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A NEW SYSTEM OF GENERALIZED NONLINEAR
VARIATIONAL INCLUSION PROBLEMS IN SEMI-INNER
PRODUCT SPACES

Sumeera SHAFI

Department of Mathematics, University of Kashmir, Srinagar-190006, INDIA

ABSTRACT. In this work we reflect a new system of generalized nonlinear vari-
ational inclusion problems in 2-uniformly smooth Banach spaces. By using
resolvent operator technique, we offer an iterative algorithm for figuring out
the approximate solution of the said system. The motive of this paper is to re-
view the convergence analysis of a system of generalized nonlinear variational
inclusion problems in 2-uniformly smooth Banach spaces. The proposition
used in this paper can be considered as an extension of propositions for ex-
amining the existence of solution for various classes of variational inclusions
considered and studied by many authors in 2-uniformly smooth Banach spaces.

1. INTRODUCTION

In recent past, variational inequalities have been elongated in dissimilar directions
and sections of studies, using peculiar and ingenious techniques. One of such con-
ception is variational inclusions. Numerous problems that exist in engineering,
optimization and control situations can be designed by free boundary problems
which conveys to variational inequality and variational inclusion problems. For
details, please refer [1-5, 8-14, 18, 20-23, 25, 26].

2. RESOLVENT OPERATOR AND FORMULATION OF PROBLEM

Let X be a real 2-uniformly smooth Banach space equipped with norm ||.|| and a
semi-inner product [.,.]. Let C(X) be the family of all nonempty compact subsets
of X and 2% be the power set of X.

We need the following definitions and results from the literature.

2020 Mathematics Subject Classification. 47TH09, 47J20, 49J40.

Keywords. System of generalized nonlinear variational inclusion problems, 2-uniformly smooth
Banach spaces, resolvent operator, iterative algorithm, convergence analysis.
Hsumeera.shafi@gmail.com; “20000-0003-1531-5649.
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A NEW SYSTEM OF GENERALIZED NONLINEAR VARIATIONAL INCLUSION 617

Definition 1. Let X be a vector space over the field F' of real or complex numbers.
A functional [.,.] : X x X — F is called a semi-inner product if it satisfies the
following:
() fo+9.2] = 0.2 + .2, Vw2 € X;
(ii) [Az,y] = Az, y], VAE F and z,y € X;
(ili) [z,z] >0, for x #0;
(iv) [fz,y]l* < [z, ][y, y].

The pair (X, .,.]) is called a semi-inner product space.

We observe that ||z|| = [#,2]2 is a norm on X. Hence every semi-inner product
space is a normed linear space. On the other hand, in a normed linear space, one
can generate semi-inner product in infinitely many different ways. Giles [7] had
proved that if the underlying space X is a uniformly convex smooth Banach space
then it is possible to find a semi-inner product, uniquely. Also the unique semi-inner

product has the following nice properties:
(i) [z,y] = 0 if and only if y is orthogonal to x, that is if and only if ||y|| <

lly + Az||, V scalars .

(ii) Generalized Riesz representation theorem: If f is a continuous linear func-
tional on X then there is a unique vector y € X such that f(z) = [z,y], Vz €
X.

(iii) The semi-inner product is continuous, that is for each x,y € X, we have
Rely, = + Ay] — Re[y, 2] as A — 0.

The sequence space [P, p > 1 and the function space L?, p > 1 are uniformly
convex smooth Banach spaces. So one can define semi-inner product on these
spaces, uniquely.

Example 1. [19] The real sequence space IP for 1 < p < oo is a semi-inner product
space with the semi-inner product defined by

[2,y] = ———= ) aylyilP 2, zy € 1P
Iy II”

Example 2. [7,19] The real Banach space LP(X, ) for 1 < p < oo is a semi-inner
product space with the semi-inner product defined by

(f.9)= s [ F@lg@l sonlg(e)du, fog € L7
HQHP X

Definition 2. [19,24] Let X be a real Banach space. Then:
(i) The modulus of smoothness of X is defined as

T4yl + [T —
o) =sup { IERALENE 0y gy = 450 )

px® _ g,
t

(il) X s said to be uniformly smooth if }in%
-
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(iii) X s said to be p-uniformly smooth if there exists a positive real constant
¢ such that px(t) < ¢ t?, p > 1. Clearly, X is 2-uniformly smooth if there
exists a positive real constant ¢ such that py(t) < c t2.

Lemma 1. [19,24] Let p > 1 be a real number and X be a smooth Banach space.
Then the following statements are equivalent:

(i) X is 2-uniformly smooth.

(ii) There is a constant ¢ > 0 such that for every x,y € X, the following

inequality holds
[z +ylI? < [lell* + 2(y, fo) + llyll?,

where f, € J(z) and J(x) = {z* € X* : (z,2*) = ||z||* and ||z*|| = ||z||} is the
normalized duality mapping.

Remark 1. [19] Every normed linear space is a semi-inner product space (see[15]).
In fact by Hahn Banach theorem, for each x € X, there exists atleast one functional
fz € X* such that (z, f,) = ||z||>. Given any such mapping f from X into X*, we
can verify that [y, x] = (y, fz) defines a semi-inner product. Hence we can write
(ii) of above Lemma as

|z +yl1* < ||2I” + 2[y, 2] + c|lyl|*, Yo,y € X.
The constant ¢ is chosen with best possible minimum value. We call ¢, as the

constant of smoothness of X.

Example 3. The function space LP is 2-uniformly smooth for p > 2 and it is

p-uniformly smooth for 1 <p < 2. If 2 < p < oo, then we have for all x,y € LP,
|z +yl[* < [l2]1* + 2[y. «] + (p — DIyl [*.

Here the constant of smoothness is p — 1.

Definition 3. [16,19] Let X be a real 2-uniformly smooth Banach space. A map-
ping S : X — X is said to be:
(i) monotone, if [Sx — Sy, —y] > 0, Va,y € X,
(ii) strictly monotone, if [Sx — Sy,x — y] > 0, Va,y € X, and equality holds if
and only if x =y,
(iii) r-strongly monotone if there exists a positive constant r > 0 such that
[Sz — Sy,x —y] > r||lz —y|]?, Yo,y € X,
(iv) &-Lipschitz continuous, if there exists a constant § > 0 such that
15(z) = Sl < 8llz —yll, Yo,y € X,
(v) n-monotone, if [Sx — Sy,n(x,y)] >0, Vz,y € X,
(vi) strictly n-monotone, if [Sx— Sy,n(z,y)] > 0, Ya,y € X, and equality holds
if and only if x =y,
(vil) r-strongly n-monotone if there exists a positive constant r > 0 such that

[Sl’ - Syvn(xuy)] Z T||.’L' - y||27 V:E7y € Xa
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(viii) &-cocoercive if there exists a constant € > 0 such that
[Sz — Sy,z —y] > €]|Sz — Syl|*, Yo,y € X,
(ix) relaxed (&, 0)-cocoercive if there exist two constants £,0 > 0 such that
[Sz — Sy,z —y] > —¢||Sz — Syl|* + dl|l= — y|I*, Vz,y € X.
For £ =0 S is d-strongly monotone.

This class of mappings is more general than the class of strongly monotone
mappings.

Definition 4. Let X be a 2-uniformly smooth Banach space. Letn: X x X — X
be single-valued mappings and M : X x X — 2% be multi-valued mapping. Then

(1) n is said to be accretive, if

[n(ﬂmy),x - y} >0, Yo,y € X.

(ii) n is said to be strictly accretive, if

{n(%y),a? - y} >0, Va,y € X.

and equality holds only when x = y.
(iii) n is said to be r-strongly-accretive if there exists a constant r > 0 such that

[n(w,y),w = y} > rllz —y|f*, Va,y € X.
(iv) n is said to be m-Lipschitz continuous, if there exists a constant m > 0
such that
In(z,y)ll <mllz—yl, Vo, y € X,

(v) M is said to be n-accretive in the first argument if
u—uv,n(z,y)| >0, Ve,y € X, Yu € M(x,t),v € M(y,t), for each fixed ¢t € X,

(vi) p-strongly n-accretive if there exists a positive constant > 0 such that
[u—v,n(z,y)] > pllz —yl?, Yo,y € X,u € M(z,t),v € M(y,t).

Definition 5. Let X be a 2-uniformly smooth Banach space. Letn: X x X — X
be single-valued mappings, M : X x X — 2% be a multi-valued mapping, then M
is said to be m — n—accretive mapping if for each fixzed t € X, M(.,t) is n-accretive
in the first argument and (I + pM(.,t))X = X, Vp > 0.

Theorem 1. Let X be a 2-uniformly smooth Banach space. Letn: X x X — X be
q-strongly accretive mapping. Let M : X x X — 2% be m —n—accretive mapping. If
the following inequality : {u — v, n(x, y)} >0, holds ¥(y,v) € Graph (M(.,t)), then
(x,u) € Graph(M(.,t)), where Graph (M(.,t)) :={(z,u) € X x X :u € M(x,t)}.
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Theorem 2. Let n : X x X — X be g-strongly accretive mapping. Let M :
X x X — 2% be m — n—accretive mapping. Then the mapping (I + pM(.,t))~" is
single-valued, ¥ p > 0.

Definition 6. Letn: X x X — X be single-valued mapping. Let M : X x X — 2%
be m — n—accretive mapping. Then for each fired t € X, the resolvent operator

R%g"t) : X — X is defined by
M) (N 4
RMCH () = (I + pM (., 1))} (z), Yz € X.

Theorem 3. Letn: X x X — X be p-Lipschitz continuous and q-strongly accretive
mapping. Let M : X x X — 2% be m — n—accretive mapping. Then for each fized

t € X the resolvent operator of M, RM( 2 (x) = (I+pM(., 1) (x) is B—Lipschitz
q
continuous, that is,

HRM( 0 (x) — RMD( H < Ll —y|, Va,y,t € X.

where L = B
q

Definition 7. The Hausdorff metric D(-,-) on CB(X), is defined by
D(A,B) = max{sup inf d(u,v), sup inf d(u, v)}, A, B € CB(X),
wcAVEDB veEB UEA
where d(-,-) is the induced metric on X and CB(X) denotes the family of all
nonempty closed and bounded subsets of X.

Definition 8. [6] A set-valued mapping T : X — CB(X) is said to be ~-D-
Lipschitz continuous, if there exists a constant v > 0 such that

D(T(2),T(y)) <~lz —yll, Yo,y € X.
Theorem 4. [17] Let T : X — CB(X) be a set-valued mapping on X and (X, d)
be a complete metric space. Then:

(i) For any given v > 0 and for any given u,v € X and x € T(u), there exists
y € T(v) such that

d(z,y) < (14+v)D(T(u),T(v));
(ii) If T : X — C(X), then (i) holds for v =0, (where C(X) denotes the family
of all nonempty compact subsets of X ).
Lemma 2. Let {0} be a sequence of nonnegative real numbers such that
il < (I1=a™b" + "+ h"™, Vn > no,

o0
where ng is a nonnegative integer, {a™} is a sequence in (0,1) with > a™ = oo,
n=1

c"=o(a") and Y, K" < oco. Then lim b™ = 0.

n=0 n—oo
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Definition 9. A mapping S : X x X x X — X is said to be relaxed (£, 0)— cocoercive
if there exist constants £,8 > 0 such that

2

)

[S(;v,y,z) - S(z1,11,21),x — xl} > —§HS(m,y,z) — S(ml,yl,zl)Hz + 5Hx — xl‘

vxaxlvyayhzazl € X. (1)

Definition 10. A mapping S : X x X x X — X is said to be B-Lipschitz continuous
in the first variable if there exist constant 8 > 0 such that

H‘S(xayvz) - S(xlaylvzl)H < 5Hx — T, vxaxlayvylvzvzl € X. (2>

Now, we formulate our main problem.

Foreachi=1,2,3,let N; : XxXxX = X, fi : X = X, n, : XxX — X besingle-
valued mappings. Let 4;, B;, F; : X — C(X) be set-valued mappings. Suppose that
M; : X x X — 2% is m; — n,— accretive mapping. Then we consider the following
system of generalized nonlinear variational inclusion problems (in short, SGNVIP):
Find (z1,29,23) € X x X x X,u; € A;j(x;),v; € Bi(x;),w; € F;(x;) such that

0 € fi(z1) = fi(@2) + p {N1(u2, uz,ur) + Ma(fi(21),21)}

0 € fa(w2) = fa(x3) + po{Na(vs, v1,v2) + Ma(f2(72), 22)}

0 € f3(xs) — f3(x1) + ps{N3(wi, wa, ws) + M3(fs(z3),23)}, Vp; > 0. 5
3

Special Cases:

I. If in problem (3), fi(z1) = G(x), fi(x2) = H(x), such that G,H : X — X, fo =
f3 =0,N; = Ny = N3 = 0,p; = py = p3 = 1, then problem (3) reduces to the
following problem: Find = € X such that

0€ G(z) — H(z) + M(G(x), ). (4)

This type of problem has been considered and studied by Sahu et al.[19].

3. ITERATIVE ALGORITHM

First, we give the following technical lemma:

Lemma 3. Let X be a real 2-uniformly smooth Banach space. Let for each
i € {1,2,3} Ny, fi,n,; be single-valued mappings. Let A;,B;, F; : X — C(X) be
set-valued mappings, M; : X x X — 2% be m; — n;—accretive mappings. Then
(@4, ui, v, w;) where x; € X, u; € Aj(x;),v; € Bi(z;),w; € Fy(x;) s a solution of
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(3) if and only if (z;,u;, vi,w;) satisfies
frls) = Bl { falaa) = py N (g s, )}

fa(z2) = R%fr(z;m){fﬂ%) — paNa(vs, v1, “2)}

f3(x3) = Rﬁi?é;’”){fg(m) - p3N3(w1,w2,w3)}

—1
where Rﬁ%ﬁ’) = (I + pZMl(,xl)) are the resolvent operators.

