873 880 875 882
879 874 881 876 883 878 882 877 884 873 880 875
878 879 874 881 876 883 875 882 877 884 873 880
883 878 879 874 881 876 880 875 882 871 884 873

Also, if we get the elements of block By (a',a’) (A = a) with the inverses of the elements of block B»(a’,a’)(A = a?), then the resulting
matrix will have the following form:

871 8111 867 8113 869 8109 8139 834 8141 836 8143 832
8109 871 8111 867 8113 869 832 8139 834 8141 836 8143
869 8109 871 8111 867 8113 8143 832 8139 834 8141 836

8113 869 8109 871 8111 867 836 8143 832 8139 834 8141
867 8113 869 8109 871 8111 8141 836 8143 832 8139 834
8111 867 8113 869 8109 871 834 8141 836 8143 832 8139
8139 834 8141 836 8143 832 871 8111 867 8113 869 8109
832 8139 834 8141 836 8143 8109 871 8111 867 8113 869
8143 832 8139 834 8141 836 869 8109 871 8111 867 8113

836 8143 832 8139 834 8141 8113 869 8109 871 8111 867
8141 836 8143 832 8139 834 867 8113 869 8109 871 8111
834 8141 836 8143 832 8139 8111 867 8113 869 8109 871

Acknowledgement

This work is a part of a dissertation written by the first author and submitted to Umm Al-Qura University as a partial fulfillment for the master
degree in mathematics. The first author would like to thank her supervisor Prof. Ahmed A. Khammash for his support and encouragement.
The authors thanks Prof. T. Hurley for his valuable comments on an earlier version of this paper.

References

[1] F.J. Macwilliams, Codes and ideals in group algebras, Comb. Math. Appl., (1969), 312-328.

[2] S. D. Berman, On the theorey of group codes, Kibernetika, 3(1) (1967), 31-39.

[3] R. Ferraz, Polcino Milies, Idempotents in group algebras and minimal abelian codes, Finite Fields Appl., 13 (2007), 382-393.

[4] T. Hurley, Group rings and ring of matrices, Inter. J. Pure Appl. Math., 31(3) (2006), 319-335.

[5] P.Hurley, T. Hurely, Block Codes from Matrix and Group Rings, Chapter 5, (Eds.) I. Woungang, S. Misra, S.C. Misma, Selected Topics in Information
and Coding Theory, World Scientific, 2010, 159-194.

[6] C. Curtis, I. Reiner, Methods of Representation Theory, Wiley, New York, 1987.



Fundamental Journal of Mathematics and Applications, 1 (2) (2018) 131-136
Research Article

% FuimMa Fundamental Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/ffujma
ISSN: 2645-8845

Nonexistence of Global Solutions for the Kirchhoff-Type
Equation with Fractional Damped

Erhan Piskin®* and Turgay Uysal®

2Dicle University, Department of Mathematics, 21280 Diyarbakr, Turkey
*Corresponding author

Article Info Abstract

Keywords: Fractional damping term, In this work, we investigate the Kirchhoff-type equation with a fractional damping term in a
Global nonexistence, Kirchhoff-type  pounded domain. The fractional damping term plays a quenching role, which is weaker
equation

than strong damping and stronger than weak damping term. We prove a nonexistence of
global solutions with negative inital energy. This result extends and improves some results
in the literature.

2010 AMS: 35B44, 35L72

Received: 31 October 2018
Accepted: 6 December 2018
Available online: 25 December 2018

1. Introduction

In this work, we deal with the nonexistence of solutions following Kirchhoff-type equation:

ut,—M<HVuH2> Au+3 % =uP 'y, xeQ, >0,
u(x,t) =0, x€dQ, t>0, (1.D
u(x,0) = up(x), ur(x,0) =u;(x), xeQ

where Q is a bounded domain in R"” with smooth boundary dQ, and M (s) = 1 + Bas”. The constants p > 1 real number, y >0, B, 5, >0
and —1 < a < 1. Without loss of generality, we choose ; = f, = 1 in (1.1) in this paper. The notation 3,”“ stands for the Caputo’s
fractional derivative of order 1+ o with respect to the time variable [1, 2]. It is defined as follows

o 7% y(r) for —1<a<0
ITW =1 e
dtzw()for 0<a<l

where I8, B > 0 is fractional integral

t
Iﬁjt %/ (t—1)F"wi(t)dr.
0

The fractional damping term plays a quenching role, which is weaker than strong damping and stronger than weak damping term [3]. The
problem (1.1) is a generalization of a model introduced by Kirchhoff [4].

Ono [5] considered equation (1.1) for &« = 0. He proved that the solution blows up with negative initial energy. Later, Wu and Tsai [6]
proved the blow up of the solution with positive upper bounded initial energy.

In [7] Yang et al. studied the following equation

=M (11ValP) Aut (—8) %t f () = g ).

They proved the attractors for 1/2 < o < 1.

There are many literatures on the nonexistence of solutions for the Kirchhoff-type equation.

This work is organized as follows. In Section 2, we give some notations and lemmas needed for our paper. In Section 3, we prove the
nonexistence of the solution for the problem (1.1) with negative initial energy. We use improved the method of [8].
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2. Preliminaries

In this part, we give some notations and material needed in our main result. Without loss of generality, we get only the case —1 < & < 0.
We define the energy with problem (1.1) is

1
2 1 1
[Val D — — [lu]| 2

1 2 1 2
E(l):§||ut\| +§||V”|| + iy -

2(y+1)
Then,

t
E'(1) == /Qut/(t—r)_(a*'l)uT(r)drdx.
0
Now, we define modified energy functional as
Ec(t)=E(r)— 8/ uurdx 2.1
Q
where 0 < € < 1 is the constant which is specified later. Now a differentiation of Eg¢ (¢) , with respect to time ¢ gives
Eg(t) = / ” / —(@t)y (7)dTdx

e / P dx— e / Wt avre [ (Ve [ Va0 ax
Q Q

/ / ~(@ )y () drdx. 2.2)
Also, we define the following functionals
H(t) = — (e % Ee (1) + uF (1) +d), (2.3)
t 3
= / .G (t—1)e " uldxdt (2.4)
0

and

)= eﬁ’/efﬁfrfwﬂ)dr
i

where o = 2 ;1 and f3, u,d are positive consants.

Lemma 2.1. Let p be sufcifiently large and E¢ (0) < 0. Then H' (t) > 0 and H (t) > 0.
Proof. By taking a derivative of (2.3) and (2.4), we get
H (t) = cee  ®“E¢ (t) — e ¥EL(t) — uF' (¢), (2.5)
F' (1) = BOT (—a) e~ ¢ / 2dx — / / (1) o=0ET 2 grdr 4 BF (7). 2.6)

Taking into account (2.6), (2.1) and (2.2) in (2.5), we obtain

/ _ —oer (OF _ o 2 —oet E_ ' 2
H() = e (S +e—upor( a))/ﬂ\m dx-+ee o (2 1)/ Vil dx

+ee % 9 / (Vu?T+D x4 ge=%% | 1 / |u[P T dx
2(y+1) o p+1

t
—O¢&t
_ —oet d ¢ / /I, —(a+1) dtd
ecee /Quut x+1“(—oc) Quto( 7) ug(t)dtdx

Cm// —(@t )y (t)dtdx

+/.1//Q(t—'r) (@) =02, 2 dxdv — uBF (1). 2.7)
0
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Next, we estimate some terms in the right hand side of (2.7). For the sixth term on the right hand side of (2.7), using Young’s inequality, we

obtain
_"8’/ / (t— )~ @Dy (t)drdx
' 2
' 1
< § 670-81/ uzdx+—ef‘78’/ /tfr —(+ Dy (t)dt| dx.
= 1 o t 461 o ( ) ‘L'( )
0

Writing — (¢ +1) = _aT-H — aT+l and thanks to the Cauchy-Schwarz inequality, we have

'
e_“t./S)u,/(t—r)_(a+l)uf(r)drdx
o

o
< 5]e_aet/u,2dx+ o¢) F // —(at1) =0T, 2 1y,
Q

Smilarly, we have

o O¢! / / —(a+1) uz(t)drdx

1 —oér
62870-8t./g|u|2dx+E€76£r/ / a+1 3 uT(T)d‘L'

0

Using Sobolev-Poincare’s inequality, we arrive at

7(78[/ / —(a+1) (T)d’rdx

< SZefcgthl/ \Vul? dx

+ // —(a+1) 7G£Tu%d‘l?dx.

Now, we estimate the fifth term in the right side of (2.7), thanks to the Young’s and Sobolev-Poincare’s inequalities, we have

/Quutdx < 53/ s+ = /\u,| dx
< &CPZ/QWM‘Zd)H_i/ \ut|2dx
By (2.7), (2.8), (2.9) and (2.10), we have
oe 2o
Ho z oo (Fremupra- 57 - 100 [uPar
+ee~ % (g —1—-8Cp,e0 - 1“8(25‘2)) /Q |Vu|? dx

(o2
+86768t( ) 1) / \Vu|2<7+1)dx+86768t( p+1) / u|P ! dx

2(y
+(u—(45? 6452 )// (@) =0T, grdx — uBF (1),

(2.8)

(2.9)

(2.10)
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Subtracting and adding C H (¢) on the right hand side of above inequality, we get
H'(t) > CH(t)+e °¢ Of Lo [3"‘1"(—&)—SZ—G—LJFQ—g /uzdx
= G 2 ° 463 T—a) 2 48) Jo"
52 p1 2
e Xo /v d
r*( a)+2 103%p, Ql M‘ X
et C )/ |Vu\2w+l>dx
2( y+1 2(y+1)
prly
p+1 p+1)/‘”‘ *

+(“’ 6 _ )/ / OH-I) GSTM%deX

+u(C1—B)F () +Cid.

+ee Ot (% —1-83Cpe0—

—O'Sl

Wechooselepﬂe 5 = &:%,&:%andﬁ:l,weobtain
1 1
H(@) > %SH()-F —oer (%s(l—e)—ur(—a))/ufdx
Q

3+e(p+1-C,(2 +4
+8Cp3e_6£t<p (p p(2p >/Vu| dx

4
+£e"’5’< fyill) 71)/ Va7 dx
1 a—1
+(IJ— (éjatlll(g (1+¢ )// —(at) =087, 2 grgx

p+1 p+1
L | £
+u< 2 £ ) 6+ > ed.

We choose

= min p—3
esa= {1’2[2(p+2)c,,—(p+1)] }

Where C), > ( ) it appears that the third coefficient is nonnegative. Observe if that C), < 4 ve p > 1 4C , than T72) E 3 —Gr )] >1

and this condition reduces to € < 1. We can take i so that the second coefficient is nonnegative and the forth coefficient is greater than

%ﬂl)ﬂ—a)' Also, if p is sufficiently large pTHS — 1 is positive. Consequently, we get

1 -3
H@t) > p-zi- eH (t)+ P 3 ge %%, / |Aul? dx
(p+1)* +1) ,—~0€T, 2
tarear(—q) // “leh ot 2y, 2.11)
If we select E¢ (0) < —d, then H (0) > 0. This completes the proof. O

3. Nonexistence of global solutions

In this part, we obtain the nonexistence of global solutions of the problem (1.1).

Theorem 3.1. Suppose that —1 < o <0,
E(0)<Oand / ujupdx > 0.
Q
Then the solution of (1.1) blows up in finite time.

Proof. We define an auxiliary function

W()=H""(1)+ (pe_‘m./ uurdx
Q

where Y= 2(’; _+ll> and ¢ is a positive constant to be specified later. Our aim is to show that W (¢) satisfies the following differential inequality:

W (1) <KW (7).
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By differentiating ¥ (¢) with respect to ¢ and using (1.1), we obtain

Yt = (1-yHYOH (t)— (poee_“'./guu,der pe . </Q u,2dx+/guut,dx)

= (1-yH "(@t)H (t)— poee . /Quu,dx

F(ia) /Quo/(t )@y (f)drdx

670.8[

+@e ¢ /g utdx.

By using the inequalities (2.10) and (2.9) with the constant 8, 85 > 0, we get

W) — (lfy)H*V(t)H’(t)7(p0'£54e*68’./9\u\zder(pe*cEt./Q|u|p+ldx
—O€&t
f%/gutzdx+(pe_‘m./ utzdx+(pe_65’./ |Aul? dx
4
(PSSe e / lu ‘2 —(o+1) Gafu%dtdx.

By (2.11), we have

W (1)

(Y

(a=naro- 25D ) )

L0+ DI(-a)e’
4685

—o¢et (p—3)I'(-a) 2 ds /
+@e <1+ 805 € 6854+r( Cp |Au|® dx

+@e % <1 f;)/ dx+(pef"8’./ |u[P T dx.
A Q

If we take 85 = LI'(—a)H (¢) , we get

H (1)

4L
_ =Y
+@e ¢ (1+w827(6854+LH7(I))CP)/Q\Au|2dx

2
v = (0-n- 2 aron o+ PV g n

8L

oe :
+ e %8 (1 — —)/ u,zdx—i- goefcm./ \u\pﬂdx.
464 ) Ja Q
If we substitute and add H (¢) to the right side of the equation, we arrive at

() > (1 - %) HY(0)H (1)

+ <7"’(”IL1)82H—70)+ 1) H (1)

_ -y
+pe o {wws#msz —9(e0ds+LH" (1))C,

-C, (eéﬁc* )} / |Aul? dx

4o O ((pi(P(lH‘l) +lfi>/ut2dx

804 2 46
—oe P gy /V D dx+ uF (1) +d. 3.1
seot (g ). e SE 2 [P e )+ G
Wetakelfyf%ZOandsgezzw,wehave
o(p+1)er
T H @) >0.
4L ()_
3 4(p+3
Also,wetake(p:%754:56:%and8<£3:%,wehave

o(p+l)e ¢
B U N A
?~ 735, a5, =%
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The fifth coefficient is nonnegative as soon as € and C, is chosen small enough, we have

(P=HH 00 5

1
o+ SL ¢ (ecds +LH" (1))Cp—Cp (EBGC*—O—E) >0
and
p+3 L (=3 (p+HH W) o
p+1 8L(p+1)
1 p+3( p+1
- — 2LHY 1
ZCP(p+1(£ 3 + (t))—i—sCﬁ-)
> 0.
Therefore (3.1) takes the form
1 p+2 1
Y()>H 7/%1 —/ P gy, 3.2
)2 H )+ [ et D5 [ as 32
By the defination ¥ (¢), we deduce that
e 1 1 =7
Wiy (1) <2T |H(t)+ @™ (/ uu,dx) }
Q

W (1) <277 {H(z)+<pﬁb (/Q|u,\2dx+/£.z\u\p+ldx)} (3.3)

If we take k is large enough

That is k has to be chosen so that

Combining (3.2) and (3.3), we have
W (1) < KW (7). (3.4)
From (3.2) it is clear that ¥’ (t) > 0 . Therefore, by the definition of ¥ (¢) and the hypotheses on the initial data, we get
Y(r) >¥(0) > go/s.zuluodx >0.

Thus P (¢) > 0. Integrating (3.4) over (0,7), we get

T P — (3.5)

Y

Therefore (3.5) shows that W () blows up in finite time

Ve

K(1-9¥h ()
y .
This completes the proof. O

T <

Remark 3.2. The larger ¥ (0) is the quicker the blow up takes place.

References

[1] L Podlubny, Fractional Differential Equations, Academic Press, San Diago, CA, 1999.

[2] K. B. Oldham, J. Spanier, The Fractional Calculus, Academic Press, 1974.

[3] S. Chen, R. Triggiani, Proof of extension of two conjectures on structural damping for elastic systems: the case 1/2 < o0 < 1, Pacific J. Math., 136 (1989),
15-55.

[4] G. Kirchhoff, (3rd ed.), Vorlesungen Uber Mechanik, Teubner, Leipzig, 1883.

[5] K. Ono, On global solutions and blow up solutions of nonlinear Kirchhoff strings with nonlinear dissipation, J. Math. Anal. Appl., 216(1) (1997),
321-342.

[6] S.T. Wu, L. Y. Tsai, Blow up of solutions some nonlinear wave equations of Kirchhoff -type with some dissipation, Nonlinear Anal., 65(2) (2006),
243-264.

[7]1 Z. Yang, P. Ding, L. Li, Long time dynamics of the Kirchhoff equations with fractional damping and supercritical nonlinearity, J. Math. Anal. Appl, 442
(2016), 485-510.

[8] M. R. Alaimia, N. E.Tatar, Blow up for the wave equation with a fractional damping, J. Appl. Anal., 11(1) (2005), 133-144.



Fundamental Journal of Mathematics and Applications, 1 (2) (2018) 137-144
Research Article

% FuimMa Fundamental Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/ffujma
ISSN: 2645-8845

Weak Semilocal Convergence Conditions for a Two-Step Newton
Method in Banach Space

Toannis K. Argyros® and Santhosh George"”

aDepartment of Mathematical Sciences, Cameron University Lawton, OK 73505, USA
bDepartment of Mathematical and Computational Sciences, National Institute of Technology Karnataka, India-757 025
*Corresponding author

Article Info Abstract
Keywords: Newton’s method, Modi- We present new sufficient convergence conditions for a two step Newton method (TSNM)
fied Newton’s method, Two step New- to solve nonlinear equations in a Banach space setting. The new conditions depend on the

ton method, Semilocal convergence, Ba-
nach space, Lipschitz, center-Lipschitz
condition

2010 AMS: 47H17, 49M15, 65J15
Received: 19 June 2018

Accepted: 11 August 2018

Available online: 25 December 2018

center-Lipschitz constant instead of the Lipschitz constant. This way the applicability of
(TSNM) is expanded in cases not covered before. Numerical examples are also provided in
this study.

1. Introduction
In this study we are concerned with the problem of approximating a locally unique solution x* of nonlinear equation
F(x)=0, (1.1)

where F is a Fréchet-differentiable operator defined on a convex subset D of a Banach space X with values in a Banach space Y.

Many problems from computational sciences and other disciplines can be brought in a form similar to equation (1.1) using mathematical
modeling [5, 13, 18, 26, 29, 30]. The solution of these equations can rarely be found in closed form. That is why most solution methods for
these equations are iterative. In applied sciences the practice of Numerical Analysis for finding solutions x* of equation (1.1) is essentially
connected to variants of Newton’s method [1]-[46].

The basic idea of Newton’s method is linearization. Starting from an initial guess, we can have the linear approximation of F(x) in the
neighborhood of xq : F (xo + h) = F(xg) + F'(x()h, and solve the resulting linear equation F (xo) + F’(xg)h = 0, leading to the recurrent
Newton method (NM)

Xnp1 = Xn — F'(x2) "1 F (x) (1.2)

foreachn=0,1,2,---. This is Newton’s method as proposed in 1669 by I.Newton (for polynomial only) defined on the real line. It was J.
Raphson, who proposed the usage of Newton’s method for general functions. That is why the method is often called the Newton-Raphson
method. Later in 1818, Fourier proved that the method converges quadratically in a neighborhood of the root, while Cauchy (1829, 1847)
provided the multidimensional extension of Newton’s method (1.3). In 1948, L.V. Kantorovich published an important paper [26], extending
Newton’s method for functional spaces (the Newton-Kantorovich method (NKM)). Ever, since thousands of papers have been written in a
Banach space setting for the (NM) as well as Newton-type methods, and their applications. We refer the reader to the publications [5, 13] for
recent results (see also, the references therein).

The study about convergence matter of iterative procedures is usually based on two types: semilocal and local convergence analysis. The
semilocal convergence matter is, based on the information around an initial point, to give conditions ensuring the convergence of the iterative
procedure; while the local one is, based on the information around a solution, to find estimates of the radii of convergence balls.
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In order to increase the order of convergence the two step Newton method (TSNM)

Yo = x,,—F’(x,,)le(xn)
X+l = )’n_F,(yn)ilF(yn)

foreachn =0,1,2,--- has been used to approximate x* [1]-[46]. (TSNM) has convergence order four. Let U (x, r) denote an open ball with
center x € X and of radius r > 0. Let U (x, r) denote the closure of U (x,r). Let also L(X,Y) denote the space of bounded linear operators
from X into Y.

The Newton-Kantorovich theorem is a semilocal convergence result for solving nonlinear equations using (NM) or (TSNM) asserts that if
there exist xg € D, n > 0 and L > 0 such that

F'(xo) ™ €LYV, X), |[F'(x0)”'F'(x0)[l < (13)
IF" (x0) ™ (F'(x) = F'(9)|| < Lllx—y]| (1.4)
for each x and y in D
h=2Ln <1 (1.5)
and
U(xp,R) C D, (1.6)
where
R= 177 ‘Llih (1'7)

then, (NM) or (TSNM) converges to x*. Error estimates on the distances can be found in [5, 6, 13], [19]-[24] and the references therein.
However, there are simple examples (see numerical examples at the end of the study) where (1.4) or (1.5) are not satisfied. In these cases the
Newton-Kantorovich theorem cannot guarantee that (NM) or (TSNM) converge although these methods may converge. This is happening
because (1.5) is only a sufficient convergence condition for (NM) or (TSNM). In the present paper we expand the applicability of (TSNM) by
weakening (1.4) or (1.5). Relevant work for (NM) or (TSNM) can be found in [1]- [24].

In particular we replace Lipschitz condition (1.4) by the center-Lipschitz condition

IF" (x0) ™" (F' (x) = F' (x0)) | < Lol — o] (1.8)
for each x € D, (1.5) by
ho = (9+4V5)Lon < 1 (1.9)
and (1.6) by
U(xg,r) C D, (1.10)
where
r = 2n . (1.11)
1+Lon++/(1+Lon)> —20Lon
Note that
Ly<L (1.12)
holds in general and % can be arbitrarily small (see Example 3.3).
We also have
h<1 and (9+4V5)Lo<2L=hy<1 (1.13)
and
%—W as %—>O. (1.14)

Hence, in these cases the applicability of (TSNM) is extended under weaker hypotheses since the computation of constant Ly is less expensive
than the computation of constant L. Note also that we may have

hg <1 and (9+4V5)Ly>2L=>h<1 (1.15)

Therefore, in practice we shall choose the condition that is satisfied (if any).
The paper is organized as follows. In Section 2 we present the semilocal convergence of (TSNM). The numerical examples are given in
Section 3.
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2. Semilocal Convergence of (TSNM)

We need the following Ostrowski-type representations for (TSNM).

Lemma 2.1. Suppose that sequences {x, },{yn} generated by (TSNM) are well defined for eachn =0,1,2,--- . Then, the following assertions
hold for eachn=1,2,---

Xn—yn-1=T1+172, (2.1)
where
U= F 1) F On1)Onot —Xn—1) = Fn—1) + F (x4—1)]
1
= PO [ 1P Ont #1001 =301) = F )
X (Xp—1 = Yn—1)dt (2.2)
I, = F/(ynfl)il(F/(erfl) _F/(xnfl))(xnfl _Yszl) (2.3)
and
yn_xn:FS +F47 (2.4)
where
l—"5 = F/(xn—l)_][F/(xn)(xnfyn—l)7F(xn)+F(yn—l)]
= F/(xn_l)_l /()I[F/(xn+l(Yn—l _xn))_F/(xn)]
X (Yp—1 — Xn)dt 2.5)
Iy = F/(xn)il(F,(xn) *F/()’nfl))()’rtfl —Xn).- (2.6)

Proof. Use (TSNM) and Taylor’s formula.
We can show the main semilocal convergence results for (TSNM).

Theorem 2.2. Let F : D — Y be Fréchet differentiable. Suppose that (1.3), (1.8)- (1.11) hold. Then, sequence {x,},{yn} generated by
(TSNM) are well defined, remain in U (xg,r) for eachn="0,1,2,--- and converge to a solution x* € U (xq,r) of equation F (x) = 0. Moreover,
the following estimates hold for eachn=1,2,---

Ly
Xn = Yn—1 < 5 Yn—1—X0
ool < sy Bl
+3[1%n—1 — 201162 —1 = Yn—1ll, 2.7
Ly
Xn—xp—1l] < (14 5|lyn—1 —x0
lon ot 14 g s (Sl ol
+3[x0—1 = x0 D10 -1 = Yu—1ll; (2.8)
Lo
Xn =Y S 5||x, —1—X0
L e DA
+3lyn—1 —o[[]lxn = yn-1l; (2.9)
and
‘ (14 b)b™
[ =xul| < ——5—, (2.10)
1-b
where
4L0r
b=>b(r)= < 1. 2.11
()= @1
Furthermore, if there exists R > r such that
U(xo,R) €D (2.12)
and
Lo(R+r) <2, (2.13)

then the solution x* is unique in U(xo,R).
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Proof. We have by (TSNM) for n = 0, (1.3) and (1.10) that ||yp — xo|| <1 < r, which shows that yo € U(xo,r). Let x € U(xg,r). Then, using
the center-Lipschitz condition we get that

IF’ (x0) ™' (F'(x) = F'(x0)) || < Lo|lx —xo|| < Lor < 1 (2.14)
by the choice of r. It follows from (2.14) and Banach Lemma on invertible operators [5]-[26] that F/(x)~' € L(¥,X) and

1 1

F'(x)"'F (x| < < )
[F°(x)™ " F' (x0) | I =Lyllx—xo|| = 1—Lor

(2.15)

In particular (2.15) holds for x = yo. Then, by (TSNM) x; is well defined. Let us assume that x;,y; € U (xg,r). Then, we have using Lemma
2.1, the center-Lipschitz condition and (2.15) that

1
O < ”F/(yk—l)_]F/(XO)””F/(XO)_I/0{[Fl(xk—1+[(yk—1*xk—l))
—F'(x0)] + [F' (x0) = F' (s 1)1} (k=1 — ya—1)dlt |
< Lo 91— ol + llxx—1 — ol
= 1= Lollyx—1 — ol 2
Hlyi—1 = xoll]llxe—1 — Y11l
< Lo (3l = oll + et = o)
= 2(1 =Lollyx—1 —xoll)
k-1 — i1 ll,
Tl < F Guet) ™ F o) [1F" (x0) ™ (F! (k1) = F (1))
k-1 —yr—1l
el E)
k-1 —ye—1ll,

so, since ||xy —ye—1|| < |IT1|| + |T2]], is obtained by adding the preceding two inequalities. To show (2.8) we use (2.7) and the triangle
inequality

[k = =1 | < [k =yt [+ [[ve—1 = X1 [|-
As in the computation of ||I"; || and ||I;||, we get in turn that

Il € Sy G —oll+ v =ol)
[l = yi—1ll,

Il < =l + et ol
1= Lo|lxg—1 = xo|
[l = Yi—1l

and since ||y — x| < |3+ || T4||, we obtain (2.9). It then follows from (2.9) and (2.11) that

0
—xll < 8rxx — i
vk —xell - < I Lor rlle = yell
< Bt — el < 6% [lxo — ol
< by,

We also have that form=0,1,2,---

=Xl < Woksm = Xkt |+ I km—1 — X2l - (1 — x|

but
||xk+m _xm+k71H < (1 +b)|‘xk+m71 — Ym+k—1 ” < (1 +b)b2(k+mil)nv
S0,
Fem—xell < (14)@ED P
1—p¥m n
< (1 kT p< 1 =p
< (1+b)b - n< - .

It follows that sequence {x;} is complete in a Banach space X and as such it converges to some x* € U (xp, r) (since U (xg,r) is closed). By
letting m — oo in the preceding inequality we get (2.10). In particular the preceding inequality for k = 0 gives that sequence x,, € U (xo, )
foreachm =0,1,2---. We also have that

e —x0ll < llvk —xill + llxe —xoll
2k 1 -
b 1+b6)——
n+(1+b) 57—

IN

B 17b2k+|n< n
- 1-b 1-b

=r
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That is y; € U(xq,r) foreachk=1,2,---.
In order for us to show that F'(x*) = 0, we use the approximation

F(xip1) = Flugr) —F () = F () (e — xe)
= (F(xg1) = F (o) = F' (o) (o1 — ) — F/ () 0k — X 1).

Floo)  Flawn) = Floo) [ ot =) = F)) ko s
= F'(x0) ™ (F' () = F' (x0))) O = x1)-

Then, we get that

A

L
1 0
IF (x0) ' Fla)l < 7(|\xk+1 —xol| + 3 lxx — xol]) [|X%4-1 — x|
+(1+ Lo Jlxx — xol) 16641 — Y|
< 2Lorllxgar — x|l + (L+Lor) s 1 — el

But {x;} is a complete sequence and ||x1 — yi|| — 0 as k — oo (by (2.7)). Hence, ||F'(xg) ' F(xg1)|| — 0 as k — co. That is F(x*) = 0.
Finally, to show the uniqueness part, let y* € U(xo,R) be such that F'(y*) = 0. Let M = fol F'(y* +1t(x* —y*))dt. Then, we have that

1
IF'(x0) ' (M = F'(x0))[| < Lo/0 [y* +1(x" =) —xo||dt
Ly
< S (" =xoll + Iy —xol)
Ly
< 70(r+R)<1.

It follows that M~! € L(Y,X). Then, in view of the identity
0=FQ&")—F(O")=M(x"—y")
we deduce that x* = y*. The proof of the Theorem is complete.

Remark 2.3. The Newton-Kantorovich hypothesis (1.5) has been used in the literature [1]-[46], as the sufficient convergence condition for
both (NM) and the modified Newton’s method (MNM)

Zn+1 :ZVI*FI(ZO)_IF(ZI’I) for each n=0,1,2,~~~ .

In [6] we showed that (1.5) can be replaced by

hy =2Lyn < 1 (2.16)
and
U(xo,r1) €D, 2.17)
where
p = 12VIZh ‘*2)‘7’“. 2.18)
Note that
ho<l=hy, h<l=h <1 (2.19)
and
%‘ 0 as L—LO =0. (2.20)

Hence, in cases (1.5) or (1.9) are not satisfied but (2.16) is satisfied we can start with linearly convergent (MNM) until a certain iterate z,, (or
(1.5)) is satisfied, then we continue with faster (TSNM) [6].

Remark 2.4. The convergence order of (TSNM) is expected to be four. In Theorem 2.2 the error bounds are too pessimistic. That is why in
practice we shall use the computational order of convergence (COC) (see eg. [14]) defined by

O AR AP
o =2 oot —2

The (COC) p will then be close to 4 which is the order of convergence of (TSNM).
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3. Numerical Examples

Example 3.1. LerX =Y =R, D =[0,),x9 = 1 and define function F on D by

ol
Fx)=——+cix+ca, 3.1
(x) 1t 2 3.1

i
where c|,c, are real parameters and i > 2 an integer. Then F'(x) = xig c1 is not Lipschitz on D. However central Lipschitz condition

(C1Y holds for Ly = 1.
Indeed, we have

i 1/i
IF' ) —Fxo)ll = &/ —x]
|x — xo|

i1 i1

x()i 4+ dx T
l@|X‘4’XO‘.

IN

Example 3.2. We consider the integral equations
b
u(s) = f(s) —HT/ G(s,t)u(z‘)prl/"dt7 neN. (3.2)
a

Here, f is a given continuous function satisfying f(s) > 0,s € [a,b], 7 is a real number, and the kernel G is continuous and positive in
[a,b] X [a,b].
For example, when G(s,t) is the Green kernel, the corresponding integral equation is equivalent to the boundary value problem

J= ,m1+l/n (3.3)

ula) = fla),u(b)=f(b). (34)

These type of problems have been considered in [5], [9]-[13], [18]-[22].
Equation of the form (3.2) generalize equations of the form

b
u(s) = / G(s,t)u(t)"dt (3.5)
studied in [5], [13], [20]. Instead of (3.2) we can try to solve the equation F(u) = 0 where
F:QCCla,b] = Cla,b],Q = {u € Cla,b] : u(s) > 0,s € [a,b]},
and
b
F(u)(s) =u(s)— f(s)— T/ G(s,t)u(t)lﬂ/"dt.

The norm we consider is the max-norm.
The derivative F' is given by

1 b
F'(u)v(s) = v(s) — (1 + f)/ G(s,0)u(t) /™ (t)dt, veQ.
nJa
First of all, we notice that F' does not satisfy a Lipschitz-type condition in Q. Let us consider, for instance, [a,b] = [0,1],G(s,t) = 1 and
¥(t) = 0. Then F'(y)v(s) = v(s) and
1 b
IF)~F Ol = el ) [ 30"
a
If F' were a Lipschitz function, then
IF'(x) = F' )| < Lillx =],
or, equivalently, the inequality
1
1/n
x()/""dt < Ly max x(s), 3.6
| w0 < L ma o (3.6)

would hold for all x € Q and for a constant L,. But this is not true. Consider, for example, the functions

t
x_,-(t):;, j=1, t€[o,1].

If these are substituted into (3.6)

1 Ly | -1 ,
<2 <Ly(1+1/n), ¥j>1.
s S 2(1+1/n), Vj

This inequality is not true when j — oco.



Fundamental Journal of Mathematics and Applications 143

Therefore, condition (3.6) is not satisfied in this case. However, condition (1.8) holds. To show this, let xo(t) = f(t) and y = minge(, ) f(s), 0t >
0. Then forv € Q,

P/ = F ol = [el(1+ ) max | [ 6o = 70 oy
< 7)(1 +l) max Gp(s,t)

n’ sela,b)

— G(st)|x(t)—f(t
where Gp(s,1) = x(t>(n—l)/n+x(t>((ng—2))|/lfx(f2[)I/Ell.“Jrf([)(n—l)/n [[vl]. Hence,
/ / _ |t +1/n)
IF' () = F'(xo)vl| - = Wlmmw/GmMum”
S L()Hx—X()H7

where Ly = WN and N = maxe|, ] ff G(s,t)dt.

Example 3.3. Ler X = D(F) = R,xo = 0, and define function F on D(F) by
F(x) = dox+d, +dp sine®, (3.7)

where d;,i =0,1,2,3 are given parameters. Then, it can easily be seen that for ds sufficiently large and dy sufficiently small, % can be
arbitrarily small.

Example 3.4. LetX =Y =R, xg=1,D=U(xg,1—p) for p € (0, 5) and define F on D by
F(x)=x—p. (3.8)

Then, using (1.3), (1.4), (1.8) and (3.8) we obtain that

1_
n=-—FLy=3-p<L=202-p).

Hence, there is no guarantee that (TSNM) converges to x* in these cases. Then, by (1.5) and (1.9) we get that h > 1 and ho > 1 for each
p € (0, %) However, using (2.16) we get that
hy <1 foreach p€[0.418861170,0.5).
Note that we have that [6]
||Zn+1 _Z"H < qHZi‘l —Zn—1 ” foreach n= ]727 )

where g=1—+/1—hy.
Let us choose p = 0.48. Then, we have that Ly = 2.52,L = 3.04,1 = 0.17333--- | h; = 0.8735999 .- and q = 0.644472221. Using the
estimates

IF' (zn) M (F'(x) = F'O)Il < IF'(an) ' F(0)
x||F'(z0) "' (F'(x) = F'(y))]|

< — L ey
= T-Lofv—zll " 7
R
- 1—Lyn Y
L eyl
= _|lx —
S Y
and
IF (o) (F' ()= F o)) < [IF'(en) " F'(z0)l]
X|IF (z0) " (F'(x) = F'(20))
< CH— N
> . I[*X— 20
1= Loflay — o]
< —L -z
>~ 1 7[{)” X 20
= L
IV e L
Therefore, we can set
- L - Ly
L= d Lp= .
Viom T T

we then have L = 8.550668013 and Ly = 7.088053748. Hence, estimates (1.5) and (1.9) hold, respectively, if

h=2Lng" <1
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and

ho = (9+4v5)Long" < 1.

These inequalities are satisfied, respectively for N =3 and N = 8, since they become

and

h=0.793459449 < 1

ho = 0.656097755 < 1.

Hence, we must choose xo = z3 (under (1.5)) or xo = zg (under (1.9)).
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1. Introduction

A polyomino is a planar shape made by connecting a certain number of equal-sized squares, each joined together with at least one other
square along an edge. A snake of length n > 1, is a packing of n congruent geometrical objects, called cells, where the first and last cell have
only one neighbor and all the other cells have exactly two neighbors. A snake polyomino is a snake where all the cells are squares. In Figure
1.1 we show all the polyominoes with six cells, the snakes have been highlighted.

B BN SRR []

(N A
L[]

Figure 1.1: All polyominoes with six cells.

In this work, polyominoes are considered graphs, where every cell is a copy of the cycle C4. Moreover, these graphs are embedded in the
integral grid. This last restriction has implications on their number. Thus, snake polyominoes, or simply snakes, form a polyomino class,
which can be described by the avoidance of the polyominoes shown in Figure 1.2. This definition is slightly different of the one given in [1].
There, Battaglino et al., only consider, as forbidden substructures, the first two shapes. We included here the third one to be consistent with
the definition of snake, where the extreme cells only have one neighbor.
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Figure 1.2: Forbidden structures in snake polyominoes.

Golomb [2] introduced the concept of polyomino in 1953, since then, there has been a number of papers centered in the enumeration of
subfamilies of them. Several algorithms, that count the number of members of these subfamilies, have been created; however, the general
case remains unsolved, that is, for a given value of n, it is unknown the number of polyominoes with 7 cells.

In Section 2 we present some general results that are used in our counting process in the coming sections. We study two subfamilies of
snakes: stairs (Section 3) and snakes of height 2 (Section 4). In both cases, we consider the snakes inscribed into a box, i.e., the boundary of
P, x Py; partitions of integers are used in the enumeration process of both subfamilies.

2. General results

2.1. Quadrilateral snakes and snake polyominoes

The problem of counting snakes has been considered by several authors. Recently, Goupil et al., [3] studied the problem not only in the
plane, they also considered higher dimensions. In that work as well as in [4], the authors accept the third structure in Figure 1.2 as a valid
substructure of a snake. Pegg Jr. [4], called these combinatorial structures, 2-sided strip polyominoes with 7 cells. In Table 1 we show the
first values of p(n), i.e., the number of 2-sided strip polyominoes, and 7(n), the number of snakes that follow our definition. As we may
expect, the difference between p(n) and p(n) increses with n.

1 2 3 4 5 6 7 8 9
pmy |1 1 2 3 7 13 31 65 154
pn) [1 1 2 3 7 13 30 64 150

Table 1: Number of quadrilateral snakes and snake polyominoes.

In [5], the first author defined a kC,-snake as a connected graph in which the & cells are isomorphic to the cycle C,, and the block-cutpoint
graph is a path. By a quadrilateral snake we understand a kC4-snake. In [6], we established a relationship between quadrilateral snakes
and snake polyominoes, showing that for every snake polyomino there exists a quadrilateral snake of the same length. We also show that
the converse of this statement is not valid. The reason is that when the number of cells is at least 7, there exist quadrilateral snakes which
associated graph is not a snake polyomino because they have a subgraph isomorphic to the third structure in Figure 1.2. In Figure 2.1 we
show three, of the 31 quadrilateral snakes of length 7, together with their associated polyomino. We can see that in the third example, the
polyomino is not a snake according to our defintion, but it is according to the one used in [3] and [4]. Hence, p(n) actually counts the number
of quadrilateral snakes of length n. Therefore, determining a formula for p(n), as well as for p(n), is still an open problem.

Figure 2.1: Quadrilateral snakes and associated polyominoes.

2.2. Partitioning » into k parts
It is well-known that the number P(n, k) of partitions of n into k parts, where the order is taken under consideration, is given by
P(n,k)=C(n—1,k—1),

where C(n— 1,k — 1) is the standard binomial coefficient (}1).

In order to prove this fact, the number 7 is represented on a line formed by n balls. There are n — 1 spaces in between the balls where a
bar (or separator) can be placed. So, to separate the balls into k£ groups we need to introduce k£ — 1 bars. The number of ways to do this is
Cln—1,k—1).

In Figure 2.2 we show an example of this result, exhibiting all the 3-part partitions of 5.
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e o o | e | e 3+1+1
o o | e o | o 24241
o | o o o | e 1+3+1
o o | e | e o  2¢1+2
o | o o | e o 1+2+2
o | o | o o o 14143

Figure 2.2: 3-part partitions of 5.

In the next sections we use this type of partitions to count the number of snakes considered in each case.
2.3. Snakes in a box

As we mentioned before, our snakes are subgraphs of P, x P,. Suppose that a snake S of length n is a subgraph of P, x P, and is not a
subgraph of P,_| X P, nor P, X P,_1, then we say that S is inscribed in a box of base b — 1 and height a — 1, or that S has base b — 1 and
height a — 1. For example, the snakes in Figure 2.1 are inside the boxes Py x Pg, Ps X Pg, and P5 x Py, respectively. We use the symmetries of
these boxes to count the number of non-isomorphic snakes.

3. The number of stairs

By a block of cells of length t we understand the ladder L, = P, x P, y. Let Ly, ,Ly,,...,Lp, be a sequence of these blocks, where
p1+p2+ -+ pr = nand each p; # 0. The stair snake polyomino, or simply stair, formed by these blocks, is the graph obtained by placing
the first cell of Ly, on top of the last cell of Ly, ,, for each 2 <i < k. In Figure 3.1, we show the stair with base 11 and height 5 with blocks
of length 1,4,3,5,2.

Figure 3.1: A stair of length 15.

First, we must observe that py, pa, ..., py is a partition of n into k parts. In addition, the construction given above establishes a bijection
between the set of partitions of 7 into k parts, where order matters, and the set of stairs built in this way. So, in order to determine the number
of stairs of length n with & steps (i.e., with k blocks of cells), we may count the distinct partitions of n into k parts.

Let S be a stair of length n with k steps built using the partition py, pa, ..., pr. Associated with this partition, there are three other partitions
that form the same graph. In the case of the example given in Figure 3.1, the numbers on the left of the picture can be read from top to
bottom forming a “different” partition of n. The other two partitions are obtained by reading the numbers, on the bottom, from left to right
and vice versa. In general, for any given stair S, the other three partitions can be obtained using symmetries; the first one is a 180° rotation of
S, while the other two are reflections, of S, around the two diagonals of a square centered at the center of S. In other terms, if the stair is not
symmetric, there are two partitions of n into k parts and two partitions of n into n + 1 — k parts, associated with the same stair. Therefore, we
need to analyze the case where the stair is symmetric.

Consider any symmetric stair with n cells. If its first and last cell are deleted, the remaining graph is also a symmetric stair. Thus, all the
symmetric stairs with n 4 2 cells can be constructed using the symmetric stairs with n cells, by attaching a new cell, to both, the first and the
last cell.

It is easy to see that for n = 1,2 there is only one stair with n cells. In general, every stair with n cells can be inscribed inside a rectangle, that
can be a square, in such a way that the extreme cells are located in opposite corners of the rectangle.



148 Fundamental Journal of Mathematics and Applications

SANNN
NNNNY
SNNNY
NNNNY
SRR
SN
PN
NNNNY
NN
N
NN
N
NN
SRR
SANNN
PN
SNNAN

Figure 3.2: Extension schemes for symmetric stairs.

In Figure 3.2 we show the four ways, that exist, to extend a symmetric stair with n cells into a symmetric stair with n+4 2 cells. Schemes I and
IT show the cases where the original stair is inscribed in a rectangle (that can be a square), and the symmetry is a 180° rotation around the
center of the rectangle. When the stair is inscribed in a square, schemes III and IV, the symmetry is a 180° rotation around the axis formed
by the main diagonal of the square.

Independently of the case, the extreme cells have one horizontal and one vertical edge where a new cell can be attached. Thus, scheme I is
the connection VV, scheme II is HH, scheme III is VH, and scheme IV is HV. Consequently, if p1, pa,..., pi is the partition of n into k parts
associated with a symmetric stair S, with n cells and k steps (or blocks of cells), then the partition of the new stair, for each case is shown in
Table 2.

Connection Partition Number of Steps
| EAAY% 1+p1,p2,---, 1+ px k
II: HH L,p1,p2, 5Dk 1 k+2
1II: VH 1+p1,p2,- 3 Pks 1 k+1
IV: HV L,p1,p2,---, 1+ pr k+1

Table 2: Types of connections and associated partitions.

One of the consequences of this property is that if s(n) is the number of symmetric stairs with n cells, then 2s(n) is the number of symmetric
stairs with n + 2 cells. Since, s(1) = s(2) = 1, we may conclude that

2%7 if n is even,
s(n) = L
27, ifnisodd.

The sequence formed by the values of s(n) corresponds to the sequence A016116 in OEIS.

Summarizing, for every stair with n cells and k steps, there is a partition of n into k parts and vice versa. A non-symmetric stair is represented
by four different partitions; every symmetric stair is represented by two different partitions.

Since there are 2"~ partitions of n into k parts, the number e(n) of non-isomorphic stairs with n > 3 cells is:

When 7 is even:

1 n=2 1 n-2
= = 2"*1_2.27) Z.2.2"7
e(n) 4( +2
1 n-2 n—2
= 2" __ 2% 4277
3 +
N C
2
— 340N
When n is odd:
1 n—1 1 n—1
= (! 2~2*) S22
e(n) 4( +2
1 nl
= 3 __ 2% 427
3 +
1 n—1
— on=3, _ o'
+2
= n3 %P

The first values of e(n) are shown in Table 3. For n > 2, the consecutive values of e(n) form the sequence A005418 in OEIS [7].
We can go even further, using the diagrams in Figure 3.2, we can calculate the number ¢ (n,k) of symmetric stair with n cells and k steps.
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)| n e(n) n e(n)

11 272 21 262656
12 528 22 524800
13 1056 23 1049600
14 2080 24 2098176
15 4160 25 4196352
16 8256 26 8390656
17 16512 | 27 16781312
18 | 32896 | 28 | 33558528
72 19 | 65792 | 29 | 67117056
136 | 20 | 131328 | 30 | 134225920

O oA WN—|X
W DN = /(E\
o =R= AN el

—_
=]

Table 3: Number of non-isomorphic stairs with n cells.

Recall that 6(1,1) = 6(2,1) = 0(2,2) = 1. We use the conventions that 6(n,k) =0 when k < 1 or k > n, and C(n,k) = 0 if k is not an
integer.
Thus, from I and II in Figure 3.2, we know that for all values of n > 3 and k # %,

o(nk)y=0(n—2,k)+o(n—2,k—2).

When k = 1 we get

o(nk)=c(n—2,k)+0(n—2,k—2)+2"7 .
The number 2°3" comes from Il and IV in Figure 3.2.

Proposition 3.1. Let n be a positive even number and k € {1,2,...,n}. Given that 6(2,1) = 6(2,2) = 1, the number 6 (n,k) of symmetric

stairs with n cells and k steps is
n—2 |k—1
k)y=C — .
ot =c ("3 [5])

Proof. By induction on n. Recall that 6(2,1) = 6(2,2) = 1; forn = 4:

c4,1)=0(2,1)=0(2,-1)=1+0=
06(4,2)=0(2,2)=0(2,0)=14+0=
c(4,3)=0(2,3)=0(2,1)=0+1=
0(4,4)=0(2,4)=0(2,2)=0+1=1
On the other side, C(%, V’TIJ) :C(l, L%J) Thus,
1-1
C(l, T) =C(1,0)=1
2—1
C(l, T) =C(1,0)=1
C(l,_%_):c(l,]):l

Then, the proposition is correct for n =2 and n = 4.
Suppose that the proposition is correct up to a certain value of n. We want to prove that is also correct for n+ 2; in other terms,

G(n+2,k):C(g, {%J)

We know that

o(n+2,k) = o(nk)+o(nk—2)
(2212
- <G5

Therefore, the proposition is true for every even value of n. O
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Proposition 3.2. Let n be a positive odd number and k € {1,2,...,n}. Given that 6(1,1) = 1, the number & (n,k) of symmetric stairs with
n cells and k steps is

o(nk)=C (”; ! %) +e(k),

where ]
n—1 _ n+l
e(k) = 27, when k., ==,
0, otherwise.

Proof. Suppose that n > 3 is odd. Note that when & is even, % is not an integer, then C <%, %) = 0. Thus, from this point we are

assuming that k is odd.
The term €(k) is the number of symmetric stairs with n cells and k = % steps that are originated by the corresponding stairs with n — 2 cells

and % steps. Based on the diagrams III and IV in Figure 3.2 and the fact that 6(1,1) = 1, we know that these stairs increase by a factor of

2 in the next generation, so £ (1) =27 . In addition, we must observe that this &(k) is positive only when k = "1

5> otherwise is 0.
For any other value of k, any symmetric stair with n — 2 cells can be inscribed into a rectangle, that is not a square, implying that this stair

produces two stairs with n cells, one with k steps (diagram I) and the other one with k+ 2 steps (diagram II). Since o(1,1) = 1, we can see that

the sequence of values of o(n,k) is exactly the sequence of binomial coefficients, adjusted conveniently. Therefore, o(n,k) = C (”%1 %)

for all odd values of n and k, except when k = % where we need to add the power 27 O

In Table 4 we show the first values of o'(n, k). The triangular arrangement produced by the vales of o' (n, k) is quite similar to the one found in
the sequence A051159 in OEIS. Both triangles, only differ when 7 is odd and k = ”zil, that is when we added €(k). Thus, T'(n,k) = o(n,k)
for all n and k except when n is odd and k = %, where T (n, k) are the entries of the triangle in A051159.

n\k | 1 2 3 4 5 6 7 8 9 10 11 12 1371471516 | 17 | 18 | 19 | 20
1 1
2 1 1
3 1]0+2 1
4 1 1 1 1
5 1 0 3+4 0 1
6 1 1 2 2 1 1
7 1 0 3 0+38 3 0 1
8 1 1 3 3 3 3 1 1
9 1 0 4 0 6+16 0 4 0 1
10 1 1 4 4 6 6 4 4 1 1
11 1 0 5 0 10 0+32 10 0 5 0 1
12 1 1 5 5 10 10 10 10 5 5 1 1
13 1 0 6 0 15 0 20 +64 0 15 0 6 0 1
14 1 1 6 6 15 15 20 20 15 15 6 6 1 1
15 1 0 7 0 21 0 35 0+128 35 0 21 0 7 0 1
16 1 1 7 7 21 21 35 35 35 35 21 21 7 7 1 1
17 1 0 8 0 28 0 56 0 704256 0 56 0 280 0 8 0 1
18 1 1 8 8 28 28 56 56 70 70 56 56 28 | 28 8 8 1 1
19 1 0 9 0 36 0 84 0 126 0+512 | 126 0 84 | 0 [ 36| O 9 0 1
20 1 1 9 9 36 36 84 84 126 126 126 | 126 | 84 | 84 | 36 | 36 9 9 1 1

Table 4: o (n,k) number of symmetric stairs with n cells and & steps.
There is another alternative to present the problem of counting stairs. We show it for the case where k = %
Consider the integral grid N x N. Determine the number of non-equivalent paths between the points (0,0) and (n,n). Two paths are
equivalent if one can be obtained from the other by any of the symmetries of the square where it is inscribed. In Figure 3.2 we show the first
instances of these paths, that is, for every n € {1,2,3,4}.

te,
ket aad

ity
L 5 S

Figure 3.3: Non-equivalent paths from (0,0) to (n,n)

Before closing this section, we want to note a connection between stairs and caterpillars. Suppose that the rows, of the box containing
the stair, are labeled 0,1,..., A from the top to the bottom, and the columns are labeled, from left to right, A + 1,4 +2,...,n. Thus, this
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representation of the stair corresponds to the a-labeling of a caterpillar. This labeling scheme was given by Rosa [8]; he proved that all
caterpillars admit an o-labeling. Barrientos and Minion [9] used an extension of the adjacency matrix of ¢-labeled graphs and realized that
all the adjacencies lie in a rectange. In the case of Rosa’s labeling of caterpillars, the distribution of the adjacencies follows the stair pattern
of these polyominoes. This fact is ratified in [7], where one of the interpretations of the sequence A005418 is that it represents the number of
caterpillars of order n. For more information about labelings and, in particular, o-labelings, the interested reader is referred to [10].

4. Snakes in P; X P, |

In this section we determine the number of snakes that can be inscribed in a box of base r and height 2. Consider the six snakes shown in
Figure 4.1. Each of them is formed by blocks of cells of the form L, = P, X P, 1, where p > 1. For example, the snake in part E is formed
by the sequence of blocks Ly, L3,Ls,L;. In general, when Ly, ,Lp,, ..., Lp, is the sequence of blocks of cells associated to a snake polyomino
of height 2, the last cell (from left to right) of L, is adjacent to the first cell of L,,, . We use the convention that the odd numbered blocks are
placed on the top row, as shown in Figure 4.1; in this figure we show all the different posibilites for the end blocks L, and L, . Note that for
every 2 <i < k— 1, each Ly, must have at least three cells, otherwise, the associated polyomino would not be a snake because it would have
a subgraph isomorphic to the second graph in Figure 1.2.
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Figure 4.1: All general configurations for snakes of height 2.

Hence, if a snake of height 2 with n cells is represented by the sequence of blocks Ly, ,Lp,,...,Ly,, the associated sequence p1, p2,..., Pk is
a partition of n into k parts where p, p3,...,pr— are at least 3. Thus, instead of counting snakes we may count partitions that satisfy these
conditions.

In [11], Deutsch showed that in the OEIS sequence A102547, the term T (n, k) is the number of compositions of n+ 3 with k+ 1 parts, all at
least 3. He calculated this number to be

T (n,k) = C(n—2k,k)

where n > 0 and 0 < k < 5. Adjusting this expression to our terminology we can say that for every n >3 and 1 <k < L%J , the number of
partitions of n into k parts, where every part is at least 3 is given by

m(n,k) =C(n—2k—1,k—1).

Therefore the number of partitions of n where every part is at least three is:

3] 3]
Y m(nk)=Y Cn—2k—1,k—1).
k=1 k=1

Table 5 shows the values of 73(n,k) from n =3 up to n = 29.

Before completing the counting process, we need to calculate the number s3(n, k) of symmetric partitions of n into k parts where every part
is at least three.

Let py, p2,. .., px be a partition of n into k parts. We say that this partition is symmetric (or reversible) if for every 1 <i <k, p; = py, ;.

Proposition 4.1. If n is odd and k is even, then s3(n,k) = 0.

Proof. By contradiction. Suppose that s3(n,k) # 0, that is, there exists a symmetric partition of n into k parts, where each part is at least 3.
Since the partition is symmetric and k is even

i=1 i=%+1
and
k § k 5
Y=Y+ Y pi=2Yp
i=1 i=1 i:§+1 i=1
which is even. But this is a contradiction because n = Z{-‘Zl p; is odd. Therefore s3(n,k) = 0. O

Proposition 4.2. If both n and k are odd, then s3(n, k) = s3(n+1,k).
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n\k | 1] 2 3 4 5 6 7 8 9 Total
3 1 1
4 1 1
5 1 1
6 1 1 2
7 1| 2 3
8 1|3 4
9 1| 4 1 6
10 | 1] 5 3 9
11 | 1] 6 6 13
12 | 1] 7 10 1 19
13 | 1] 8 15 4 28
14 | 1] 9 21 10 41
15 | 1|10 ] 28 20 1 60
16 | 1] 11 | 36 35 5 88
17 | 1] 12 | 45 56 15 129
18 | 1] 13 ] 55 84 35 1 189
19 | 1] 14| 66 120 70 6 277
20 | 1| 15| 78 165 126 21 406
21 |1 |16 | 91 220 210 56 1 595
22 | 1| 17 | 105 | 286 330 126 7 872
23 | 1 | 18 | 120 | 364 495 252 28 1278
24 | 1] 19 | 136 | 455 715 462 84 1 1873
25 | 1 {20 | 153 | 560 | 1001 | 792 210 8 2745
26 | 1 |21 | 171 | 680 | 1365 | 1287 | 462 36 4023
27 |1 |22 | 190 | 816 | 1820 | 2002 | 924 | 120 | 1 5896
28 | 123|210 | 969 | 2380 | 3003 | 1716 | 330 | 9 8641
29 | 1 | 24 | 231 | 1140 | 3060 | 4368 | 3003 | 792 | 45 12664

Table 5: Partitions of n into & parts p;, where p; > 3.

Proof. Suppose that both n and k are odd numbers. Let py, pa,. .., pr be a symmetric partition of n into k parts where every part is at least 3.
This partition can be transformed into a symmetric partition of n+ 1 by adding one unit to the part p .1 . Thus, every symmetric partition of
2

n corresponds to a symmetric partition of n+ 1, where each p; > 3.

Let p, p),...,p be a symmetric partition of n+ 1 where each p} > 3. Then, for every 1 <i< %, Pi = Pjy1_;- Hence, p’,%1 > 3 must be
. . k-1 . . .. - .

an even number. So, by making Py = p’k%I —1and p; = p! for every 1 <i < %52, we obtain a symmetric partition of n. That is, every

symmetric partition of n+ 1 corresponds to a symmetric partition of n.
Therefore, s3(n,k) = s3(n+ 1,k) when n and k are odd. O

Proposition 4.3. If both n and k are odd, then s3(n,k) = m3 <%, %)

Proof. Let us assume that k = 3 and py, p2, p3 is a symmetric partition of n where each part is at least 3. Because of the symmetry, we know
that p; is odd; so py € {3,5,...,n—6}. This implies that p; = p3 and it belongs to {3,4,,.,,%}. Then, there are % —34+1= %

partitions of n; that is, s3(n,3) = ”57.

On the other side,
n+3 n+3 n+3 n—7

So,s3=(n,3)=m (”'53 ,2) as we claimed.

Suppose now that k > 3. If py,ps,..., pg is a symmetric partition of » into k parts where every part is at least 3. Then px. is odd and

belongs to {3,5,...,n—6}. Moreover, py,p2,...,pi is a partition of % (n —pﬂ) into % parts. Thus,
2 2

)y & (1 <n p > k_l) m (n_3 —k_1>+n ("_5 —k_1)+ w ("_"+6 L_l)
3l 5 (=P ), —— 3 ; 3 ; A
Pis1 €{3,5,..1—5} 2 2 2 2 2 2 2 2 2
ksl
O O e A L
= 3 5 ) 3 ) P 3 ) ,72

nt3 3

n—=3
& k—1 3 k+1

= Zm(@—): Y 7t3(i7——1)
P 2 2

i=3
3

zi3 N (i k+1 ]) - (n+3 k+1)
= 3 5 - =3 s T A
T 2 272

I
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because 73 (i, HTI - ) = 0 for all the values of i such that 3 <i <3 (k%l - 1). O

Proposition 4.4. For every n < 3k, m3(n,k) = 0.

Proof. By contradiction. Suppose that n < 3k and 73(n,k) > 0. Then, there exists a partition of n into k parts where every part is at least 3.
Let py, p2,. .-, p be this partition. Thus, p; + py +- -+ py = n. Since p; > 3 forevery i € {1,2,...,k}, we have that p| + pp + - -+ p > 3k.
Hence 3k = n, which is a contradiction.

Therefore, for every n < 3k, m3(n,k) = 0. O

Proposition 4.5. If n and k are even, then s3(n,k) = m3 <’§’, %)

Proof. Suppose that both, n and k, are even. Let py, pa,..., px be a symmetric partition of n into k parts, where each part is at least 3. Then,

forevery 1 <i< % Di = Pk+1—i and p1,pa,... Pk is a partition of 5 where every part is at least 3. There are 73 <%, %) of these partitions.

Therefore, when n and k are even, s3(n,k) = m3 (%, %) O

We summarize these results in the next theorem.

Theorem 4.6. Let n > 3 be an integer and 1 < k < L%J The number of symmetric partitions of n into k parts where each part is at least 3 is
given by

0 if nis odd and k is even,
w3 (22 ) — (25 g L) ifnis odd and ks odd,
s3(n.k) = 3 %,% =C %—k,% if nis even and k is odd,
™ %%) :C(”%z —k, %) if n is even and k is even.

Table 6 contains the first values of s3(n,k). This sequence of numbers can be found in the OEIS, sequence A317489. The column of totals,
obtained by adding the s3(n,k) for all possible values of k, can be also found in OEIS, sequence A226916, see [12].

n\k | 1|23 |4]5 6 7 8 19 Total
3 1 1
4 1 1
5 1 1
6 1|1 2
7 110 1
8 1|1 2
9 110} 1 2
10 |1 ]1 ] 1 3
11 110 2 3
12 |1 1] 2|1 5
1311703160 4
4 |1 ]1] 3 ]2 7
151110 4|07 1 6
6 [ 1]1] 4 |3]1 10
17 1110 5|01 3 9
18 [ 1|15 (4] 3 1 15
19 1170 6 |0 6 0 13
20 |1 (1] 6 |56 3 22
21 |1 (0| 7 |0]10| O 1 19
22 (1 (1|7 ]6]|10| 6 1 32
23 /10| 8 |0|15| 0 4 28
24 (1 (1|8 | 7|15 |10 4 1 47
25 |1 (0] 9 |0(21| 0 |10] O 41
26 |1 (1] 9 |8|21 15|10 ]| 4 69
27 |1 (010|028 | 0 |20]| O |1 60
28 |1 (110|928 21|20 10 |1 101
29 |1 (011|036 | 0 |35] 0 88

Table 6: Number of symmetric partitions of 7 into k parts, where p; > 3.

Similarly to what we did in the previous section, we use the values of m3(n,k) and s3(n,k) to find the number of non-isomorphic snake
polyominoes with n cells and height 2. Note that any of these snakes must fit in exactly one of the six cases shown in Figure 4.1; so we
analyze six cases:

Case I: The snake has the shape A, i.e., every block of cells has length at least 3. Thus, the number f3,(n) of snake polyominoes of length n
and height 2 is the same that the number of different partitions of n where every part is at least 3. In order to determine this number, we must
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remember that the graphs produced by the partition pq, ps,..., pr and its reverse, pi, px—1,-- -, P1, are isomorphic; furthermore, some of
these partitions are symmetric, thus for a fixed value of &

1
E (7[3 (I’l,k) —83 (I’l,k))
is the number of different non-symmetric partitions of n into k parts where each part is at least 3. So, adding s3(n, k) to this expression we get

1

3 (m3(n, k) +53(n,k)) .

Adding these numbers over all the possible values of k£ we obtain

3
Z 3 (n,k) +s53(n,k)).

l\) \

Note that the case k = 1 cannot be used here because the resulting snake has height 1.

Case II: The snake has the shape B, i.e., every block of cells has length at least 3 except the first and the last one that have length 1. Thus,
the number of non-isomorphic snakes is the same that the number of different partitions of n — 2 where every part is at least 3. Following the
same steps than the previous case, we get

)

5]

BR) =5 Y (ms(n 2.0+ 530~ 2.).

07

~
Il

Case III: The snake has the shape C, i.e., every block of cells has length 3 except the first and the last one that have length 2. Thus, the
number of non-isomorphic snakes is the same that the number of different partitions of n — 4 where every part is at least 3. This number is
given by

~

I

et

p L=

B(n)=75 Y (m(n—4k)+s53(n—4,k).

~
Il
—_

Case IV: The snake has the shape D, i.e., every block of cells has length 3 except the first one that has length 1. Thus, the number of
non-isomorphic snakes is the same that the number of different partitions of n — 1 where every part is at least 3. This number is given by

MT

ol

B3 (n) = m3(n—1,k).

~
Il

Case V: The polyomino has the shape E, i.e., every block of cells has length 3 except the last one that has length 2. Thus, the number of
non-isomorphic snakes is the same that the number of partitions of n — 2 whre every part is at least 3. This number is given by

152

3
)

N

B3 (n) = m3(n—2,k).

~
Il

Case VI: The polyomino has the shape F, i.e., every block of cells has length 3 except the first one that has length 1 and the last one that has
length 2. Thus, the number of non-isomorphic snakes is the same that the number of different partitions of n — 3 where every part is at least 3.
This number is given by

1
o>

B (n) = 3 (n =3, k).

,_
M*‘\
—

~
Il
—_

Adding all these quantities we obtain the total number of non-isomorphic snake polyominoes of length n and width 2. In this way we have
proven the following theorem.