Proof. Let (x;,u;,v;,w;) is a solution of (3), then we have

filzr) = R%fé;’xl){fl(zz) - PlNl(U27U3,U1)}

= filz) = <I+01M1(~7931))_1{f1($2) - PlNl(u27U3,U1)}
= Al + o M), e) = {£i(e) = oy V(2 us, )}
= 0¢€ fi(z1) = fi(z2) + pr{Ni(uz, uz, u1) + Mi(fi(21), 1)}
Proceeding likewise by using (5), we have
Fales) = BY2GH oles) — o3 Na(ws, 01, 2) )

< 0 € fa(wz) — fa(x3) + po{Na(v3,v1,v2) + Ma(fa(x2),22)}
and
f3($3) = R%fr(h’xd){fg(l‘l) — p3N3(w17w2,w3)}

< 0 € f3(xz) — fa(w1) + p3{N3(wi, w2, wz) + M3(f3(r3),23)}.

O

Lemma 3 allows us to suggest the following iterative algorithm for finding the

approximate solution of (3).

Iterative Algorithm 1. For each i = {1,2,3} given {z9,u?, v, w

X, ud € Ay(29),0? € Bi(29),w? € Fi(2?) compute the sequences {x

defined by the iterative schemes
M;s(.x3)

fa(@s) = Rpsts, ™ { a(al) = paa(w wh i) }

n Mo (.,xd n no,n ,n
fa(z3) :RP2?7(72 2){f2(x3)—pQNg(vg,wl,vz)}

9} where 29 €
wi'}

n ny,..n n n n Mi(.,z7 n n o,n ,n
351+1 =(1-a")z} + o ($1 _fl(%)‘*‘Rpl}vgl ){fl(‘rQ)_plNl(U‘QvuSﬂul)})

oo
where ™ is a sequence of real numbers such that >, o™ = oo, ¥n > 0.

n=0
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4. EXISTENCE OF SOLUTION AND CONVERGENCE ANALYSIS

Theorem 5. For each i € {1,2,3}, let X be a real 2-uniformly smooth Banach
space with k as constant of smoothness. Let N; : X x X x X — X be a relaxed
(&;,04)-cocoercive and v;-Lipschitz continuous in the first argument. Let f; be a
relazed (r;, s;)-cocoercive and B;-Lipschitz continuous in the first argument. Let
Ai, Bi, F; : X; — C(X;) be set-valued mappings such that A; is La, — D— Lipschitz
continuous, B; is Lp, — D—Lipschitz continuous and F; is Ly, — D— Lipschitz con-
tinuous. In addition, if there are constants t; > 0 such that

| R0 ) = RA=0 ()| < il = will, Vi € X (6)
and
17(t2+q)5) >0, 1*(t3+q)6) >0
such that
LiLo L (@5 + @5) (@3 + @)
0< | Py+ Dy
(1 ~(ta+ @5)) (1 ~(ts + @6))
L1LyL3®y (‘I>2 + @5) (‘1’3 + (1)6)
+ +i ) <1, (7)
(1 ~(ta+ @5)) (1 (s + @6))
where

Oy = \[1+2p (€A%, — 01) + kPR3 LS 5 @2 = \/1+ 205(E03L%, — 02) + Kp3v3LY, .

Py = \/1 +2p5(&3v3 L%, — 03) + kp3viLE; ®a= J 1+ 2(ri f7 — 1) + kB3

o5 = \/1 +2(raf3 — 52) + kB3 6 = \/1 +2(r3B3 — s3) + kf3.

Then the sequences {z'}, {ul'}, {vl'}, {w!} generated by above iterative algorithm
1 converges strongly to (z;,u;, v, w;) where (T;,u;, vy, w;) s a solution of above
problem (3).

Proof. From Lemma 3, Iterative Algorithm 1, (6) and by using Theorem 3, it follows
that




624 S. SHAFI

n\ N n n n My (.27 n n o,,n ,n
(1-a™a} +a (‘rl _fl(xl)*'Rplffgl 1){f1(x2)_plNl(u2au37ul)})

- [(1 —a™)zy + a® ($1 — fi(z1) + R%féi’zl){fl(fﬁ?) = P11 (uz, us, ul)}>] H

IN

(1-a)

] f:clu +a”

(af = 21) = (1(@}) = i)

M (-2T)

or | Rans A es) - ooV, g ) )

_RP1u77.1 {f1($2) plNl U2, us3, U1 }
Ml( :E;L

+Rp, ){f1($2) p1N1(u2, us,uy)

_R%Iél’wl {fl(@) p1 N1 (w2, us, uq }H

IN

(1—am)

(af —21) = (1(a}) = fua0)

] —x1H +a”

+04"L1Hf1($5‘) — fi(z2) — py (Nl(ug,ug,u?) - Nl(u2,u3,u1)) H

+aty ||z} — 24|

IN

(1—a™)

2 — || + | (@t — 1) = (A(a}) = falar))|

+oz”L1H(335‘ —x3) — (f1(2}) — fl(xz)H

+Of”L1H($§’ —T2) = py (Nl(ug,ug, uf) — Ni(ug, us, Ul)) H

+aty ||z —aa]. (®)

Since Nj is relaxed (£, d1)-cocoercive and v4-Lipschitz continuous in the first ar-
gument, therefore by using Remark 1 , it follows that

2
|5 = w2) = py (Mo, ) = N (g ) )|
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2
7 = @ = 20, [Na(ug i ub) = Na(uz, g, wn), o - 2]

2
+kp%HN1(u§,u§,u’f) - Nl(u2au37U1)H

2 2 2
< ng - xgH - 2p1{ - §1HNl(ug,u§,u7f) - Nl(UQ,Ug,Ul)H + 51‘ x§ — xQH }
2
—|—k:p%1/%’ uy — u2H
2 2
o R R
2 2
—2p161Hx§ — xgH + kp%V%Hug — UQH
2 2
< ot — 2|+ 20,6002 (P(A2(a3), Ax(22)))
2 2
~2p10uJo — 2| + kot (D(Aa(a}), Ax(e2)))
2 2
S R R L
2 5o 2
—2p151‘ zh — .TQH + kpiviL?, ||2f — £L’2H
2
< (1L 2m(eALd, - 0 +kop ALY, ) ok - o
= H(xg —Z2) — py (Nl(uS,ué‘,u?) - N1(u2,u3,u1)) H < (th? - 332H 9)
where
O, — \/1 + 20 (6122, — 61) + kp22LA .
Also

o8 —aa| = @8 —22) — (fa(a}) — alw2)) + (alaB) — fa(w2)|

< @3 = w2) = (falah) — fale2)|
+ fot23) = fate2)| (10)
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M. .,x" n n n n L
= || RO ) — paNato o, o)} = R faws) = paNa(vs, o1, 02) |

Ms(.,xly n n n .n
= HRPQ?"(IQ 2){f2(353)_P2N2(Usa“1vvz)}

_Rrj’vz[??sé’wZ) {f2($3) — paNa(v3, v1, Ug)} H
Ma(.,@3 n n o ,n ,n
S HRP2?7§2 ){fQ(x3)_p2N2(v3aU17v2)}

—Rp, o, {f2($3) - P2N2(US,U17U2)}H
Mo (a2

+HRP2,,,2 {fz(ms)*pgNz(USa”h”?)}

_R/J}f%;m {f2($3) — paNa(vs, v1, U2)} H

< Lf|fale}) — fales) — pa(Na(0f 07 05) — Na(ws. v 0)) |
oot =]
< Lof|(at - a5) = (£(a8) - falay))

+L2H($U§ —3) — Py (Nz(?}?w?w?) — Na(vs, v1, vz)) H

+t2Ha:g —xQH. (11)

Since Ny is relaxed (€, d2)-cocoercive and vo-Lipschitz continuous in the first ar-
gument, therefore by using Remark 1, we have

2
| @5 = 2a) = o (Na(5 07 08) = Na(es, o1, v0)) |
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2
xh — :ch — 2p, [Ng(vg, v, vY) — Na(vs,v1,v2), 2§ — $3:|

2
+kP%HN2(U§L;U?aU§L) - Nz(vs,vl,vz)H

2 2 2
< Hx%’ — :ch - 2p2{ — €2HN2(U§L,U{L,U;) - NQ(vg,vl,vg)H + 52‘ g — xg,H }
2
+kp§1/§‘ vy — ng
2 2 2
< Ja=nff o st —of s -}
2
-ﬁ-kp%V%va —ng
2 ) 2
< oy = s+ 206003 (P(Ba(at), Baaa))
2 - 2
20wt — a5+ ko3 (D(Bo(ay), Ba(as))
2 2
S R R
2 2
_2p252‘ x5 — xgH + k‘p%l/%LQB3 Ty — :CgH
2
< (14 200(€03L%, — 02) + ko333, ) |o — ws|
= H(mg — T3) — pg (Ng(vgm?,vg) — NQ(’U37’01,U2)> H < <I>2Hx§ - .T3H (12)
where

s = \/1+2py(€03 L3, — 0a) + kpRr3LY,.

Since fy is relaxed (73, s2)-cocoercive and (B5-Lipschitz continuous, therefore by
using Remark 1, we have

[ — s — (rate) — ot
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2 2
2 — 2| —2[fa(a}) = falws). 2§ — 2] + k| fale}) — falas)|

2 2 2 2
< HIQL - 503‘ - 2{ — 1o\ fa(2]) — f2(9€3)H + sa|lxs — I3H } + kﬂ%‘ xy — 173”
2 ) 2 2 ) 2
¢ -l v —of -l off o
2 2 2
< (1 +2(r2f3 — s2) + kﬂz)‘ ry — z3H
— o = 25 = (fa(a8) = falws))|| < @s|os — s (13)
where
5 = \/1+ 2(ra83 — 52) + k2.
Similarly

5 = 22 = (fa(a) = falaa))| < @5
Substituting (12), (13) in (11), we have

Hf2($3) - f2(932)H < Lo(®2 + ‘I)s)Hl“? - xgH + tQHwS - xgH (15)
Combining (10), (14) and (15), we have

xl —mQH. (14)

e -] < e+ 1o 30—+ s -]

S (‘1)5 +t2)HJE§—IE2H+L2((I)2+‘I)5)H£Eg—l’3H. (16)

Again, we have
o = s = || @5 = 20) = (Faa) = fawa)) + (fa(a) = folas))|
< |[@5 = @9) = (fa(a}) = folwa)|| + | () = fo(as))||-  (17)

Now,
| fs(ap) = folas)|
Ms(.,x% n n n n T
= HRpS?vgg 3){f3($1)—Pst(wuwz,%)}—R%igg 3){f3($1)—Pst(wlvwsz:‘a)}H
Ms3(.,x n n n .n Ms(.,x%
< HRps?vgg 3){f3(l“1)—P3N3(w1»w27w3)}—Rp3?7(73 3){f3($1)—pgNS(w17w27w3)}H
+HR£§3§;JS){JC3($1) - Pst(whwmws)} - R%%;m){fB(%l) - 03N3(w17w27w3)}H
< Lo fa(at) = fal@r) = pa(Na(wh,wh,wh) — No(wn,wp,w) ) |+t — s
< Lng? - — (fs(x’f) - f3(151)>H
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—I—Lng? — 1 — ps (Ng(w?,wg,wg) — Ng(wl,wg,wg)) H + tgng — xgH (18)

Since Nj is relaxed (€5, d3)-cocoercive and v3-Lipschitz continuous in the first ar-
gument, therefore by using Remark 1, we have

2
H(ff —x1) — P3 (Ns(wﬁwé‘,w?) - Ns(w1,w27w3)) H

2
3| Na(wi w§, wg) = Na(wr, wa, ws)|

2
- le —2p4 {Ng(w{’,wg,wg) — N3(wi,wa, ws), z} — xl}

2 2 2
< Hir?—le _2/)3{_53HN3(U/?7’U737W:§L)_NB(w17w27w3)H +53‘$§L—$1H}
2
it |
2 2
< ot —w| + 205003 |wr - w |
2 2
ot ot
2 2
< ot = | + 205803 (PR, Fatan))
2 2
~2pus|ot — 2|+ ko2 (DR (D), Fa(o)))
2 2
< ’x?f:m” +2p3§3V§L%—~1 x?fle

2 2
72p353Hx? - le + kp3v3L3, Hx? - :c1H

2
< (1 205(€a3L3, — 0) + boBALE, )|t — o

= [0 = 21) = pa(Na(wf, w3, wh) — Na(wr,wa,w5)) | < @slat — ]| (19)

where

By = \/1 +205(€302L%, — 83) + kpRU3L3, .

Since f3 is relaxed (rs,ss)-cocoercive and [4-Lipschitz continuous, therefore by
using Remark 1, it follows that

[t =1~ Gatep) — st
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4| fse) — o)

v — || =2 psap) — fatwn). 2t -]

IA

Hxi’ - :le2 - 2{ - 7’3’ fa(z}) — fs(xl)H2 + 83Hx’f - x1“2}

2
—Hcﬂg’ - x1H

IA

2 2
o =]+ 2rssifet =

2 2
2ot | kot =

IA

2
m?—le

(1 +2(r3f3 — s3) + kﬁg) ’

= |

o =21 = (fa(at) = falen) | < @ et — a1

| (20)

where

D = \/1 +2(r3f3 — s3) + kp3.
Similarly

5 = 2 = (fa(a3) = fa(aa))|| < @[} — s (21)
Substituting (19), (20) in (18), we have
Hfs(fvg) - f3(933)H < L3(®s + ‘I’s)‘

Combining (17), (21) and (22), we have

x?—le—l—tngg—xgH. (22)

IN

@6‘

Ty — 1:3” + L3 (<I>3 + <I>6> H:c? — le + tngg — x;»,H

(5-0)

— (1—(t3+‘1>6)>HJ3§L—x3H §L3<©3+@6)HJZ?—JJ1H

IN

xrh — m” + Ls (<I>3 + <I>6) Hm’f - le

Ls (<1>3 + c1>6) ‘
(1 — (t3 + ‘%))

= |

zh — 1:1H (23)
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Substltutmg (23) in (16), we have

LoLs (<1>2 + <1>5) (<1>3 + @6) ‘

< (12 + @) (1 (ts + 20))

-+

e (1= 0 - < LaLy (@2 + @5 ) (5 + @) ot o
(1 (3 + Pg )
o < LaLy (s + @5 ) (5 + ) ot - o] o
(1 — (ta+ @5)) (1 (ts + @6))
Substituting (24) in (9),
@3 = 2) = oy (Moo w5 ) = Nz, 3, 0)) |
Ly Ly®y (@ + s ) (B + ) ] )

<
(1= (2 + @5)) (1= (13 + @)
Since f; is relaxed (r1, $1)-cocoercive and (;-Lipschitz continuous, therefore follow-
ing the same procedure as in (13), (20), we have

ot = 21 = (f1@D) = frl@))| < @lfot — (26)
and similarly, we have
a3 =22 = (£1(@5) = frl@2))]| < @fos — 22 (27)
where
oy = \/1 +2(r1 8% — 51) + kB2
Combining (24) and (27)
a3 =22 = (1@3) — i)
. LoLs (<I>2 n <I>5) (@3 + <I>6) . xlu o8

(1 —(ta+ @5)) (1 —(ts+ ‘%)) H
Substituting (25), (26), (28) in (8), it follows that

|-

< {(1 —a") 4+ a" P+ "Dy

n+1 n
1 — 21

LiLoLs (‘I’z + ‘135) (‘1)3 + (1)6)
(1 — (ta + %)) (1 —(ts + (1’6))
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Ly LyLsd, (q>2 + <I>5) (cb3 T @6)
(1 —(ty + <I>5)) (1 —(ts + @6))
LyLoLs (@2 + <1>5) (¢>3 + @6)
(1 —(ta+ <I>5)) (1 — (ts + @6))
Ly LoLs®, (<1>2 + <1>5) (<I>3 + <1>6)

+a” +a™ty Haﬂf — H

S 1—a" 1—(1)4—(134

R
(1 —(t2+ %)) (1 —(ts + <I>6))

<(1—a™1—-h) “x?—xl‘]. (29)

where i < 1 by assumption (7). Therefore by using Lemma 2, {z'} converges

strongly to a solution of (3). This completes the proof. a

5. CONCLUSION

A new system of generalized nonlinear variational inclusion problems has been
introduced in semi-inner product spaces. Using resolvent operator technique, an
iterative algorithm has been constructed to solve the proposed system and the con-
vergence analysis of the iterative algorithm has been investigated. The obtained
results generalizes many known classes of variational inequalities and variational
inclusions in the literature. The results presented can be used for approximation
solvability of some different classes of problems in the literature.