Theorem 4.7. The number B, (n) of non-isomorphic snake polyominoes of length n and height 2 is

In Figure 4.2 we show a complete example for the case n = 12. In this case we have: [321(12) = 11,/322(12) = 6,[323(12) = 3,[35‘(12) =
13,B5(12) =9, B8(12) = 6, and B, (12) = 48.
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Figure 4.2: Non-isomorphic snake polyominoes of length 12 and height 2.

In Table 7 we show the inital values of these numbers. The last column, that corresponds to f3,(n), can be obtained from A102543 in OEIS
[13]. In fact, for n > 5, By(n) = a(n+ 1) — 1, where the values of a(n) form the sequence A102543. We must also observe that the values of
B3 (n), B3 (n), and B9 (n) can be found, with some shiftings, in A078012 [14].

[ n [ BI(n) [ B3n) [ B3(n) [ B3 (m) [ B5(m) | BS(n) | Baln) |
3 0 0 0 0 0 0 0
4 0 0 0 1 0 0 1
5 0 1 0 1 1 0 3
6 1 1 0 1 1 1 5
7 1 1 1 2 1 1 7
8 2 2 1 3 2 1 11
9 3 2 | 4 3 2 15
10 5 3 2 6 4 3 23
11 7 4 2 9 6 4 32
12 11 6 3 13 9 6 48
13 15 8 4 19 13 9 68
14 23 12 6 28 19 13 101
15 32 16 8 41 28 19 144
16 48 24 12 60 41 28 213
17 68 33 16 88 60 41 306
18 101 49 24 129 88 60 451
19 144 69 33 189 129 88 652
20 213 102 49 277 189 129 959
21 306 145 69 406 277 189 1392
22 451 214 102 595 406 277 2045
23 652 307 145 872 595 406 2977
24 959 452 214 1278 872 595 4370
25 1392 653 307 1873 1278 872 6375
26 2045 960 542 2745 1873 1278 9353
27 2977 1393 653 4023 2745 1873 13664
28 4370 2046 960 5896 4023 2745 20040
29 6375 2978 1393 8641 5896 4023 29306

Table 7: 3,(n) is the number of non-isomorphic snake polyominoes of length n and height 2.
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1. Introduction and background

Theory of statistical convergence was firstly originated by Fast [1]. After Fridy [2] and Salat [3] statistical convergence became a notable
topic in summability theory. Lacunary statistical convergence was defined by using lacunary sequences in [4]. .#-convergence was fistly
considered by Kostyrko et al. [5]. Also, Das et al. [6] gave new definitions by using ideal, such as .#-statistical convergence, .# -lacunary
statistical convergence. Ulusu et al. [7] also studied asymptotically .#-Cesaro equivalence of sequences of sets.

Statistical convergence of order ¢ (0 < o < 1) was introduced using the notion of natural density of order o where n is replaced by n® in
[8]. This new type convergence was different in many ways from statistical convergence. Lacunary statistical convergence of order « is
studied by Sengdl and M. Et [9], .#-statistical and .# -lacunary statistical convergence of order ¢ is studied by Das and Savas [10].

In probability theory, if for n > 0, a random variable X, given on space S, a probability function P : X — R, then we say that X1, Xa,....Xj,....
is a sequence of random variables and it is demonstrated by {X,,},cx-

It is important that if there exists ¢ € R for which P(|X —c| < €) = 1, where € > 0 is sufficiently small, that is, it is means that values of X
lie in a very small neighbourhood of c.

New concepts have begun to be studied in probability theory by Das et al. [6], and others ([11]-[15]).

2. Main results

Definition 2.1. {X;},y is said to be .9 -statistically convergent of order a in probability to a random variable X if for any €, 8, v > 0
1
{neN: n—a|{k§n:P(|kaX\ >e€) >0} 2)/} €,

PS(.7)*
and demonstrated by X (—>) X.
Definition 2.2. {X,},cy is said to be .7 -lacunary statistically convergent of order o in probability to a random variable X if for any
£,6,y>0

1
{rem: foler:Pii-x120)2 8} 27} e 5

(A"

.. PS
and it is demonstrated by X;, = x

[Email addresses and ORCID numbers: okisi@bartin.edu.tr, 0000-0001-6844-3092 (0. Kisi), eguler @bartin.edu.tr, 0000-0001-2345-6789 (E. Giiler)
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Definition 2.3. {X;}, . is said to be strongly .7 -lacunary convergent or PVy (% )-convergent of order o in probability to a random
variable X if for every €, § > 0,

{reN:hlaZPﬂkaz‘e)zé}e],

r kel

PVy(S)*
and it is demonstrated by X;, 9(% ) X.

Definition 2.4. {X;},cy is said to be strongly .7 -Cesaro summable of order o in probability to a random variable X if for every €, § > 0,

1 n
{neN: n—ak;P(\kam >e)> 6} €7,

j o
and it is demonstrated by Xj, PCL ) X.
Theorem 2.5. If0 < a < 8 < 1 then PS(.#)* C PS(.7)P.

Proof. From the assumption, we say that

1 1
—pllk<n:P(Xi—X|2€) 28} < G {k<n:P(Xi—X| > €) > 5}

Hence,
{nen: Flk<n:P(X-X| =€) > 8} = v}
{neN:Z[{k<n:P(X,—X|>¢€) > 8} > 7}
for 7> 0. Therefore, we obtain PS(.#)* C PS(.#)P. O

Theorem 2.6. [fliminf, g, > 1, then

K 1 @

Proof. If liminf, g, > 1, there exists Y > 0 such that g, > 1+ y for all » > 1. Since h, = k, — k,_1, we have h—’a < (%/) and
r

kOC

o

il B <1) . Let € > 0 and we define set by

g = \y
1 &

S = k,eN:k—aziP(\kaX|2£)<6 .

k=

Therefore, S € F (7).

ky kr—1
wmw LP(IX—X|>¢) = 2 LP(X—X|>€)—7 ¥ P(IX—X|>e¢)
" kel, " k=1 T k=1
kK k kg ke
= k21P(|Xk*X‘ > &)~ Gz LP(X—X|>g)

o L
e =

IN

o o
(7)o () @
4 oy

1 « 1\*
for each k, € S. Choose 11 = (%/) S— (@) &'. Therefore,

1
{reN:sz;P(|Xk—X|>s)<n} e ZF(S).
r kel

PVy(2)*
Hence, we get X 9<—> ) X. O

Theorem 2.7. If {X;} is strongly . -Cesaro summable of order  then, it is .7 -statistical convergent of order o in probability to a random
variable X.
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PC[S*
Proof. Let X, g ] X, and € > 0 given. Then

[ 1 L
nTkEIP(|Xk—X‘ZS) > e E’ P(|Xk—X‘2£)
P(|%—x|>¢)
) .
> n—a.|{k§n.P(|Xk—X\2£)25}|

and so

1 & 1
nak;P(lxk—m > &) > G {{k<n:P(X—X|>¢) > 8},

d.
So for a given 7 > 0,
{neN: L {k<n:P(X—X|>e) > 8} >}
n
C {neN: e P(|kaX|28)25.r} €.
k=1
Therefore, Xj, Psg) X. O

Theorem 2.8. Let a bounded {X;.} is .7 -statistical convergent of order o to X. Hence, it is strongly .%-Cesaro summable of order o to X.

PS(.5)"
Proof. Assume that {X;} is bounded and X; (—>> X. Since {X;} is bounded, we get P (|Xx — X| > €) < M for all k. For € > 0, we have
1§ 1 4
o LP(X—X|z¢e) = 7 L P(IX—X| > €)
B P(‘Xk—;|>£>>5
1 n
+ @ L P(X—X|xz¢)

IN

aeM|{k<n:P(|X,—X| > ¢) > 5}
+n7na6

Then for any y > 0,
n
{neN: LY P(1X—X| 28)2}/}
k=1

C{neN: L|{k<n:P(X,—X|>¢€)>8} >} es.

[#1*

Therefore X, PCI% X. O

Theorem 2.9. For 6 = {k,},
O 1 (xS X then {3 7Y X, and
(ii) PVg (.#)% is proper subset of PSg (.#)%.

PVy(2)*
Proof. (i) Lete,d > 0and {X;} W x Then, we can write

Y P(X%—X[>e¢)
kel,
P(|X—X|>€)>6

}‘_
SR

L P(IX%-X|>e) >
" kel,

A%

S kel :P(X—X|>¢)> 8}

g

=~

Therefore

1 1
5 Y P(Ixc—X|>e)> h—a.|{kelrzp(\xk—x| >¢)>8}.
r kel r

which implies that for any y > 0,

{[reN:fkl{kel  P(X—X| > &) > 5} > 7}

C{rGN:hla Y P(|Xk—X>e)>6y}€J.
" kel,
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)

PS(S)*
Hence we get X } 9<% X.

(if) Let {X; } be defined by

{-1,1} , with probability 1, if n is the first [\/A%] integers in the interval ,,

X,=< {0,1} , withprobability P(X, =0)= (1—1) and P(X, = 1) =1,
if n is other than the first
[« /h% integers in the interval /..

Let0 < &< 1and & < 1. Then, we obtain

1, ifnisthe first [\/AZ] integers in the interval I,
P(X—0] > ) =

S=

if n is other than the first [« /h%| integers in the interval /..
Now
E
0

/i
ket P(X-0| > &) > 3 < V!

and for any y > 0 we get

/ha
{rENzhlg{kelr:P(|Xk—O|26)25}|2}/}Q{reN:[r>y}.

Since the set

y/1%4

r

fren: 081

is finite and so belongs to ., therefore, we obtain
1

{reN: h—a|{k61r:P(|kaO\ >e) >0} 27/} S
r

PSo(5)*
which means that X}, 9(% ) 0. Also,

1 1 [/h%] ([\/h%]+1
Ly p(x—ojz e - L WVELIVAEL Y,
-] i 2
then
{rEN:;}rk):IP(|Xk—O|Z8)Z}1} = {rENzi[M([h@H)Z%}
el
= {mm+1l,m+2,.}eF(5)
for some m € N. Hence, X, Pseﬁ(f»] ) 0. O

Theorem 2.10. .7 -statistical convergence in probability of order o implies ¥ -lacunary statistical convergence in probability of order o
liminf, g, > 1.

Proof. By assumption liminf, g, > 1, then there exists a ¢ > 0 such that g, > 1 + ¢ for sufficiently large r, that is,
04
hr . O N 1 < 1 (1+0
ke —1+0  h% ~ k2 c

(—{) X, then for € > 0 and for r > 0, we have

If X}
1

1 1+0\“
hfal{kelr:P(IXk*XIZS)Zﬂ\Skfa 5 [{k <k : P(|Xx —X| > &) > &}

Then for any y > 0, we get
{reN: itk P(X—X|2€)} =8> 7}

1
k&

r

g{reN: {k <k :P(Xe—X|>€)} >8] > Lo }ey.

(1+0)”
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Theorem 2.11. .7 -lacunary statistical convergence in probability of order o implies .7 -statistical convergence in probability of order o,
r—1

O0<a<l, ifsup, ¥ (kh,;ll)a =B <o,
i=0 V-

j o
Proof. Suppose that {X;} PSG(—) ) X, and for €, 8, 71, 7o > 0 define the sets

1
C:{reN:h—a\{kelr:P(|Xk—X|ze)25}|<y1}
r
and
1
T:{nEN:n—a|{k§n:P(|kaX\28)26}|<y2}.
From our assumption we get C € .% (.#). Further observe that

Kj= {kelj:P(IXx—X|>¢&)>6}| <n

= |
o
h;
forall j € C. Let n € N be such that k,_| < n < k, for some r € C. Hence, we obtain
1
Sk <niP(Xe-X| 2 €) > 8}

1
SkT‘{kSkr:Pqu*X‘ZE)Z‘SH

r—1

1
:—kal\{kell:P(\Xk—X|2£)28}|
1
ke h: P(X-X| 2 8) 2 8)
r_
1
r—1
kf‘ 1
= a2z kel :P(X—X|>€) > 5}
r—1 "1
ko —k)* 1
+wfa|{’<€121P(\Xk*X|28)25}|
kr—l h2
(kr—kr—1)® 1
+m+rk‘x7rlﬁl{k€b:l)(‘Xk_Xl28)25}'
r—
kit ko —kp)® ky —ky_1)®
= K1+(2ka71)1<2+...+(’ka7”)1(,
r—1 r—1 r—1

r—1

he
< {supjecKj} sup, ‘Zo (erf]l)a
i=

< nB.
Choosing p = % and by U{n: k,—y <n<k,, reC} CT where C € .7 () Then the set T belongs to .% (.#) and this completes the
proof. O
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tive in Caputo sense. Our results are based on some standard fixed point theorems. Some
examples are presented to illustrate the main results.

1. Introduction

The interest in the study of differential equations of fractional order lies in the fact that fractional derivatives provide an excellent tool for
the description of memory and hereditary properties of various materials and processes. With this advantage, the fractional-order models
become more realistic and practical than the classical integer-order models, in which such effects are not taken into account. As a matter of
fact, fractional differential equations arise in many engineering and scientific disciplines such as physics, chemistry, biology, economics,
control theory, signal and image processing, biophysics, blood flow phenomena, aerodynamics, fitting of experimental data, etc., see [1]-[3].
For some recent development on the topic, see [4]-[10] and the references therein.

Impulsive differential equations, which provide a natural description of observed evolution processes, are regarded as important mathematical
tools for the better understanding of several real world problems in applied sciences. The theory of impulsive differential equations of integer
order has found extensive applications in realistic mathematical modeling of a wide variety of practical situations and has emerged as an
important area of investigation in recent years. For the general theory and applications of impulsive differential equations, we refer the
reader to the references [11]-[15]. On the other hand, the implicit differential equations with impulsive and delay have not been addressed so
extensively and many aspects of these problems are yet to be explored. For some recent work on impulsive differential equations of fractional
order, see [16]-[19] and the references therein. These days generalization of the derivatives of both Riemann-Liouville and Caputo types
are introduced and shown the effect of utilizing it in equations of mathematical physics or related to probability. This was done using the
definition of generalized fractional derivatives given by Katugampola [20]. The author initiated a new fractional integral, which generalizes
the Riemann-Liouville and the Hadamard integrals into a single form. Later, Katugampola [21] introduced a new fractional derivative,
which generalizes the two derivatives in question. Motivated by the papers [21]-[23], we apply Katugampola-Caputo derivative for implicit
fractional differential equations.

In this paper, we investigate the existence and Ulam stability of solutions for impulsive nonlinear fractional implicit differential equations
with delay via Katugampola fractional derivative given by,

PDY u(x) = h(x,uy,? DY u(x)), foreachx € J:= (xm,Xmr1],m=0,1,...k,
Auly, = In(uy,) m=1,...,k, 1.1)

u() = yv), e [r0)r>0,

Email addresses and ORCID numbers: janakimaths @gmail.com, 0000-0002-6349-4373 (M. Janaki), kanagarajank @gmail.com, 0000-0001-5556-2658 (K. Kanagarajan),
emmelsayed @yahoo.com, 0000-0003-0894-8472(E. M. Elsayed)
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where PD)‘;I’” is the Katugampola fractional derivative in Caputo sense, 0 < @ < 1, p € R, h:J xPB&([-r0],R) x R — R is a given
function, I, : PE([—r,0],R) = R, and y € PE([—r,0],R), 0 =xp < x; < -+ < Xy < Xy = T. PE([—r,0],R) is a space of piecewice
functions defined on [—r, 0] to be specified in Section 2.

For each function u defined on [—r, T] and for any x € J, we define by u, the element of P&([—r,0],R) defined by:

uy(0) =u(x+0), 6 €[—r0],

ux(-) represents the history of the state from time x — r upto time x. Here Aul,, = u(x};) — u(x;,), where u(x;;) = lim;_,o+ u(x,;, +1) and
u(x,,) = limy_,o- u(x,, +1) denotes the right and left limits of u, at x = x,,, respectively.

2. Prerequisites

In this section, we introduce notations, definitions, lemmas and theorems that are needed for the proof of the main results.
LetT >0, J=[0,T] and €(J,R) be the Banach space of all continuous functions from J into R with the norm

[[ullo. = sup{lu(x)] - x € T}

Let Jo = [x0,x1] and Jp = (X, Ximt1], where m = 1,2, ... k.
Consider the set of functions

PE([—r0,R) ={u:[-r0] = R:u € C((ty,ty41],R) ,m= 0,1,...,k , and there exist
u(t,Yand u(t}h), m=1,2,... k with u(t,,) = u(tm)}.

PBE([—r,0],R) is a Banach space with the norm

[ullpe = sup |u(x)].
we xe[—r0]

PE([—r,T],R) is a Banach space with the norm

H”Hqs’e‘l = sup |u(x)|.
x€[-nT)

g (J,R) is the space of Lebesgue-integrable functions u : J — R with the norm

-T
July = [ u(s) .
0
AC(J) = {h:J—=R:hh .. A" € ¢(J,R) and A"~V is absolutely continuous}.
In what follows @ > 0.

Definition 2.1. [9, 10] The fractional(arbitrary) order integral of the function h € £ ([0,T],R,.) of order ® € R is defined by

[9h(x) = % /0 " (= 5)® h(s)ds,

where T is the Euler gamma function defined by T'(®) = [5°x®~le™*dx, ® > 0.
Definition 2.2. [9, 10] For a function h € AC"(J), the Caputo fractional order derivative of order ® of h is defined by

1

(‘Dg-h)(x) = T—a) /: (x—5)"" 270" (s5)ds,

where n = [®] + 1 and @] denotes the integer part of the real number .

Definition 2.3. [22] The generalized left-sided fractional integral PI$. h of order @ € C(Re(®) > 0) is defined by
PO 7p17w * P pyw—1 _p—1
Cren @ =S /0 (W — )01~ U (s5)ds,

for x > 0, if the integral exists.

Definition 2.4. [22] The generalized fractional derivative, corresponding to the generalized fractional integral (2.1), is defined by

PO (i d\" [* 1 p—1
(PDG h(x) = =) (x 7PE) /O (xP — sPY' O P p(s)ds, 2.D
if the integral exists.

Lemma 2.5. Let ® > 0 and n = [@]+ 1. Then

n—1 pm
P12 (D h(x)) = h(x)— Y ")

m=0

X"

m!
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Lemma 2.6. Let @ > 0, then the differential equation P D, h(x) = 0 has solutions

xP *P\? (x”)("l)
h)=bo+by () vba () 4oty (2 :
®) =t ‘(p) z(p) \p

hieR i=0,1,2,....n—1,n=[0]+1.

Lemma 2.7. Let @ > 0, then

xP X\ 2 PN
PIS (PD@:h(x)) = h(x) +bo + b (;) by (;) +~~+bn_1(;) ;

forsomeb; €R, i=0,1,2,....n—1,n=[0]+1.
Lemma 2.8. [24] Let w: [0,T] — [0, +o0) be a real function and a(-) is a non-negative, locally integrable function on [0,T] and there are
constants a > 0 and 0 < @ < 1 such that

X

w(x) < a(x) —Q—a'/o (xP —sP) Vs Pw(s)ds.

Then, there exists a constant K = K(®) such that
X
w(x) < a(x) +Ka/ (xP —sP) s P a(s)ds,
0

foreveryx €[0,T].

The following integral inequality of Gronwall type for piecewise continuous functions was introduced by Bainov and Hristova [25] which
can be used in the sequel.

Lemma 2.9. Let for x > xog > 0, the following inequality holds,

"X
u(x) < a(x)—i—/ g(x,s)u(s)ds + Z B (X)u(x),
X0 Xo <Xy <X
where Byy(x) (m € N) are non-decreasing functions for x > xg, a € PE([xg,0),R ), a is non-decreasing and g(x,s) is a continuous non
negative function for x,s > xo and non decreasing with respect to x for any fixed s > xo. Then, for x > xq, the following inequality is valid:

u(x) <a(x) H (14 B (x))exp (/X:g(x,s)ds) .

X0 <Xy <X

Now, we consider the concepts of Wang et al. and refer some new concepts about Ulam-Hyers stability and Ulam-Hyers-Rassias stability for
considered problem (1.1). See [24, 26, 27, 28, 29].
Letu € PE(J,R), € >0, ¢ > 0and o € PE(J, R ) is non decreasing. We consider the set of inequalities

[PD®u(x) — h(x,uy,PD?u(x))| < &, x€ (Xim,Xm+1], m=1,...k, 22)
|Auly, — In(uy )| <&, m=1,... .k '
the set of inequalities
[PD%u(x) — h(x,uy,PD?u(x))] < a(x), x€ (XmsXmr1], m=1,...k, 23)
’Au‘xm_lm(ux,;)|§¢7 m=1,... .k .
and the set of inequalities
[PD®u(x) — h(x,ux,PD?u(x))| < ga(x), x€ (Xm,Xm+1), m=1,...k, 24
’Au|x,”*1m("‘x,;)| <eg, m=1,...k. ’

Definition 2.10. The problem (1.1) is Ulam-Hyers stable, if there exists a real number cy, ; > 0 such that for each € > 0 and for each solution
uy € PE(J,R) of the inequality (2.2), there exists a solution uy € PE(J,R) of the problem (1.1) with

1 (x) —uz (x)| < cppe, x €J.

Definition 2.11. The problem (1.1) is generalized Ulam-Hyers stable, if there exists 6}, ; € €(Ry,Ry), 6, 1(0) = 0 such that for each
solution uy € PE(J,R) of the inequality (2.2), there exists a solution uy € PE(J,R) of the problem (1.1) with

|1 (x) =2 (x) < By (€), x €.

Definition 2.12. The problem (1.1) is Ulam-Hyers-Rassias stable with respect to (&, 9), if there exists cpy o > 0 such that for each € > 0
and for each solution uy € BE(J,R) of the inequality (2.4), there exists a solution uy € PE(J,R) of the problem (1.1) with

ur(x) —uz(x)| < cppa€la(x)+9), x€J.
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Definition 2.13. The problem (1.1) is generalized Ulam-Hyers-Rassias stable with respect to (o1, §), if there exists cp i o > 0 such that for
each solution uj € PE(JF,R) of the inequality (2.3), there exists a solution up € PE(J,R) of the problem (1.1) with

|uy (x) —ua (¥)] < cppa(@(x)+¢), x€J.
Remark 2.14. From the above definitions, we
(i) Definition 2.10 = De finition 2.11;

(ii) Definition 2.12 = Definition 2.13;

(iii) Definition 2.12 for a(x) = ¢ = 1 = Definition 2.10.
Remark 2.15. A function u € PE(J,R) is a solution of the inequality (2.4) if and only if there is ¢ € PE(J,R) and a sequence oy,
m=1,2,...k(which depends on u) such that

(i) |o(x)| <ealx), x€ (xpxpr1], m=1,2,...kand |oyp| < €, m=1,2,...k;

(ii) PD®u(x) = h(x,ux,P D%u(x)) + 0(x), x € (Xpm, Xppy1), m=1,2,...k;

(iii) Auly, = In(uy ) + 0w, m=1,2,.. .k
Similarly, we can get remarks for inequalities (2.2) and (2.3).
Theorem 2.16. [8] (Ascoli-Arzela’s Theorem) Let E C €(J,R), E is relatively compact(i.e,E is compact), if:

(1) E is uniformly bounded, that is there exists N > 0 such that |h(x)| < N, for every h € E and x € J.
(2) E is equicontinuous, that is for every € > 0, there exists 6 > 0 such that for each x1,x, € J, |x; —xa| < & implies |h(x1) —h(x2)| < €,
for every h € E.

Theorem 2.17. [30] (Banach’s fixed point theorem) Let € be a non empty closed subset of a Banach space 2, then any contraction
mapping T of € into itself has a unique fixed point.

Theorem 2.18. [30] (Schaefer’s fixed point theorem) Let 2~ be a Banach space, and M : &~ — 2~ a completely continuous operator. If the
set

S={ue X :u=uMu, for some u € (0,1)}

is bounded, then M has atleast one fixed points.

3. Existence of solutions

Definition 3.1. A function u € BE([—r, T],R) whose w-derivative exists on Jp, is said to be a solution of (1.1), if u satisfies the equation
PD)(::”M(X) = h(x? Uy, pr:””(x)),

on Jm, and satisfies the conditions Auly—y, = In(uy), m=1,....k and u(x) = y(x), x € [-1,0].

The following lemma is required to prove the existence of solutions to (1.1).

Lemma 3.2. Let 0 < o < 1 and let 6 : J — R be continuous. A function u is a solution of the fractional integral equation

v(0)+ %fg (xP —Sp)w_lsp*1 o(s)ds, ifxe0,x],

W(0)+ X2 Iiu, )

w—1

u(x) = +le;;o"; 271:1 ;‘Iil (xf) —sP) sP—1 o (s)ds 3.1)
e
W(_x), X e [—V,O],

where m = 1,2,...k, if and only if u is a solution of the following fractional problem
PD%(x)=0(x), x€EJm,
Autl vy, = In(u, ), m=12,.. .k, 3.2)
u(x) = y(x), x€[=r0].

Proof. Assume u satisfies (3.2). If x € [0,x;], then P D®u(x) = o(x). From Lemma 2.7, we get

u(x) = w(0) +PI%G(x) = w(0) + ?l(;:; /0 (P —5P)?~ P~ o (5)ds.

If x € (x1,x;], then from Lemma 2.7,

1-w "X
ulx) = ulxf)+ ll)“(co) /xl (xP —SP)wflspfl o (s)ds
l-o "X
= Au‘x:xl +u(xf)+ F(w) /XI (xp sp)w—lspfl G(S)dS

l-o

(@) /):(xp fsp)a)_lspf1 o (s)ds.
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If x € (x3,x3], then Lemma 2.7 implies,

-0 ,x
u@) = ulxf)+E /M(xp—sP)w*lsp—l o (s)ds

-0 /x -0 ,x
+ {p /0 l(xfl’ —sP)“’flspfl o(s)ds+ ?(w) /X ’ () —sl’)wflspfl c(s)ds}

plme rx 1
+ / (xP —sP)7 P~ o (s)ds.
X

Continuing this process, we get the solution u(x) for x € (xp,Xp+1] ,» where m = 1,2, ... k. Hence,
-0 m X; - -0 ,x
i Z/ (P —sP)® fgp-1 o(s)ds+ P / (xP —s”)mfls”*l o (s)ds.
X

0) +l;Il(ux:) r((D) &= i r(w)

Conversely, let us assume that « satisfies the equation (3.1). If x € [0,x;], then #(0) = y(0) and using the concept that P D? is the left inverse
of PI?®, we get PD®u(x) = 6 (x), for each x € [0,x;]. If x € (X, Xp+1], m = 1,2, ...k and using the fact that P D®L = 0, where L is a constant,
we get

PD®u(x) = o(x), for each x € (X, Xy 11]-

Also, we can show that Auly—y, = In(uy-), m=1,2,...k. O

m

Now we state and prove the existence results for the problem (1.1), based on Banach’s fixed point theorem.
Theorem 3.3. Assume that
(A1) h:JxPE([—r,0],R) x R — R is continuous.
(A2) There exist constants c; > 0 and 0 < ¢y < 1 such that
h(x,21,22) —h(x,21,2)| < cillz1 = 2 lpe + 2122 — 221
forany z1,71 € BE([—r,0l,R), 20, € Rand x € J.
(A3) There exists a constant c3 > 0 such that
n(21) = In(21)] < c3llz1 = 21 g
foreach z1,71 € PE([—r,0,R) and m=1,2,...k.
If

(k+ 1)61pr
(I—c)peT(0+1)

then there exists a unique solution for the problem (1.1) on J.

ke +

<1, (3.3)

Proof. Transform the problem (1.1) into a fixed point problem. Consider the operator
M BE([—nT),R) = PE([—r,T],R) defined by

( )+20<xm<x (ux )
+r  Yoco e[ (=) P g(s)ds
Mulx) = mjxm (xP —sP) 1P g(s)ds, xef0.7], (3:4)

¥ (x), x€[=n0],
where g € €(J,R) be such that
8(x) = h(x,uy,g(x)).
Clearly, the fixed points of operator M are solutions of the problem (1.1). Let y,z € PE([—r, T],R). If x € [—r,0], then

M (y)(x) = M(z)(x)| =0
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For x € J, we get

- X o— _
MO -MAW < 25 ¥ [T b () - ()l

0<x,, <xVXm—1

-0 ,x
+ B [ @@= @ -l T ) )],

m
0<x<x

where g1, g2 € €(J,R) be such that

gl(X) = h(x7yX7g1(x))7

and

82(x) = h(x,2x,82(x)).
By (A2), we get

g1 (x) — g2(x)| = |A(x,yx,81(x)) — h(x,2¢,82(x)) < e llyx — 2xllpe + 2181 (x) — g2(x)]-

This implies,
<_“
lg1(x) —g2(x)| < 1—c, llyx — Zxqu-
Therefore, for each x € J,

Clplfa)

ko o—1 5H_
MO -MEWI < s L[ eh=)” T =zl

Clp]_ww /.X( ORI e ds + Ek‘, | lqg
+ xT = K} — Ky c o —z. .
(1—c)l(w) Jx Yo allpe®T L Sl o lipe

m

kP al™® )y g
(I—c)pT(o+1) " (1-c)p®L(w+1)] W~ I¥er

< [kC3 +

Thus,

(k+1)c, TP® by—zl
(I—c)peT(@+ 1| P~ wer

IM(3) ~ M@llpe, < [m n

By (3.3), the operator M is a contraction. Therefore, by the Banach’s contraction principle, M has a unique fixed point which is a unique
solution of the problem (1.1). O

Now, Schaefer’s fixed point theorem is used to prove the second result.
Theorem 3.4. Assume that (A1), (A2) and
(A4) There exist py,p2, p3 € €(J,Ry) with p5 = sup,c5 p3(x) < 1 such that
|h(x,y,2) < p1(x) + p2(x) Y]l e + P3(x) [2].

where x € J, y € PE([—r,0],R) and z € R.
(A5) The functions Iy : BE([—r,0],R) — R are continuous and there exist constants My ,M; > 0 with kM} < 1 such that

(V)] < M7 [[yllpe + M3,
foreachy € PE([—r,0],R), m=1,2,...k. Then the problem (1.1) has at least one solution.

Proof. Let the operator M defined in (3.4). Now we shall prove that M has atleast one fixed point by using Schaefer’s fixed point theorem.
The proof contains four steps.

Step 1: N is continuous.

Let {y,} be a sequence such that y, — y in PE([—r, T],R). If x € [-1,0], then

|M(yn)(x) —M(y)(x)| = 0.

For x € J, we have

- Xom o1 -
MO MWL < For T[T =" (o) -9l
plfw X’" o1 o1
+ () /Xm(xp_sp) P gn(s) —g(e)lds+ Y [InOne,) —In(ys)] (3.5)

0<x,<x

where g, g € €(J,R) such that

gn(x) = (X, Ynx, 8n (X)),



168 Fundamental Journal of Mathematics and Applications

g(x) = h(x,yx,g(x)).
By (A2), we have

lgn(x) —g(X)| = [h(x,ynx; gn (X)) — A(x,yx,8(x))]
et [lyne = yxllpe +c21gn(x) — g(x)].

IA

Then,

I S L

Since y, — y, then we get g,(x) — g(x) as n — oo for each x € J. And let Q > 0 be such that, for each x € J, we have |g,(x)| < Q and
|g(x)| < Q. Then, we have

(P =)0 gals) —g(s)] < (P —sP) 2 [[gn(s) + [g(s)]]
< 2Q(xP —sP)O !
and
(=P en(s) —g(s)] < (o —5P) 2 [lgn(s)] + g (s)]]
< 20 —sP)yet

For each x € J, the functions s — 2Q(xP —sP)®~! and 5 — 2Q(xh, — s°)®~! are integrable on [0,x], then by the Lebesgue Dominated
Convergence Theorem and (3.5) implies that

M (yn)(x) —M(y)(x)| = 0, as n — oo.
and hence,
| M (yn) *M(y)Hqs@] — 0, as n — oo,

Consequently, M is continuous.

Step 2: M maps bounded sets into bounded sets in BE([—r,T|,R). To prove this, it is enough to show that for any Q* > 0, there exists a
positive constant k such that for each y € Bo+ = {y € P&([-rT|,R) : [|y[lpe, < Q"}, we have [[M(y)||q¢, < k. We have for each x € J,

B pl-@ X o-1 5_
MO = WO+ T [ - gl

plme ¥ 1
+ / (xP —sP)? 5P g(s)ds + Z In(Yx.. ), (3.6)
X

0<x, <x
where g € €(J,R) be such that

8(x) = h(x,yx,&(x)).
By (A4), for each x € J, we get

lg) = [h(x,yxg(x))l
< p1@)+p2) xllpe +p3 () [g)]
< pi®)+p2(x) [yllpe, +r3(x)[gx)]
< pi(x) + p2(0)Q" + p3(x) [g(x)]
< P+ +p3lg(x)],

where pj = sup,c5 p1(x) and p5 = sup, 5 p2(x). Then,

* + WoN

lgo)| < P2 e .
-}

Thus (3.6) implies

kKNTP® NTP®

M(y)(x)| < |W(O)‘+pwr(w+1)+pwl—‘((o+l)

tk (MTny,; e +M§>

(k+1)NTP® , *
< WO+ argyy (M e, +45)

(k+1)Npr * () * P
< RS =
< |w(0)|+ P (01 1) +k(M{Q*+M5):=R.

And if x € [—r,0], then

M) ()| < [Wlipe
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thus

IM(3)|lpe, < max{R, | y]lpe} =k

Step 3: M maps bounded sets into equicontinuous sets of PE([—r, T],R).
Lett),t, € (0,T), t; < t2, Bo- be a bounded set of PE([—r,T],R) as in Step 2, and let y € Bg+. Then

-0
M) (1) M) ()] < ?(w) /0

(15 =) = (1 =) |27 lg(s) s

-0 /1
p e pyo—1]] p-1
+ F(CO)/z, (15 —sP) Hs ‘\g(s)|ds
+ Z ‘Im(yx,;)
0<Xm<127f]
< N 205 =)+ (8P 1P
S perern2Th 2 1
=) (M5 [y g 15
N p_p po _ po
< mp@z )+ @ =)
i) (M7 Yllpe, +M5)
N o) ®
< m[z(tgftf)ohr(tg *’f )l

+ (8 =) (M{Q +M3).

As 1) — t1, the right hand side of the above inequality tends to zero. From Step 1 to 3 together with the Ascoli-Arzela theorem, we can
conclude that M : PE([—r, T],R) — PE([—r, T],R) is completely continuous.
Step 4: A priori bounds. Now, we shall show that the set

G={yeP&([-r,T],R):y=uM(y), for some 0 < u < 1},
is bounded. Let y € G, then y = uM(y), for some 0 < u < 1. Thus, for each x € J, we get

uplfw Xm
W = O+ Y[ ehes)e e )
F((J)) 0<x,, <x v Xm-1
-0 ,x
b B [0 =) s B Il
F(a)) Xm 0<x,<x

And by (A4), for each x € J , we get,
h(x,yx,8(x))]

p1(x) +p2(x) [yxllpe + p3(x) [g(x)]
P1+p3 yxllpe +P318()].

oy

pAN
=

=
I

IN A

Thus,
1 * *
1891 < 1=z (pi 73 Il
3

This implies, by (3.7) and (A5), that for each x € J, we have

1-o X,
P "op o—1_p—1/ x *
@I < w0)|+ === / (xim —sP) 7 P (] + P Iysllpe )ds
(1_p§)r(a)) 0<XZ,”<X Xm—1 " ! ? ’ mc
pliw * yoJ pyo—1 _p—1
+ f/ xP —sP)O P (pT 4+ P ||y ds
(1_p3)1—~(w) Xm( ) ( 1 2” VH‘BC)
+ k(MnyX;Hqs’@Jer)-

Now, we consider the function g defined by
q(x) =sup{|q(s)| : —r <s<x}, 0<x<T,

then there exists x* € [—r, T such that g(x) = |y(x*)|. If x* € [0,T], then by the previous inequality, we have for x € J,

1-o X,
1% " P pyO—1 p—1/ % *
qx) < 0|+ ——=——= / X — 8 s p1+paq(s))ds
( ) W,( )| (1_p3)r(w) ()<X”,<X~mel( m ) ( 1 2 ( ))
p'=® Yoo pyo—1p-1
— xP —sPYO P (P 4 p5q(s))ds
1= pT(@) /XM( ) (P1+P34(s))
+ k(Miq(x)+M;).



170 Fundamental Journal of Mathematics and Applications

Thus,
ly(0)| + kM5 pl-® /x o
x) < X —sP)e-1gp 4+ piq(s))ds
90 L—kM; " (1—kM;)(1 = p3)T(0) o £, - ) (Pi +P24(s))
pl® * 1p—1
+ * * / xP —sP) O isP p*—O-p*q s))ds
(=K1 (1= pIT(@) s, ) (P} +p3a(s))
< |w(O)]+kn; (k+1)p;TP®
= 1—kM; (1—kM7)(1—p%)pT (@ + 1)
(k+1)p3 /X ot
+ xP —sP)O P s)ds.
= kM) (1 - pE@) Jo & ) a(s)

Applying Lemma 2.8, we get

[w(0)] +kM; (k+1)piTP® A(k+1)pyTP?

1O | <1—kMr><1—p§>pwr<w+l>}X{”m—kM;f)(l—p;)pwr<w+1> =4

where 2 = A(®) a constant. I x* € [, 0], then g(x) = || y[|q¢, thus for any x € [ T], [[yllpe, < q(x), we get

Vlgpe, <max{||yllpe A},

which implies the set G is bounded. From Schaefer’s fixed point theorem, we conclude that M has atleast one fixed point which is a solution
of the problem (1.1). O

4. Ulam-Hyers-Rassias stability

Now, we present the following Ulam-Hyers-Rassias stable result.

Theorem 4.1. Assume that (A1)-(A3), (3.3) and

(A6) There exists a nondecreasing function @ € PE(J,R) and there exists Lo > 0 such that for any x € J:
PI?0(x) < pao(x),

are satisfied, then the problem (1.1) is Ulam-Hyers-Rassias stable with respect to (¢, ).

Proof. Letv € PE([—r,T],R) be a solution of the inequality (2.4). Denote by u the unique solution of the problem

PDP u(x) = h(x,uy,? DY u(x)), foreachx € (xm,xpr1],m=1,...k
Auly—y,, :Im(u,%)7 m=1,....k;

u(x) = v(x) = y(x), x € [=n0],

using Lemma 3.2, we obtain for each x € (X, Xp41]s

M(X) = W(O) +éli(”xf) + 1‘11(;:)) lg /Xil (X? _Sp)w_lsp_lg(S)ds
+ ’FL:; [0 =)0 g(5)ds, x € (i1 ],

where g € €(J,R) be such that

g(x) = h(x,ux, g(x)).

Since v is a solution of the inequality (2.4) and by Remark 2.15, we get

{ng,V(X) =h(x,vy,’ DY v(x)) + 0(x), x€ (Xm,Xmyp1],m=1,...k @1

Av|y=y,, = In(Vy ) + O, m=1,... k.
Clearly the solution of (4.1) is given by,

m m

O R WIS R W

i=1

plfa) m Xi -1 _1 plfa) m X; . .
+ R b L, o - e F B [ 6 - ) ot
p! o

X 1 "
P _gpyo-lep—t P / p_ pyo—1p—1
(o) /Xm(x sP) P70 f(s)ds + (o) ), (x sP) K} o(s)ds, x € (Xm,Xmi1],
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where f € €(J,R) be such that f(x) = h(x, vy, f(x)). Hence for each x € (x;,xp41], wWe get,

v(x) —u(x)] < f‘,\oi )
- B i/ )OI f(s) — g(s)]ds
N ,; é/ (xf —sP)2 1P~ o(s)ds
N f;(w")’ /(p SP)O1P | £ (s) — g(s)] ds
. 1111:)’ [ 68 =50 o) s

Thus,

) —u()] < ke -+ (k+1)epqalx +zc3

‘m

pl_w morx o B
+ (@) l;/)ml(xf—sp) 121 | £(s) — g(s)| ds
-0 ,x
* lp"(a)) /xm(xp —sP)O7 1P f(s) — g(s)| ds.
By (A2), we get
If(x)—g(@)| = |h(x, vy, f(x) = h(x,ux,g(x))]
< et —tellpe +e2|F(x) —g(x)]-

Then,

Cl
|f(x) —g(x)] < o [[ve = txllpe -

Therefore, for each x € J,

m
) —ux)| < ke + (k+ Depaa() + Y e v —u, ’m
i=1
-0 m o ox;
cip " P pyo—1 p—1 _ d
F e L 6 e s
I-w X
c1p p_ pyo—lp—ly,
b Ta@) f O I e
Thus,
@ -u(@)] < e(@+a@)k+ D)+ ¥ enfrg —ug ||,
0<x;<x B
Cl(k+1)pliw /x P pro—1_p—1
+ (= (@) Jo (xP —sP)O s [lvs uSHdes. 4.2)

Now, we consider the function ¢ defined by
q1(x) = sup{[v(s) —u(s)[ : —r <s<x}, 0<x <T,

then, there exists x* € [—r, T such that g; (x) = [v(x*) —u(x*)|. If x* € [—r,0], then g (x) = 0. If x* € [0, T], then by the equation (4.2), we
get

qi(x) < e(@+a)(k+k+ua)+ Y eqilx;)

O<x;<x

c -0 ,x
(ll(litzl))le(w) /0 (xP _sp)wilspil‘h(s)d&

Applying Lemma 2.9, we have,

IN

q1(x)

0<x;<x

X ¢ 1-w
£(¢+oc(x))(k+(k+l)/,ta)><{ 1 (1 +es)exp (/O %(xp_sp)wlspldsﬂ

IA

lag(¢ +a(x)),
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where
k )
ci(k+1)TP )
/ = (k+(k+1) X (I+c¢3)ex (
* ( JHa) ,IJI 3)exp (1—c2)p®T(0+1)
c1(k+1)TP® k
= (k+(k+1 1 .
(ko et 1) | (14 a)enp (ot
Thus, the problem (1.1) is Ulam-Hyers-Rassias stable with respect to (¢, ¢). Hence the proof is complete. O

Now, we present the following Ulam-Hyers stable result.

Theorem 4.2. Assume that (A1)-(A3) and (3.3) are satisfied, then the problem (1.1) is Ulam-Hyers stable.
Proof. Letv € PE([—r,T],R) be a solution of (2.2). Denote by u the unique solution of the problem.

pr u(x) = h(x, ”)Cang,)nM(x)), X € (XpyXppp1],m=1,...k;
Auly—y, = In(uy. ), m=1,....k;

m

u(x) = v(x) = y(x), x€[=r0].
From the proof of the Theorem 4.1, we get

e(k+ )TP®  ci(k+1)p'—®
pPT(w+1) (1—c)(w+1

ax) <Y eqlg) ket

0<x;<x

) [ 510719 gy syas

Applying Lemma 2.9, we have

kp“’F(w+1)+(k+1)T”“’> (/m(kﬂ)p““’(xpfsp)“"‘ = )
< € X 14c3)ex P=ld
a (X) B < pwr(w+ 1) 0<1;I<X( 63) P 0 (1 762)1—‘((0) § $
S laga
where,
 (kpPT(@+ 1)+ (k+1)TP |{ i (k+1)TP®
lo = ( POT(@+1) 11;11 1+c3)exp (= c)poT (@1 1)
® PO PO k
_ <kp Fo+1)+(k+1)T >{(1+C3)exp< ci(k+1)T )} 7
PPl (w+1) (1—=c)p®T(w+1)
which completes the proof of the theorem. O

Moreover, if we set y(€) = Ig€; ¥(0) = 0, then the problem (1.1) is generalized Ulam-Hyers stable.

5. Examples

Example 5.1. Consider the following Katugampola-type impulsive problem,

1
pD% M( ) - prngiu(X) fgreach xGJ UJ
i (22+€ ) | 1+PD% u(x) 7 o

u 5.1

Al = ( l) ’ (5.1
=2 204u(s )

M(X) = l//(x)7 xe [—V,O}, r> 0>

N\—-

1

where y € PE([—r,0],R), Jo = [0,3], J1 = (3,1], xo =0, and x; = L.

Let

h(x,uy,up) = e’ oo
MR T 0 ey [ T+u 1+w ]’

x€[0,1], u; € PE([—r,0],R) and uy € R. Clearly, the function # is jointly continuous.
Let uy,u; € PE([—r,0],R), up,ur € Rand x € [0,1]:

e _ _
< pre (||u1 — it |lype + |2 = u2|)

|h(x,u1,u2) _h(-x>l'l_lvu_2)|
1 _ _
< 55 (I =i lge + w2 =2
Hence the condition (A2) is satisfied with ¢; = ¢ = 21—3 And let,

I](M]): uj Eme:([frao]vR)

Uy
20+u;’
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Let uy,uy € PE([—r,0],R), then we have,

ug
204+u;  20+uy

1 (1) — I (uz)|

IN

1
20 [[uy *'42Hq3¢-

Letusassume k=1,T=1,p=1,0 = %,cl =cp = 2—13,C3 = 2—10, Substitute these values in the inequality (3.3), we get

(k+1)c, TP
(1—c2)p®T(@+1)

kes + =0.2551 <1,

It follows from Theorem 3.3, we get that the problem (5.1) has a unique solution on J. Now, we consider for any x € [0,1], a(x) = x,
¢ =1,p=1. Since

p o pl—w " p pyo—1 _p—1
a(x) = F(w)/o(x —sP)OT P ds

2 g }
= 7/(xpfsp)71ds
0

T
2x

N
then the condition (A6) is satisfied with @y = ﬁ Therefore, we get that the problem (5.1) is Ulam-Hyers-Rassias stable with respect to
(,0).

Example 5.2. Consider the following Katugampola-type impulsive problem,

<

| 24+ D, u()
PDS ulx) = : , Jforeachx € JyUJ1,
110e++3 (1+|ul\+ P Dy, u(x) )
1| -
AM‘X:l = %],7
E |u(§ )
u(x) = y(x), x€[-r0], r>0,

where y € BPE([—r,0],R), Jo = [0, %]
Let

J1=(31],x%=0andx; = 3.

2+ |y | + [ua]

h =
(et01:162) = 7603 (14 |+ ua])

, x€[0,1], u; € PE([—r,0],R) and u, € R.
Clearly, the function 4 is jointly continuous. For any uy,ud; € BE([—r,0],R), up,u» € Rand x € [0,1]:

1
e 2) = (e 2)| < oo (= ope + 2 = 2.

Hence the condition (A2) is satisfied with ¢ = ¢ = HIW We have, for each x € [0, 1],
< 1
|h(x,u1,u2)| < T10e53 (2+ llur llpe + \”2|> .
Thus, the condition (A4) is satisfied with p;(x) = vlm and pr(x) = p3(x) = W. Let
I(ur) = b » uy € PE([=r, 0, R).
8+ |uy|

We have, for each u; € PE([—r,0],R),

1
LGl < g llurllqpe +1-

Thus, the condition (A5) is satisfied with M| = % and M; = 1. It follows from Theorem 3.4 that the problem (5.2) has at least one solution
on J.

6. Conclusion

In this article, with the help of standard fixed point theorem of Schaefer’s and Banach contraction type, we successfully developed existence
of solutions of Katugampola-Caputo type implicit fractional differential equations with impulses. The obtained conditions ensure that the
existence of at least one solution to the proposed problem. Further different kinds of Ulam-Hyers and Ulam-Hyers-Rassias stability have
been investigated.
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treatment of this arch-classical subject, which lays a solid mathematical groundwork of
Markowitz mean-variance theory of efficient portfolios in economics.

1. Introduction and notation

1.1. Introduction

In this paper we solve the following extremal problem: Given a positive dimensional affine subspace C C R”, a linear form 7 which is not
constant on C, and a positive definite quadratic form v on R”, find all points xy € C such that

m(xp) = xEC,LI'Bce)lév(xo) 7(x) and v(xp) = xec.nl(l;lci)gn(xo) v(x). (1.1
It turns out that the locus of solutions of (1.1) is a ray E in C whose endpoint xy is the foot of the perpendicular py from the origin O of the
coordinate system to the affine space C (perpendicularity is with respect to the scalar product obtained from v via polarization). Let A, be the
hyperplane with equation 7(x) = r, r € R, and let p, be the perpendicular from O to the affine subspace C Nk, If w(xg) = ro, v(xo) = ao,
then E = {p, | ¥ > ro}, po = Pr, and the levels r = 7r(x) and a = v(x) are quadratically related along E: a = cr.
Let x ='(xq,...,x,) be the generic vector in R", let M be a proper subset of the set [n] = {1,...,n} of indices, and let C = ﬂjth(j), where
1Y) are linearly independent hyperplanes with equations

) (x)=1;, 1, €R,j€M. 1.2)

In case the hyperplane IT = {x | x; 4+ - +x, = 1} is one of "), we may interpret x € C as an n-assets financial portfolio, subject to the
linear constraints (1.2). Next, under certain conditions, see 4.2, we may interpret 7t(x) as the expected return on the portfolio x and v(x) as its
risk. Finally, we may interpret the elements of E as efficient portfolios from Markowitz mean-variance theory in economics, considered
from purely geometrical point of view. The famous pioneering work [1] is written in this fashion and the condition for nonnegativity of the
variables (due to lack of short sales) distorts the picture there and forces the use of variants of simplex method in Markowitz’s monograph [2].
Thus, instead of the ray E of efficient portfolios, we have to examine a more sophisticated piecewise set Eys of linear segments enclosed in
the compact trace A of the unit simplex in ITon C. If xg € Ep\E N A, then

(xg) < max 7(x) or v(xg) > min v(x

( ) xeC.v(x)<v(xo) ( ) ( ) xeC,m(x)>m(xo) ( )7

that is, the maximum 7(xg) of the expected return decreases or the minimum v(xg) of the risk increases, which is our point of departure.
In section 1, Theorem 2.3, we show that the trace Q, N C of an ellipsoid Q, with equation v(x) = a in R” on the affine space C is again an
ellipsoid in case a > (), where () is a positive definite quadratic form in the variables T = (;) jepr € RM. The center of the ellipsoid
Q,NC is the foot of the perpendicular py from O to C, and, moreover, we find its equation in terms of appropriate coordinates on C.

Email address and ORCID number: viliev@math.bas.bg, 0000-0002-5271-8810 (V. V. Iliev)
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The inequality a > ¥(7) determines an “elliptic” cone a7 in R x RM, which is the base of the bundle & described in Theorem 2.11. By
dragging the ellipsoids a = Y/ (7) "upward” (a is increasing) we establish a real algebraic variety I'y; which is the frontier of §js and branch
locus of €. The fibres of & over the points in the interior of §; are ellipsoids which degenerate into their centers over I'y;. Using this
bundle, we obtain that the image (the shadow) of an ellipsoid in R” via projection parallel to some subspace, is again an ellipsoid — see
Proposition 2.14.

In section 2 we prove some extremal properties of the tangential points of members of a family of eccentric ellipsoids and parallel hyperplanes
in R”. These two sections stick together in section 3 where we prove that the ray E is the locus of all efficient Markowitz portfolios and give
interpretation of the geometrical results in terms of Markowitz mean-variance theory.

1.2. Notation

For any positive integer n we identify the members of the real linear space R" with matrices of type n x 1: x =(x1,...,x,), where the sign’
means the transpose of a matrix. We set O =/(0,...,0) € R" and denote by (e;)"_; the standard basis in R”. Say that M={j1,- - jm}
J1 < --- < jm. be a proper subset of the set of 1nd1ces [n] = {1,...,n}. Given a vector x = (xi,...,x,), we denote by x™) the vector
"(xj,,...,xj,) € RM. Moreover, indexed Greek letters M), etc., mean vectors (t},,...,7j,), etc., from the linear space RM. In case K is
a proper subset of the set M and we fix all 7;, j € K, and vary 7;, j € L, where L= M \ K, then, with some abuse of notation (the fixed
components are supposed to be known), we write M) = (LK),

Given a symmetric n X n matrix Q, by 0™) we denote the principal m x m submatrix of Q, obtained by suppressing the rows and columns
with indices which are not in M.

For a positive definite quadratic form v(x) = xQx on R” with matrix Q we denote Q, = {x € R" | v(x) = a}, a > 0. The set Q, is an ellipsoid
with center O in R" for all a > 0. In case n = 1 the “ellipsoid” Q, consists of two (possibly coinciding) points. We extend this terminology
by defining the singleton {O} to be an “ellipsoid” when a = 0 as well as in the case of zero-dimensional linear space.

For any a > 0 we denote O<, = {x € R" | v(x) < a} and Q-, = {x € R" | v(x) < a}. Note that O<, and Q, are strictly convex sets.

We let 7t(x) = p1x] + - + puXn be a linear form and let us denote by A, the hyperplane in R”, defined by the equation 7(x) = r, r € R. Let
hy(<) denote the half-space {x € R" \ 7(x) < r}. The meaning of notation %, (>), h,(<), and h,(>) is clear.

The standard scalar product (x,y) = ‘xy in R” produces the standard norm ||x|| with ||x||> = (x,x). We set "1 = {x € R" | ||x|| = 1} (the
unit sphere).

The scalar product (x,y) = xQy in R" produces the Q-norm |[|x||g with ||x||3 = (x,x) = v(x) and the QO-distance distg (x,y) = [x=yllo-
Thus, the ellipsoid Q, is a Q-sphere with Q-radius v/a. Two vectors x and y are said to be Q-perpendicular, if {x,y) = 0.

Throughout the rest of the paper we assume that 7 is a positive integer and m is a nonnegative integer with m < n. Moreover, we suppose that
if a proper subset M of the set [1] of indices is given as a list: M = {ji,..., jm}, then j; < -+ < jp.

2. Ellipsoids and affine subspaces
2.1. Intersections of quadric hypersurfaces and affine subspaces

Let M C [n] be a set of indices of size m, M = {jjy,..., jm}, and let (h())) jem be a family of linearly independent affine hyperplanes in R".
The system of coordinates can be chosen in such a way that the hyperplane hU) has equation x; = 7;, T; € R. We denote by h(T(M >) the
intersection N jth(f ). The family {#(t™)) | t) € RM} consists of all (n — m)-dimensional affine spaces in R”, which are orthogonal to
the m-dimensional vector subspace generated by the vectors e, j € M.

(Q;M")

LetQ = (qij)f’] | be a symmetric matrix. For any j € M we denote by p - the j-th column of the (n — m) X n matrix obtained from

QO by deleting the rows indexed by the elements of M Thus ( M) is a vector in R"™" with components (M) _ gii»i € M°. Given a
Yy g y P p pl J J
vector tM) e RM ¢M) =1(7; ... 1), we setp =y lfjkp7 g M) By
(i) (x Z 9qjkXj*k
Jj.keM

we denote the quadratic form which corresponds to the principal submatrix oM) of Q.
Let M€ = {iy,...,in—m}. In case the submatrix 0M) is invertible, let

R G NI )

0 T e

be the solution of the matrix equation
c c ’M[‘
QM) (M) _ _p<_QT<M)>, Q2.1

We set ) .
C(Q;M >(’L'(M>) _ t(c(lQ, (T(M>) C(Q’ )(,L.(M)))7

seeeobn
where CEQ;M()(T(M)) = 7 for j € M. In particular, QM) M)y e p(tM)) Incase L C M, L= {{;,...,0; }, we set

2 () = (2 (), M) (0.

ote that 1 then ¢ e write ¢ T =c 7), and, similarly, ) — p,etc when the context allows
Note that if M = 0, then () (z(9)) = 0. Wi (@:M°) (¢(M)) = (M) (¢), and, similarly p(Ql(‘;Iﬂ) oM T) hen th 1
that.
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Since the vector pEATI;) € R"~™ depends linearly on 7™, the map

v RM 5 R oM) oy (M) (M)

is an injective homomorphism of linear spaces. We set E f f QM) — Vi (RM ) and note that Eff’ (@:M°) i an m-dimensional subspace of R".
Below we use also the short notation E ffM) = E £ f(@:M°) when the matrix Q is given by default.

¢

Lemma 2.1. Ler K and M be proper subsets of the set of indices [n] with K C M. Let 0% and QM) be invertible submatrices of Q. The
Sfollowing two statements are equivalent:

(i) One has ¢'X) (1) € h(z™M)),

(ii) One has ¢K) (1) = M) (7).

Proof. We have h(t™)) < h(7(K)) and let us assume K # M. It is enough to prove that (i) implies (ii). Let ¢(K)(t) € h(t™)). We remind
that the hyperplane h(/) has equation (/) : x ;= t; for any j € M. In particular, for each j € K\ M° = M\ K we obtain c&Kp) (1) =1

Therefore ¢(K)(7) e is a solution of the equation (2.1). The uniqueness of this solution implies ¢(K) (1) = ¢(°) (7).
O

Corollary 2.2. One has
Eff&) an (r(M>) CEff(MC).

Now, let us fix all components of M) ¢ RM except r = 7y for some ¢ € M, so M) = T({Z}*M\{Z})(r). When we vary r € R, then
M) (1) describes a straight line in RM and hence ¢() (¢({¢-M\{}) (1)) describes a straight line in R” which we denote by EfféQ;Mc>.
Tts ray {c™)(tUMUD) (1)) | r > b}, b € R, is denoted by Ef£,2).

Let us set
Me Me
e (2) = o (1) = &gurey (2™ (1), cl 24 ().
Since 0.9 (x) = 0 and cﬁQ;[n]) (1)=---= cﬁlQ;[”D(r) = 0, we obtain yq(,Q) (1) =0. We write y}(w@(r) = Y (7) when the matrix Q is known
from the context.
It follows from Lemma A.2, (i), that y/(7) is a quadratic form in ),

Let us move the origin of the coordinate system by the substitution x = z(T<M >) + (M) (’L'(M ) ). Then the restrictions of the components of
both x™*) and (M) (t(M)) on k(M) are coordinate functions in this (n — m)-dimensional affine space.

Let v(x) = 'xQx be the quadratic form produced by the symmetric nonzero n x n-matrix Q. Thus, Q,: v(x) = a is a quadric in R” for generic
a € R and the real variety g, ;o = Qq N h(t™)) is defined in h(7™)) by the equation

1, (M) Q(ML-)X(M(-) + ztp(M;)x(Mf) +os(t)—a=0. (2.2)

Let us set
VM) (7(eM)y) = 1M (£ (M)y (M) (M) (M), (2.3)

In case the principal submatrix Q™) is invertible, Lemma A.3 implies that v(x) = v™) (z(t™))) 4+ 13, (t™™)) on h™), and in terms of
z-coordinates the equation (2.2) has the form

V) (o(M))) = @ — py (zD). (2.4)
2.2. Intersections of ellipsoids and affine subspaces

Let v(x) = 'xOx be a positive definite quadratic form produced by the symmetric (positive definite) n X n-matrix Q. This being so,
Qa: v(x) = ais an ellipsoid in R” for a > 0, Qg = {0}, and Q, = 0 for a < 0. In particular, oM is a principal, hence positive definite,
submatrice of Q. Thus, the quadratic form (2.3) is positive definite.

In accord with (2.2) and (2.4), we establish parts (ii), (iii), and (iv) of the next theorem. Part (i) is proved in Lemma A.2, (ii).

Theorem 2.3. Let the quadratic form v(x) = 'xQx be positive definite.
(i) If M # O, then the quadratic form Yy (T) is positive definite. ‘
(i) If a > yu(7), then q, qw) is an ellipsoid in the (n —m)-dimensional vector space h(t™M)) with center ¢M) (1) and QM) -radius

v a— YM(’L’). ‘
(iii) If @ = W (1), then g, o = {cM) (1)}
(iv) If a < vy (), then the set 4, 70 is empty.

Remark 2.4. We remind that ellipsoid in an one-dimensional affine subspace is a set consisting of two points and its center is the midpoint.
Remark 2.5. In accord with Lemma 3.2, the affine subspace A(t™)) is tangential to the ellipsoid Q,, a = Y3/(7), at the point x = (M) (7).

Remark 2.6. In view of the previous remark, Lemma 2.1 has transparent geometrical meaning: If the subspace h(T(M )) of h(T(K>) passes
through the point x = ¢(K) (), then A(t(™)) is also tangential to Q, at x.

We obtain immediately the following corollary:
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Corollary 2.7. (i) For any x € h(t™)) one has v(x) > W (t) and an equality holds if and only if x = M) (7).
(ii) The point M) (1) e h(T<M)) is the foot of Q-perpendicular from the origin O to the affine subspace h(T<M)) and one has

distg (0711 (T(M))> = C(M(>(T)Q = /(7).

Corollary 2.8. Let K and L be disjoint subsets of M with K UL = M. One has
(i) Ifa =y (t"™)), then the trace 4, 1% of the ellipsoid Q4 on the affine space h(tK)Y is nonempty and the affine subspace h(t™)) c h(t(K))

is tangential to the ellipsoid q,, ;) at the point (@M (T(M> ).
(ii) (@M (7)) = (@K (7(K)y 4 (QFIM) (L) c(LQiK") (z®)y)

and

(K€) NG
(i) 72 () = 52 (20 ") (20 — 05 10

Proof. Both assertions hold when one of the sets M, K, or L, is empty.
(1) The equalities
G0 = Gg 20 V(D) = g, 0 NA(TM) = 0, N (™M)

and Theorem 2.3, (ii) — (iv), yield that under the condition a = Y/ (7 (M >) we have
G,z Nh(2M) = (O (M), @5)

In particular, a > g (t(8)) and in this case q, ¢ is an ellipsoid in the vector space h(tX)) endowed with coordinate functions
(K°) K ) . 0:K* K . .. . . . . .
s seKe-

(z (7:< ))) cke. The point {c< >(T( ))} is both the origin of the coordinates and the center of the ellipsoid g, ;) which has equation

120K (2K 9 (K) A (K) (1K) = g — e (£1F)).

Therefore we have

Goz6) = Qif}z,((r(k))'
Because of (2.5), the trace A(t™)) of h(t(")) on A(t(K)) is tangential to q, ) at the point QM) (M) (Note that in case Gy ) =
{c(@M) (7(M))} we have ¢(@M) (tM)) = (@K) (£(K)) and A(7M)) is also tangéntial to g, 7(x) at the point QM) (M) __gee Remark 3.1 ).
(ii) The affine subspace h(r(M)) is defined in h(T(K)) by the equations ZAEKF)(T(K)) =T, — C_EQ;Kw(T(K)), s € L (we have L C K¢). Hence
the difference ¢(@M°) (tM)) — (@K (7(K)Y of points in the affine subspace A(t(K)) C R” coincides with the vector (@) (z) —

NG (K€) NG
c<LQ’K >(17<K))) and we have obtained part (ii). The equalities a — g (7\K)) = ng )(‘L'(L) — C(LQ’K )(T(K))) and a = Y (t™) yield assertion

(iii).
O

Remark 2.9. Since the vector ¢(¢"”) (tK)) is Q-perpendicular to the affine subspace A(7(X)) and since the vector (@) () —

C(LQ;KU) (T<K) )) lies in this subspace, part (ii) of the above corollary is Pythagorean theorem.

Remark 2.10. It follows from Theorem of three perpendiculars that the vector (@) (z0) — CE‘Q;KF) (7'K)Y) is O-perpendicular to the
affine subspace h(t™)).

2.3. A bundle

Let us consider the (m + 1)-dimensional space R x RM with generic vector /(a, ™)), endowed with standard topology and let fj; =
{*(a, ™)) € R x RM | a > yy(1)}. The set fy is the closed region in R x R, which consists of all points above the graph ['y; of the
quadratic function @ = y(7) when M # 0 and §j = [0,0) x {0}. In all cases prq(far) = [0,0). The set I'ys is an algebraic variety (hence a
closed set) in R x RM and the difference iy = fas\I'as is an open set, both being nonempty.