Declaration of Competing Interests The author declare that there is no conflict
of interest regarding the publication of this article.
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ON EIGENFUNCTIONS OF HILL’S EQUATION WITH
SYMMETRIC DOUBLE WELL POTENTIAL
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ABSTRACT. Throughout this paper the asymptotic approximations for eigen-
functions of eigenvalue problems associated with Hill’s equation satisfying pe-
riodic and semi-periodic boundary conditions are derived when the potential
is symmetric double well. These approximations are used to determine the
Green’s functions of the related problems. Then, the obtained results are
adapted to the Whittaker-Hill equation which has the symmetric double well
potential and is widely investigated in the literature.

1. INTRODUCTION

Consider the Hill’s equation
y'+ A —a(@)]y =0,

x € |0,
under the periodic boundary conditions y(0) = y(a), ¥'(0) = y'(a), or the semi-
periodic boundary conditions y(0) = —y(a), ¥'(0) = —y’(a). Here, A is a real
parameter and the potential ¢(z) is a real-valued, absolutely continuous and peri-
odic function with period a such that

/0 " gt = 0.

The equation (|1)) is fundamental for the quantum mechanical treatment of atomic
and molecular phenomena. This kind of equation was first used by Hill [21] in mod-
elling of the moon motion. It also appears in the theory of particle orbits in linear
accelerators and alternating gradient synchrotrons, because the field structures are
periodic [10425,32].

[0, a] (1)
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The derivation of asymptotic formulae for eigenvalues and eigenfunctions of Hill’s
equation, when restrictive conditions were imposed on ¢, is of interest in its own
right and has a long history. Exact solutions of differential equations are unfor-
tunately rare in applied mathematics and physics. Asymptotical interpretation of
the differential equations plays an important role in understanding the behaviour
of such differential equations [5,/12}27}/30,/31]. Motivation for studying eigenvalue
and eigenfunction asymptotics has come from several different types of problems
including instability intervals and gaps of eigenvalues [3./4}/11}/15,/22,/26], the deriva-
tion and properties of the Green’s function [7H9,/13,/14}23], inverse spectral theory
and theory on reconstructing the potential function from knowledge of spectral
data [16L/19], and the general theory of periodic potentials [2}/6,/18}24}28].

The main purpose of this paper is to determine asymptotic formulae for the
eigenfunctions of the Hill’s equation with ¢(z) being of a symmetric double well
potential under the periodic and semi-periodic boundary conditions . We call ¢
a double well potential, if there are points 1 < z3 < z3 in [0,a] such that ¢ is
monotone decreasing on [0, z1] and [z2, 23] and is monotone increasing elsewhere.
In this work, it is assumed in particular that the potential function ¢ is a continuous
function on [0, a] which is symmetric on [0, a] as well as on [0, §] and non-increasing
on [0, §] , that is, ¢(z) = ¢(a — z) = ¢(§ — z), mathematically.

Denote by A, and p,, (n =0,1,2,...) the periodic and semi-periodic eigenvalues
of , respectively. These eigenvalues are interlaced in the following way:

)\0<,UJ0§,[L1<>\1§>\2<#2S#3<—>OO
Bagkaya [4] obtained the asymptotic approximations of the periodic and semi-

periodic eigenvalues of having symmetric double well potential such that, as
n — 00

Aot _ A(n + 1)%n? 1 ‘ /a/4 iy e (A4 DT ‘
= t ——t | dt
)\2n+2 a2 + (n —+ 1)7T 0 q ( )Sln a

a/4

- @ 2 [ ad
a/4
—s [t O] + o~ o)
0
and
Hop . (2n+ 1)27T2 B a a/4 )
/”[’27’2L+1 N a? 4(2n + 1)272 lag®(a) + 20/0 q(t)q'(t)dt

a/4
3 / ta(t)q (1)dt) + o(n~?). (3)
0
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In Section [2f the eigenfunctions of corresponding to the eigenvalues, A, and
by, given by and are investigated. By using the estimates on the eigenfunc-
tions, the Green’s function asymptotics related to the Hill’s equation are derived
in Section (3] Here, the method developed by Fulton [20] is followed. In Section
[@ the obtained results for the eigenfunctions and Green’s functions are adapted to
the Whittaker-Hill equation

d*i

) + [A + 2kcos(2z) + 2lcos(42)]p =0
where A, k, [ are real. This equation arises after separating the wave equation using
paraboloidal coordinates [1] and is equivalent to a time-independent Schrédinger
equation,

d V(o
O‘deg + ( )1/)—577[}’

that describes the internal rotational (torsinal) problem of a given molecular sys-
tem around a dihedral angle 0 = 22. ¢ = a)/4 is the energy eigenvalue of the
eigenfunction ¢ = (0) and V(0) = Vjcos(f) + Vacos(20) is a period 27 func-
tion representing a symmetric periodic double well potential with V4 = —ak/2 and
Vo = —al/2 (see |29)]).

The following results obtained in [18] will be used to determine the eigen-
functions.

Let ¢¢(z,A) and ¢4(x, \) be the linearly independent solutions of with the
initial conditions

Theorem 1. [18, §/.3] Assume that ¢, (z,\) and ¢y(x, \) are the solutions of
satisfying @ Let q(x) be an absolutely continuous function. Then, as A — oo,

61l 0) = cos(aV) + 5A3Qa)sineVR) + 37 {ate) - 90 - Q)

x cos(zVA) + o(A71),

6o \) = A~ F sin(zV/A) — %x\‘lQ(a:) cos(zv/2)

- {qm T q(0) - ;Q%x)} sin(zv/3) + o(A~H)

=~

where
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2. ASYMPTOTICS OF EIGENFUNCTIONS

In this section we obtain the asymptotic approximations for eigenfunctions of
(1) satisfying the periodic and semi-periodic boundary conditions.

Before, we prove the following lemma for ¢(x) being of a symmetric double well
potential.

Lemma 1. If g(x) is a symmetric double well potential on [0, a], then

/ S =sa)+ 5 o (5) -a(5)] - [ // o)t~ [ / t(t)dt.  (6)

Proof. Using integration by parts and ¢(x) = q(a — =) = q(§ — z), it is obtained

that
| awae=wa|_ - [ e
0 t=0 0

a/2 z
= zq(z) — [ /O tq' (t)dt + / P tq’(t)dt]

a/2 z
= xq(x) — [—/0 tq'(a — t)dt + //2 tq'(t)dt}

a/2 T
—aqfe) - [ (a- v | R

::a/z - /;2 tq'(t)dt - / ; tq/ (t)dt
= w4(o) +ala@-a(3)] - [ G / o

= xq(z) — / jz tq' (t)dt — / jQ tq'(t)dt

a/4 a/2 x
= zq(x) — / tq' (t)dt + / tq'(t)dt] — / tq' (t)dt
0 a/4 a/2

a/4 a a/2 x
= xq(z) — —/ tq' <f—t) dt+/ tq'(t)dt —/ tq'(t)dt
0 2 a/4 a/2

= 2q(x) + alg(?)]

= 2q(z) — /a 14 (g - t) ¢ (t)dt + /a Zz tq/(t)dt] - /a ; tq' (t)dt

= zq(z) + g [q (%) —q (%)} - /:/2 tq' (t)dt — /: tq' (t)dt.

/4 /4
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Theorem 2. Let q(x) be a symmetric double well potential on [0,a]. Then as
A — 00, for the solutions of with the initial conditions , we have

$a(:2) = cos(vA) + %x%{m@ +500(5) —a(3)] - //:2 tq/ (£)dt
_ /;4 tq'(t)dt} sin(zvV\) + i)\—l{q(z) —q(0) — %[xq(x) 4 %[q (g)

a/2

—q (%)] - /11/4 tq' (t)dt — /;4 tq'()dt]*} cos(zVA) + oA, (7)

) 1 a/2
By, \) = A7 2 sin(zV) — iAfl{xq(x) + g [q (g) —q (%)] - /a/4 tq' (t)dt
v, I 1 a. /a
- / b Oty cos(aVR) + 20 Ha(a) + 4(0) = Floa(o) + 5la (3)
a a/2 . z . . s
~a($)1- /a/4 tq/ (t)dt — /a/4 tq(1)de} sin(zvV) + oA D). (8)
Proof. If we use Theorem and substitute @ in , the proof is done. O

Theorem 3. The eigenfunctions of the periodic problem having symmetric double
well potential satisfy, as n — oo

2(n+ 7z a a

+ 4(ni 1) (wale) + g [q (5) —4 (Z)}

a/2 v 2(n+ )7z a?
— tq' (t)dt — tq' (t)dt) si
/a q'(t) /a ¢ (O)dt}sin =—"=—+ 150 Ty

¢1(z,n) = cos

/4 /4
<Aa(o) = a0) = 3loat)+ 5 [a (5) =0 (§)] - [ // tq/(t)dt
- /I tq' (t)dt]*} cos An+ Dz +o(n™?),
a/4 a
a . n T a2 a a a
¢2(z,m) = 2(n+ )7 - % J;l) © 8(n+1)2x2 {zq(x) + 2 [q (5) 1 (Z)]
_ /aj: tq'(t)dt — /;4 tq'(t)dt} cos 2(n Zl)ﬁx N - jLr?,l)37T3
x {q(x) + q(0) - %[xqm +5la(5)-a(3)] - / // tq/(t)dt
- /1 ! ()]} sin 2 *al)” +o(n3).
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Theorem 4. The eigenfunctions of the semi-periodic problem having symmetric
double well potential satisfy, as n — oo

)= BV b+ o (3) )

a/2 v (2n+ 1)mx a?
- tq' (t)dt — tq'(t)dt} si
|t [ oy ST ot

/4 /4
x {q(z) —q(0) — %[xq(x) + % [q (%) —q (%)} -~ /;:2 tq' (t)dt
- /j tq' (t)dt]*} cos w +o(n™?),
a . n T a2 a a
92(2,1) = oy, S 2 Zl) = 2 g 1z i) + 5l (5)
—q (%)] - /(::2 tq' (t)dt — /(:4 tq' (t)dt} cos @n+ Dra —1;1)71'3:
e ) + 00~ Sea) + 5 [a (5) - (5)]
_ / 0yt — / " (a2 sin ZREDTE L sy,
a/4 a/4 a

To prove Theorem 3| and Theorem EL the related eigenvalues given by and

are substituted in Theorem
We also have asymptotic formulae for the derivatives of ¢, (x,\) and ¢y(x, N).

We will use them in calculation of the Green’s functions.