Let yy(7) =" M RTM) | where R is a symmetric M x M-matrix. In accord with Theorem 2.3, (i), in case M # 0, the matrix R is positive
definite. If M = 0, then R is the empty matrix. Given a > 0, we set R, = {t™) € RM | 3, (1)) = a} and note that R, is an ellipsoid in RY.
Any level set Ty = {'(a,7™)) € R x RM | a = y(7)}, a > 0, is isomorphic to the ellipsoid R, in R, and Ty = {(0,0)}. Given a >0,

let us denote Eff(“;Mr) = {x eR"|x= L) (7),! (a., T<M)) S FuﬁM}. We define a morphism of real algebraic varieties by the rule
oy R 5 RxRY xs! (v(x),x(w) .
Theorem 2.3 yields @y (R") = iy, we set Dy = (pﬁfll (m), and denote the restriction of @y on @,y by the same letter. Since (p,&1 (t(a,T™))) =

4 zn), We establish the following:

Theorem 2.11. Let & = (Pyy, ar, Jur) be the bundle defined by the map Q.

(i) The restriction &y, is a fibration with fibres oy (H(a,7™)) = Qacon, ' (a, (M)

) € Ju, which are ellipsoids in R~ with centers M) (7).
(ii) The restriction é\FM is an isomorphism of real algebraic m-dimensional varieties with inverse isomorphism I'ny — Eff (M) ¢ (a, add )) —
M) (T), which maps any level set T'q p onto EfflaM),

Corollary 2.12. The set Eff(“;M(> is a real algebraic subvariety of Qq, which is isomorphic via & | Ty to the ellipsoid Ty p.

Taking into account Remark 2.5, we obtain immediately the following:

Corollary 2.13. The family {h(t™)) | t) ¢ Tam} consists of all (n —m)-dimensional affine spaces in R", which are both orthogonal to
the m-dimensional vector subspace generated by the vectors ej, j € M, and tangential to the ellipsoid Q.
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2.4. A shadow

Let us denote by s the restriction of the second projection pry: R x RY — RM on fj;. The composition ¢a; = {i7 0 @y is the restriction on
@y of the projection of R” parallel to the subspace W defined by x™) = 0: @y;: R" — WL, ¢y (x) = x™), and, moreover, (1)1;11 (z™)y =
h(T(M )). Since the set Ef f (@M) = Q, is mapped via ¢ onto the ellipsoid R, in R and since the internal points of 0, are mapped onto
the internal points of R,, we can formulate the result from Corollary 2.13 as solution of a shadow problem:

Proposition 2.14. All (n— m)-dimensional affine spaces in R" with common direction vector subspace W, which are also tangential to an
ellipsoid Q, in R", intersect the orthogonal complement W at the points of an ellipsoid R, in W ~RM . All affine spaces in R" which
have nonempty intersection with the interior of Qu and are parallel to W intersect W at the internal points of Rq.

3. Ellipsoids and hyperplanes

3.1. Ellipsoids and their tangent spaces

Let v(x) = "xQx be a positive definite quadratic form. The equation of the tangent space 6y, of the ellipsoid Q,: v(x) = a, a > 0, at the point
X0 € Qg is

Oy, (x) = a,
where 0y, (x) = xoQx. For all x € Q, we have x # 0 and since the matrix Q has rank n, we obtain Qxg # 0. In particular, 6y, is a hyperplane

and Q, is a smooth hypersurface in R".

Remark 3.1. The tangent space of the “ellipsoid” Qo = {O} at its only point xo = O is R". In particular, any linear subspace of R" is
tangential to Qy.

Let a > 0 and let us fix a point xg € Q,. For any vector u € 5"=1 we denote for short by L, the line {z € R" | z =xo+tu, t € R}.

Lemma 3.2. One has
[°)
LuNQ<q = {xo+1u|0<1 < Oy 00 = o —2

v(u)

B, (1)

v u}.

Proof. The inequality v(xo +fu) < a is equivalent to 20y, (u)¢ +v(u)t? < 0 and the equality holds if and only if f = 0 or t = —2 )y

Lemma 3.3. Let xg € Q,.

(i) One has Q<4 C 0y, (<).

(il) One has Q<4 N6y, = QN Oy, = {x0}.
(iii) One has Q< \{x0} C 6y, (<).

Proof. (i) Let y € Q<4, y # Xo, and let y € L,,. In accord with Lemma 3.2, y = xo + tu where 0 <7 < —2 6:,?’51)4)
0y ()’ <a
v(u) —

(i) Let us suppose that there exists a point y, y # xg, with y € Q<, N 6y, and let u = m (y—xp). Then 6y,(u) =0,y € L, and Lemma 3.2

. We have 6,,(y) =

Ox, (x0) +10x, (u) = a+10; (1) <a—2

implies L, N Q<4 = {x0} — a contradiction with y € L, N Q<,. Now, because of the inclusions {xo} C Qs N 6y, C O<4N Oy, = {xp}, part
(ii) is proved.
Parts (i) and (ii) yield part (iii).

We remind that £, is a hyperplane in R", defined by the equation 7(x) = r, where 7(x) is a non-zero linear form, and g4, = Q4 N h,.

Lemma 3.4. Let xo € qq
(D) If Qa C hy (<), then h, = Bx,.
(i) If Qay C hry (<), then Qq C hy(<).

Proof. (i) When y varies through Q,\{xo}, then u = m(y — xp) varies bijectively through "~ N 6,,(<). On the other hand, since

0

Qu C (<), theny € 04\ {x0} ields 7(y) < r, that is, (xo ~ 2225 ) < 7, and hence B, (u)(u) > 0 for all u € 5"~ 16y, (<). The last

inequality also holds for all u € $"~! N @, (>) because Oy, (—u)7w(—u) > 0. Thus, we have Oy, (u)7(u) > 0 for all u € S"~!, therefore for all
vectors u € R™. If the linear forms 6y, and 7 are not proportional, then after an appropriate change of the coordinates, 6y, and 7 can serve as
coordinate functions in R” — a contradiction.

(ii) Let y € Q4 and let us set y, = (1 — %)y for any positive integer n. Then y, € Q<4, and lim, ey, = y. Since Q4 C hy, (<), we obtain
by (Yn) < ro, hence fy, (y) < rp.

O
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3.2. Some extremal properties

Let h,: 7(x) = r be a hyperplane in R", m(x) = p1x| + -+ ppx,, and let us set p ="(py,..., pn). We denote qq » = Oy Nhy.

Lemma 3.5. Ler xy € R"\{0}, a > 0, and r > 0. The following four statements are equivalent:
(i) One has xy € g4, and Qxg € Rp.

(ii) One has rQxg = ap and a = r*('pQ~'p)~L.

(iii) One has xo € qq,r and Oy, = h;.

(iv) One has qq,r = {xo}-

Proof. (i) = (ii) Let Oxg = bp, b € R. We have
a=v(xy) =" x00xo = "xo(bp) = b'pxo = br(xo) = br,

therefore rQxg = ap. On the other hand, we obtain

2
a _qa a _
a= tonxo = ;tPQ I;P = rjtPQ 1177

hence a = r2('pQ~'p)~L.

(ii) = (i) We have Qxy € Rp, and, moreover, 'xy = %pr*I. 7(xo) = 'pxo = xop = %’pQ’lp =
v(x0) = %Qxg = 4'pQ~ ' Oxg = 4'px = %7 (x)) = a, therefore x € Q4.

The equivalence of parts (i) and (iii) is straightforward. Part (iii) and Lemma 3.3, (ii), imply part (iv).
(iv) = (iil) Let L = {xo +1z |t € R}, 2 # 0, be a line in A, that is, 7(z) = 0. The roots of the quadratic equation v(xo +rz) = a correspond
to the intersection points of the line L and the ellipsoid Q,. Taking into account that v(xo +z) = v(xo) + 26y, (2)t + v(z)1%, we obtain the
equivalent equation 26y, (z)t +v(z)t> = 0. Since g, » = {xo}, this quadratic equation has a double root # = 0, that is, 6y, (z) = 0. Thus, we
obtain L C 6, and therefore 8y, = h,.

= r, hence xg € h,. Finally,

O

Corollary 3.6. Under conditions (i) — (iv) one has 6y,(x) = %7m(x).

Remark 3.7. If xg = 0, then parts (i), (ii), and (iv) of Lemma 3.5 hold fora =r = 0.

Letus setc, = ('pQ~1p)~ 1, E;Q) ={(a,r)|a=cpr?,r >0}, x(a,r) = 4Q~ ' pforany (a,r) € E;,Q> with r > 0, x(0,0) =0, and

Ef;,Q) ={xeR"|x=x(a,r), (a,r) € E[(,Q)}.

Thus, the set efl(,Q) consists of all vectors x € R” which satisfy the four equivalent conditions from Lemma 3.5. Note that 0 € e_f,gQ) and if
x(a,r) € ef,SQ), then {x(a,r)} = gqa,r. In other words, Lemma 3.5 implies
Corollary 3.8. One has
efng) = Urzo,a:cprl%,r-
In case M is a singleton, Theorem 2.3 yields the following two corollaries:
Corollary 3.9. Letx,xy € ef,(,Q), x=x(a,r), xo =x(ag,ro)-
() If a = ay, then qqr, = {x0}

(ii) If a > ay, then qq y, is an ellipsoid in the hyperplane h,,.
(iii) If a < ag, then g4, = 0.

Corollary 3.10. Let x,xy € efl(,Q), x=x(a,r), xo =x(ag,ro)-
(@) If r = ro, then qayr = {x0}-

(ii) If r < ro, then qq, r is an ellipsoid in the hyperplane hy,,.
(iii) If r > ro, then qqyr = 0.

Corollaries 3.9 and (3.10) imply the following two equivalent propositions:
Proposition 3.11. Let x,xy € ef,SQ>, x=x(a,r), xo =x(ag,ro). One has

ro = max rand aqy = min a.
17110.r7é0 Ga,rg #0

Proposition 3.12. Given xy € e f,(,Q), one has

(xp) = max 7(x) and v(xp) = min v(x).
xeeflgw V(x)<v(xg) xeef,SQ) ,7(x)>7(x0)

It turns out that we can trow out the constraint condition x € efl(,Q) from Proposition 3.12. We have the following theorem (compare, for
example, with [3, Section 2]).
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Theorem 3.13. Let xo € g, r, and ro > 0. The following six statements are equivalent:
(i) One has xy € ef,(,Q).
(>ii) One has
(xg) = max m(x)and v(xp) = min v(x).
v(x)<ao m(x)>ro

(iii) One has

7(x0) = max 7(x). 3.1
v(x)<ag
(iv) One has
(xp) = max 7mw(x).
v(x)=agp
(v) One has
v(xg) = ﬂ(r)r{l)lgmv(x).
(vi) One has
v(xp) = min v(x).
m(x)=ro

Proof. Below we prove only these implications which are not straightforward.

If 7o = 0 and xp = x(ap,0) € ¢ fng), then ag = 0, xo = 0, and the equivalences hold. Now, let ry > 0. In particular, we have xg # 0.

(i) = (ii) According to Lemma 3.5, (iii), and Corollary 3.6 we have xo € g4, r, and 6y, (x) = ‘j—gn'(x). Let us suppose v (x) < ag for x € R".
Then Lemma 3.3, (i), imply 7(x) < rg. Now, let 7 (x) > rp, that is, 6y,(x) > ag for some x € R". In this case Lemma 3.3, (iii), yields
v(x) > ag.

(iii) = (i) Let xg satisfies condition (3.1). Lemma 3.4, (i), imply 6y, = h,,. Now Lemma 3.5, (iii), finishes the proof.

(v) = (i). Since Q<q, C hyy (<), Lemma 3.4 yields 6y, = hy,. In accord with Lemma 3.5, (iii), part (i) holds.

4. Markowitz geometry

In this section we unite the results from the previous two sections and give complete characterization of the tangent points of a family of
concentric ellipsoids and a family of parallel hyperplanes in an affine subspace of R”.

4.1. The equality

Let M #0, { € M, and let us set L = {¢}, K = M\ L. Let us fix all components of t(&) ¢ RK: 7(K) = y(K) and set hK) = p(u(X)),
p &) = (@K (1K) K) — e (u(K)). We denote r = 1y, p = p[(K), ¥ =r—p,so ™ = ¢(LK)(;) Finally, we set a = (74K (r)).
We remind that after the translation z = x — p<K ) of the coordinate system, (zs)scke, Where z; = zgkt), is a system of coordinate functions on
the affine subspace 2(K) with origin p(X). In this case h(t™™)) = h(z(L-K) (1)) is a hyperplane in AK) with equation z; = /. In particular,
the corresponding ¢-th coordinate vector p € RX* (the ¢-th component of p is 1 and all other components are zeroes) is a normal vector of
h(zEK) (r)) in AK) . We set 7t(x) = x;, 1K) (z) = z4, and note that the linear form 7(X)(z) is the restriction on 2(X) of the linear form 7(x),
written in terms of z. It follows from Corollary 2.8, (i), that the trace Qa0 of the ellipsoid Q, on affine space 1K) is nonempty and the
hyperplane h(7(LX) (r)) is tangential to the ellipsoid 4k at the point QM) (LK) (1)),

K°)
al

In order to stick together notation from sections 2 and 3 in this case, we seta’ = a — y<K), h(T(L*K) () =hy,qu = Qo u® Nhy = Q( Nhy.

Theorem 4.1. (i) If ¥’ > 0, then
x(d',r) = C(Q;Mr)(T(L’m(r)) “4.1)

and x(0,0) = p(K),
(i1) One has
M€ Q(K()
ef 18" = efi @),
Proof. (i) The affine space h(t(“:5)(r)) is a hyperplane in 2(X), which is tangential to the ellipsoid qq ) at the point QM) (LK) (1)) In
particular, Qi{«) Ny = {c(@M) (7(L-K) (7))} and Lemma 3.5, (ii), yields @’ = ¢,r'* for ¢, = ('pQ~' p)~". Therefore, when r’ > 0, we have
(d,F) e EéQ) and the equality (4.1) holds. In addition, if #/ = 0, then a’ = 0, (7“5 (r)) = 1K), and Corollary 2.8, (ii), (iii), implies
(K) N
J/L(Q )(T(L) fc'(LQ’K )(u(K>)) =0, hence
(K) g K°
(M) () _ &K (1 (K)yy) — g,
In other words,

AOM) (LK) (5)) = (@K (14 (K

This shows that x(0,0) = ¢(@K) (u(K)) = p(K) and the equality (4.1) proves part (i) which, in turn, yields part (ii).
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Theorem 4.2. Let xo = ¢! (¢(LK) (1)) € effl(‘g;Mc). One has rog = ©t(xp) and if ag = v(xg), then

w(xp)=  max  7(x)andv(xg) = min  v(x). 4.2)
xeh®) v(x)<ay x€h®) 1t(x)>ry
(K)
Proof. According to Theorem 4.1, we have r6 =ro—p >0, hence xg = x(ag, o) € ef,gQ ) Let xo =zo + p<K). Theorem 3.13, (i), (ii),
implies
(K9) - (k)
T 20) = max b4 z
)= omas, 70
and

(Kc’) — . (KE)
v (z0) e 2 5 ().

Since 1K) (x) = (z) + p, v(x) = vE) (2) + &) on £K), and since ry=r0— P, ay=do— 71K, we establish the extremal property (4.2).
O

4.2. The interpretation

Let k, m, and n be integers withn >2,0<k<n—1,m=k+1,andlet M ={n—kn—k+1,....n}, K={n—k+1,...,n}, L={n—k}.
Let 2): z() (y) =7, j € M, be linearly independent affine hyperplanes in R". We fix JACK y1+---+yn,=1,s0 1, =1, and denote this
hyperplane by I1. Since 7l (y) are linearly independent linear forms, we can change the coordinates in R": y = Ax, in such a way that the
hyperplane hl/) has equation x i =1Tj, j € M, and, moreover, x; = y;, i € [n] \ M.

We fix 7(8); 7(K) = ,LL(K ) (U, = 1), and interpret 7" =TT as the hyperplane consisting of all financial portfolios with n assets (here y; is
the relative amount of money invested in the s-th asset, s = 1,...,n). The affine subspace =kt A pnt) (which is equal to R” if
m = 2) represents several additional linear constrain conditions and its trace on I1 is the affine space C = hE) = =kt 1) A pn=1) AT
of linear constrain conditions on I1.

We denote £ = n—k, w'¥) (y) = m(y) and let r = 7, be variable. When the coefficient in front of y; in the linear form 7(y) is the expected
return on s-th asset, s = 1,...,n, the trace of the hyperplane 7 = 1O, e 7(y) = r, on IT may be interpreted as the set of all financial portfolios
with expected return r. Moreover, the trace of the hyperplane . on C may be interpreted as the set of all financial portfolios with expected
return r, that obey the above linear constrain conditions on IT.

On the other hand, if v(x) = 'xQx, where ‘A~ QA ™! is the n x n covariance matrix produced by the expected returns of the individual assets,

o) (K)

we may interpret v(x) as the risk of the portfolio x. Theorem 4.2 yields that the ray E = ef’ fe(m, with endpoint p'\*/ is the locus of all

Markowitz efficient portfolios which satisfy the linear constraint conditions C. It turns out that the value v(p(K)) is the absolute minimum of
the risk and in terms of x-coordinates the ¢-th component of p(K ) is the absolute minimum of the corresponding expected return r under the
given constrains.

In order to relate this approach to the classical one, we have to study the intersection E N A, where A is the trace of the unit simplex in ITon C,
because the members of E N A are the efficient portfolios that have no short sales. Moreover, the properties of this intersection characterize
the financial market.

A. Appendix
In this appendix we use freely notation introduced in the main body of the paper.
A.1. Three lemmas

The partition M UM = [n] of the set of indices [n] produces the following partitioned matrices: Any vector x ='(xp,...,x,) € R" can be
visualized as x =/ (xM") x(M)) and any n x n-matrix Q can be visualized as

QM) QM xM)
( QMxMc) o) ) )
Lemma A.1. Let Q be a symmetric n X n-matrix and let v(x) ='xQx be the corresponding quadratic form. One has
v(x) = fx(M")Q(M”)x(M") +2’x(M")Q(M"XM>x(M) +fx(M)Q(M)x(M).

Proof. We have
¢ (M°) (MxM) .
(x) = xQx = (M) 1300) ( o) ) ) () 00 =

£ (M9) (M) (M) | gt () (M XM) () | 1(81) (01 ()

Below we assume that Q<Mr) is an invertible matrix.
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Lemma A.2. Let

et () = — (M) =1 QMM (M) | (M) (M) — 1 (1) (M) (M)

and let 73, (x™)) = —’C%c)(x(M))QWF)c%C)(x(M)) +1x(M) (M) (M)

)

() vm (x(M>) is a quadratic form in xM),

T (D) = 1) [ QM) 1 M XM) (M) =1 (MM (M),

and one has YM(x(M)) = v(c(M")(x(M))).
(ii) If v(x) is a positive definite quadratic form in x, then Yy (x<M )) is a positive definite quadratic form in xM)

Proof. (i) We begin by noting that since

tcl(‘%") (X(M))Q(ME)C%")(X(M)) _ tx(M)tQ(M‘xM)(Q(M”))—l QM”xMx(M)

I

we obtain the above expression for 137 (x(™)). On the other hand, Lemma A.1 implies
e () =
rc%‘?(x(M))Q(M")C%”) (xM)) +2’c%t) (x(M)y QM M) (M) 1 (M) 5(M) (M)
Taking into account that QM *M) y(M) — —Q(MF)C%L.)(X(M)), we establish the identity.
(ii) In is enough to note that ¢™*) (x()) = 0 if and only if x(™) = 0.

Now, let us translate the system of coordinates by the rule
2(TM)) = x — (M) (¢ M)y,

Lemma A.3. Ifx™) = tM) then
v(x) = lZ(M")Q(M")Z(M") + YM(f(M))_

Proof. In accord with Lemma A.1, we have

() = M) QM) (M) 51 (M) (M) (M) 1 £(0M) (1) (M)

() QM) (M) _ 1 %) (04 (M (£ (00)) _.0(01) (1) £(04) _

1) 4 ) () ) g°) () 1 () (7(00) )
0 (M) M) (1)) Q1) M) )y 1 () () (M) —

zZ(M‘)Q(M")Z(M‘) + zC%‘)Q(Mf)C%“) + 2zZ(Mf)Q(M< )C%”)

e

ZZZ(M()Q(MWC%C) _ZtC%c)Q(Mv)Cﬁyc) _~_zT(M)Q(M)1.(M) _

M) Q) (M) |y 200
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study of nonlinear sciences. By the exp(—@(z))-expansion method, we construct explicit
solutions for the proposed equation. Four types of explicit solutions are obtained, which are
hyperbolic, exponential, trigonometric and rational function solutions.

1. Introduction
Consider the following (3+1)-dimensional nonlinear differential equation (NLDE):
ty + b1ty + Dottyes ++ b3ttyyy + bytiss + bsuuy = 0. (1.1

where b; (i =1,2,---,5) are arbitrary constants.

It is know that many famous NLDEs are the special cases of Eq.(1.1). For example, if by = b3 = b4 =0, then Eq.(1.1) is the Korteweg-de
Vries (KdV) equation [1, 2]. If by = by = 0, then Eq.(1.1) is the Zakharov-Kuznetsov (ZK) equation [3]. If b3 = by = b5 = 0, then Eq.(1.1)
is the modified KdV equation [4]. If b3 = by = 0, then Eq.(1.1) is the Gardner equation [5]. If b4 = b5 = 0, then Eq.(1.1) is the modified ZK
equation [6].

Eq.(1.1) is a significant nonlinear model which can be used to depict important phenomena and dynamic processes in physics and engineering.
It is an interesting and meaningful subject to find exact solutions of NLDEs. During the past few years, there has been extraordinary progress
in constructing explicit solutions of NLDEs, for instance, the sine-cosine method [7], the modified simple equation method [8], the bifurcation
method of dynamic systems [9], the enhanced (%)—expansion method [10], the complex method [11]-[15], the exp(—@(z))-expansion
method [16]-[18], and the Lie group method [19]-[21] and so on. More related works are in Ref. [22]-[25].

The paper is organized as follows: The algorithm of the exp(—¢(z))-expansion method have been introduced in Section 2. Symmetry
reduction of the mentioned (3+1)-dimensional NLDE are obtained in Section 3. By the proposed method, we gain explicit solutions of
this kind of (3+1)-dimensional NLDE in Section 4. In Section 5, some computer simulations will be given to illustrate our results, and
conclusions are presented in the last Section.

2. Algorithm of the exp(—¢(z))-expansion method
We consider a nonlinear PDE as follows:
F (1, ty, Uy, U, Uyy, Uy, -+ ) = 0, 2.1)

where F is a polynomial of an unknown function u(x,y,t) and its derivatives, and it contains highest order derivatives and nonlinear terms
are involved.

Email addresses: gdguyongyi@163.com, 0000-0002-6651-1714 (Y. Gu)
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Step 1. Substitute traveling wave transformation
u(x,y,t) =w(z), z=kx+Ily+rt, 2.2)
into Eq.(2.1) to convert it to the ODE,
P(w,w' W’ w" ) =0, (2.3)
where P is a polynomial of w and its derivatives, while ’ := diz'
Step 2. Suppose that Eq.(2.3) has the exact solutions as follows:
n .
w(z) =Y Bj(exp(—9(2)))’, 2.4
j=0
where Bj, (0 < j < n) are constants to be determined latter, such that B, 7 0 and ¢ = ¢(z) satisfies the ODE as below:
¢'(2) = y+exp(—0(2) + uexp(p(2)). 25)
Eq.(2.5) has the solutions as follows:
When 12 —4u >0, u #0,
—J/(F —4p) tanh( VX -
0(z) = 1n (" — 4 tanh(TH—= (2 +a) =7 | 2.6)
2u
VP — 4 coth( VI (7 4 ) —
0(2) =In V(¥ —4p)coth(F5—(z+4a)) — 27
2u
When y2 —4u <0, u #0,
V=) tan(VH T 4 )~y
o(z)=In , (2.8)
2u
40— ) cot( VL) (4 gy) -
0(2) =In (4p —r?)eot(—5—(z+a)) — v 2.9
2u
When ¥2 —4u >0, 740, 1 =0,
Y
=— —_ . 2.10
o0 == (e rar=T) 210
When ¥2 —4u =0, 740, #0,
2(y(z+a)+2) )
In(— . 2.11
o) = (20T @11)
When 2 —4u =0,y=0, 4 =0,
0(z) =In(z+a). (2.12)

Where a is an arbitrary constant and B,, # 0, v, i are constants in Eq.(2.6)-Eq.(2.12). We determine the positive integer n through considering

the homogeneous balance between highest order

derivatives and nonlinear terms of Eq.(2.3).

Step 3. Inserting Eq.(2.4) into Eq.(2.3) and then considering the function exp(—¢(z)) yields a polynomial of exp(—¢(z)). Let the coefficients

of same power about exp(—@(z)) equal to zero,

then we get a set of algebraic equations. We solve the algebraic equations to obtain the

values of B, # 0,7, 1 and then we put these values into Eq.(2.4) along with Eq.(2.6)-Eq.(2.12) to finish the determination of the solutions for

the given PDE.
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3. Symmetry reduction

With the aim of obtaining the symmetry ¢ = o (x,y,s,¢,u) of Eq.(1.1), we let
O = auy + buy + cus +du; +eu+ f, 3.1

where u is the solution of Eq.(1.1), a,b,c,d, e, f are unknown functions of real variables x,y,s,z. By the Lie group method [19, 20],
satisfies

Gy +b16% 1y + b P O + by Orax ++ b3 Gryy + by Oss + bs Gty + bsucy = 0. (3.2)
Putting Eq.(3.1) into Eq.(3.2), we obtain a new differential equation, where
bty = fbluzux — b3lyyy — baltygg — bsuuy — uy. (3.3)

By Eq.(3.1), Eq.(3.2) and Eq.(3.3), we get

b
a=as,b=(azs+a3),c = (ag — b—;‘azy),d =aj,e=0,f=0, (G4

where a;(i = 1,2,---,5) are real constants. Inserting Eqs.(3.4) into Eq.(3.1), we obtain the symmetry of Eq.(1.1)

by
0 = asux+ (axs + a3 )uy + (as — b*az)’)ux +aju.
3

To solve the above characteristic equation of &

@7 dy ds 7£7du

= = = 7
as  ays+az a4—Z—‘3‘a2y a O

we get symmetry reduced equations.
Setting a; = a3 = a4 = as =0, ap = 1, we obtain one similarity solution of Eq.(1.1)

in whichn = % =+ %, & = x+r. Substituting Eq.(3.5) into Eq.(1.1), we get one symmetry reduced equation of Eq.(1.1), which is

O +b10>0g + (ba +b3) Pz + 205y +bsd9e =0.

Setting a; = ay =0, a3 = a4 = as = 1, solving 6 = 0, we obtain the other similarity solution of Eq.(1.1)

u=¢(&,n), (3.6)
in which 1 =5, £ = x+y. Substituting Eq.(3.6) into Eq.(1.1), we get the other symmetry reduced equation of Eq.(1.1), which is
19> @z + (b +b3)9zee +badeny +bsodz =0. (3.7

4. Application of the exp(—¢(z))-expansion method to the nonlinear model

Substitute traveling wave transform
P& =wz), z=kE+In,
into Eq.(3.7), and integrate it with respect to z, then

b b
(byk? + b3k® + byl*)w" + ng + ?lw3 —A=0, (4.1)

where A is the integration constant.
Taking the homogeneous balance between w> and w” in Eq.(4.1), we have

w(z) = By +Bj exp(—9(z)), 4.2

where B # 0, By are constants.
Substituting w?, w3, w" into Eq.(4.1) and equating the coefficients of exp(—@(z)) to zero, we get

1 1
By by’ y+B K> bsuy+ By k*by 1y + 3 By + 5 bs B -1 =0,

BiPbsy? + B by kY + B b3 kY + 2B by kPl + 2B b3 K2l + 2B I2ba 1t
+B()231 b1 +BgB1bs =0,

1
3B byl>y+ by ByB,> + 5b5312+331k2b2y+331 Kby y=0,

1
2B1bs1?> + 2B k*by+ 2B Kby + 3 B =0.
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Solving the above algebraic equations yields

A—_ (4/.1,—72)3(b2k2+b3k2+b412)3
B 18h; ’

V/=6b1 b2k +b3 k2 +ba2)y— /25y (41— 72) (b4 12 + b3 2+ by 2)

By 2b; )
—6 (bg 12+ b3 k% + by k2
Bl_\/ (bal2+b3 K2 +by ), 4.3)
by
where ¥ and y are arbitrary constants.
We substitute Eqs.(4.3) into Eq.(4.2), then
V/=6b1 (b2k2 + b3k + by 2)y— /251 (41— 1) (b2 k2 + b3 K2 + by 2)
w(z) =
2bq
—6 (by k2 + b3 k% + by 12
+\/ ( b ) exp(—9(z)). 4.4)

Using Eq.(2.6) to Eq.(2.12) into Eq.(4.4) respectively, we gain traveling wave solutions to the nonlinear model in the following.
When y2 —4u >0, u #0,

V/=6b1 b2k +b3 k2 +ba12)y— /26y (41— 72) (b2 k2 + b3 2 + by 2)

) 2b,
\/6 (ba k2 + b3 k2 + by 12) 2u
by /(¥ —4u) tanh (¥ Yz;‘” (z4+a)+y
\/—6191 (bok? + b3 k> + by 12)y— \/21;1 (4 —72) (b2 k? + b3 k% + by I2)
wa(z) = 2,
\/6 (ba k2 + b3 k2 + by 12) 2u
by /(72 —4u) coth (¥ YZ;W (z4+a)+y
When 12 —4u < 0, u #0,
V/—6b1 b2k +b3 k2 +ba2)y— /25y (41— 1) (b2 k2 +b3 2 + by 2)
wi(z) = 2,
+\/—6 (ba k2 + b3 k2 + by 12) 2u
b Vau—y ’
! V=) (5 a) —y
V/=6b1 (b2 + b3 K2+ by 2)y— /251 (41— 12) (b2 k2 + b3 2 + by 2)
wa(z) = 2%,
+\/—6 (by k2 + b3 k2 + by 12) 2u
b (=) co( VT (24a) - y

When ¥ —4u >0, y#0, u =0,

\/—6};1 (bak2+b3k2 + by 12)y— \/—21;1 P2 (ba K2+ b3 k2 + by 12)
25,

+ —6 (b2k2+b3k2+b412) V4
b ez ta) -1

ws(z) =

When ¥2 —4u =0, 740, u £0,

() |3 B2R A bR by ) —6 (b2k? +b3K2+b41%) Pz +a)
we(2) = 2, " by 2y +a)+2)

When 2 —4u =0,y=0, 4 =0,

—6 (byk2+b3k2+b412) 1
wr(z) = by .



188

Fundamental Journal of Mathematics and Applications

1]

it gy
2 5

Figure 5.1: 3D profile of wy(z) forba =1, b3 =1,by = —1,b; =—6,k=1,1=1,y=4,and u =3.
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Figure 5.2: 2D profile of wy (z) forbs =1,b3 =1,by = —1,b; = —6,k=1,1=1,y=4,u =3 and n =0.
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Figure 5.3: 3D profile of wy(z) forba =1, b3 =1,by = —1,b; =—6,k=1,1=1,y=2,and u =2
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Figure 5.4: 2D profile of wy(z) forbs =1,b3=1,b, =—1,bj =—6,k=1,l=1,y=2, u=2and n =0.

5. Computer simulations

In this section, the computer simulations are given to illustrate our results by the figures.

6. Conclusion

The exp(—@(z))-expansion method allows us to express the explicit solutions of NLDEs as a polynomial of exp(—¢(z)), in which ¢(z)
satisfies the ODE (2.5). We can determine the degree of the polynomial via the homogeneous balance and get the coefficients of the
polynomial via the simple calculation from the process of this method, and then we obtain the exact solutions.