Lemma 2. Consider the equation having symmetric double well potential. As
A — 00, for the derivatives of its solutions, ¢, (x, A) and ¢o(x, X) which satisfy ,

we have

a/2

B0, 3) = A sin(ev) + 3 foa@) + 2 o (5) —a (3)] - /a/4 tq/(t)dt
-/ / 19/ ()t} cos(ev/R) + A Ha(e) +a(0) + glwa(a) + o (5)

a/2

“a({ [ i [ @ae) ey o0 b, o

o (x, \) = cos(zVA) + %)\_%{ch(l‘) + g [q (%) —q (%)] — /a tq' (t)dt
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_ /;4 tq' (t)dt} sin(zvV/X) — i)ﬁl{q(m) —q(0) + %[xq(x) + %[q (g)
- " S 2 —1
—q <Z>] - /a/4 tq'(t)dt — /(1/4 tq' (t)dt)?} cos(zvVA) +o(A71).  (10)

Proof. Here, the proof of @D will be shown. The proof of is similar to that.
If g(z) is a piecewise continuous function, then, as A — oo,

¢, (x, \) = cos(zV) + A2 /091 sin{(x — t)VA\}q(t) cos(tV/\)dt

! /0 " sin{(z — )VAlq(t)dt /O “sin{(t — VA a(u) cos(uv/N)du
+O(E) (11)
(see 18] §4.3]). The usual variation of constants formula |17, §2.5] gives
¢, (x, \) = cos(zVA) + A2 /090 sin{(z — )V \}q(t)b, (t, \)dt.
If we arrange this formula, one can write

b, (x, \) = cos(zV\) + )\_%{sin(x\f)\) /01' cos(tV\)q(t) ey (8, N)dt
— cos(zV/\) /0 ' sin(tvV/\)q(t) ¢, (t, \)dt}. (12)

It is obtained by differentiating with respect to = and substituting ¢, (¢, \)
from in the integral that

B (z,\) = —\? sin(zv\) + /\7%{/\% cos(zV\) /I cos(tV\)q(t) gy (t, ) dt

0

+ A7 sin(zVA) / ' sin(tV/\)q(t) ¢, (t, N)dt}

0

S sin(zv\) 4 /Of cos{(z — t)VA}q(t)op, (t, N)dt
=-A2 sin(zv\) + /w cos{(z — )V A}q(t) cos(tV/X\)dt
0
+A2 /I cos{(z — t)\f)\}q(t)dt/ sin{ (t — u)VA}q(u) cos(uv/A)du
0 0

+ 0. (13)

If differentiability conditions are imposed on ¢(z), (13]) can be made more precise.
Assume that ¢(z) is absolutely continuous. This implies that ¢'(x) exists almost
everywhere and is integrable. Under these conditions, let consider the second term
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on the right of (13). We have
Jy cos{(z — t)VA}q(t) cos(tv/A)dt

= ;/Ow [cos(xﬁ) + cos{(z — 2t)xf)\}} q(t)dt

= %Q(x) cos(zV\) + % /093 cos{(z — 2t)VA}q(t)dt
- %Q(az) cos(av/2) + %[—%/\_%q(t)sin{(m ~Val|

+oah / ¢ (t) sin{(z — 20)V/ X} ]

= 2@ cos(av/R) + A% [a(a) +(0)] sin(av/)
+ i)\_% /01' ¢ (t) sin{(z — 2t)V/A\}dt.
The right-hand integral on the last equality is o(1) as A — oo by the Riemann-
Lebesgue Lemma. So,
A [q() + q(0)]

)- (14)

| =

/OI cos{(x — t)V A} q(t) cos(tVN)dt = %Q(x) cos(zVN) +
x sin(zvA) 4+ o(A~

NJ=

Also, from |18, §4.3]

4
x cos(zVA) + 0()\7%). (15)

For the third term on the right of , together with we find

/Ow sin{(z — t)VA\}q(t) cos(tVA)dt = %Q(z) sin(zv\) + })\_% [q(z) — q(0)]

P g cos{(z — t)VA}q(t)dt fot sin{(t — u)vVA}q(u) cos(uv/\)du

Ol = x| = W= N

A4 /0 " cos{( — VA g(OQ) sin(tVR)dt + O

o
=

/0 ’ [sm(zﬁ) — sin{(z — 2t)ﬁ}} aOQ(t)dt + O(N ™)

x

=-A3 sin(zv/\) [Q;t)} o +o(A72)
= SA"2Q%(z) sin(zVA) + o(A72), (16)
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again by using the Riemann-Lebesgue Lemma. From and (16)), it is obtained
that

B (z,\) = )z sin(zv/\) + %Q(m) cos(zvV ) + %/\7% {q(a:) +4q(0) + ;QQ(JT)}

x sin(zvV/X) + (A7 7). (17)

Using @ in and substituting this in prove @D
|

3. AsymMPTOTICS OF GREEN’S FUNCTIONS

In this section, we aim to improve asymptotic formulae for Green’s functions of
the periodic and semi-periodic problems with symmetric double well potential. The
Green’s function G(z,(, \) is given by
¢1(C7/\)¢>>\2(377>\)7 0< C <zx<a
G(z,(\) = 4)1(17,1)'\))(?3((7)\)7 0<z<(<a (18)
(see [20]). Here, ¢¢(x,A) and ¢y(x,A) are linearly independent solutions of
satisfying . And, we define w()) as follows

w(A) = ¢y (2, \) g (x, A) — 1 (2, N)da (2, N). (19)
It is known as the Wronskian function of ¢, (x,\) and ¢q(x, A).

Theorem 5. Suppose that the equation has the symmetric double well poten-
tial and its independent solutions, ¢1(x, ) and ¢q(x, N) satisfy the initial conditions
@. Then, the Green’s function of the problem is, as A — oo

G(z,¢,\) = AT cos(CVA) sin(zv\) — %)\_I[D(x) cos(CVA) cos(zvV/N)

~ D(Q)sin(¢VA) sin(ev )] + 1A H{[a(Q) +a(a) — 5(D*(Q)
+ D?(z))] cos(¢VA) sin(zvA) — D(C)D(z) sin(¢CVA) cos(zvVA)}
—i—o()f%)7 0<(<z<a

where
a/2

- T (8 — o (M = / (L
D) = ra(e) + 5 0 (5) ~a(3)] /a/4 tq/ (£)dt /M W Wdt. (20)
Similar result holds for 0 <z < { < a changing the role of { and x.

Proof. We begin to the proof by evaluating the Wronskian function w(\). For this

reason, we substitute , , (ED and into . Hence,

W) = 1= P [ate) —a(0) + 307 o) + 1



HILL’S EQUATION WITH SYMMETRIC DOUBLE WELL POTENTIAL 643
1
X [q(m) +q(0) — 2D2(x)] sin?(zV/\)

+ i/\_lD2(I) + i)\_l {q(x) —q(0) — ;Dz(x)] cos?(zV/\)

- o)+ a0) + 5020 st @) + o7

1 1
=1- ZA_lDQ(x) + 1/\_1D2(a:) +oA7h)
=1+o0(A7h).
From that, we can write

w(lx) =13 01()\1) =1+o0(A7h). (21)

Finally, using @, , in we find

— S D2(O) cos(CVR) + oA}

< (A% sin(@Vh) — %)le(z) cos(zv/A) + ix%

«Jate) +4(0) = 3020 [ sineVR) + o0 D} 000}
— (0% cos(CVN) sin(z V) — %)le(x) cos(CV/A) cos(zv/N)

27 [aw) +40) - 570 VR sina v

=

4 %A’lD(() sin(CVA) sin(zv/X) — i)f%D(C)D(x)
sinGy/R) cos(ev) + 14 [a(6) — l0) - 50%0)
x cos(CVA) sin(zvA) + o(A”H)} x {14+ 0(A71)}

— A~} cos(CVN) sin(@vR) — %xl ID(x) cos(CV/) cos(zv/A)

— D(¢) sin(¢VA) sin(zv/\)] + iy%

x {|a(0) +al@) —

— D(¢)D(z) sin(¢VA) cos(zV )} + 0(/\7%).

(D*(¢) + DQ(x))} cos(CVA) sin(zvV/A)



644 A. KABATAS

Thus, the proof is completed. O

Theorem 6. Green’s function of the periodic problem with symmetric double well
potential satisfies, as n — oo

B a 2(n+1)n¢ . 2(n+ D)mw a?
Glw,¢n) = 2(n+ 7 o8 a . a © 8(n+ 1)2x2
« [D(x) cos 2(n+ 1)w¢ cos 2(n+ )7z
a a
_ D(C)sin 2(n —;l)wc sin 2(n Zl)ﬁx]
o3

+ S |10 + @) = 5 (D0 + D)
X Cos 2n —Zl)ﬂg sin 2(n —1;1)71';10 — D(¢)D(x) sin Hn+ D¢
X COS W} +o(n™?)

for 0 < ¢ <z < a. Similar result holds for 0 < x < { < a changing the role of ¢
and x.

Theorem 7. Green’s function of the semi-periodic problem with symmetric double
well potential satisfies, as n — oo

_ a (2n+Lm¢ . (2n+ ma a?
Gl Gn) = G, 5 S, 2(2n + 1)2n2
« [D(x) cos (2n —;l)ﬂc cos (2n —;l)ﬂ'z
. Cn+1)n¢ . 2n+ )mx ad
D(¢) sin - sin - |+ 120 + 1573

< {[a0) + () — 5 (D(Q) + D(w))] cos ELLUTE

(2n Jral)wa? _ D(¢)D(x) sin (2n J;l)ﬂ( cos (2n J;l)ﬂx

}

X sin
+o(n?)

for 0 < ¢ <z < a. Similar result holds for 0 < x < { < a changing the role of
and x.

To prove Theorem |§| and Theorem |7 the related eigenvalues given by and
(3) are used together with Theorem
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4. THE WHITTAKER-HILL EQUATION
Consider the Whittaker-Hill equation
y" + [\ + 2k cos(2x) + 20 cos(4z)]y =0, x€[0,2n], Nk LER  (22)

under the periodic boundary conditions y(0) = y(27), ¥'(0) = y’(27), or the semi-
periodic boundary conditions y(0) = —y(27), ¥'(0) = —y'(27). Here, our goal is to
seek the eigenfunction and Green’s function asymptotics of the described problem.
This problem is a special case of (1)) when g(z) = 2k cos(2x)+2¢ cos(4x) and a = 2.
Also, note that ¢ is a continuous function on [0, 27] which is symmetric on [0, 27]
as well as on [0, 7] and non-increasing on [0, 7], i. e., ¢(x) = ¢(27 — 2) = q(7 — ).
So, we say that ¢ is a symmetric double well potential (see Figure 1). Last of all,
we can apply the obtained results in Sections [2] and [3] to this problem.

]
—

FiGURE 1. Graph of ¢ when k =/¢=1

Following two theorems give the results about the eigenfunctions.

Theorem 8. The eigenfunctions of the Whittaker-Hill equation satisfying the pe-
riodic boundary conditions are, as n — co

¢1(z,n) = cos((n+1)x) + ﬁ [ksm(Qm) + gsin(4x)} sin((n + 1)x)
+ m&k cos(2x) + 20 cos(4x) — 2(k + 0) — %[k sin(2z)

+ g sin(4x)]?} cos((n + 1)x) 4+ o(n~2),

¢o(x,n) = T sin((n 4+ 1)x) — W}H)Z [ksin(Qx) + gsin(élx)] cos((n + 1)z)
1 1 .
+ m{ﬂc cos(2x) + 20 cos(4x) + 2(k + ¢) — 5 [k sin(2z)

+ g sin(4x)]?} sin((n + 1)z) + o(n™3).
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Theorem 9. The eigenfunctions of the Whittaker-Hill equation satisfying the semi-
periodic boundary conditions are, as n — oo

¢1(x,n) = cos = ; = 2n1—&— 1 {k sin(2x) + ﬁSin(4x)] sin Znt Dz
1 1
+ W{Qk cos(2x) + 20 cos(4x) — 2(k + £) — 3 [k sin(22)
+ g ()} cos ELT o),
2 2ntl 2 ¢ 2 + 1
Po(x,n) = — sin ( n; Jr TR {k sin(2z) + 3 Sin(4x)] oS w

+ ﬁ{Qk’ cos(2x) + 20cos(4dx) + 2(k + £) — %[k sin(2z)
+ L singa)Pysin EEUT o0,

To prove Theorem [§| and Theorem [9] we take q(z) = 2k cos(2z) + 2¢ cos(4z) and
a = 27 in Theorem [3] and Theorem [ respectively.
Following two theorems give the results about Green’s functions.

Theorem 10. Green’s function of the Whittaker-Hill equation under periodic bound-
ary conditions is, as n — 00

5 {[ksin(2z) + g sin(4x)]

1
G(£7Cvn) = m

(n+1) cos((n +1)¢) sin((n + 1)z) —

x cos((n 4+ 1)¢) cos((n + 1)x) — [ksin(2¢) + gsin(élg“)] sin((n 4+ 1)¢)

x sin((n + 1)z)} + 5 1[2k[cos(2(¢) + cos(27)] + 2¢[cos(4()

4(n+1)
— S [(ksin(20) +  sin(40))? + (ksin(20) + © sin4))?]
x cos((n + 1)¢) sin((n + 1)x) — [ksin(2¢) + gsin(élo][k sin(2x)

+ cos(4x)]

+ g sin(4x)] sin((n + 1)¢) cos((n + 1)z)} + o(n™3)

for 0 < ¢ <z <2m. Similar result holds for 0 <z < { < 27 changing the role of ¢
and x.

Theorem 11. Green’s function of the Whittaker-Hill equation under semi-periodic
boundary conditions is, as n — o0

2 Cn+1)¢ . 2n+ 1)z 2 )
= - 2
o 1% 5 sin 5 Gnr 1) {[ksin(2x)

G(l‘v C7 n)
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(2n+1)¢ cos (2n+ 1)z
2 2
2 1 2 1 2

@+ 1) ot D,
2 (2n+1)

+ 2¢(cos(4¢) + cos(4x)) — %[(kz sin(2¢) + g sin(4¢))? + (ksin(2x)

+ gsin(llx)] cos — [ksin(2¢) + gsin(élg)]

sin

5 1[2k(cos(2() + cos(27))

l . Cn+1)¢ . 2n+1)x . L.
+ 5 sin(4x))?]] cos 5 sin 5 — [ksin(2¢) + 3 sin(4¢)]
x [k sin(2z) + g sin(4z)] sin 2D (o @0 ; D2y 4 o)

for 0 < ¢ <x < 2m. Similar result holds for 0 < x < { < 2w changing the role of
and x.

To prove Theorem [[0]and Theorem|[TT] we first calculate for g(x) = 2k cos(2x)+
20 cos(4x) and a = 27. We find

D(x) = 2kx cos 2z + 20x cos4x+47rk—|—4k‘/ t sin 2¢dt +8£/ t sin 4tdt
/2 /2

+4k/ tsin2tdt+8€/ t sin 4tdt
/2 /2

/
= ksin 2z + 3 sin4z.

Then, we substitute the obtained result of D(z) in Theorem |§| and Theorem Iﬂ
respectively. The proof is done.

Declaration of Competing Interests The author declares that they have no
competing interests.
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ABSTRACT. This paper is mainly developed around the diagonal section which
is strongly related to tail dependence coefficients as defined in Nelsen [19].
Hence, we propose a flexible method for estimating tail dependence coefficients
based on the new smooth estimation of the diagonal section based on the
Bernstein polynomial approximation. To assess the performance of the new
estimators we conduct the Monte-Carlo simulation study. As a result of the
simulation study, both estimators perform satisfactory performance. Also, the
estimation methods are illustrated by real data examples.

1. INTRODUCTION

Let X and Y be the random variable having the joint distribution function H
and the marginals F' and G, respectively. The copula C is the function that links
the multivariate joint distribution function to its marginal distributions due to the
following relationship proposed by Sklar [24]:

H(z,y) = C(F(z),G(y))-

Copula C' is unique if and only if marginals F' and G are continuous. Also, it
satisfies the following properties

(1) C(0,u) = C(u,0) =0 for all u € [0,1]

(2) C(1,u) = C(u,1) = u for all u € [0,1]

(3) for all w, v/, v, v' € [0,1] with v < v/ and v < ¢/

Ve ([u,v'] x [v,0]) = C(u,u’) — Cu,v'") — C(u',v) + C(u,v) >0

where Ve ([u, u'] X [v,0']) is the C' — volume of the rectangle [u, '] x [v,v].
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The contribution of this study is two-fold: first, we are proposing a smooth esti-
mation of diagonal section of the copula. Second, we estimate the tail dependence
coeflicients using the smooth estimation of the diagonal section.

The diagonal section of copulas is an important aspect in the field of dependence
modelling. Especially, the diagonal section provides some pieces of information
about the tail dependence behaviour of the bivariate random variables (Joe [18]).
Thus, estimation of the diagonal section is a crucial part of the estimation of tail
dependence coefficients between bivariate random variables. For this reason, we
propose a non-parametric smooth estimation of the diagonal section based on the
Bernstein polynomial approximation. The proposed estimation method is a contin-
uous approximation of the classical estimation which has jump discontinuous. In a
copula framework, estimation procedures based on the polynomial approximation
is not new: see, e.g., Susam and Hudaverdi [21]- [22], Dimitrova et al. |6], Durante
and Okhrin [8], Ambrard and Girard [1].

The second aim of this paper is tail dependence estimation based on the plug-in
method. Because there is a direct relationship between the diagonal section and
tail dependence coefficients as defined in Nelsen [19], the tail dependence estimation
method is mainly developed around the smooth estimation of the diagonal section.
The use of the Bernstein estimator of the diagonal section reduced the complexity
of the tail dependence estimation coefficients. Moreover, the proposed estimation
method of the tail dependence coefficient is flexible according to its polynomial
degree, hence the error of the estimation may be reduced by increasing the degree
of the Bernstein polynomial. There are some papers which introduces the tail de-
pendence estimation in the literature e.g., Susam and Erdogan [23], Ferreira |13],
Schmidt and Stadtmuller |20], Ferreira and Ferreira [14], Frahm et al. [16], Caillault
and Guégan 4], Goegebeur and Guillou [17]. The plug-in estimation of tail depen-
dence based on Bernstein polynomial approximation is not a new idea. Susam and
Erdogan [23] proposed a tail dependence estimation using the plug-in principle.
Their tail dependence estimation is mainly developed around the smooth estima-
tion of the Kendall distribution function of Archimedean copula family. The main
difference of this article from the Susam and Erdogan [23] is that our proposed tail
dependence estimator is applicable to all copula families such as Elliptical, Extreme
value, etc.

The paper is organized as follows. In section 2, we propose the smooth es-
timation of the diagonal section using Bernstein polynomial approximation and
investigate its properties. Also, we conduct a simulation study to measure its per-
formance. In section 3, we deal with the estimation of tail dependence coefficients
using the smooth estimation of the diagonal section. Moreover, we investigate its
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performance. As an illustration, we apply the proposed tail dependence estimation
method to the Danube data set. Finally, the conclusion is given in the last section.

2. ESTIMATION OF DIAGONAL SECTION

In this section, firstly, we review basic definitions and properties about diagonal
section of copulas, which can be found, for instance, in Durante et al. [9] and Du-
rante et al. [10]. Then, we investigated the smooth estimation of diagonal section
of copulas based on the Bernstein polynomial approaximation.

d¢ : [0,1] — [0,1], called diagonal section of copula, is the function defined by
0(t) = C(t,t). Let us consider that X and Y are uniformly distributed on the unit
interval. Moreover, suppose that W = max(X,Y) is distributed according to the
cumulative distribution function (cdf) H. The behaviour of the random variable W
is determined by the diagonal section of the copula Cx y, such that dc(t) = Hw (t)
(Durante et al. |[10]). Diagonal section of the copula has the following properties:

(D1) §¢(0) =0 and 6¢(1) = 1;

(D2) ¢ (t) <t for all t € ]0,1];

(D3) d¢(t) is non-decreasing function;

(D4) é¢ is 2 — Lipschitz, such that }50 ta) —dc(t1) | < 2|t2 — t1| for all to,t1 €
[0, 1].

Let {(X1,Y7),...,(X,,Y,)} be a random sample of (X,Y) from cdf H(z,y).
The inference is then based on the pseudo-samples defined as
R(X;) R(Y;)

a‘/i: 7i:17"'7n;
n

U; =

where R(.) is the rank of random variable. Hence, the pair of random vari-
ables (U, V) yield an approximate sample from the copula C(u,v). The non-
parametric estimation of diagonal section relies on the pseudo-observations w; =
max (ui, vi), i =1,...,n which have the distribution function C(w,w). It is natural
to non-parametric estimate the diagonal section given by

lZlegt ), t €[0,1]; (1)
=0

3

which by the Glivenko—Cantelli lemma converges to the true cdf. Erderly [12]
investigated properties of empirical diagol section §,,. An empirical diagonal section
can be written by following:

0n(t) = Cr(t,t), t € [0,1]

where C,, is the empirical copula defined by Deheuvels [5]. Hence, the properties
of ¢, may be imvestigated using the properties of empirical copula and empirical
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FIGURE 1. MISE values for some Archimdean copulas with 7 =
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cdf. Tt is clear that §,(0) = 0, §,(1) = 1 and §,(¢) is non-decreasing function.
Moreover, by the Fréchet—Hoeffding bounds for empirical copula:

max(2¢t — 1,0) < 0, (t) <t, t €[0,1],



654 S. O. SUSAM

5 i
§ 4 - = Bmlttm
— Sim Bram
. o i e
5 - b
4 g 34
H -
g 4
3
1 ¢
,
TN 1
=y &
. T o
(A) Normal Copula with (B) Normal Copula with
T=0.25 7 =0.50
i — b
aQy e Y g
Fes
§ .
@
£,
5 4
% 4
(¢) Student-t Copula with (D) Student-t Copula with
T=0.25 7 =0.50

FIGURE 2. MISE values for some Elliptical copulas with 7 =
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hence property D3 is also satisfied. Erderly also proved the propoerty given
by:
141
n

On(

)—dn(%)e{o,%,%},i:1,...7n. (2)
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Because of the d,, has jump discontinuties, estimating a continuous distribution
function may not be a good choice. Hence, in this paper, we propose a smooth esti-
mation of §,, using Bernstein polynomial approximation. The Bernstein estimator
of order (m > 0) of the diagonal section ¢ is defined as,

Z(S P,m t), t €[0,1]

where Py, ,, (t) = (7')t*(1—t)™~" is the binomial probability. The following theorem
defined in Feller |15] helps us to prove the consistency of the Bernstein empirical
diagonal section.

Theorem 1. If f(t) is a bounded and continuous function on the interval [0, 1],
then as m — oo

Zf Pkm _>f(t)

The following theorem states that the Bernstein empirical diagonal section is a
consistent estimator of 0(¢).

Theorem 2. Let d be a continuous diagonal section on the interval [0,1]. If m,n —

00, then sup |dp.m(t) —S(t)] = 0 a.s.
te[0,1]

Proof. Recall Theorem 1 of f for any f.
sup |0p,m(t) —0(t)] < sup [87,m (8) — &5, (E)| + sup [0, (¢) — d(t)].

te[0,1] telo, t€[0,1]

As
Spm () = 6°(8) = D (n(t) = 6(t)) Prm (t)
k=0

we have

SUD (6 (t) — 6500 < max [6,() —6(2)| < sup 15,(6) — 8(2)

up n,m — max n\—)— — =~ up n —

te0,1] 0<k<m m m te0,1]

Then, sup |6,(t) —d(t)] = 0 a.s as n — oo. See also, Babu et al. [2]. O

te[0,1]

The next proposition investigates the properties of the Bernstein empirical di-
agonal section:

Proposition 1. The Bernstein empirical diagonal section with order m > 0 has
the following properties:

(P1) 6nm(0) =0 and 6y m(1) =1;

(P2) dpm(t) <t forallte]0,1];
(P3) 0.m(t) is non-decreasing function;
(P4) 6pm is 2 — Lipschitz.
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Proof. From the endpoint property of Berntein ploynomial, d,,,(1) = §,(1) =1
and 6., (0) = 6,(0) = 0. See Duncan [7]. We know that 6,(t) < ¢, hence we can
write 8, (£) =L —r;, i=1,...,m then

=§fgﬁ—rw(f)ﬁa—w>

k=0

- é(i) (7)tra-ome- ki ()

_ ti (7:_ 11>t’“(1 ym—k _ grk <7Z) th(1 — t)m=F

Thus 0y, (t) <t is satisfied for all ¢t € [0,1]. The first derivative of the 4, , can
be obtained as

m—1

S0 =m 32 (0nE ) s -0 (M)

, see Duncan [7]. Becasue 0,, is non-decreasing function such that
E+1 k
Op(——) —6n >0,k=0,. -1
(L) =)

then 4, () > 0, ¢t € [0,1]. We note that a function f : [a,b] — R is said to be a
Lipschitz if there is a constant L such that

|f(:r2) - f(xl)‘ < L|CE2 —JC1|7 Va9, € [a,b],

where Lipschitz constant of f equals to sup |f'(t)| Brown et al. |3] showed that
z€[0,1

Bernstein polynomial approximation defined as
Zf ) Pe.m (t), t € [0,1]

is L—Lipschitz function. Hence, the Lipschitz constant L eqauls to L = sup ’B’(t) |
t€0,1]

We know that d,, ,(t) is non-decreasing function and 4., ,,(1) equals to m(én(m) —
’ m
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6n(m7_1)) € {0,1,2}. Hence, the Lipschitz constant of d,, ., (t) can be calculated
as

L= sup ‘(5;””@)‘ =2.
te[0,1]
O

To measure the performance of the proposed estimator, we conduct Monte-Carlo
simulation study. Gumbel, Clayton (Archimedean) and Normal, Student-t (Ellipti-
cal) copulas that have parameters coressponding to Kendall’s tau as 7 = 0.25, 0.50
are used to generate the data. Specifically, 10.000 Monte-Carlo samples of size
n = 100, 200 are generated from each copula, and the performance of the Bernstein
empirical diagonal section with order m = 3, ..., 30 are measured by means of the
Mean Integrated Squared error (MISE) defined as

MISEG) = B /O Grant) - 5(1)dt).

Simulation results are shown in Figures 1 and 2 for the Archimedean and El-
liptical copulas, respectively. From these figures, it is clear that MISE scores of
the Bernstein empirical diagonal section gets closure to the true cdf when both
order m and sample size n are increased for all copula classes. Moreover, the Bern-
stein empirical diagonal section d,, , outperforms to classical one 6, for all possible
situations.

3. TAIlL DEPENDENCE ESTIMATION

In this section, firstly, we will be introducing the tail dependence concept. Then,
we investigate the plug-in estimators for the upper and lower tail dependence coef-
ficients based on the smooth estimation of the diagonal section discussed in Section
2.

An crucial part of the dependence between the variables in the upper-right quad-
rant and in the lower-left quadrant of I2. In general, most dependence measures
associate the entire distribution of two or more random variables. However, the
dependence between the upper part of the distribution may be different than the
mid-range and/or lower part of the distribution (Embrechts et al. |11]). Let X and
Y be continuous random variables with margins F' and G, respectively. Nelsen [19]
shows that the tail dependence coefficients depend on the derivative of diagonal
section are given by following:

1—C(t,t
Ay =2— lim 7(’):2—5’6,(1—)7 AL = lim

=40-(0M). (3
t—1— 1-—t¢ t—0+ t C( ) ( )

In general, the tail dependence between variables may strongly depend on the
choice of model or estimation technique (Frahm et al. [16]). For this reason, to
estimate the tail dependence coefficients we prefer to use smooth estimation of
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diagonal section of copula which outperforms the classical estimator as shown in
section 2. The estimation of the tail dependence coeffcients investigated in next
propsition.

Proposition 2. Let §,, ,(.) be the estimator of diagonal section based on Bernstein
polynomial approximation and 6,(.) be empirical diagonal section. The estimation
of the lower tail and the upper tail dependence for copulas are obtained by

< 1
A =m(0u(—))
“ m—1
Ay =2 m((1 - MT))
The proof of the Proposition 2 can be easley done using the properties of Bern-
stein polynomials. It is obvious that there are clear link beetwen the tail dependence
estimations Ay, Ay and the Bernstein polynomial degree m.

TABLE 1. The values of the tail dependence and dependence pa-
rameter for Gumbel, Clayton, Normal and Student-t copula for
different level of dependence

Copula T 0 AU AL

Gumbel 0.25 1.3333 0.3182 0
0.50 2 0.5857 0

Clayton 0.25 0.6666 0 0.3535

0.50 2 0 0.7071
Normal 0.25 0.3826 0 0
0.50 0.7071 0 0

Student 0.25 0.3826 0.1953 0.1953
0.50 0.7071 0.3968 0.3968

To asses the performance of the tail dependence estimation, we simulate K =
10.000 times bivariate random of sample size n = 250, 750, respectively, from
Gumbel, Clayton, Normal and Student-t copulas with Kendall’s tau 7 = 0.25, 0.50.
The value of the upper tail dependence (Ay), lower tail dependence (A1) and the
dependence parameter (#) for Gumbel, Clayton, Normal and Student-t copulas with
7 = 0.25, 0.50 are given in Table 1.

The boxplots of the results of the tail dependence estimations obtained after
K Monte-Carlo samples of size n = 250, 750 from Gumbel, Clayton, Normal and
Student-t copulas for varying Kendall’s tau values 7 = 0.25, 0.50 are displayed in
Figs. 3-6.

The following results can be obtained:
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FIGURE 3. Box-plots of the estimation of the tail dependence co-

efficients of Gumbel copula

For copulas studied in this paper, the upper tail dependence and lower
tail dependence estimation converge to its true value defined in Table 1,

regardless of Kendall’s tau and sample size.