In this article, symmetry reduction of a class of (3+1)-dimensional nonlinear model are obtained via Lie group analysis. Then, we achieve to
reduce the dimension of the NLDESs that is meaningful in engineering and mathematical physics. By the exp(—¢(z))-expansion method, we
obtain four kinds of explicit solutions. The results demonstrate that the applied method is direct and efficient method, which allow us to do
tedious and complicated algebraic calculation.
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1. Introduction

We consider only finite undirected graphs without loops or multiple edges. Notation and terminology not defined here follow those in [2].
For a graph G = (V, E), we use n and e to denote its order |V| and size |E|, respectively. The complement of a graph G is denoted by G¢. we
use G, to denote any graph of order r. A graph G is empty if the graph G does not have any edge. We use G V G to denote the the join of
two disjoint graphs G| and G,. A cycle C in a graph G is called a Hamiltonian cycle of G if C contains all the vertices of G. A graph G is
called Hamiltonian if G has a Hamiltonian cycle. A path P in a graph G is called a Hamiltonian path of G if P contains all the vertices of G.
A graph G is called traceable if G has a Hamiltonian path. We define

o (n):={G:Gis G V(Kis UKy)Y,

PB(n) ={G:Gis Gua \/Kﬁ%z},

2
€(n):={G:Gis G VKi }
2
and

P(n):=.(n)U T (n),

where .7 (n) := {G : Gis wV (PUQ), where w is a vertex cut such that G — { w } has exactly two components of P and Q which are complete
graphs of order % 1
T (n) :={G : G has a vertex cut w such that G — { w } has exactly two components of P and Q, where P is a complete graph of order %

and w is adjacent to each vertex in P, Q is a graph of order 5§ with §(Q) > %, and 6(G) > % }.

Z'(n):={G:Gis Kz UKz }.
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n+1

-3
% (n):={G:Gis K.o1 UH, where H is a (HT) — regular graph of order }

T
Nikoghosyan obtained the following sufficient condition for Hamiltonian graphs in [1] (also see [3]).
Theorem 1.1. Let G be a graph of order n > 3, size e, and minimum degree 8. If 8> + 8 > e+ 1, then G is Hamiltonian.

Motivated by Nikoghosyan’s result above, we in this note strengthen Theorem 1.1 to the following Theorem 1.2 and present an analogous
sufficient condition for the traceable graphs.

Theorem 1.2. Let G be a graph of order n > 3, size e, and minimum degree 8. If 5> + & > e, then G is empty or G is Hamiltonian or
G € & (n)UAn)JE (n)UZ(n)UZ (n).

Theorem 1.3. Let G be a graph of order n > 2, size e, and minimum degree 8. If 8% + % > e, then G is empty or G is traceable or
G e Z (n)U% (n).

2. Lemmas

In order to prove Theorem 1.1 and Theorem 1.2, we need the following results as our lemmas. The first one follows from Theorem 2 proved
by Zhao in [4].

Lemma 2.1. If G is a connected graph of order n >3 and § > "5, then G is Hamiltonian or G € < (n)U%(n)U% (n)UZ ().

Notice that the statements in Lemma 2.1 are slightly different from the statements in Theorem 2 in [4]. The reason for this is the convenience
when we use Lemma 2.1 in our proofs.
The second one is Theorem 2.5 proved by Cranston and O in [5].

Lemma 2.2. Every connected k-regular graph with at most 3k + 3 vertices has a Hamiltonian path.

3. Proofs

Proof of Theorem 1.2 Let G be a graph satisfying the conditions in Theorem 1.2. If § = 0, then G is empty. From now on, we assume that
0 > 1. Suppose that G is not Hamiltonian. Then, from the conditions in Theorem 1.2, we have that

PS> e> Yoev(c)d(v) o @
- = 2 -2
Therefore 6 > %

Case 1 G is disconnected.

Suppose G consists of k (k > 2) components G| of order nj, G, of order ny, - - -, Gy of order n;. Without loss of generality, we assume that
ny <np < --- < ng. Then we have 2n; < Zé‘:l n; = n. Thus ny < 5. Therefore % <o0<dx)<n—1< % where x is any vertex in

G|.Hence%:5:n]71:%.8052=%6and82+8:%.Nowwehave

@<Zvev<c) §e§52+5:@.

2 - 2 2

Thus G is §-regular graph with § = % and e = 862+ §. Notice that 5=n <ny <--- <my. We must have k =2, ny = 7, and Gy and G,
are complete graphs of order 7. Therefore G € 2 (n).

Case 2 G is connected.

From Lemma 2.1, we have G € & (n)UZ(n)U% (n)UZ(n).

Hence, the proof of Theorem 1.2 is complete.

Proof of Theorem 1.3 Let G be a graph satisfying the conditions in Theorem 1.3. Notice that G is empty when 6 = 0 and G is empty or

traceable when n = 2 or 3. From now on, we assume that § > 1 and n > 4. Suppose that G is not traceable. Then, from the conditions in
Theorem 1.2, we have that

38 Yievig)d(v) _ né
P LI P AL /Al
Ty Ees 2 )
Therefore 6 > %
Case 1 G is disconnected.
Suppose G consists of k (k > 2) components G| of order nj, G, of order ny, - - -, Gy of order n;. Without loss of generality, we assume that

ny <np < --- < . Then we have 2n; < Z{;I n; = n. Thus n; < 7. Therefore 6 <d(x) <n; —1< %, where x is any vertex in G|.



Fundamental Journal of Mathematics and Applications 193

Casel.1 6 ==

Thus "_2 <o0<dx)<m—-1< ”2 , where x is any vertex in G;. Therefore 2 =0=dx)=n—-1= %, where x is any Vertex in

Gy. Hence G is a complete graph of order 5. Notice that 5 =n; <np <--- <n. We must have k =2 and np = 4. Since ny = 5 and
n

Tz =m—-1>d(y)>6= Tz for any Vertexyrn G, Gy is acomplete graph of order 5. So G € Z'(n).

Casel.2 6 =52

Thus 6% = %5 and 82 + % = % Now we have

Zvev(c)<eséz+ﬁ @.

né
2 2 - 2 2

<

Thus G is §-regular graph with § = "= and e=52 + . Notice now that n is odd. Then n; < % 2 implies that n1 < %5~ Thus for any vertex
xin G| we have 23 =d(x)<n—-1< n=2 Therefore G| is a complete graph of order 2 2 . Notice that 5~ = n1 <ny <---<np. We
must have k =2 and n, = 5. Hence Gz is a ("52)-regular graph of order F1. So G € # (n).

Case 2 G is connected.
Case 2.1 nis even.

Then 6 > TS implies that 6 > TZ From Lemma 2.1, we have G is Hamiltonian or G € & (n)UZ(n)U% (n)UZ(n).

First, we prove that it is impossible that G € Z(n). Suppose, to the contrary, that G € Z(n). Then § = "52. Clearly, e > "~ Then we can
get a contradiction from
35 n*—4
B+ —>e> :
+ 7 = e> 7

Obviously, G is traceable when G is Hamiltonian. It is easy to verify that G is traceable when G € 7 (n)U% (n)U.#(n). When G € 7 (n),

notice that 6(Q) > ‘V( ) when n > 8. Thus Q is Hamiltonian when n > 8. It is easy to verify that G is traceable when n > 8. When n =4 or
6, we can also verify that G is traceable. Hence we arrive at a contradiction.

Case 2.2 nis odd.
Then52%+l:%or5:%.

When 6 > % +1= % then G ¢ ./ (n)U%A(n)U.7 (n). From Lemma 2.1, we have G is Hamiltonian or G € ¢ (n)J.% (n). Obviously, G
is traceable when G is Hamiltonian or G € %' (n)U.#(n). Hence we arrive at a contradiction.

When § = 253, then §2 = 53 8 and 8% + % = % Now we have
" Leve) g2 38 18
2 - 2 -~ 2 27
Thus G is 8-regular graph with § = 253 and e = 8% + 325 From Lemma 2.2, we have that G is traceable, a contradiction.

Hence, the proof of Theorem 1.3 is complete.
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A XpXp—3 O XpXp—3

B S T OB o n:O717"'7
ﬁxn73 — YXn—2 _ﬁxnf?: + YXp—2

Xn+1 =
where the constants ¢, 8, Y€ R and the initial values x_3, x_5, x_1 and x( are required to
be arbitrary non zero real numbers. Furthermore, some numerical figures will be obviously
shown in this paper.

1. Introduction

The present paper aims to offer a significant analysis about local asymptotic stability, global attractivity and periodicity of the following
rational recursive equations:
gl = OXpXp—3 Xpil = OxXpXp—3

" ﬁxnfi% — YXn—2 ' " _ﬁxn73 + YXn—2 ’
where the initial data x_3, x_ x_; and x are required to be arbitrary non zero real numbers. Moreover, the parameters ¢, 8 and y are
required to be positive arbitrary values.
The theory of nonlinear difference equations has been extraordinarily developed in recent decades. Obviously, this development can be
evidently seen in the studies which have been published on difference equations. Take, for instance, the following ones. Avotina [1]
investigated the periodicity of three special cases from the fractional difference equation given by

n=0,1,...,

o+ ﬁxn + ¥Xn—1

Xpi]l=—"—"—.
ntl A+ Bx, +Cx,

Bajo et al. [2] analyzed the global character of the following second order recursive equation:

Xn—1

Xpp] = ——.
Ty + bxpx,_1
Cinar [3] provided the solution of the next fractional recursive relation

axXp—1

Xpp] = —".
ntl 1+ bxpx, 1

Din [4] explored some qualitative behaviors such as the stability and the periodicity of the following system:

ayn dyn

X, = — = N
n+1 b+cyn’ Yn+1 et [

Email addresses and ORCID numbers: mmutrafi@taibahu.edu.sa, 0000-0002-6859-2028 (M. S. Almatrafi), emmelsayed @yahoo.com, 0000-0003-0894-8472 (E. M. El-
sayed), faris.kau@hotmail.com, 0000-0002-4842-6137 (F. Alzahrani)
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El-Moneam et al. [5] explored the qualitative behavior of the difference equation

bxy_j + hx,—

Xn1 =A%y + Bxy_ +Cxy—j +Dxy—o + kel .
dxy_j+ex,_;

Elsayed [6] obtained the forms of the solutions of the recursive relations given on the form:

Xpel = Xn
T (xp 1)
Ibrahim [7] examined the global and local stability of the second order recursive relation on the form:

axp—1

Xpi]=——7—.
i — 14+ bxpx,

More details on this aspect can be simply found in refs. [8], [9]-[14], [15].

N . . _
2. On the recursive relation x,, | = #
n— n—

This section underlines widely some aspects and properties of the recursive equation

A XpXp—3

X, =~ n=0,1,2,..., 2.1)
i ﬁxn73 — YXn—2

where the initial values are required to be arbitrary constants. The parameters &, 3 and y are as mentioned above.
2.1. Local stability analysis

The local behaviour of the fixed point of our equation will be proved under an intrinsic hypothesis in this subsection. The equilibrium point
of Eq.(2.1) can be evaluated from the following equation:

oxx ox

px—1w B-v

X =

This implies that
x=0.

Assume that a function 4 : (0,00)®> — (0,e0) is described by the following form:

otz
h(t,s,z) = , 2.2
(t,5,2) [E— (2.2)
from which we can obtain that

oh(t,s,z) [0%4
—5 = [ 2.3)
oh(t,s,z) aytz

ds  (Bz—ys)?’
dh(t,sz)  _ aps

dz (B

These partial derivatives can be obviously calculated at X = 0, as follows:

dh(x,x,X) ox o

Jt - Bf—yxzﬁ—y:_pz’
dh(x,x,X) oyxXx oy

as (i@ (B-pr "V
oh(x,x,X) ayFE ay

= (@ Byt

Now, the corresponding linearized form of Eq.(2.1) about X = 0, is given by

Yn+1+ P2Yn + P1Yn—2+ poyn—3 = 0.

Theorem 2.1. Let
(B—v)* >max{a(B+7), a3y—B)}.
Then, the fixed point of Eq.(2.1) is locally asymptotically stable.
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Proof. According to Theorem A in [16], Eq.(2.1) is said to be asymptotically stable if

Ipol +[p1|+|p2| < 1.

This expression leads to

oy ay o
- + + <1
’ (B-v? ’(.3*7)2 ‘[3—7”
e If B > v, then
2oy a
+ —<1,
B-v? B-v
which can be easily simplified as
a(B+7) < (B-1* 24)
e If B <, then
2oy a
— <1
B-v* v-
Therefore,
a(3y—B) < (B 2.5)

Combining condition (2.4) with condition (2.5) gives us

(B =77 > max{a(f+7), a(3y—B)}.
This achieves the proof completely. O

2.2. Global stability analysis

Here, we will present an approach to determine the global behavior of Eq.(2.1). In this equation, two different cases will emerge as illustrated
in the following fundamental theorem.

Theorem 2.2. The fixed point of Eq.(2.1) is said to be a global attractor if o, # .

Proof. Suppose that r|, r; € R and let & : [ry, r2}3 — [r1,r2] be a function defined by Eq.(2.2). Then, we take into consideration the
following situations.

Case 1: Let Sz < s be true. Then, equations (2.3) tell us that Eq.(2.2) is nondecreasing in s and nonincreasing in ¢ and z. Next, let (¢, ) be
a solution of the following system:

2
ay
= h IR &) = . .
(0 (X 9.%) Bx—790
2
aQ
= h s A = . -
x (@,2.9) Bo—1x
Or,
Box —vo* = ax?, (2.6)
Box —vx* = ag’. 2.7

Subtracting Eq.(2.6) from Eq.(2.7) gives
Yx* -9 =a (1’ - o).
Now, if ¥ # o, we have
=X

As claimed by Theorem B in [17], the fixed point of Eq.(2.1) is a global attractor.
Case 2: This case shows the global behaviour when 8z > ¥s. The proof of this case is similar to the previous one. O

Remark 2.3. Eq.(2.1) is not prime period two.
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2.3. Special case of eq.(2.1)

In the following paragraph, we will specify an effective theorem to verify the periodicity of the solution of the following fourth order
recursive relation:

XnXpn—3

Xn1 = 2.8)

7
Xp—3 —Xn-2

where the initial values are as illustrated above.

Theorem 2.4. Each solution of Eq.(2.8) is periodic with period eighteen.

Proof. We assume that {x,},__ is a solution of Eq.(2.8), then

Xy = XnXp—3
" Xn—3 —Xp-2 ’
XnXn—3 X
An+1Xn—2 Xn3—Xy g ) M2 Xp—3Xp—2Xn
Xny2 = = = ,
Xn—2 —Xp—1 Xn—2 —Xp—1 (xn—3 _xn—Z) (xn—Z _xn—l)
< Xn3%n 2% )x .
P — Xn+2Xn—1 (¥n—3—Xn—2) (Xp—2—%n-1) n-
" Xp—1 —Xn Xp—1 —Xn
_ Xpn—3Xn—2Xpn—1Xn
- ’
(xn—3 _xn—2) (xn—Z _xn—l) (xn—l _xn)
< X302 Xn— 1 ) X
Xpia = Xn43%n \ (3—X2)C2—X 1) (1 —%,) ) 7"
n+ - _ - __XnXn-3
Kn = Xn+1 Xn Xp—3—Xp—2
o Xn—3Xn—1Xn
- - y
(xn72 _xnfl) (xnfl _xn)
<7 Xn—3Xn—1Xn ) < XnXpn—3 )
. Xp4+-4Xn4+1 (n—2=Xn—1) (Xn—1—Xn) Xp—3—Xn-2 Xn—3%n
n+5 = _ = XnXn—3 Xn—3Xn—2Xn = _ ’
K1~ Xnt2 X3 =Xn2 (3 —Xn—2) (V2 —Xa1) (n—1 = 1n)
Xprg = Xnt5%n+2
" Xn+2 = Xn+3
( Xp 3% > ( Xn3%n 2% >
_ Xn—1—Xn (Xn—3—Xn—2) (Xn-2—2n-1) _
= X302 — Xn—3%n—2%n—1%n = X3,
(n-3=Xn—2) Cn2=2n-1) (003 —20-2) (Kn—2—Xn—1) (Xn—1—%)
Xpr7 = An+6Xn+3
" Xn+3 — Xn+4
_ Xn—3Xn—2Xn—1Xn
_ Yn—3 <(xrl—37xn—2)(xn—27xrt—l)(Xn—lf-xn)) .
= X 3%n—2Xp—1%n T T3 %1% = —Xp-2,
(n-3—Xn—2) X2 =2%0—1) (Cn—1—X) " (Gn—2—20—1) (Kn—1—Xn)
—x (_ Xn—3Xn—1Xn )
_ Xn4TXnad =2\ G )0 1—%) )
Xnt8 = X —Xpes - Xn—3%n_ 1 %n % n—D
4 T And =X ) (1 —%n) (a1 —%n)
_ Xn_3Xn
Xn+8Xn+5 Fn—1 (Xn—l *Xn)
Xn+9 = = T X, 3% = —Xpn,
Xn+5 ~ Xn+6 o—x, TXn-3
_ Xn+9Xn+6  —Xn (_xn—3) _ XnXp—3
Xp+10 = - - ’
Xn+6 — Xn+7 —Xp—3+Xp—2 Xp—3 —Xp-2
X3 .
X Xn4+10Xn+7 ( xnf3_xn—2) ( 'x”*z)
n+11 = =
Xn+7 — Xn48 —Xp—2 +Xp—1

Xn—3Xn—2Xn
(xn—3 _xn—2) (xn—Z _xn—l) ’




198 Fundamental Journal of Mathematics and Applications

(7 Xn—3Xn—2Xn ) (7x 1)
e (¥u—3—n—2) (Kn—2—Xn—1) n-
Xn+12 = =
Xn4+8 — Xn49 —Xp—1+Xn
_ Xn—3Xn—2Xp—1Xn
- b)
(Xn—3 = Xp—2) (Xn—2 = Xn—1) (Xn—1 —Xu)
(7 X302 Xn—1 Xy )(7)6 )
_ Xn+12Xn49 (=3 —%n—2) (¥n—2 =Xu—1) (¥u—1 —%») "
Xn+13 - X _ - —x, + XnXn—3
n+9 — Xn+10 B ———
_ Xn—3Xn—1Xn
- 9
(xn72 _xnfl) (xnfl _xn)
Xp—3Xn—1Xn _ _XnXp-3
_ Xn+13Xn4+10 (2 =2n—1) (in—1 —Xn) Xn—3—Xn-2
Xn+14 = X s T XnXn3 Xn—3Xp—2Xn
n+10 n+11 Xp—3—Xp-2 (xn—B 7/‘/1—2)('@1—2 7)6,,,1)
_ Xn—3Xn
- N |
(xnfl *xn)
- Xn+14Xn+11
Xp+15 =
Xn+11 — Xn+12
_ Xp3X _ Xn—3Xn—2Xn
B X1 —Xy (¥n—3—%n—2) (Xn—2—Xu—1) _
= X 3%n—2%n T X 3%n—2%n—1%n = Xn-3,
(n—3=Xn—2) (Xn—2—=%0—1) " (n—3—%0—2) (Xn—2—Xn—1) (X1 =)
_ Xn+15%n+12
Xnr16 =
Xn+12 —Xn+13
_ X3 2Xn 1%
B ¥n—3 ( (x,k;—xnfz>(x”7rx,,,l><xn,lfxn)) B
= - X 3%n—2%n—1%n — X3 %1% =Xn-2,
(n3=2n2) Xn2=Xn 1) (1 =Xn)  (Ku—2—Xn—1) (X1 —Xn)
X 2( Xn—3Xn—1Xn >
B Xn+16Xn+13 2\ (2 —2—1) (Knm1—Xn) .
Xn417 = = X, 3%, 1%, X, 3X, =Xn—1,
Xnt13 — Xni14 n—3%n—1Xn n—3%n
nt nt (-2 =%n—1) (Kam1=20) ' (X1 =)
_ Xn3Xn
N Xn+17Xn+14 Xn— 1( (Xn—1—Xn) >
n+18 = = Xn_3%,
Xnt14 —Xntls TSy T3
The proof has been completely done. O
p p y

2.4. Numerical confirmation

To confirm our theoretical outcomes in the previous subsections, we will provide some concrete numerical examples in this subsection.

Example 2.5. Figure 2.1 is sketched according to the following values: a =y=1, B =6, x_3 =x90=0.2,and x_; = —x_» = 0.1.

plot of x(n+1)=(a x(n)x(n-3))/(b x(n-3)—c x(n-2))
0.25 T T T T

0.2 1
0.15- 1

0.11 1

x(n)

0.05- 1

10 20 30 40 50

Figure 2.1

Example 2.6. We consider oo =10, B =2, y=1,x_3=0.5, x_p =x9 =1 and x_; = —1, to depict the Figure 2.2.
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x 102 plot of x(n+1)=(a x(n)x(n-3))/(b x(n-3)—c x(n-2))
1.5 T T T -

1k
0.5-
)
”
of
-0.5
1 ‘ ‘ ‘ ‘
0 10 20 30 40 50
n
Figure 2.2
Example 2.7. This example illustrates the periodicity of the special case equation when we take x_3 =x_1 = —0.1 and x_» = x9 =0.1.
See Figure 2.3.
plot of x(n+1)=( x(n)x(n-3))/( x(n-3)- x(n-2))
0.15 ; ‘ : ‘

x(n)

-0.15
02 10 20 i 30 20 50
Figure 2.3
3. On the recursive relation x, | = %

This section will offer various mathematical aspects of the following recursive form:

AXpXp—3

I3 o, (3.1)
_ﬁxn—3 + Yxn—2

Xp+1 =

The initial data and the arbitrary constants are as mentioned above.
3.1. Local stability analysis

In this part, the behaviour of the solutions in the neighbourhood of the fixed point will be established via a key theorem. The fixed point of
Eq.(3.1) can be simply found from the equation given by

oxx  OxX
—Bx+yx  —B+y

=
This gives us

x=0.

3

Assume that a function 4 : (0,00)” — (0,0) is described as follows:

arz

h(I,S,Z) = m

3.2)

Then,
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oh(t,s,z) _ oz ’ 33)
ot —Bz+ys
dh(t,s,2) _apz
ds  (“Pztys)?
oh(t,s,z) oyts
9z — (—Bztys)?
Finding these partial derivatives at X = 0, yields
Jh(X,%,X) ax o
ot T Bty y-p
Jh(X,X,X) ayx ay
o T (B (-p? "
Jh(x,%,X) ayex oy
= T Bxmr -pp
Following, the corresponding linearized scheme of Eq.(3.1) about X = 0, is
Ynt+1+ P2Yn+ P1Yn—2+ Poyn-3 = 0.
Theorem 3.1. Assume that
(y=B)*>max{a(B+7), aBy—B)}.
Then, the point x = 0, is locally asymptotically stable.
Proof. As stated by Theorem A in [16], Eq.(3.1) is said to be asymptotically stable if
[pol +lp1l+1p2| <1,
which implies that
oy oy ‘ o ’
+ |- + < 1.
‘ (v—B)? ' (r=B21 lr-p
* If B < 7, then
2oy a
+—— <1
(ry=B? r-p
Therefore,
a(3y-B) < (r-B)*. (34)
e If B > v, then
20y o
- — <1,
(r=B2 v-
which can be easily reduced to
a(y+B) < (r-B)*. (3.5)

Finally, combining condition (3.4) with condition (3.5) leads to

(y=B)* >max{a(B+7). a(3y—B)},

which is what we require to prove. O
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3.2. Global stability analysis

We now turn to analyze the global attractivity of Eq.(3.1), in which two various cases are arisen.
Theorem 3.2. The fixed point of Eq.(3.1) is a global attractor.
Proof. Assume that i, r, € Randleth: [r, ;’2]3 — [r1,r2] be a function defined by Eq.(3.2). Then, we examine the next two cases.

Case 1: Let 3z < ¥s be true. Then, from equations (3.3) we observe that Eq.(3.2) is nondecreasing in ¢ and z and nonincreasing in s. Now,
suppose that (¢, x) is a solution of the following rational system:

2
o
o = Wex,0)=—F—"—,
( ) —Bo+vx
2
ax
X = hxex)=—F".
( ) —Bx+ve
Obviously, this system can be written as
—Bo* +rpx = ag?, (3.6)
—Bx*+vox = ox’. 3.7)
Subtracting Eq.(3.6) from Eq.(3.7) leads to
BU*—0?) = ale® — 7).
Hence,
B+y)(x—9)(x+9)=0.
This implies that
=X
As claimed by Theorem B in [17], the point X = 0, is a global attractor.
Case 2: In this case we consider Bz > ¥s. The proof can be achieved in a similar way to the previous one. O

Remark 3.3. Eq.(3.1) is not prime period two.
3.3. Special case of eq.(3.1)
Now, we will formulate the solution of the recursive equation which is given as follows:

XnXp—3
Xpp] = ———, n=0,1,.... 3.8)
Xn—2 —Xp-3

The initial values are required to be nonzero real numbers.

Theorem 3.4. Suppose that {x,},.__ is a solution of Eq.(3.8) and satisfying x_3 = a, x_y = b, x_1 = c and xy = d. Then, forn=0,1, ...
. (=1)"Yabed
e (Fa1a=Fa2b)(fa1b = fu20) (fa16 = faad)’
(—=1)"abed
X3p—2 )
" (fna@ = fn1D)(fu—1b = fn—26)(fu—1¢ = fn—2d)

(=) abed

X3n—1

(fua— fa—1b)(fub *f;a—lc)(fn—lcffn—zd)’

where { fu}n—_ , is called Fibonacci sequence.

Proof. It can be clearly seen that the solution is confirmed for n = 0. Next, we assume that n > 0 and the above-mentioned results hold for
n— 1. This leads to that

N (=1)"Yabed
" (fu—2a = fu=3b)(fu2b — fu—3¢)(fu—3c — fu_sd)’
B (=1)"2abed
BT aa— fus3b) (f2b— fa—30) n2¢ — fusd)’
. B (=1)"Yabed
M T (fam1a— fa2b) (fa—2b — fu—36) (fa2¢ — fa3d)’
(—1)" abcd
X3p—4 =

(fn—la _fn—Zb) (fn—lb _fn—Zc)(fn—ZC - fn—Sd) '
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Next, from Eq. (3.8) we have

X3n—4X3n—7

X3p-3 =
X3p—6 —X3n—7

( (=1)"abed )
(fa1a—=fu-2b)(fu1b—fo20)(fu20—fu3d)

( (=1)"abed
(fa2a—fu3D)(fu2b—fo3¢)(fu3c—fuad)

(—1)"'abcd
(fa2a—fu—3D)(fu2b—fo3¢)(fu3c—fusd)

(—=1)*"" Y (abed)? (fu—2a — fr—3b)(fa2b — fu_3¢)

(=1)"2abed _
(fufZaffrtf.?b) (fnfzbffrHBC) (fuf’lcffna?d)

(fa—2¢ = fa3d)(fu—2a— fu_3b)(fu—2b— fu—3¢)(fu_3C— fu_ad)

(fn—la 7fn—2b)(fn—lb - fn—2c)(.fn—2c - fn—3d)(fn—2a 7fn—3b)

(fn72b - fn73c) (fn73c - fn74d) (ade)
{ (=" 2 (fuez@— fu_3b)(fa—2b — fo3¢)(fa_3c — fuad)

- (_1):1—1 (fn72a _fn73b) (fn72b _fn73c)(fn72c - fn73d)

(—1)* Y (abed) (fr-2a— fo3b)(fu2b— frzc)

|

(fn—la _fn—Zb)(fn—lb _fn—2c)(fn—2a - fn—Sb)(fn—Zb - fn—SC)

(=12 (amse = fomad) = (=)' (famze = fu3d)]
(=) (abed)

(fnfla _fn72b) (fnflb _fn72c) (_l)n [(fn73c - fn74d) + (fn72c _fn73d)]

(=1)""! (abed)
(fnfla _fn72b) (fnflb _fnfzc) [(fnflc _fn72d)] ’

We now turn to prove the second solution of our equation. Again, from Eq. (3.8) we have

X3n—3X3n—6

X3p—2 =
" —X3p—6 T X35

( (—1)"'abcd )

(fam1a=fa2b)(fa1b—fr2¢) (fa1c—fu2d)

( (=1)"abcd )
(fa2a—fu-3D)(fu2b—fo3¢)(fu20—fu3d)

_ (—1)""abcd
[ ( (fnfzﬂ*fnfzh)(fnfzb*ﬁgC)(fnfzvffnfzd)>+ ]

( (=1)"abed
(fum1a—fu—2b)(fu—2b—fu—3¢)(fu—2c—fu_3d)

(—1)*"73 (abed)? (fu—2a — fr—3b)(fu_2b — fr_3¢)

(fn—ZC _fn—3d)(fn—la - fn—Zb)(fn—Zb - fn—SC)(fn—2C - fn—3d)

(fnfla _fn72b)(fn71b _fn72c)(fnflc _fn72d)(fn72a_fn73b)

(fn72b - fn73c) (fn72c - fnf3d) (ade)

(—1)*"73 (abed) (fr-2b— fr—3¢) (fu—2¢ — fr—3d)

(1" 2 (fum1a— fr-2b)(fa—2b — fu—3¢) (fu—2¢ — fa3d)
(=1 (faora— fu3b)(f-2b — fa3¢)(fa—2¢ — fr3d)

(fnflb - fn72c) (fnflc - fn72d) (fn72b - fn73c) (fn72c - fn73d)

— (1" (famra@— fra2b) + (=) (fu2a 7fn73b):|

(=1)*" 3 abed
(fac1b— fa20)(fa-1¢ = fu—2d) (=1)" " [(faa — fu—1b)]
(—1)" abcd
(fae1b = fu20)(fu—1¢ = fu—2d)(fna— fu_1b)’

Finally, we will show the last part of the solution. Eq.(3.8) leads to
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X1 _ X3p—2X3p—5
—X3p-5 +X3p—4
( (—1)"abcd )
(fn 1b—f 25)(frz 16— fa Zd)(fnaffu 1b)

(=1)" ' abed )
(fa—1a—fu—2D) (fu—2b—fn—3¢) (fu—20—fu—3d)

|: (—1)"""abcd + ]
_ (fn—laffn—Zb)(fn—Zb*fu—ﬂﬁ(fn—chﬁl—3d>
(—1)"abed
(fa—1a=fu—2D) (fu—1b—fr2¢) (fu—20—fu—3d)
(=1 " (abed)* (fu-1a~ fo2b)(fu2b— fu-3c)
(fa—2e = fu—3d)(fu—1a = fu2b)(fu—1b — fu20)(fu—2¢— fr—3d)
(fnflb - fn72c)(fnflc _fn72d) (fna _fnflb)(fnfla _fn72b)
(fn72b - fn73c) (fn72c - fn73d) (ade)
{ — (=" (fu1a— fa2b) (fa1b — fu—2¢)(fu—2e — fa-3d)
+ (71)n (fn—la - fn—2b)(fn—2b - fn—3c)(fn—2c 7fn—3d)
(_I)anl (ade) (fnfla - fn72b)(fn72c - fn73d)
(fna_fnflb)(fnflc_fn72d)(fn71a_fn72b)
(fa—2e— fn—3d) (71)n [(fa2b — fu—3¢) + (fu—1b— fu—20)]
(=1)" Y abcd
(fnaffnflb)(fnflcffn72d) [(fnbffnflc)]
(=112 abed
(fna_fnflb)(ﬁlflc_fn72d) [(fnb_fnflc)]
(=1)" " abed
(fna_fnflb)(fnflc_fn72d)(fnb_fnflc) '

O
3.4. Numerical confirmation
This subsection is included to verify and confirm the results we obtained in this work.
Example 3.5. This example pictured the stability of the fixed point when we take oo =B =1, y=7,x_ 3=-3,x =3, x_| = —5and

xo =5. See Figure 3.1.

plot of x(n+1)=(a x(n)x(n-3))/(-b x(n-3)+c x(n-2))

n

Figure 3.1

Example 3.6. In Figure 3.2, we consider a =15, B =1, y=14, x_3=0.1, x_, =—-0.5, x_y =l and xo = — 1.
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plot of x(n+1)=(a x(n)x(n-3))/(-b x(n-3)+c x(n-2))

x(n)
=]

0 10 20 30 40 50

Figure 3.2

Example 3.7. The stability of Eq.(3.8) is shown in Figure 3.3, when we let x_3 =5, x_p = —8, x_1; = 10 and xy = —10.

plot of x(n+1)=( x(n)x(n-3))/(- x(n-3)+ x(n-2))
10 T T T T

x(n)
o

2+ ]
4+ ]

6 ]

~10 . . . .
0

Figure 3.3
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Green’s function is sign-changing, we still obtain the existence of monotone positive
solution under some suitable conditions on f by applying iterative method. An example is
also given to illustrate the main results.

1. Introduction

Fourth-order ordinary differential equations have attracted a lot of attention due to their applications in engineering, physics, material
mechanics, fluid mechanics and so on. Many approaches, such as the Leray— Schauder nonlinear alternative, fixed point index theory in
cones, the method of upper and lower solutions, degree theory, Guo-Krasnoselskii’s fixed point theorem, Leggett-Williams fixed-point
theorem, are used to study the existence of single or multiple positive solutions to some fourth-order boundary value problem, see [1]-[13].
However, all the above-mentioned papers are achieved when corresponding Green’s functions are nonnegative, which is a very important
condition.

Recently, the existence of positive solutions of the boundary value problems with sign-changing Green’s function has received increasing
interest.

In 2008, Palamides and Smyrlis [14] studied the existence of at least one positive solution to the singular third-order three-point BVP with an
indefinitely signed Green’s function

where 1 € (ﬂ, 1) Their technique was a combination of the Guo-Krasnoselskii’s fixed point theorem [15, 16] and properties of the
corresponding vector field.

In 2018, Zhang et al [17] studied the existence of at least n — 1 decreasing positive solutions of the problem

u® (1) = f(tu(t) =0, te [0 1],
u(0)=u(l)=u"(n)=
their main tool is the fixed point index theory.

It is worth mentioning that there are other types of works on sign-changing Green’s functions which prove the existence of sign-changing
solutions, positive in some cases; see [18]-[22].

Email addresses and ORCID numbers: djourdem.habib7@gmail.com 0000-0002-7992-581X (H. Djourdem), slimanebenaicha@yahoo.fr 0000-0002-8953-8709 (S. Be-
naicha), bouteraa-27 @hotmail.fr 0000-0002-8772-1315 (N. Bouteraa)
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Motivated and inspired by the above-mentioned works, in this paper we will study the following nonlinear fourth-order three-point BVP with
sign-changing Green'’s function

Y (1) = J(”l( i()) t€10,1], (1.1

t,
W' (0) = (0) ) =0, u" (1n)+au(0) =0,

by applying iterative method. Throughout this paper, we always assume that f € C ([0, 1] x [0,+o2),[0,4<)), &t € [0,6) and 1] € [%, 1). By
imposing some suitable conditions on f and 1, we obtain the existence of monotone positive solution for the BVP (1.1). Moreover, our
iterative scheme starts off with zero function, which implies that the iterative scheme is feasible.

2. Main results

Let Banach space E = C|[0, 1] be equipped with the norm [|u|| = max,¢[o 1 [u (t)|-
Lemma 2.1. The BVP
t)=0 temJL
' (0) =u"(0) =u(1) =0, u" (n)+0ou(0)=0

has only trivial solution.
Proof. Tt is simple to check. O

Now, for any y € E, we consider the BVP

u® (1) =y(1) 1€(0,1],
W (0)=u"(0)=u(1)=0,u" (n)+ au(0)=0.

After a direct computation, one may obtain the expression of Green’s function G (¢,s) of the BVP as follows: for s > 7,

) (1—

. 7%, 0<r<s<l1

t,s)= 3

’ (t—s)  (6—ar*)(1-s)
6~ ooa o 0Ss<i<I

and for s < 1,
_ (6-a*)(1=s)’
Glt.s) = 66-a) T 6-a> 0<r<s<l

3 o3 )3
G ;’622) L L g<s<i<l,

Remark 2.2. G(t,s) has the following properties:
G(t,s) >0 for 0<s<n and G(t,s) <0 for n<s<l.
Moreover, for s > 1,
max{G(t,s): t€[0,1]} =G(1,s) =0,

(=9 _(1=m)’
6—«a 6—a

min{G (¢,s): 1 €[0,1]} =G (0,s) = —
and for s <1,

52 +3s — 352 - n°+3n-3n2

max{G(t,s):t€[0,1]} =G(0,s) = PR rp

)

min{G (t,s): t €[0,1]} =G(1,s5) =0.
So, if we let M = max {|G (z,s)| : #,s € [0, 1]}, then

_m)3 n3 22
M_max{(l n)® n’+3n-3n }< 1

6—o ’ 6—o 6-o’
Let
K = {y € E : y(t) isnonnegative and decreasing on [0,1]} .

Then K is a cone in E. Note that this induces an order relation ”<” in E by defining u < v if and only if v —u € K. In the remainder of this

paper, we always assume that f satisfies the following two conditions:

(H;) for each u € [0, +o0), the mapping r — f (¢,u) is decreasing;
(H,) for each ¢ € [0, 1], the mapping u — f (¢,u) is increasing.
Now, we define an operator 7 as follows:
= /01 G(t,s) f(ssu(s))ds, uek,ie[o1].

Obviously, if u is a fixed point of 7" in K, then u is a nonnegative and decreasing solution of the BVP (1.1).
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Lemma 2.3. T : K — K is completely continuous.

Proof. Letu € K. Then, for ¢t € [0,1], we have

t(t—s)? -3 —ar®) (1—s)°
(Tu)(t)=/0 [(’6) ML Gl )}f(s,u(s))ds

6—o 6(6—a)

_ 3 — o3 s ) )
+/t’7 |:é_ta_(6 6022)(;) :| (s,u( ds+/[ 6 o :|f(s7u(s))ds,

which together with (H;) and (H,) implies that
b =5 32 a’(1-s)
(Tu) (t)./o[ 5 —670‘4— 2(6—a) ] s,u( ds+/
+/1
1| 42 _ 2 201 _ )3
7/ [t 52 2ts ta"'a;(él_;)) ]f(s,u(s))ds—i—/tn
1 Octz(lfs)3
+f { 6o }f(w(S))ds
n ar? (—3s+352 — 3 ' 52 72ts
:/0 2(6—06) dvf—/ fsu dv+/ vuv
2 t 2_2
,%/t f(s,u(s))ds+/ u ts fs,u(s))ds

Sf(mu(n))[z(git_za)/ ( 35435 — 5 ds 7/ /’s —2ts aﬂ )/nl(l—s)3ds]

a2 (1—s)
2(6—0a)

:| f(s,u(s))ds

32 o (1—s)

“6—a 26—a) :|f(s,u(s))ds

2 2

= Srmam 2 (5-n) -0+ 5
12 ar*>(1-4n) 27

< Ef(n,u(n)) {W - 7}

<0.

Fort € [n, 1], we have

PR Ca®) (1—s)
(T 1) = /"[(’ Ly 1of el )]ﬂs,u(s))

6 6—a 6(6—0a)

s) 3 6 3 —s5)3 1 6— ot —s5)?
o ff |- e )}f(syu(S))Jr/t [—%}f(s,u(s)),
which together with (H;) and (H») implies that
(t—s)? oct2 1—5s)

. 7S2 2 2 S
(Tu)l(t):/on {([2) —;ia-i-m(él @) ] s,ul( ds—i—/

1 (1)
/tl a;(élfa)) f(s,u(s))ds

- 2(:71206)/0” <73s+3szfs3>f(s u(s) der/17 <32;ls)f(s,u(s))ds

26-a) :|f(s,u(s))ds

(t—s)? ocz2 ’
+-/11 +/ u(s))d
2 2 S3
gﬁj’(n,u(n))[/on< 354352 =53 ds+/ ( ) o él a)) ds |
2 201 _
= St [ Fg S
? ar*(1-4n) 1-3n

=S raum)]

<0.

(6—o) 3 }

So, (Tu) () is decreasing on [0, 1]. At the same time, since (Tu«) (1) = 0, we know that (T'«) (¢) is nonnegative on [0, 1]. This indicates that

Tu e K.
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Now, we assume that D C K is a bounded set. Then there exists a constant C; > 0 such that ||u|| < C; for any u € D. In what follows, we
will prove that T (D) is relatively compact.
Let

Cy =sup{f(t,u): (t,u) €[0,1] x [0,C1]}.

Then for any y € T (D), there exists u € D such that y = Tu, and so,

1
pOI= 1T 0] =| [ 609 (o)

< [[166.5)1 76 Lutsas
gM/Olf(s,u(s))ds <MGC, 1€[0,1],

which implies that 7' (D) is uniformly bounded. On the other hand, when € > 0, if we choose 0 < T < min {1 -, m } then, for any
uebD,

e ds < 2C £ 2.1
/n,T f(S,M(S)) S S 2T < m ( . )

Since G (t,s) is uniformly continuous on [0, 1] x [0,17 — 7] and [0,1] x [ + 7, 1], there exists § > 0 such that for any #1,t, € [0,1] with
|l| 71‘2| < 6,

€

6(0:) =629 < 36 Gy

sef0,n—r1] 2.2)

and

€
3(G+1)(1-n-1)
In view of (2.1), (2.2) and (2.3), forany y € T (D) and t1,1; € [0, 1] with
lt1 — 1] < 8,

|G(117s) —G(l‘z,s)‘ <

em+r1]. (2.3)

ly(t1) =y ()| =T (t1) = T (t2)]

’/ (t1,8) = G(12,5)) f (s,u(s))ds

SAKﬂm Glt,9)| £ (s,u(s)) dis
:/(;n77|(G(l1, G(tp,5))| f (s,u(s))ds+ nﬂ\(G(tl, ) =G (t2,5))| f (s,u(s))ds

n-t

G015~ G lns))| £ sy (s)) ds

n+t
£ & &
<O (- M+C l—n—
SO Ginm—o " VT s M T 3G a1
Cre Me GCe

+ + —e,
3(C2+1) 3(M+1)  3(C+1)

which implies that T (D) is equicontinuous. By Arzela-Ascoli theorem, we know that 7' (D) is relatively compact. Thus, we have shown that
T is a compact operator.

Finally, we prove that T is continuous. Suppose that u, (n = 1,2,...), ug € K and |Ju, — ug|| — 0 (n — 0). Then there exists C3 > 0 such that
for any n, ||u,|| < Cs.

Let

Cy= sup{f(t,u) : (l’,bt) € [0>” X [07C3}}
Then for any n and ¢ € [0, 1], we have
G(t,s)f(s un( ))<MC47 56[071]'

By applying Lebesgue Dominated Convergence theorem, we obtain

lim (Tuy,) (t) = lim IG(t7s)f(s7un (s))ds

n—eo n—ee J(
1
= [ 6(09) Jim £ s (5)) s
N /(;1 G(1,5) f (s,u0(s))ds =T (uo) (1), t € [0, 1],

which indicates that 7" is continuous.Therefore, 7 : K — K is completely continuous. O
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Theorem 2.4. Assume that f (t,0) £ 0 fort € [0,1] and there exist two positive constants a and b such that the following conditions are
satisfied:

(Hz) f(0,a) < (6-a)a;

(Hy) b(uy —wy) < f(t,un) = f(t,ur) <2b(up—uy), 0<t < 1,

0 <uy <up <a. If we construct an iterative sequence vy11 =Tvy, 1 =0,1,2,..., where vy (t) = 0 fot t € [0,1], then {v,},_, converges to
v* in E and v* is a decreasing and positive solution of the BVP (1.1)

Proof. Let K, = {u € K : ||lu|| < a}. Then it follows from Lemma 2.3 that Tu € K. In view of (H3) and 0 < u(s) < 1 for s € [0, 1], we have
1
:/ G(t,5) f (s,u(s))ds
0
1
< [16ws)lr©.a)ds
0

<(6-a)aM <a, t€]0,1],

which shows that || Tu|| <a. So, T : K, — K,. Now, we prove that {v, };,_; converges to v¥in E and v* is a decreasing and positive solution
of the BVP (1.1). Indeed, in view of vo € K, and T : K, — K, we have v, € K;, n =0,1,2, ... Since the set {v,},_, is bounded and T
is completely continuous, we know that the set {v, },_ is relatively compact. In what follows, we prove that {v,},_, is monotone by
induction. First, it is obvious that vi — vy = v; € K, which shows that vy < v{. Next, we assume that v;_1 < v. Then it follows from (Hy)

that for 0 <7 < 17, we obtain

Vier (0 =V, (1)

= (T (1)~ (Tvey) (1)

= Jo 25 1F (s, ve () = £ (s, 61 (5))] s

= & o (357 =35 =) [f (s, (5)) — f (5,741 (5))] ds
05 (552 ) [ (v (5)) = £ (st (D)) ds = 5 PV IF (5,0 5)) = f (s, ()] ds
5@ Iy (=3P [F (5,91 (5)) = f (5,11 (5)) ] ds

< S 3 (35 = 35— 5%) [ (5) = vic 1 (9)]ds b ff (2520 ) [ ) = vie ()]s
— U FTLF (5,0 (5) — £ (5,70t ()] s+ 2220 [0 (1= 5) [ (5) = v (5)] ds

< bl () = v ()] [y o (357 = 35— %) ds+ Ji (5522 ) ds = 5 7 ds+ (& Jy (1= 5)° d]

4—4n’+6n2—8n+2
= Sbl(n) —vi_1 ()] {a(n Z(;Z) n+2) *n+%}

o

< Gb(m) v ()] [ 2 - 2

< Sl (n) —vier ()] [% - 2—3’1] <0.

LSS/

Forn <t <1, we get

Vierr (1) = v ()

= () ()= (Tv) ()
= O“’G 17 (v (5)) = (s, (5))]ds
(3s —~35=5%) [ (s, (5)) = F (syviet ()]s f31 (5522 [ vk (5)) = f (sovis ()]s

0 G 1F (s, (5)) — £ (5o ()]s Sl [ (5, () = f (s vi ()] s

< 256“,’;) Jol (352 =35 =) [ (s) = vi—1 ()] ds + b [ ( 2”) [k (s) —vik—1 (s)]ds

A

+2b [y (IES>2 Ve () = et (s)] ds+2b [ % m [Vk( ) = vi—1(s)]ds]

fl O!l‘ ))3 dS}

<bxv(n)—w—1(n ]><[2 fo (3s —3s—s )ds+f0 (S 72’5>ds+2fn

12 (n*—4n3+6n%—8n42 3 2 3
b [ () = vy ()] x [CEATOTI02) ot g

8(6—a)
2(p4_4n316n2—8ni2
< 5 () =y ()] (LGN %
2(— —
< G [ () — v ()] x [ 25520 4 2200 <
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hence
Ve () =V (1) 0,2 €0,1], (2.4)

that is vgy 1 (£) — vg (¢) is decreasing on [0, 1]. At the same time, it is easy to see that

1
Vi1 (1) = vie (1) :/0 G (1,5)[f (s,vic (s) —vi—1 (5))] ds =0,
the last equation implies that
VIH_]([)*V]( (l‘) >0,te [0,1]. 2.5)

It follows from (2.4) and (2.5) that vi1| — v € K, which indicates that v < v. Thus, we have shown that v | < v, n=0,1,2,... Since

{vn},=, is relatively compact and monotone, there exists a v* € K, such that lim,_,. v, = v*, which together with the continuity of 7 and
the fact that v, | = T'v, implies that v* = Tv*. This indicates that v* is a decreasing nonnegative solution of (1.1). Moreover, in view of
f(2,0) #0fort € [0,1], we know that zero function is not a solution of (1.1), which shows that is v* a positive solution of (1.1). O

3. An example

Consider the boundary value problem

() rel0,1],

0, u" (1) + o (0) =0, G-l

Ifweletn = %, oo=4and f(t,u) = %uz (t)+12, (t,u) € [0,1] X [0,+o0), then all the hypotheses of Theorem 2.4 are fulfilled with a = 3 and

b= 3. Therefore, it follows from Theorem 2.4 that the BVP (3.1) has a decreasing and positive solution. Moreover, the iterative scheme is
vo (t) =0fort €[0,1] and

f(g l:(l‘—s)3 4 latS _ W} X |:% (Vn (S))2+S] ds

w

yE Q7W} x [% (Vn (S))2+S] ds

2
+f%1 _(3—2t32(l—s)3:| o [% (Vn (s))2+s} ds
if t€0,3],n=0,1,2...

Vnp1 (1) = 3 ; _2f° 77s3
Ik {o?f +1;2ﬂ,%} <[4 n ()2 4] s

g |50 - CP [ ) o] as
I 7(3*2t32(1*S)3 X[l(

if tel3.1],n=0,1,2..
The first, second, third, and fourth terms of this scheme are as follows:

0,

vo (1)

V(t)_ﬁ,“9’3+3i
Y7120~ 480 160

7r14 833112 742711 184253¢10 37¢°

t) = — _ _
v2 (1) 49420800 342144000 20275200 165888000+4147200

490697 N i N 1369t 14755308684069187913 N 143787255710603
102400 60 ' 614400  298491637137408000 ' 1554643943424000

_ 49132 B 833130 B 74271%
~2107902249507225600000  794386238570496000000  40798108054978560000

v3 ()

268461101728 N 2684698127 N 26815806199:26
427325011093094400000000 ' 6330740905082880000000 = 68926409854156800000000

400171550569:% N 3714622952992 N 1140328919932
179208665620807680000000 ' 77197579036655616000000 ' 10453838827880448000000

3453761875703t%2 N 784979896700465472907 172! B 272903089720
1727155980258508800000 ' 1059466770855994482229248000000  1527724965888000000
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1851000739420343895193¢19 N 361876888294795340312089:!8
4750136730870832403841024000000 ' 115558881873816741520343040000

27188083251903828979787¢!7 B 34723371605213907361¢!3
1414182120833421661962240000000  516309342522414465024000000

977587338666778516044941¢1 Jr8406307672322955338512400961796543t13
49565696882151788642304000000  267291772322910140198018875392000000

29501725604687291¢12 1665986509523789947523!1
21276483895154442240000  145247463390920992358400000

21771913436216758949940023416550641¢'0
449050177502489035532671710658560000000

143787255710603¢° n 196844753067815507:3
141037298547425280000  802345520625352704000000

B 21216253428451373750458316293037¢’ +i
194900250652121977227722096640000000 ' 60

20674774904786335034486623609:*
58006026979798207508250624000000

229994247914657276716497149730890704260235815069117
92131073987503901166490340551548382425907200000000

310661312414757109061653185761538923825439093587
1335232956340636248789715080457222933708800000000
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resource. As an implementation, we study stability in the sense of Ulam-Hyers and a fixed
point problem’s well-posedness. In addition, some examples are given for new concepts.
Also, an application to integral equations is discussed.

1. Some basic concepts and definitions

In this work, we will write MMS to modular metric space and non-AMMS to non-Archimedean modular metric space. In 2010, Chistyakov
[1], [2] defined a new generalized space which is a modular metric space and introduced basic concepts and topological properties.
Let M be a nonempty set, a function k : (0,00) X M x M — [0, 0] be defined

K2 (6:m) =k (A,8,1m)
forall A >0and £, € M.

Definition 1.1. A function K : (0,00) x M x M — [0, 0] is named a modular metric if the following conditions are supplied:

(i) E=ns K (8,n)=0,forall A >0;
(ii) 1 (&717) =K (n7§)7f0ralll >Oand€7n eM;
(i) K4y En <& v)+ru(v,n), forall A, u>0and &,n,v e M.

Then, My is named an MMS.

In the above definition, if we make use of the condition:
(1) % (§,6)=0forallA >0and § € M,
instead of (i), then My is a pseudomodular metric space. My is called regular if the condition (i) is supplied as:

E=mn ifandonlyif Ky (§,n)=0 forsome A >0.
The space M is named convex if for A, 1 >0 and &,7, v € M, the condition supplies:

A 1
K ,n) < K, V) +——Ky (V,n).
A+u (M) T 2 (6, V) pn w (v,m)
Definition 1.2. [1], [2] recognised that k be a pseudomodular on M and &y € M and fixed. The sets:

My =Mi(8) ={E €M : K, (§,8) as A — oo}

and
Mi=Myg (&) ={& eM:3L =A(§) > Osuchthat k; (§,&)) < oo}

are identified modular spaces (around &p).

Email addresses and ORCID numbers: girginekber @gmail.com, 0000-0002-8913-5416 (E. Girgin), mahpeykero@sakarya.edu.tr, 0000-0003-2946-6114 (M. Oztiirk)
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It is trivial that M, C M. Suppose that k is a modular on M; from [1], [2], it can be obtained that the modular space M can be settled with
a (nontrivial) metric, induced by k and given by:

d (§,m) =inf{A >0: 1, (S, 1) <A},

for all &, € M.
Consider that if «k is a convex modular on M, then specify [1], [2], the two modular space coincide, i.e., My = My, and this common set can
be defined with the metric d} given by:

d;(€7n):inf{2’ >0: Ky (5»77) < 1}7

for all £, 1 € M. These distances are named Luxemburg distances.
Definition 1.3. [3] Let My be a MMS, A be a subset and (s,),,cy be a sequence in M. Therefore:

(1) (Sn)pen is named x—convergent 1o & € My if and only if Ky (sn,&) — 0 as n — oo for all & > 0. & will be called the kx—limit of (s;).
(2) Ifforall A >0, ) (Sn,Sm) = 0, as m,n — oo, (s,),cp is called x—Cauchy.

(3) A is called x—closed if the kx—limit of K—convergent of A always belong to A.

(4) If any k—Cauchy sequence in A is K—convergent, then A is named K—complete.

(5) A is called x—bounded if for all A > 0, we have

80 (A) =sup{Ky (§,1):5,n € A} <oo.
Paknazar et al. [4] modified the third condition of MMS.
Definition 1.4. If in Definition 1.1, we exchange (iii) by:
(iv) Kmax{au) (6:M) < Ky (§,v) +Ku (V,1),
forall A, u>0and & n,v € My, then, My is called non-AMMS.
Now, denote N the set of positive integers, the set of real numbers R and W the set of functions y : [0,c0) — [0, o) satisfying:

(y1) v is nondecreasing,

(v2) ¥ W' (t) < oo for each RT, where " is the nth iterate of y.
n=1

Remark 1.5. It is trivial that if y € P, then y (t) <t for anyt > 0.
Definition 1.6. /5] Let I be the set of all functions @(ty,...,t¢) : RS. — R satisfying:

(1) 0 is nondecreasing in variable t| and nonincreasing in variable ts,
() there exists y € ¥ such that for all u,v > 0, @ (u,v,v,u,u+v,0) <0 implies u < y (v), and g (u,v,u,v,0,u+v) <0 implies u < y (v).

Samet et al. [6] characterize a new notion by defining ot —admissible mapping.

Definition 1.7. [6] Let 0. : M X M — [0,00) be a function. A mapping h: M — M satisfying

a@n)=1 = amsm) =1, (LD
ifforall E,n € M, is called as o,—admissible mapping.
Example 1.8. [6] Let M = (0,0) and define i : M — M and ot : M x M — [0, 0) by
RE =n&, forallé e M
and .
wem={ 5 iy
Then, i is an ox—admissible mapping.

Such papers related to above concept imagined to obtain some fixed and common fixed point results (see [7] [8], [9], [10]).

2. oy—implicit contraction and fixed point results

In the sequel the function k is convex and regular.

Definition 2.1. Let My be a non-AMMS. A mapping given as h : My — My is called ouc—implicit contraction if there are two functions
o My X My — [0,00) and T € g in such a way that

‘O(a(gvn);{l (hévhn)ﬂ(k (§7rl)7’<l (gvhé

)7
K5 (11,5m) K3 (€,7m) , K3, (1, 7)) <0, @b

forall&,n € My.

Theorem 2.2. Let My be a complete non-AMMS and h : Mic — My be a Qi c—implicit contraction. Assume that:

(i) hsatisfies (1.1),
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(ii) there is &y € My in such a manner that o (&y,h&p) > 1,
(iii) h is continuous.

Then, fi has a fixed point.

Proof. Let & € M be in such a way that o (&, 7&p) > 1 and let {&, } be a Picard sequence starting at &y, that is &, = #"&y = &, for all
n € N. First, imagine that k) (&g, &y,+1) = 0 for some ng € N, since « is regular, we get &,, = &, +1 =&, . So, &,, is a fixed point of 7.
Hence, we approve that &, # &, 1 such that k3 (§,,&,+1) > 0. Now, since the mapping 7 is @—admissible and o (&y,&1) = a (&, 7Ey) > 1,
we deduce that o (i, h&) = a (€1,&,) > 1. Using the iterative method, we achieve

o (&, En1) > 1, forall n€N. (2.2)
From (2.1) with & = &, and n = &, |, we have

[O((X (§n7§l’l+1) Ky, (hgnah§n+l) , K)o (énv&nJrl) , Ky (émhgn)
K2 (§n+lvhén+l) 7h7L (§n7h§n+l) v (§n+17h§n)) <0,

that is,
20 (Ens Eni1) K (G5 6n12) s K4 (Gns Enr1) s K (8 Envt)
K (Ena158n2) s K (Gns Ena2) K (Gna15 Gar1)) <0

By using the conditions, (iv), (2.2) and () we get
t@(’(l (€n+17§n+2) ) K (éflvén-H) ) KA (gnvén-H)

K2 (Gnt1,8n42) s Kmax (2.2} (6ns Ens2) ,0> <0

= (x5, (&ns1,6n12) s K (Gny Enr1) s 54 (6 Envt)

K2 (§n+17én+2) » K)o (€n>§n+l) + K3 (§n+1a§n+2) 70) <0.

Due to (), we obtain

K3, (§n+17§n+2) < W(Kl (§n7€n+l))7 forall n€N. (23)

From (2.3), it is easy to derive that

K3 (Enit,Eni2) S W (K (E0,&1)), forall neN. 2.4)

Next, we illustrate that {&,} is a Cauchy sequence in M. Take m > n; by the condition (iv) and (2.4), we write

K (61175m) =~ Bmax{A,A} (émgm)
<K (!éménJrl) + K (énJrlvém)
=K (&n:Gnt1) + Kmax(a.4} (Snt1,6m)
<K ( nvénJrl) + K (€n+1>§n+2) +tK (én+27€m)
2.5)

K3 (émérﬁl) + K (§n+17€n+2) +. K (émfhém)
(Y +y" v g (G0.61)
r
k=n

ININIA

vt (11 (60,€1))-

From (2.5) and (y») the series ¥ w* (i (&o,&1)) is convergent and so {&,} is a Cauchy sequence in My. Because My is a complete non-
k=n

AMMS, then there exists a pointiv € M such that K, (&,,v) — 0 as n — eo. Thus, k), (h&,,hV) — as n — oo, because i is a K—continuous.
Then, by (iv) we obtain

K (VJ!V) = Kmax{1,1} (v,hv)
<Ky (Vvhén) tTK) (hén,h\/)
=K (V,&nr1) + Ky (06, v

As n — oo, we get k), (V,iv) = 0. Since k is regular, we deduce that 7v = v and hence V is a fixed point of 7.

If we turn into the continuity of % with the condition (H), we attain the other result.

(H) If {&,} is a sequence in My such that & (&,,&,1) > 1 foralln € N and &, — & as n — oo, there exists a subsequence {&y, } of {&,}
such that @ (&, ,&) > 1 forallk € N.

Theorem 2.3. Let My be a complete non-AMMS and h : My — M be an a,—implicit contraction. Granted that:

(i) hsatisfies (1.1),



Fundamental Journal of Mathematics and Applications 215

(ii) there exists &y € My in such a way that o (§y,h&y) > 1,
(iii) (H) is supplied.

Then, h has a fixed point.

Proof. Due to Theorem 2.2, we acquire that the sequence {&, }, defined by &, =hé&, | forall n € N, is a Cauchy sequence with ¢ (&,,&,11) >
1 for all n € N, which converges to some v € M. Next, from the condition (iii), there is a subsequence {&,, } of {&,} in such a manner that
o (&n,, &) > 1 forall k € N. We need to show that iv = v. Since 7 is o —type implicit contraction with § = &,, and 1 = v and (iv), we

e 90 (& V) 15 (W 1Y), 15 (B, V) (G i)
K (V.V) K1 (B V) K (V,En,) <0
= (0 En V) K1 Gt 1). K (B V) K (B Ert)
K (VoY) s K 1) (G V), 01 (VoG 1)) <0

< ‘@((X (gﬂkvv) Ky, (§Hk+17hv)7 Ky (éﬂkvv) , Ky (&nwénptl)

K (V,7v) K Gy V) + K2 (V,AV) Ky (V, Gr1)) < O
Letting k tends to infinity and using the continuity of @ and o (§,,,&) > 1, we get
o1 (v,hiv), 0,0, k3 (V,iv), Ky (v, 5iv),0) <O0.
Finally, by condition (4,), it follows that k; (v,%v) < 0 which implies Av = v. O
We need extra conditions to obtain uniqueness of fixed point.

(U) For all u,v € Fix (h), we attain o (u,v) > 1, where Fix (h) gives the set of all fixed points of 7.
() There exists y € ¥ in such a way that for all u,v > 0,

#(u,u,0,0,u,v) <0 implies u<y(v).
Theorem 2.4. Adding conditions (U) and (§23) to the hypotheses of Theorem 2.2 (resp Theorem 2.3), we deduce that h has a unique fixed
point.
Proof. We discuss by contradiction, that is, there exist u,v € My in such a way that u = Au and v = Av with u # v. From (1.1), we obtain
(o (u,v) 1 (e, ), 16, (u,v) Ky (u, e,
Ky, (v ), K&y, (u, i), &5 (v, Fiw)) < 0.
Then, by condition (U), we have
(1 (,v), k3 (u,v),0, 0,5 (u,v) Ky, (v,u)) < 0.
Since g satisfies the property (), then
K2 (u7v) < W(Kl (M,V)) <Kj (u7v)7
which is a contradiction and hence u = v. O
Now, we give some corollaries from above results.

Corollary 2.5. Let My be a complete non-AMMS and h : My — M be a function. If there is a function o : My X My — [0,0) in such a
manner that

a(gvn)’(l (héjln) < pKy (5771)+‘1K/1 (§7h§)+r’(}» (’777”7)
5Ky, (évhn)'i_”c/l (n>h€)v

forall&,m € My, where p,q,r,s,t >0, p+q+r+s—+1t < 1. Assume also that:

(i) hsatisfies (1.1),
(ii) there is &y € My in such a way that o (&y,h&y) > 1,
(iii) h is continuous or the condition (H) holds true.

Then, h has a fixed point. Additionally, if p+r-+s < 1 and the conditions (U) and (1) hold true, then h has a unique fixed point.
Corollary 2.6. Let My be a complete non-AMMS and h : My — M be a function. If there is a function o : My X My — [0,0) in such a
manner that
o (6,m) Ky (AG,m) < kmax {K; (&, 1), K3 (§,7E), K, (n,7m),
K2 (é7hn) » K2 (n’hg)} )
forall £, € My, where k € [0, %) . Furthermore:

(i) hsatisfies (1.1),
(ii) there is &y € My such that o (&y,h&y) > 1,
(iii) h is continuous or the property (H) is satisfied.
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Then, h has a fixed point. Moreover, the conditions (U) and (23) hold true, then h has a unique fixed point.

Example 2.7. M. = R endowed with the non-Archimedean modular metric x; (§,1) = % |E —n|, for all &, € My and A > 0. Obviously,
M is an K —complete non-AMMS.
Consider the self-map h : My — My defined by hé = %
Also define
_[ L if&nelo1]
a(&n)= { 0, otherwise,

and @ Ri — R defined by
_ 3 ts +1¢
JO(I1712J3714715716)fllfzmax 0,13,14, = (-

Let a(&E,m) > 1, then &,m € [0,1]. Also, h§ € [0,1], for all & € [0,1] and so o (hE ,hn) > 1. Therefore h is an o.—admissible mapping. Let
&,n €10,1], we have

2 (o (En) k0 (1€ m) 13 (E,0). k1 (E,8E) 1y (), BB (02E))

= a(évn)’(l (hgvhn)f %maX{Kl (57”)71(1 (gvhg)vK}, (n>hn)7

K, (€.1m)+ K, (n,1E) }
2

< g l€-nl—fmax{}1&—nl, & 1], & Inl, 1dr (168 —nl+l6n — &)}

<0.