)

(1
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FIGURE 4. Box-plots of the estimation of the tail dependence co-

efficients of Clayton copula

dence estimation increases when the Bernstein polynomial degree increases

(2) It is obvious that variance of the upper tail dependence and lower tail depen-
in all situations.
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(3) For Gumbel copula with sample size n = 750 and Kendall’s tau 7 = 0.50,

to estimate the A; approaches its true value, the polynomial degree of

estimation should be chosen higher than 30.
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4. CASE STUDY

In this section, in order to demonstrate the estimation methods of diagonal sec-
tion and tail dependence coefficients, we use the Danube data set which is available
in the R package copula. According to this package, the Danube data set contains
ranks of base flow observations from the Global River Discharge project of the Oak
Ridge National Laboratory Distributed Active Archive Centre (ORNL DAAC), a
NASA data centre. The measurements are the monthly average flow rate for two
stations situated at Scharding (Austria) on the Inn River and Nagymaros (Hun-
gary) on the Danube.

The scatter plot of the pseudo-observations of the Danube data set is displayed
in Figure 7. In this figure, symmetrical dependence structures are observed. From
this figure, it seems that the Danube data set has a heavy right tail dependence
structure and mild left tail dependence structure. Figure 8 represents the estimation
of upper tail dependence and lower tail dependence coefficient for polynomial degree
m=1,...,30. As it is expected estimation of upper tail dependece is greater than
the lower tail dependence estimation for all poynomial degrees. From figure 8, y
approaximates to 0.5 and AL approaximates to 0.20.

05

04

02

00

donau

FIGURE 7. Scatter plot of Danube data set

5. CONCLUSION

In this paper, we have presented a smooth estimation of the diagonal section
based on the Bernstein polynomial approximation. The new estimator is flexible
according to its polynomial degree; the error of the estimation may be decreased
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FIGURE 8. Estimation of Ay and Az, for Danube data set

when the polynomial degree increases. Moreover, Bernstein diagonal section out-
performs the empirical diagonal section for the higher polynomial degrees. Also,
considering the strong relationship between the diagonal section and the tail de-
pendence coefficient, we propose the tail dependence coefficients estimation method
via Bernstein diagonal section. According to the simulation results and real data

example, the tail dependence coefficients estimation method has a satisfactory per-
formance.
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ABSTRACT. In this paper we impose distinct restrictions on the moduli of the

n
zeros of p(z) = Y ayz¥ and investigate the dependence of ||p(Rz) — p(cz)|,
v=0
R >0 >1on My and My4r, where My = 1<m]3é( \p(ei<"‘+2’”>/")\ and on
SkRsSn

certain coefficients of p(z). This paper comprises several results, which in par-
ticular yields some classical polynomial inequalities as special cases. Moreover,
the problem of estimating p (1 — %), 0 < w < n given p(1) = 0 is considered.

1. INTRODUCTION

Let p(z) = > ay,z¥ be a polynomial of degree n over C. Then it is well known
v=0
that

max |p'(z)| < nmax |p(z)]. (1)
|z|=1 |z|=1
The result in (1) is sharp and equality holds when p(z) = Az™, where A € C.
The inequality (1), known as Bernstein’s inequality, was proved by Bernstein
in 1926, however it was also proved earlier by Riesz . By the maximum modulus

principle, ‘mlgx Ip(2)| = lrnlax Ip(z)| and so if we consider ||p|| = ‘m‘ax [p(2)], then
z|<1 z|=1 zl=1

inequality (1) can be written as

Il < nllpll- (2)

For R > 1, the inequality pertaining to the estimate of ||p|| on a large circle
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|z| = R given below is well known |11, Problem 269] or [15].

max Ip(2)| < R"[|pll, 3)

equality holds in (3) when p(z) = Az", A € C.

Marden [9], Milovanovié et al. [10] and Rahman and Schmeisser [12] have pre-
sented an exceptional introduction to this topic. Frappier, Rahman and Ruscheweyh
[6] were able to refine (1) under the same hypothesis, by replacing the estimate of
the maximum modulus of |p(z)| on a unit circle |z| = 1 with the estimate of the max-
imum modulus of |p(z)| taken over (2n)!" roots of unity. The maximum modulus of
Ip(2)| taken over (2n)" roots of unity may be less than the maximum modulus of
|p(2)| on unit circle |z| = 1 which is shown by a simple example p(z) = 2" +ia,a > 0.
In fact they proved that

/ ikm/n
Il < n e Ip(e ) ()

As an improvement of (4) A.Aziz [2] showed that the maximum modulus of |p(z)]
taken over (2n)!" roots of unity in (4) can be replaced by maximum modulus of
Ip(2)| taken over n** roots of the equation w™ = e’“. In fact he proved that, for a
polynomial p(z) of degree n and for every o € R,

n
191 < 2 (M M), )
where
_ i(a+2km)/n
Mo = o lple ) (©)

and M, is obtained by replacing o by a+ 7. The result is sharp and equality in
(5) holds for the polynomial p(z) = 2™ + re'®, —1 < r < 1.

As an application of inequality (5) A.Aziz [2] was able to establish the following
refinement of (3).
For a polynomial p(z) of degree n, and for every a and R > 1

Ip(R2) - p(a)] < ot

where M, is defined by (6) and M, is obtained by replacing a by o + 7. The
result is the best possible and equality in (7) holds for p(z) = 2" +re!®, -1 <r < 1.

In the same paper A.Aziz [2] also proved that if p(z) is a polynomial of degree
n such that p(1) =0, then for 0 < w <n

1 n
p(-2) =z [-(-3) [+, ®)
where M, is defined by (6). The result is the best possible and equality in (8) holds
for p(z) = 2" — 1.
The study of mathematical objects associated with Bernstein type inequalities
has been very active over the years, many papers are published each year in a variety

of journals and different approaches are being employed for different purposes. In

[Ma + Ma-‘rﬂ]a (7)
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the present article we have come up with the similar type of inequalities, their
refined and improved forms. If we restrict ourselves to the class of polynomials
having no zero in |z| < 1, then one would expect, the further developments of the
upper bound estimate in (1). In fact, P. Erdos conjectured and later P.D. Lax [8]
proved that if p(z) # 0 in |z| < 1, then

n
1Pl < Il (9)

The result is best possible and equality holds for p(z) = a + 2", where |a| = |5].
In this connection A. Aziz 2], improved the inequality (5) by showing that if p(z)
is a polynomial of degree n having no zero in |z| < 1, then for every given real «

n
I/ < 5 (M2 + M2, ), (10)

where M, is defined by (6) for all real . The result is the best possible and equality
in (10) holds for p(z) = 2™ + €. Furthermore, A. Aziz |2] also established that if
p(z) is a polynomial of degree n having no zero in |z| < 1, then for every given real
aand R>1

Ip(R2) — p(2)] < s

where M, is defined by (6). The result is the best possible and equality in (11)
holds for p(z) = 2™ + €*®. By estimating the minimum modulus of |p(z)| on the
unit circle inequality (11) was refined and generalized by Ahmad [1]. In fact proved
the following result.

If p(2) is a polynomial of degree n having all its zero in |z| > 1 and m = ‘n‘liri Ip(2)],

(M2 4+ M2, ]2, (11)

then for all real A and R >r > 1

n_ pn

2

where M), is defined by (6). Just replace argument « of z simply by A, unless oth-

erwise stated. In the same paper Ahmad [1] also proved that if p(z) is a polynomial

of degree n having all its zero in |z| > k > 1 and m = Irrllin |p(2)|, then for all real
z|=1

Aand R>r>1

Ip(Rz) — p(rz)|| < (MR + M3 —2m®]'/2, (12)

R" —r" 1
Rz) — p(r2)|| € ——=[M3 + M}, —2m?]2, 13
IPURE) = p(r2)| < L s MR 4 M3 = 2 (13)
where M), is defined by (6).

While establishing the inequality analogous to (11) for the class of polynomials
having all zeros in |z| < k, k < 1, M. H. Gulzar |7] proved that if p(z) is a polynomial
of degree n having all its zero in |z| < k < 1, then for all real A and R > 1

R" -1

Ip(R2) = p(2)| € s MR + M3 (14)
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where M), is defined by (6) and My, is obtained by replacing A by A + 7 in M.
While seeking the generalization of (14). Formerly, in the same paper Ahmad [1]
proved that if p(z) is a polynomial of degree n having all its zero in |z| < k < 1,
then for allreal Aand R>r >1
R" —r" 1
Rz) — p(r2)|| € ——————[M? + M2, ]3. 15
Ip(e) —p(r2)l < S o0 (15)
We conclude this section by stating the following result for the case when p(2)
has no zero in |z| < k, k < 1.
If p(z) is a polynomial of degree n and p(z) has no zero in |z| < k, k < 1, then for
every real o and R > 1
R"—1

Ip(Rz) —p(2)| < W[Mi + M3, —2m?)z, (16)

provided [p’(z)| and |¢’(2)| attain maximum at the same point on |z| = 1, where

q(z) = z"p(%). The result is best possible and equality in (16) holds for p(z) =
2" 4+ k™. This result is ascribed to Rather and Shah [13].

2. LEMMAS

Lemma 1. Ifp(z) is a polynomial of degree n having all its zeros |z| < k < 1, then
for all real X
n

2 2 1
2h( emd AT Ml

P (2)] <

This lemma is a special case of the result due to M.H.Gulzar [7].

Lemma 2. If P(z) is a polynomial of degree n, then for R > 1

" (R™ —1) R*—1 R"2-1
< —9~ 7 _ _ 9
|IZI|12)I{z|p(Z)| <R ||pH n+2 ‘ao‘ |a1| " P , fO’f’ n >
(17)
and
2 (R—-1)
max|p(z)| < Bllpll - =5 —[(B+Dlaol + (R~ Dlaull, forn=2.  (18)

The above lemma is ascribed to Dewan et.al [5].

Lemma 3. If p(z) is a polynomial of degree n, having all its zeros in |z| > k > 1,
then for |z| =1

klp'(2)] < [np(2) — 2p'(2)| — nm,

where m = min |p(z)|.
|z|=k

Lemma 3 is a special case of a result due to A. Aziz and N. A. Rather [3].
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Lemma 4. If p(z) is a polynomial of degree n, then for |z| = 1 and for every real
A
P (2)]? + Inp(2) — 2p'(2)* < - [M3+ M3, ).

The above lemma is due to A.Aziz [2].

n
2

Lemma 5. If p(z) is a polynomial of degree n which has no zeros in |z| < k, k > 1
and m = lrrlunk\p(z)\ then for every real «
2=

/ n 2 2 2\1
< Ma + Ma T 2m 2,
I < e o 2m?)
where My, is defined by (6).
Lemma 6. If p(z) is a polynomial of degree n which does not vanish in |z| < k,

kE<1landm= lnllir}c\p(zﬂ, then for |z| =1

E P+ nm < '],

where q(z) = 2"p(2).
Lemmas 5 and 6 are due to Rather and Shah [13].
3. MAIN RESULTS

In this paper we first prove the generalization of inequality (7) which is ascribed
to A.Aziz [2|. More precisely we prove the following result.

Theorem 1. If p(z) is a polynomial of degree n, then for every real o and R >
oc>1

Ip(R2) - p(o2)]| < T T (M + Miyr] — 201 (RU —(R- a>)

2 n+1 n
gy [E ) R —0) (R —0"F) — (n—2)(R - a)]
n(n—1) (n—2)(n—3) )
forn >3
(19)
and
IP(R) — Plo2)l| < "0 T (Mo + Mayr] ~ o] (R 0 63<Rg>)
: (20)
(R—1)*— (0 —1)? B
,|a2| 3 },forn&

where My, is defined by (6) and My is obtained by replacing o by a+m. The result
is the best possible and equality in (19) and (20) holds for p(z) = 2" + re'®, —1 <
r<1.
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Proof. Let n > 3. Since p(z) is a polynomial of degree n > 3, therefore p’(z) is
of degree n > 3, applying inequality (17) of Lemma 2 we obtain for all v > 1 and
0<6<2nm

) n—1 _ 1) ,Un—l -1 ,Un—3 -1
/ 0 < n—1/ _ (U _ _ )
e < o | = 2]~ 2laa| |

Using inequality (5) we get,

) nvn—l (,Un—l _ 1) Un—l -1 Un—?) -1
P (ve’)| < 5 (Mo + Matr) — Qﬁ\aﬂ — 2|az| 1 :

For each 0, 0 < 0 < 27 and R > o > 1, it follows that

R
p(Re") = ploc)] =| [ € (ve")ao

R
/ 1P (0| do

R R
M2 + M? 2
< ’I’L( ot a+w)/vn1dv |a1| /(Unilfl)dv
2 n+1

2 |R -1 31 p
T 4la n—1 n—3 v

M2 M2 n __ .n 9 n __ Ln
:n( ot a+7r)(R U)_ |a1| (R nU —(R—O’))

IA

2 n n+1
o [ =0) (@7 =)o)
n(n—1) (n—2)(n—3) ’
equivalently
() = ol < 5Tty 4 M) - 20 (BT ()

%as| (R —o™)—n(R—0) (R 2-0""2)—(n-2)(R—-o0)
_9a _

2 n(n —1) (n—2)(n—3)

This is the desired result for n > 3. Furthermore the case for n = 3 follows on the
same lines but instead of using inequality (17) of Lemma 2 we use inequality (18)
of the same Lemma. O
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Theorem 2. If p(z) is a polynomial of degree n such that p(1) = 0, then for
O<w<nanda=0

‘p(l_ﬂ)‘gl[p(l_ﬂ)"} (Mo + M)

n 2 n
- QT\Larlﬂ (1 —(1 ;w/n)" B %(1 3 w/n)nl) (21)
—2|ap—2|x(w,n), forn>3
and
(o] <3 02 o (8 o))
- (5 s
(22)
where
C[1-0-w/n)"—wl—w/n)"!
x(w,n) = { n(n—1)
(- w/n)? — (1 —w/n)" — (w — 2w/n)(1 —w/n)""1
(n—2)(n—23)

and My is defined by (6). The result is the best possible and equality in (21) holds
forp(z) = 2" — 1.