Similarly, it is obvious that contractive condition (2.1) holds in the case (§,1 ¢ [0,1] and & or 1 is not in [0, 1].) Thus, hi is cuc—type implicit
contraction. Next, it is easy to illustrate that conditions h is k—continuous, (H) and (U) are satisfied.
Thus, the axioms of the Theorem 2.2, Theorem 2.3, and Theorem 2.4 are supplied and 0 is a unique fixed point.

3. Stability problem in the sense of Ulam-Hyers

Now, we obtain the stability problem in the sense of Ulam-Hyers of fixed point. That this problem correspondences to Corollary 2.5.
Let My be a non-AMMS and 7 : My — M be a function. Imagine the fixed point problem

£ =nt 3.1

and the inequality (for € > 0)

Ky (in,m) <e. (3.2)

We are said to be a 7 is stable in the sense of Ulam-Hyers in non-AMMS if there are L > 0 such that for each € > 0 and a €—solution
v* € My, that is, v* supplies the condition (3.2), there is a solution u* € My, of the fixed point equation (3.1) such that

Ky, (u*,v*) < Le. (3.3)

Theorem 3.1. Let My be a non-AMMS. Suppose that all the hypotheses of Corollary 2.5 hold and o (u,v) > 1 for all e—solution u and v,
then the equation (3.1) is stable in the sense of Ulam-Hyers.

Proof. By Corollary 2.5, we have a unique u € My such that u = fu, that is, u € My is a solution of the fixed point equation (3.1). Let € >0
and v € My be an €—solution, that is,
Ky, (Av,v) <e.

Since & (u,hu) = &) (u,u) =0 < &, u and v are e—solutions. By hypotheses, we get ¢ (#,v) > 1 and from (3.3), so

Ky, (u,v) = K (hu,v)
=~ Bmax{A,A} (hu,v)
< &y (hu, ) + K, (hv,v)
= o (u,v) k), (hu,hv) + €
< axky (u,v) +bxy (u,hu) +cx;y, (v, v)
+dx), (u,lv) + exy (v, lin) + €
= ak;y (u,v) +biy (u,hu) + cxy (v,wv)
+deax{/l,l} (u,iv) + €Kmax{A,1} (v,u) + €
< axky (u,v)+bxy (u,hu) +cxy, (v, v)
+d (x), (u,v) + 15, (v, wv)) +e (k3 (v,u) + K& (u,him)) + €.

We deduce

where L = (%) > 0. Thus, % is Ulam-Hyers stable. O
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4. Well posedness of the fixed point problem

Now, we show well-posedness of a function 7 on non-AMMS.

Definition 4.1. Let My be a non-AMMS and let i : My — My, o : My X My — [0,00) be two functions. h is well-posedness if:

(i) u € My is the unique fixed point when o (u,hu) > 1,
(ii) there exists a sequence {En} in such a manner that i (&,,h&,) — 0 as n — oo, then ), (Ey,u) — 0 as n — oo,

We define a new condition which needs to be the following result.
(R) If {&,} is a sequence in My in such a way that k) (&,,7&,) — 0 as n — oo, then o (&,,hE,) > 1 foralln € N.
Theorem 4.2. Let M be a non-AMMS. If all the conditions of Corollary 2.5 and the condition (R) hold, hence (3.1) is well posed.

Proof. By Corollary 2.5, we have a unique u € M in such a manner that u = fiu and & (u,iu) > 1. Let {&,} is a sequence in My in such a
way that k3, (&,,1&,) — 0 as n — co. By condition (R), we get o (&,,1E,) > 1. Now, we have

Ly} (gnvu) =K (gnvhu)
= Kmax{2,1} (émhu)
< iy (&, hEn) + 1, (hén-,h”)
< a(&n,u) Ky, (hEp, ) + K3, (&n, 1)
<aky (Ep,u) +bxy (En, 1En) + iy, (u, lin) + dicy (En, )
+eky, (u,hEy) + Ky, (8, 1Ep)
< aky, (&n,u) +bKy, (&n 1) + iy (u,Tte) +dKnax .1y (8n,Trnt)
+eKmaxa.1) (Us71En) + Ky (§ns1hEn)
<aky (5"”) +bKl (§n7héﬂ) +cKy, (u7hu) +d(KX (gmu) + Ky (u7hu))
+e (i) (u,8n) + 12, (&n,1En)) + K3, (Ens 1) -

Hence -
+hte
Ky, (Enou) < (m) K3, (Ens 1) -
Since & (&,,h&,) — 0 as n — oo, it implies that k;, (&,,u) — 0 as n — oo. Thus, 7 is well posed. O

5. Consequences

Next, we will obtain non-AMMS version of some fixed point results.
In the Definition of 1.6, if we take y (t) = ht, h € [0,1), we get Berinde’s results in [11].
Let I be the set of all continuous real functions £ : Ri — R, for which we consider the following conditions:

(#14) F is non-increasing in the fifth variable and

#EN,N,EE4n,00<0,forE,n>0 = 3hec0,1) suchthat & < hn;
(#1p) o is non-increasing in the fourth variable and

£(E,n,0,E+n,E,n) <0, forE, >0 = Jhe0,1) suchthat & <hn;
(#1.) o is non-increasing in the third variable and

2E,n,E+1,0,n,E) <0, forE,n >0 = Jhe0,1) suchthat & <hn;

() @(E,E,0,0,E,E) >0, forall £ > 0.

Example 5.1. The function g € T, given by
p(ll 7t27t37t47t57t6) =1 —at,
where a € 0,1), satisfies (14)-(#1c) and (), with h = a.

Example 5.2. The function @ €T, given by
(p(t1>t27[37t47157t6) =1 _b(t3 +Z4) )
where b € [0, %), satisfies (§214)-(21¢) and (§2),with h = lb%h <1.

Example 5.3. The function g € T, given by
Pt 1, 13,14,15,16) =1y — ¢ (5 +16) ,
where ¢ € |0, %) satisfies (@14)-(#1c) and (), with h = 1< < 1.

Example 5.4. The function @ €I, given by

13+14 t5+1tg
2 72 ’

P(t1,12,13,14,15,16) = t] — amax {Q,

where a € [0,1), satisfies (£14)-(@1c) and (), with h = a.
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Example 5.5. The function g €T, given by
P(t1,10,13,14,15,1) = 1) —aty — b (t3 +14) — c(t5+16) ,

where a,b,c > 0 and a+2b+2c < 1 satisfies ($21,)-(#1c) and (), with h = “”’“ <1.

Corollary 5.6. Let My be a non-Archimedean modular metric space, i : My — MK be a self map for which @ € U such that for all £,1 € M,

p (K (h§,1m) x5 (§,1). k4 (§,1E) 1,5 (n,7m) . x5, (§,7m) . Ky, (1, hE)) <0
If o satisfies (§214) and (), then h has a unique fixed point.

Proof. 1t suffices to take a (§,m) = 1 and y (1) = kt, k € [0,1) in Theorem 2.2.

6. Application to integral equation

Next, we give implementation to show the nonlinear integral equation.

:/K@%ﬂﬂﬂ%

where £ € I =[a,b] and K : I x I x R — R is continuous. Let M = C (I,R) with the usual supremum norm, that is,

I1E1] = max|& (2)1,
and the metric |
K (&m) = 5 1€ —nll = zd (&),
forall £, € M. For r > 0 and £ € M we denote by

By (&r)={veM: K, (§n) <r},

the closed ball concerned at & and of radius r. Note that My is a k—complete non-AMMS.
Now, imagine the mapping 7 : My — M
9= [K@pE@p)d
a

Notice that (6.1) has a solution if and only if # has a fixed point in (6.2).
Theorem 6.1. Let r > 0 and we granted that the following conditions are supplied:
(i) ifye By (&,r), A >0, then

K (z.p.& ()~ K (z.p.n ()] < LE2 12 ()~ ()

forallz,p €I, £, € R and for some continuous function q : I x I — R;
(ii) supg(z,p) =k<1.
zel

Hence, (6.1) has a solution.

Proof. Since n € B; (&, r) and from (ii), we have

IN

Qe R 8 ] %N

7& (2) —hn ()] < | [ K (z,p,§ (P)) =K (z,p,1 (p))ldp

|K(t,p,€ (p)) —K(z,p,n (p))ldp

IN

IA

'|K(z,p,&(p)) — K (z,p,n (p))|ldp

IA

(p)ldp

L
b—

<[1§(p) = (p)l

-n
b

%
— k() —n ().

This implies that
K (héﬁhn)
n& (z) —1m (2)]
,lkllé n )l
ki (S n)

i né — hnH
t

INIAIA

Now, @: Ri — R defined by
(11,12,13,14, 15,16 ) = 11 — ki,

6.1)

(6.2)

(6.3)

where k € [0,1), and so the integral operator 7 satisfies all conditions of Corollary 5.6. Thus, % has a fixed point, i.e., (6.1) has a solution in

M.

O
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variations result from interactions between the electric currents with a nonuniform magnetic
field. The governing equations are coupled and nonlinear and are discretized using the finite
difference technique. Numerical results illustrating the development of secondary flows
by the rotational electromagnetic force field are displayed, as well as the effects on the
streamline axial velocity profiles by the magnetic pressure number and the flow Reynolds
numbers.

1. Introduction

Magnetohyroynamics (MHD) deals with the interaction between electrically-conducting fluids and applied electromagnetic fields. The
coupling between the two fields results in some exciting physics among which are; the development of secondary flows due to the presence
of rotational force fields, the development of electric current due to the interaction of the magnetic field and a conducting fluid, and the
generation of the Lorentz force arising from the presence of a current and a magnetic field. The effect of this force is dynamical, because it
acts on the conducting fluid and modifies its motion. The motion in turn modifies the field, which also modifies the motion.

The description of MHD flows involves the solution of the equations of fluid dynamics, the so called Navier-Stokes equations, and the
equations of electrodynamics. These two equations are mutually coupled via the Lorentz force, and the Ohm’s Law; hence it is useful to
understand the influence of an externally generated body force on a conducting fluid in various dimensions for time dependent applications.
The conversion of electrical energy directly into a body force, defines the magnetohydrodynamic concept. Fundamental to this, is the
interaction of an electromagnetic field and conducting fluid which may be gas or liquid. From a unified viewpoint, plasma physics can be
considered a special case of magnetohydrodynamics because of its strong dependence on the kinetic theory fluid model, involving gases in
the plasma regime. However for the purposes of this study, our emphasis will be concentrated more on the electromagnetic-fluid interaction
model.

MHD has always attracted a keen research interest. The stimulus for much of this interest lies in the desire to further understand the influence
of electric and magnetic fields on heat and momentum transfer as they affect fluid flow. There are a couple of applications of MHD that hold
great potential for future use for example energy conversion devices, flight and energy control of space re-entry vehicles, nuclear fusion
control, electricity generation, etc. In a coal-fired MHD power generator, gas produced by combusting coal expands through a nozzle and
interacts with a magnetic field to produce electricity. The MHD power generator is beginning to take on an added importance because of the
current global energy crisis and environmental pollution. A conducting fluid moves across a magnetic field and in the process generates
electrical energy which is tapped by making suitable connections to an external load. Some obvious advantages arising from this type of
power generation include less pollution, and cheaper operational costs. Also, the reliable prediction of MHD flows coupled with strong
magnetic fields is a key factor for the design of liquid metal blankets for use in fusion reactors.

It has been shown that the passage of electric current through a flowing conducting fluid radically alters the flow profile(Chow and Uberoi[1].
Uberoi[2] adopted a linear analysis to study the effect of an axial current on the motion of an incompressible inviscid fluid through an
insulated axisymmetric tube of varying cross-sectional area. The slowing down of the central flow when approaching the tube contraction was
attributed to the electromagnetic pinch effect. For example, when draining a current-carrying fluid from the apex of a conical tube, only the
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fluid in the narrow region near the wall can go through the apex. The oncoming flow along the tube axis experiences rapid deceleration, that
forces the fluid to become stagnant before reaching the throat (Narain and Uberoi[3]). This type of flow was found to result in recirculation
downstream of the stagnation point.

Given the vast range of MHD applications and the variability of the dimensionless numbers involved; it is not possible to arrive at complete
numerical or analytical solutions of the governing differential equations. Hence the challenge lies in developing both numerical and analytical
techniques to deal with each problem depending on the physics and accompanying rigor.

The flow of conducting fluid in pipes in the presence of electromagnetic forces has been studied analytically by various authors. A good
account of this can be found in Sherclif[4], Di Pizza and Buhler[5]. Uberoi and Chow [6] reported solutions for large scale motions
in electrical discharges. Subsequent work on channel flow can be found in the thesis by Ritter[7],and the papers by Chamkha [8]-[10],
Onyejekwe[11]. Pantokratoras[12], studied the fully developed flow between parallel plates in an electrically conducting fluid under the
action of induced magnetic field for the case where both the magnetic and electric fields are situated on the lower plate. Making some
reasonable assumptions, he obtained one-dimensional exact analytical solutions for the velocity, flow rate, and wall shear stress at the
plates for weakly electrically conducting fluids. His results though restricted in scope, could be used as adequate starting point from more
complex considerations of MHD flows. The application of MHD to microfluidic devices is another blossoming area of research. The
magnetohydrodynamic (MHD) pumping provides an efficient, cheap, reliable and easily controllable method for pumping various liquids for
the purposes of testing samples of blood, DNA and drugs in nano or microscales. Kabbani et al.[13] proposed approximate solutions for the
velocity profile of steady incompressible MHD flows in a rectangular microchannel driven by Lorentz force. Their solutions were found to
compare favorably with existing computational and analytical results.

2. Problem formulation

We consider a circular tube with screen electrodes positioned at the entrance and middle of the tube. A conducting fluid can move freely
through the end electrodes. Both of them are separated by the same distance zg from the center of the tube. The tube axis is at the center of
the duct and its axis is parallel to the side wall and orthogonal to the streamwise direction [Fig. 4.1]. A converging and diverging current flow
is obtained by applying potential differences across the electrodes. A coordinate system is used with the origin positioned at the center of the
circular tube, and the coordinates r, and z are aligned respectively along the channel height and width. The channel surface can be taken as
nonconducting. It is our goal to determine the flow and electromagnetic fields as well as secondary flows that can exist for this configuration,
given the appropriate governing differential equations, initial and boundary conditions.

On the assumptions that (a) fluid B flow is incompressible (b) the induced magnetic field is negligibly smaller than the applied magnetic field
and hence much smaller than the total magnetic field . This is because the magnetic Reynolds number is considered small. (c) Both the
displacement current and the free charge density are also considered negligible. (d) The Lorenz force is the only body force on the fluid (e)
the velocity of flow is regarded as too small compared to the velocity of light as a consequence of this relativistic effects are ignored. The
governing differential equations of motion for an incompressible electrically conducting fluid in a tube can be expressed together with the
Maxwell equations in the following form

When an electric current is passed through the conducting fluid, a magnetic field is generated and a current density J transmits through the
fluid. Relativistic effects are ignored for cases where the velocity of flow is small compared to the velocity of light. For steady state, even if
the fluid were moving, the electromagnetic equations can be written in the form:

8:2 — = P 2 - .um T 5
E—Q—Vx(ro)u— V(E—Q—gr)—i—v(V M)F(jXB) (2.1)
The curl of equation (2.1)
V><%—Q—VX(IZOV)IZ:—VXV(%—l—gr)-l—VX(szﬁ)—i—VX[(VXE)XB]
where
di _ 9(Vxa 9®
VX o = (azx):a*(f
Vx(ieV)i=VxV(ixu)—Vxux (Vi)
V(aei)=2(iieV)i+2ix (Vi)
a(ueV)=Ltv(u?) - (ix @)
Vx (aeV)i=VxV(5)=Vx (ixd)
aeV)i=—-Vx(@x®)=Vx(®xi)

(vV2i) = vV3(

VX (

Vx[V(5+gr)]=0
V x v
Vx[(VxB)xB|=V

The system of Maxwell equations can be written in the form:

- _ - _ 0B _
Uuj=VxB, Vej=0, VxE:—y, VeB=0

Ohm’s law can be written as:

j=0(E+uiixB)
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The body force term or the Lorentz force is given by: f = j x u,,B. It not only represents the force per unit volume that accounts for the
coupling between the fluid motion and the magnetic field, but also contributes in no small measure to the interesting physics of MHD flows.
Passage of electric current through a fluid will set the fluid in motion since in general, the potential; pressure forces can not be balanced by
the rotational electromagnetic forces. Because of the axisymmetric geometry of tubular flow, the streamfunction can be utilized to satisfy the
continuity equation, and is expressed as

_1dy 10y

Uz

= — U, =
T ror T r oz

After carrying out the chores for nondimensionalization, the governing equations are given as:

1y 1y
U=%or V= Rok @2
Py 1oy dy 1
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Py 1y d*y
Gk ~Ror " ar FE=0 ey
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dr 27 OR "R Z Re'OR? R R R 072

(2.5)

An upwind scheme is used to handle the nonlinear convection terms in equation (2.5). It would seem as if the computational overhead
associated with the governing equations will be quite intense, however the computational rigor is simplified if we take into consideration
the symmetrical nature of the electromagnetic flow and find the solution in the region (—zg < z < 0) to the left of the central electrode and
use the mirror image for the right of the electrode. This however does not apply to a net flow through the tube where the whole geometry
is considered because the flow pattern should not be symmetric about a center point. Our first consideration, involves the fluid dynamics
of an unsteady flow of an electrically conducting viscous fluid through orifices positioned on the left and right hand sides (z = £1) of an
insulated tube (Fig. 4.1). The tube openings at the left and the tight sides are positioned at distances 0.2ry from the centerline. No-slip
boundary conditions are set up at the tube walls, and by assuming that the flow is purely axial, we impose a zero perpendicular velocity
(V=0) at entrance and exit. Boundary conditions for the stream functions comprise, ¥ = 0 along the tube axis, and along the wall y = %, at

the entrance and exit ?Tuz/ = 0 respectively. We assume uniform flow through the tube axis. As a consequence, the axial velocity in this region
is specified as: U; | = 2y;5/h.

Equations (2.2) and (2.3) as defined by the conservation of mass, show a similarity between the electromagnetic flow term RB and the stream
function . This allows for constant values of RB to behave like stream function y. At the tube centerline and top wall, RB=0, and RB=0.5
respectively. For the centrally placed electrode, 0 < R < ry/ry, d(BR)/dZ =0, and for r; /ry < R < —ry/rg RB=0.5 and at the left orifice
Z=—z9/ry, I(RB)/dZ =0 Vorticity is specified at zero at the walls as well its derivative with respect to the horizontal direction at the
entrance and exit are both given zero values. To set up the initial flow conditions, uniform flow for a unit axial velocity is assumed. The fluid
can not remain stationary in the presence of a rotational electromagnetic body force and a predominantly axial motion is motivated by an
electromagnetic force per unit volume f = u,,B set up in the tube. It should be noted that the this body force is rotational and can not be
balanced by viscous forces unless at steady state

The numerical strategy for solving this problem are enumerated as follows:

Non dimensional electrode and radial sizes of ry/rp = 0.1 and zo/ro together with a spatial increment of h= 0.1 are chosen. The
governing differential equations are replaced by appropriate difference equations. Time and spatial coordinates are approximated by forward
differencing in time and central differencing in space. Iterative procedures are adopted to approximate equations (2.3), (2.4) and (2.5). Two
additional grid lines at the entrance and exit are deployed to handle derivative boundary conditions. The unsteady nonlinear equations
together with the given boundary conditions are solved using an implicit, iterative finite difference scheme similar to the one described in
Soundalgekar et al.[14]. Square meshes are chosen to cover the problem domain. Since the absolute dimensionless distance between the
central electrode and the inlet or exit is unity, the each grid has a value of 1/(n— 1). After a series of trial, a 21x11 grid was chosen for
computation for a time step AT = 0.01. RB is computed by solving equation (2.4) iteratively to satisfy the boundary conditions. The RB
scalar field gives us an idea of the ‘streamlines of the current flow’ in the problem domain. Having obtained RB, the influence of the Lorentz
force on the conducting fluid is determined by computing the source term (§ % ‘3—2) in equation (2.5) for all interior grid points, where the
magnetic pressure number is given as:

272

_ Hwr Jo
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The flow profile is determined by assuming a uniform flow of unit dimensionless speed and integrating equation (2.2) for all the grid points.
Since the flow field unlike the electromagnetic filed is not symmetrical, we have to pay due cognizance to the boundary conditions at the two
ends of the tube containing the orifices. At any instant in time, the velocity and vorticity distributions are obtained from the conditions at
the previous time step, eventhough at the beginning, they are obtained from a prescribed initial conditions. Streamfunction are computed
based on the vorticity distribution by solving equation(2.3). Velocity components are computed based on equation (2.2) once the values of
the streamfunction are known. These are again used to determine the vorticity field in the interior region for the next time step; and their
boundary values updated appropriately. The same process is repeated at each of the time steps until the time counter reaches an apriorily
specified value of maximum time or the computed scalar field satisfies the criterion for steady state. Our numerical results will then represent
steady state profiles induced by an unsteady converging-diverging current field.
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A second numerical experimentation involves replacing the orifices with two large screen electrodes covering the ends of the nonconducting
tube. The governing equations for the electromagnetic field and the flow are the same, but appropriate changes are made to the boundary
conditions to reflect the new configuration. Just like in the first example, the electromagnetic field is symmetrical about the central electrode
so it is computed half the horizontal direction of the nonconducting tube and then reflected on the other side. Dirichlet boundary conditions
of 0 and 0.5 are specified for the tube centerline which constitutes the lower boundary as well as the top of the nonconducting tube. This
amounts to setting up an electromagnetic barrier to the flow. We assume that the electromagnetic flow through the central electrode is
purely horizontal, this is defined by setting up a Neumann or zero flux boundary condition at this point i.e. JRB/dZ = 0. To guarantee
that continuity requirements are satisfied, the total current through the central electrode (i.e. from its top the top of the tube) should be
0.5. Lastly in order to ensure that the electromagnetic field through the central electrode should be purely horizontal, a Neuman boundary
condition is imposed on the left screen electrode (d(RB)/dZ = 0) Since the stream function y is the analog of BR by virture of equations
(2.3) and (2.4), their boundary conditions are essentially the same except that for the flow boundary conditions care must be taken to reflect
the fact the flow pattern is no longer symmetrical and hence must have to be specified for the entire problem domain. Since the stream
function essentially represents the volume of fluid per unit time between a given point and a reference plane, it is given values of 0 and
0.5 at the tubes lower boundary (the centerline) and the top boundary. The vorticity is set to zero at all boundaries. Axial flow through the
end electrodes is guaranteed by setting the derivatives of the stream function and vorticity equal to zero (dy/dZ = dw/dZ = 0). This last
equation, in combination with equations (2.2) and (2.3) determine the entire flow field (the radial and axial velocity components) in the
problem geometry. For example at the centerline flow is purely axial and y =0 =V = 0. At the top wall y = 1/2 = dy/JdR, in terms of
the velocity components V =0, dU/dR = 0 at the top wall. For the two electrodes at the exit and inlet dy/9Z = dw/dZ = 0 [15]. We
need to interpret this in terms of the velocity components.
Iy

=, =0=V=0ar Zazg/ro= Vo =Vuj j=2.3,.n~1 (2.6)

For the U velocity component we differentiate the above condition with respect to R
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The second condition at the wall, ‘3—(22 = ( can also be written in terms of the velocity components by noting that equation (2.3) can be

expressed as:

1, 0U A%
= —(R== —U—-R%
R "V k57
Hence
do _ 1,0 ) oU A’V
AR AN @
%7R(ﬁ)20é(322)2,j:(ﬁ)m]:0

Equations (2.6) to (2.7) are approximated by finite differences to read

Uy j=Us; for LHS BC and Uy11;=Uy1,j for RHS BC

V]_j:—V3’j f0r LHS BC and Vm+1,j:_vmfl,j for RHS BC

Vorticity distribution is computed from equation (2.5). Along the tube axis and the walls vorticity is set to zero except at the exit, except at
the inlet and the exit where the zero gradient specification leads to a finite difference approximation expressed as

O ;=03;, and Opy1,j= Op-1,j
3. Results and discutions

Fig.4.2 shows the profile of an electric current through an orifice in the presence of a conducting fluid. The electric current converges at the
central electrode where higher RB values are registered. This is in agreement with the specified boundary conditions as well as the fact
that the tube walls are non-conducting. The central electrode discharges towards the inlet and the exit, and produces an axisymmetrical
configuration of the current streamlines. Electromagnetic forces result in this process, and are vital in the modification of the flow of fluid
through the tube.

Fig.4.3 is the profile of the electromagnetic force field. The rotational electromagnetic force associated with the current is displayed as two
oppositely revolving force fields. These forces are rotational, and are not balanced by body forces arising from pressure gradient unless at
steady state. This imbalance gives rise to acceleration that impact on the dynamical features of the conducting fluid.

Rotational forces will most likely develop secondary flows when the vorticity production becomes appreciable. It can be observed from
Fig.4.4 that secondary flow is initiated in the region starting from the tip of the orifice and towards the upper wall at t= 10 for C = 0.3 and
for a Reynolds number value of 100. Fig.4.4 also depicts the axial velocity profiles of descending magnitude as the upper boundary wall
is approached. A zero velocity value corresponds to the position of the upper lip of the aperture. As the flow enters and exits through the
orifices, it impacts the solid boundaries at the inlet and exit. This results in a flow reversal which is indicated in the magnitude of the velocity
values in this vicinity.

Fig.4.5 displays the vorticity field generated with { given as 0.3 and Reynolds number of 50 at a time of 2.5. As the fluid enters the orifice,
and makes the first impact with the lip of the orifice, vorticity is generated along the solid wall leading to the upper boundary. We observe an
increase of vorticity away from the wall in the axial direction. At this point in time, there is more vorticity generation at the upstream of
the central electrode than in the downstream as the hydrodynamic effects of the fluid contact with the orifice has not been sufficiently felt
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downstream. Fig.4.6 displays the vorticity field at a later time (t=5). The impact of the vorticity produced by the central electrode is observed
as the fluid moves towards the exit. In addition contributions from both the solid walls and electromagnetic field are merged, with those of the
central electrode. The overall picture, indicates that more vorticity is produced closer to the walls and in the vicinity of the central electrode.
In the second experiment, it is found that the strength of the magnetic field as indicated by the magnetic pressure number and the size area of
the electrode in the middle of the nonconducting tube introduce some vital electromagnetic effects that produce different flow patterns. This
is demonstrated by the flow streamline patterns along the tube axis (Figs. 4.6 and 4.7). The increase in the gradient of the streamlines over
the central electrode with respect to the radial coordinate indicates an increase of the axial velocity. As a fact, flows of this kind mimic those
of ordinary flows when they encounter solid bodies as can be seen for flows past a plate aligned normal to the freestream direction. However
one thing that needs to be pointed out in this case is that there is a continuous decrease in flow as it moves towards the current constriction
created by the central electrode(Figs 4.8 and 4.9). Minimum speed is observed just before the central electrode as shown by the axial velocity
profile at the tube’s centerline. However in order to satisfy continuity requirements, the flow accelerates to speeds higher than the entry speed
and having made up for the continuity of mass, it decelerates once again to the speed of entry. This occurrence is noticeable as the value of
the magnetic pressure number § is increased. It is worthwhile to note that nonuniformities in the flow electromagnetic field enhance their
interaction with the dynamics of a conducting fluid and the eventual generation of Lorenz forces which are basically damping in nature.
Figure 4.9 shows that as the electromagnetic pressure number is increased, the flow becomes dispossessed of enough kinetic energy to flow
over the pressure hump created by the central electrode. This is shown by how far below zero the tube’s axial velocity goes just before it gets
to the central electrode.

The presence of negative values of axial velocity before the approach to the central electrode is indicative of the formation of secondary
flows. These observations show in a simple manner how the Lorenz force acts as an impediment to flow and as a consequence generates
vorticity and secondary flows. The value of { plays a significant role in flow configuration. For relatively small values of { , the flow is only
slightly deviated from its oncoming direction towards the central electrode, while an increase in { creates stagnation zones in front of the
central electrode. Figs.4.10 and 4.11 show that for { = 0.8, counter-rotating vortices appears in the region of the central electrode. Both
diagrams also show that the diffusive-convective transport of vorticity involves a considerable portion of the flow domain both upstream and
downstream of the central electrode.

The so called ’pinch effect’ in the vicinity of the obstacle (central electrode) is indicative of a non-smooth transition. It offers a region
of intense hydrodynamic activity as illustrated by a deficit in the fluid axial velocity(Figs.4.12 and 4.13) and a consequential build up of
velocity in the radial direction (Figs. 4.14 and 4.15). Figure 4.16 shows that near the central electrode, the current streamlines are distributed
uniformly and directed towards the negative radial direction before it arrives at the obstacle. This shows that the Lorentz force opposes fluid
motion in this region and as a result causes its deviation from the streamwise direction and reverses this direction immediately after the
obstacle.

4. Conclusion

Most of the flows found in scientific literature dealing with nonuniform magnetic fields are related to the magnetohydrodynamics of duct
flows in the streamwise direction arising from the interaction of electric and magnetic fields[16],[17],[18]. The current study in addition to
this, examines the variations arising from orifice flow exposed to an electromagnetic field. In all cases this study has further illustrated how
the Lorentz force produced by the interaction of electric and magnetic fields slows down the flow and generates vorticity. This may be of
practical importance where mixing or heat enhancement is needed. The governing continuum equations that comprise the balance laws of
mass and momentum are modified to include the electromagnetic effects. These have been solved numerically using the finite difference
methods. The correctness of the numerical algorithm developed herein was confirmed by noting the closeness of some of the results with
those from literature( Chow[15]). It is hoped that this work will help in further understanding of flows produced by localized forces and
nonuniform magnetic fields and their concomitant effects in providing mixing, vorticity and heat enhancement.

NOMENCLATURE

B magnetic field

E electric field intensity

f electromagnetic body force per unit volume
g gravitational acceleration

h magnetic field intensity

hg component of the magnetic field intensity in the azimuthal direction
j current density

Jo reference current density

p pressure

r radial coordinate

0 reference coordinate

| radius of aperture

10) radial distance from top of aperture to upper wall
R dimensionless radial coordinate

Ry Reynolds number

RB analog of streamlines for current flow

t time coordinate

u; axial velocity

ug reference velocity

U dimensionless axial velocity

uy radial velocity
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\Y% dimensionless radial velocity
z axial coordinate
Z dimensionless axial coordinate
Greek Symbols
\% gradient
Um magnetic permeability of fluid medium
\ kinematic viscosity
74 stream function
v dimensionless stream function
p density
T dimensionless time
(0] dimensionless vorticity
u magnetic permeability
c electrical conductivity
¢ magnetic pressure number
Subscripts
1, node counters in axial and radial directions
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Figure 4.1: Problem configuration
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Figure 4.2: Current streamlines profile for orifice flow
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Figure 4.4: Secondary flow profile for orifice flow ( {=0.3, Re=100, time=10)
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Figure 4.5: Vorticity field for orifice flow ({=0.3, Re=50, time=2.5)
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Figure 4.6: Flow streamline pattern ({=0.3, Re=50)
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Figure 4.7: Flow streamline pattern ({=0.8, Re=50)
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Figure 4.8: Axial velocity along tube axis ({=0.3, Re=50)
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Figure 4.9: Axial velocity along tube axis ({=0.8, Re=50)
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Figure 4.10: Vorticity contour ({=0.8, Re = 50)
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Figure 4.11: Vorticity contour ({=0.8, Re=60)
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Figure 4.12: Horizontal velocity contour ({=0.8, Re=60)
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Figure 4.13: Horizontal velocity mesh({=0.8, Re =60)
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Figure 4.14: Vertical velocity contour (§
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Figure 4.15: Vertical velocity mesh (§
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