Proof. Case I, n > 3: If t(z) = 2"p(L), then [¢(2)| = |p(z)| for |z| = 1 and by the

hypothesis we have ¢(1) = p(1) = 0. On using inequality (19) of Theorem 1 to the
polynomial #(z) for « = 0 and o = 1, we get for R > 1

)] < o bty + 047 - 2ol (F (r— )
— 2[apn_o| {(Rn —o") —n(R—o0) 3 (R"=2 — g"=2) — (TLQ)(RJ)}
n— n(n—1) (n—2)(n—3)

This gives for R > 1

—2|ap—| [(1 —RT)-nRT"-RT") (R?-RT")—(n—2)(R"" - R—”)]
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Since 0 < w < n, so that (1 —w/n)~! > 1 and therefore, in particular, replace R

by (1 —w/n)~! > 1 and after simplification we have,

-5 =2 (1) o
B Qila:jlﬂ <1 -1 ;w/n)" B %(1 —w/n)"_l)

= 2|an—2|x(w,n),

where
w.n) = 1—(1—-w/n)"—w(l—w/n)"?!
X( ’ )* |: n(n_ 1)
(- w/n)? — (1 —w/n)" — (w —2w/n)(1 —w/n)""!
(n—2)(n—23)

Case II, n = 3: This can be established identically as above by using inequality
O

(20) of Theorem 1.
Now we present the refinement of inequality (12). Here we are able to prove

Theorem 3. If p(z) is a polynomial of degree n > 3 having all its zeros in |z| > 1

and m = Ir|11nl|p(z)|, then for all real « and R > o > 1
z|l=

Ip(R2) —pio)l < X0 T g vz, —omet - Al (FO
gy B0 mnlR—0) (R0 — (= 2)(R - 7|
n(n—1) (n—2)(n—3) ’
ifn>3
(23)
and
303 . 3_ 43 .
Ip(R2) — plo2)ll € BT T (A2 + M2, — 27— e ((R )= 3(8 >>
[
(24)

Proof. Since p(z) has all its zeros in |z| > 1 and m = lrrllin Ip(2)|, therefore by
z|=1

Lemma 3 with & = 1, we have for |z| =1
(Ip'(2)] +mn)? < |np(2) — 2p' ().
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. This in conjunction with Lemma 4 gives

P17 + (I (2)] +mn)? < p/(2)]* + [np(2) — 2/ (2)]

IA

n? o 2
?[Ma + Ma+7r]'

Since we have (|p/(2)| +mn)? = [p'(2)|> + (mn)? + 2mn|p/(2)].
This gives

(Ip'(2)] +mn) > [p'(2)* + (mn)*.
Therefore, we have

n 1
Il < 5IMZ + ME,y — 2m?)5. (25)

Applying inequality (17) of Lemma 2 with R = s > 1 to the polynomial p’(z) which
is of degree n — 1, we obtain for n > 3

; 2(s"7t —1) stTh—1 s 1
/ 0V <« n=1,/|| _ —9 o
()] < 5l = 2 = 2] [T - T
With the help of inequality (25), we obtain for n > 3
n—1 n—1 n—1 n—3
Py ns 9 9 a1 2(s"h—1) sh—-1 s 1
< M2+ M2, —om?E - T -

\p(se )|— 2 [ a+ a+m m] n+1 |a1| |a’2| 1 n—3

Now for each 0 < 0 < 27 and R > o > 1, we have

Ip(Re™) — p(oe'?)| =

IN

R R
1 2
< g[Mg + M2, —2m?)2 /s"_lds - n‘il‘l (s"7 1 —1)ds
B n—1 1 n—3 1
72|a2|/ S S
n—1 n—3
RTL _ 0.7L 1 2|a1| RTL O.7L
= (M2 + M2, . 2m2)z~—nH - —(R-0)
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which implies

() o)l < 5 Tz 4 M2 - 2t 2 (FT ()
g [T =B _ (=0 (o =)
n(n —1) (n—2)(n—23) ’

This proves the result in case n > 3. For the case n = 3, the result follows from
similar lines but instead of using inequality (17) of Lemma 2, we use inequality (18)
of the same Lemma and this proves the theorem completely. O

As a refinement of inequality (13), we prove the following result.

Theorem 4. If p(z) is a polynomial of degree n > 3 having all its zeros in |z| >
k>1and m= lnllir}c\p(zﬂ, then for all real « and R > o > 1

R" — o™ 9 9 211 2laa| (R"—0" Y
() = o)) < =T (024 M2 = 2mft = 208 (F (7o)
~ S| (R"—o")—n(R—0) (R"—0")— (n2)(RJ)]
n(n —1) (n—2)(n—23) ’
ifn>3
(26)
and
R3 — o T (R3—0%)—3(R—0)
() = o)) € 5= (024 M =2~ o - )
ol | B ;(”*1) } ifn=3,

(27)
where My, is defined by (6).
Proof. The proof of this theorem follows easily on using arguments similar to that

used in the proof of Theorem 3 but instead of using inequality (25) we use Lemma
5. We omit the details. O

Next we establish the upper bound estimate for ||[p(Rz) — p(£z)|| and thereby
prove the following improvement of inequality (15).
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Theorem 5. Let p(z) be a polynomial of degree n > 3 having all its zeros in |z| < k,
k <1, then for all real &« and R > & > 1

&(Mi + M2+7r
2(1 + k2n) n+1

(R"=¢")—n(R=¢) (R"2-¢")—(n—2)(R— 5)]

Ip(Rz) — p(&2)|| <

— 2|ag|

forn >3

and

R -& o s (R*—¢%) —3(R—¢)
P(RS) =€) < o= (M2 4 M2 )~ - )
LEREIE

] 3

, form =3.

(29)

Proof. Let n > 3. Since p(z) is a polynomial of degree n > 3, it follows that p’(z)
is a polynomial of degree n > 3. Hence applying inequality (17) of Lemma 2 to the
polynomial p’(z) with &k = s > 1, we have for n > 3

i TN C ), -1 sm -1
< —9 _9 _
P se)] < 5" = 2| = 2o | -
This gives with the help of Lemma 1,
. 1 s — R sm—3_
|Pl(5629)| <smt m[Mi + M2+7\']2 - 2(n+11) la1| — 2[az| [ n—1 L n—3 1] :
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Hence for each , 0 < <2mrand R> ¢ >1

¢
R
< [ eseas
3
M2 M2 )T 2 i
2
< TL( a+ oz+7rl) \/Snilds— |CL1| ‘/(Snil—l)dS
V2(1 4 k2n)z n+1§

R 1 1 3 1
Snf _ Sni —
_9 —
|a2|/< n—1 n—3 >d$
13
_ nMES ME )Y (R €7 2lal (5 - w-0)
ﬁ(l—l—ka")% n n+1

9| [(R" —€)-nR-¢ (R"2-¢"7) —(n—2)(R— 5)}
n(n —1) (n—2)(n—3) '

This implies,

R™ — ¢ 2 2 L 2|a;| Rn—fn_ _
In(Rs) = €0 < i M M2 = 2 (-0
gy [E =) B (B2 —(n = 2)(R - 5)]
n(n—1) (n—2)(n—3) '

This is the desired result for the case n > 3. For n = 3, using inequality (18) of
Lemma 2 with k = s > 1 to the polynomial p’(z) we obtain

(s—1)

5 (s + Dlas] + (s — 1]az|].

' (se)] < s*[1p']| -
As before, again this gives with the help of Lemma 1 that

(s=1)
2

, 3 .
[p'(se”)| < 52 (M3 + M3, .)7% — [(s + Dlar] + (s = Dfaz]].

T V2(1+ k)3
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Now for each 8, 0 <6 <2rand R>¢>1

R
(") = pge)| < [ 1/ (se)lds
3

R

B(M24+ M2, )%, s2-1

</l \/§(1+k:6+)% 52 — 5 lar| — (s — 1)?|ag|| ds

BM2+ M2, )P R -¢® 1
V2(1 + kS)z 3 2
R—1)3—(6—1)3

_[( )3( )}M’

=

- (R0l

i.e,

R—& s e o (R -3(R-¢)
() =€) € gritisr (M2 4 M2 — o ()

[(R— 1)3;(5— 1)3] .

— |az|

This proves the theorem for the case n = 3. (]

Finally we present the refinement and generalization for the upper bound of
inequality (16). More precisely we prove the following result.

Theorem 6. Let p(z) be a polynomial of degree n > 3 which has no zeros in |z| < k,
kE<1landm= lrrlunk\p(z)| then for all real o and R > £ > 1

R —¢" ; R —¢"
wwa—M&m<éfwﬁ+Miﬂ—%ﬂ2—ﬂ“'( 5-43_@)

2(1 + k2n) n+1 n
gy [(B ) m R (B2 (n 2><R—5>]
2 n(n —1) (n—2)(n—3) ’
ifn>3
(30)
and
R3*53 2 2 2\1 (R37§3)73(R7§)
() =€) € B s (M2 4 M, = 2m)% ) ( - )
~ |l (R—1)33—(£—1)3], Fn—3,

(31)
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provided |p'(2)| and |¢'(2)| attain mazimum at the same point on |z| = 1, where
q(z) = 2"p(%). The result is best possible and equality in (30) holds for p(z) =
2"+ kT

Proof. Since q(z) = z"p(%), therefore,
¢ (2)| = [np(2) — 2p'(2)] for |2| = 1.

By hypothesis [p'(z)| and |¢'(z)| attain maximum at the same point on |z| = 1. If
we consider

max[p'(2)] = |p(e"")|. 0 < a < 27

then it is clear that,

max Id'(2)] = |q(e'®)], 0 < o < 27,

|z|=
Since p(z) does not vanish in |z| < k,k < 1 and m = ‘mir}c |p(z)|. Therefore by
z|l=
Lemma 6 and by using above maximum values of [p'(z)| and |¢'(z)|, we get

(K" [p' (e")] +nm)? < |q' (') .
This gives with the help of Lemma 4

/()2 + (K19 () mm)? < [p' () + 1/ (e")]?
n’ 2 2
?[Ma + Ma—i—ﬂ']'
Since
(kn|p/(eia)| +nm)2 Z k2n|p/(eia)|2 _’_n2m2.
Consequently,
2
P/ ()2 4+ K2y ()P + nPm? < T [MZ + M2, )
Equivalently,
TN n’ 2 2 2
Ip'(e")]" < W[Mx + M5y, —2m7]
and therefore, we have
n 1
Pl < W[Mf + M/%-s-n —2m?]z. (32)

Since p(z) is a polynomial of degree n > 3, it follows that p/(z) is a polynomial of
degree n > 3. Hence applying inequality (17) of Lemma 2 to the polynomial p'(2)
with k = s > 1, we have for n > 3

(Snfl _ 1) Snfl —1 Sn73 -1
~ 7 —92 —
1 jas| = 2laz| | — ;

/ 10 n—1y,.1/
< -2
|p (86 )| =S ||p || 1 n—3
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This in conjunction with (32) gives,

) n—l_l)
/(sei)| < 5" | —— M2+ M2, —2m?)? —27(8 a
P/ (se)] < — ox =207 ol
2as| [sn—1 —1 3"3—1}
— 4|a2 — .

n—1 n—3

Hence for each 8, 0 < <2mrand R> £ > 1

R

p(Re") = plee) = | [ e (se")as
&
R

IN

[/ (seas
3

R R
M2+ M2, —2m?)? 2
< (Mo + Moy — 2m7) /s"‘lds— a1 /(s"‘l—l)ds

2(1 + k2n) n+1)

2| |/R Sn—l -1 8n—3 -1 N
= n—1 n—3
13

(M2 ME - 2m)E (R —€")  2Ja (R” —n

SLE)

2(1 + k2n) n n+1 n
] [(R” —{")—n(R=¢ (R *—¢" ") —(n—2)(R— 5)]
! n(n —1) (n—2)(n—3) '

This implies,

R —¢" o 2an| (BT €
() =€) < s (M2 4 M2 =2t = T (28— ()

90| [(R" —&)-nR-§ (R (n—2)(R- 5)}
2 n(n —1) (n—2)(n—3) '

This proves inequality (30). For the proof of inequality (31), we use inequality (18)
of Lemma 2 rather than inequality (17) of the same Lemma. O
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ABSTRACT. This paper consists of two main sections. In the first part, we
give some general information about the almost contact manifold, a—Sasakian,
B—Kenmotsu and Trans-Sasakian Structures on the manifolds. In the second
part, these structures were expressed on the tangent bundle with the help of
lifts and the most general forms were tried to be obtained.

1. INTRODUCTION

1.1. Lifts of Vector Fields.

Definition 1. Let M™ be an n—dimensional differentiable manifold of class C'*°
and let T,(M™) be the tangent space of M™ at a point p of M™. Then the set [12]

T = g T,00 1)

s called the tangent bundle over the manifold M™.

For any point p of T'(M™), the correspondence p — p determines the bundle
projection 7 : T(M™) — M"™, Thus n(p) = p, where © : T(M"™) — M™ defines
the bundle projection of T'(M™) over M™. The set m—*(p) is called the fibre over
p € M™ and M™ the base space.
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1.1.1. Vertical Lifts. If f is a function in M™, we write f¥ for the function in T'(M™)
obtained by forming the composition of 7= : T(M"™) — M™ and f : M™ — R, so
that

f* = for. 2)
Thus, if a point p € 7~1(U) has induced coordinates (z",y"), then
f(B) = f°(0,0) = for(p) = f(p) = f(o). (3)

Thus the value of f¥(p) is constant along each fibre T),(M™) and equal to the value
f(p). We call f¥ the vertical lift of f [12].

Let o € S3(T(M™)) be such that of? = 0 for all f € IJ(M™). Then we say

h
that o is a vertical vector field. Let U;l } be components of o with respect to
o

the induced coordinates. Then o is vertical if and only if its components in 7= (U)

satisfy
2]-12]

Suppose that o € S§(M™), so that is a vector field in M™. We define a vector
field 0¥ in T'(M™) by

>

a°(t () = (¢o)* ()

¢ being an arbitrary 1—form in M™. We cal oV the vertical lift of o [12].
Let ¢ € SY(T(M™)) be such that ((o)” = 0 for all o € S{(M™). Then we say
that ¢ is a vertical 1—form in T'(M™). We define the vertical lift ¢V of the 1—form

¢ by
¢V =(¢y)"(da) (6)
in each open set 71 (U), where (U;z") is coordinate neighbourhood in M" and ¢

is given by ¢ = (,;dz’ in U. The vertical lift ¢ with local expression ¢ = (;dz’ has
components of the form

¢+ (¢,0) (7)

with respect to the induced coordinates in T'(M™).
Vertical lift has the following formulas [10,/12]:

(fo)! = fY", I'¢" =0, n*(c") =0, (8)
(f’?)v = fvnv7 [UU,QU] =0, QOUJU =0,
O_'va = 0, O_vf'u =0

hold good, where f € S3(MP?), 0,0 € SH(M?), n € SYMD), ¢ € SHMD), I =
idpn .
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1.1.2. Complete Lifts. If f is a function in M™, we write f¢ for the function in
T(M™) defined by

fe=udf) 9)
and call f¢ the comple lift of f. The complete lift f¢ has the local expression
fe=y'oif=of (10)

with respect to the induced coordinates in T(M™), where df denotes y'0; f.
Suppose that o € S§(M™). We define a vector field o¢ in T'(M™) by

o’ f=(af)", (11)

f being an arbitrary function in M™ and call o¢ the complete lift of o in T'(M™)
[3,/12]. The complete lift o¢ with components 2" in M™ has components

o= (o) (12)

with respect to the induced coordinates in T'(M™).
Suppose that ¢ € I(M™), then a 1—form (¢ in T(M™) defined by

(“(0°) = (Co)° (13)

o being an arbitrary vector field in M™. We call (¢ the complete lift of ¢. The
complete lift (¢ of ¢ with components ¢, in M™ has components of the form

¢“:(9¢,,Gi) (14)
according to the induced coordinates in T'(M™) [3].
o f = (0f)", n" (@) = ()", (15)
(fo)* = [+ f'o° = (0f)",
a'f* = (0f)", 0" = (po)",
P’ = (po)", (po)" =",
1’09 = ()", n° (") = (n(0))",
[0",0°] = [o,0]", I°=1, I['0¢=0", [0°0°] = 0,0

1.2. Almost Contact Manifolds. An almost contact manifold is an odd-dimensional
C*° manifold whose structural group can be reduced to U(x) x 1. This is equivalent
to the existence of a tensor field ¢ of type (1,1), a vector field £ and a 1—form 7
satisfying ¢ = —1 +n®¢& and n(¢) = 1. From these conditions one can deduce that
@& =0 and no ¢ = 0. A Riemannian metric g is compatible with these structure
tensors if

9(¢a,98) = g(c,0) —n(o)n(0) (16)
and we refer to an almost contact metric structure (¢,&,7n,9). Note also that

n(o) = g(o,¢).
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Let M™ be an almost contact manifold and define an almost complex structure
J on M™ x R by

T F )= (60— 1en(o) ). a7)

A Sasakian manifold is a normal contact metric manifold. It is well known that
the Sasakian condition may be expressed as an almost contact metric structure
satisfying

(VJ¢)9 = 9(07 6‘)6 - 77(9)0’ (18)

again see e.g. [1].

2. a—SASAKIAN AND ﬁ—KENMOTSU STRUCTURES ON THE TANGENT BUNDLE

A a—Sasakian structure [6] which may be defined by the requirement

(VJ¢)9 = a(g(cr, 0)5 - 77(‘9)‘7)7 (19)
where « is a non-zero constant. Setting § = £ in this formula, one readily obtains
Vo & = —apo (20)

Theorem 1. Let a vector field £, ¢ be a tensor field of type (1,1), 1—form n
satisfying ¢> = =T +n @€ ie. n€) =1, ¢¢ =0 andno ¢ = 0. A a—Sasakian
structure on tangent bundle defined by

(V5e09)0° = al(9(0,0) €7 + (9(0,0)76" — ((6)70" — (n(8))" o),

where g is a Riemannian metric, a is a non-zero constant. In addition, if we put
0 =&, we get

Proof. From , we get the a—Sasakian structure on the bundle
(V500 = Vges0” — 6% vie 0

= a((9(0,0))VE" + (9(0,0))°¢" — (9)) 0" — (n(6))" 7).
If we put 6 = &, we get
(Voed )T = vEed € — ¢ vie €©

—¢ vSe ¢

a(n() €% + (n(0)7eY = (&) s — n(€)" o)
a((n(e))VE + (n(0))°€" — o)

~¢9vge €7 = a(¢9)%¢
7%.£¢ = —ag¢CeC
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In particular the almost contact metric structure in this case satisfies

(Vod)t = g(¢0,0)§ —n(0)po (21)

and an almost contact metric manifold satisfying this condition is called a Kenmotsu
manifold [6,/7]. Again one has the more general notion of a f—Kenmotsu structure
[6] which may be defined by

(Vod)0 = B(g(¢o,0)¢ —n(0)do), (22)
where 3 is a non-zero constant. From the condition one may readily deduce that
Vo &= B0 —n(0)§). (23)

Theorem 2. Let ¢ be a tensor field of type (1,1), a vector field &, 1—form n
satisfying ¢* = —I +n @ & i.e. n(€) =1, ¢ =0 andno ¢ = 0. A f—Kenmotsu
structure on tangent bundle defined by

(Vo ®)0)° = B((9(¢0,0)" € + (9(¢0,0)7E" — (0(9)) (60)" = (n(8))" (¢0)°),

where g is a Riemannian metric, 8 is a non-zero constant. In addition, if we put
0 =¢&, we get

Voo £9 = B(a¢ = ((n(0))€)°). (24)
Proof. From , we get the —Kenmotsu structure on the bundle
(Vad)0)® = VGt 0 — " vie 6°

= B(9($0,0))" ¢ + (9(90,0))°6" — (n(6))° (d0)” — (n(6))" (0) )
If we put 6 =&, we get
=7 Vs €7 = Bln(¢0) e + (n(¢0)“EY = (n(€)%(60)” — (€)Y (¢0) )
—¢“ 75 €7 = B(=(¢0) + (n(¢0 ) ET + (n(60))°EY)
0?75 ¢ = B(¢0) — (n(60))" €S — (n(¢0))°EY)
o Vs £¢ = B(¢%0C —nV (690 —n%(6“0°)EY)
v[(r)ch _ ﬁ UC o (nVUC)gC o (nCJC)EV)
V5et? = B0 = (no) e — (no)°eY)
VSC§C = B ©

3. TRANS-SASAKIAN MANIFOLDS ON THE TANGENT BUNDLE

An almost contact metric structure (¢,&,7n,g) on M™ is trans-Sasakian [9] if
(M™ x R, J,G) belongs to the class Wy, where J is the almost complex structure
on M™ x R defined by and G is the product metric on M™ x R. This expressed
by the condition

(Vo9)8 = a(g(o,0) —n(0)a) + B(g(¢o,0)€ —n(0)¢o) (25)
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for functions o and 8 on M™, and we shall say that the trans-Sasakian structure is
of type («, 8); in particular, it is normal and it generalizes both o — Sasakian and
8 — Kenmotsu structures. From the formula one obtain

Vo § = —ago + B(U - 77<U)€>7 (26)
(VUU)(Q) = —ag(¢a, 9) + 5(9(07 9) - W(U)U(e))a (27)

(Vod)(0, 2) = alg(o, Z)n(0)—g(o,0)n(Z))—B(g(o, 9Z)n(0) —g(a, $0)n(Z)), (28)
where ¢ is the fundamental 2—form of the structure, given by ¢(o,8) = g(o, ¢0).
Theorem 3. Let ¢ be a tensor field of type (1,1), a vector field &, 1—form n
satisfying ¢° = —I+n® € ie. n(€) =1, ¢ =0 and no ¢ = 0. A trans-Sasakian
structure on tangent bundle defined by

(V500 = a((9(0,0))7 €7 + (9(0,0))96" = (n(0)) " — (n(9))" o)
+8((9(00,0))" ¢ + (9(60,0)°¢" — 0(9))° (¢0)" = (n(6)) (¢0)°),
where g is a Riemannian metric, «, 8 are non-zero constants. In addition, if we
put 6 =&, we get
V5etS = —a¢“e + (o — ((n(0))6))
Proof. From , we get the trans-Sasakian structure on the bundle
(Vo) = Voo 0" — o7 vl 6
= a((g(U,H))VSCC+ (9(0,0))°¢" = (n(0))a" — (n(0))" o)
+B((9(¢0,0))€" + (9(90.0))°¢" — (10(9))% (90)" — (n(0))" ($0) ).
If we put 8 = £ and using the formulas of ,, similarly we get
Veet” = —ag“oC + B0 = ((n(0))§)°).
O
Theorem 4. Let a vector field &, ¢ be a tensor field of type (1,1), 1—form n
satisfying ¢ = —I +n @& e nE) =1, ¢¢ = 0 and no ¢ = 0. The term
(Vgcnc)Gc in a trans-Sasakian structure on tangent bundle defined by
(Voen)< = —ag® (@0, 6) + By (670, 676,
where g is a Riemannian metric, a, 8 is a non-zero constant.
Proof. From , we get
(Voen )0 = veen®0” —i° vge 6°
= Veel9(0,)° — (9(v40.€)°
= Vg9 + 9% (vt £9) + g7 (07, V5t
—QC(VSCGC7§C)



688 H. CAYIR, T. SULTANOVA

= ¢9(0°,v5e€Y) = g9 (6°, —ad o + B(c° ((n(0))€)°)
0°,6%0°) + Bg° (67,0 — ((n(0))€))

= —ag”( )

= —ag? (4“0, 09) + Bg° (07,07 — (1(0))V € — (n(0)E")

= ag%%C,e )+ B(g°(09,0°) — (n(e))¥ g% (6°,£°)
C

—(n(0))%g%(6°,€"))
= —agc qSCJ 90)—1—,39 ( CUca¢CQC)v

where g%(6,6") = ((6))" and g% (6“0, ¢“0) = g%(0, 6) = (n(e))° (n(9))" —
(n(e))¥ (n(0))°" U
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SOFT SEMI-TOPOLOGICAL POLYGROUPS

Rasoul MOUSAREZAEI and Bijan DAVVAZ

Department of Mathematical Sciences, Yazd University, Yazd, IRAN

ABSTRACT. By removing the condition that the inverse function is continuous
in soft topological polygroups, we will have less constraint to obtain the results.
We offer different definitions for soft topological polygroups and eliminate the
inverse function continuity condition to have more freedom of action.

1. INTRODUCTION

To answer the types of uncertainties that abound in various sciences, we insert
soft sets into mathematical structures. Specifically, we equip topological polygroups
with soft sets. This is a process that began in 1934 by Marty |16] with the introduc-
tion of hypergroups and continued with the introduction of soft sets by Molodtsov
in 1999 |17]. Since then, many efforts have been made to deepen the discussion,
some of which we can mention below.

A good description of the Groupoides, demi-hypergroupes et hypergroupes is
given by M. Koskas in [14], also useful information about the Soft subsets and soft
product operations is provided by F. Feng, Y.M. Li in [8]. There is a beautiful
writing about the topological spaces from the S. Nazmul, SK. Samanta under the
name Neighbourhood properties of soft topological spaces in |20], also about Soft
set theory by P. K. Maji, R. Biswas and A. R. Roy in [15], Soft topological groups
and rings by T. Shah and S. Shaheen in [27], On soft topological hypergroups by
G. Oguz in [24], On soft topological spaces by M. Shabir and M. Naz in |26]. Only
a genius like T. Hida can write such a beautiful story about the Soft topological
group in [11], also G. Oguz with article Soft topological hyperstructure in [25] and
M. Shabir, M. Naz With their own handwriting about the On soft topological spaces
in |26]. If you want to read interesting articles about the topological polygroups,
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you can read Heidari’s article about the Topological polygroups in [9], also about
the Idealistic soft topological hyperrings by G. Oguz in [23] and A new view on
topological polygroups by G. Oguz in [22], Soft sets and soft groups by H. Aktas
and N. Cagman in [1], Prolegomena of Hypergroup Theory by P. Corsini in [5].

2. PRELIMINARIES

2.1. Soft Sets. Let U be an initial universe and E be a set of parameters. Let P(U)
denotes the power set of U and A be a non-empty subset of E. A pair (F, A) is called
a soft set over U, where F is a mapping given by F: A — P(U). In other words, a
soft set over U is a parametrized family of subsets of the universe U. For a € A, F(a)
may be considered as the set of approximate elements of the soft set(F, A). Clearly
a soft set is not a set. For two soft sets (F, A) and (G, B) over a common universe
U, we say that (I, A) is a soft subset of (G, B)(i.e., (F,A)C(G, B)) if A C B and
F(a) C G(a) for all a € A. (F, A) is said to be a soft super set of (G, B), if (G, B) is
a soft subset of (F, A) and it is denoted by (F, A)35(G, B). Two soft sets (F, A) and
(G, B) over a common universe U are said to be soft equal if (I, A) is a soft subset
of (G, B) and (G, B) is a soft subset of (F,A). A soft set (IF, A) over U is said to
be a NULL soft set, denoted by @, if F(a) = @ (null set) for all a € A . A soft set
(F, A) over U is said to be ABSOLUTE soft set, denoted by A, if F(a) = U for all
a € A. (F, A) AND (G, B) denoted by (F, A)A(G, B) is defined by (F, A)A(G, B) =
(H, A x B), where H((a,b)) = F(a) N G(b) for all (a,b) € A x B. (F,A) OR
(G, B) denoted by (F, A)V(G, B) is defined by (F, A)V(G, B) = (O, A x B) where,
O((a,b)) = F(a) UG(b) for all (a,b) € A x B. Union of two soft sets (F, A) and
(G, B) over the common universe U denoted by (F, A)U(G, B) is defined by (H, C),
where C' = AU B and for all a € C,
F(a) ifac A-B
H(a) = ¢ G(a) ifae B-A
F(a) UG(a) ifae ANB.

U
Bi-intersection of two soft sets (IF, A) and (G, B) over the common universe U
is the soft set (H, C) is defined by (F, A)N\(G, B) = (H, C), where C = AN B and
H(a) = F(a) N G(a) for all a € C. Extended intersection of two soft sets (F, A) and
(G, B) over the common universe U denoted by (F, A) Ng (G, B) and is defined by
(H, C), where C = AU B and for all a € C,

F(a) ifac A-B
H(a) =< G(a) ifaeB-A
F(a)NG(a) ifaec ANB.

Let (F, A) be a soft set. The set Supp(F,A) = {a € A : F(a) # @} is called
the support of the soft set (F, A). A soft set is said to be non-null if its support is
not equal to the empty set. If A is equal to E we write F instead of (F, A). Let
6 : U — U’ be a function and F(resp.F’) be a soft set over U(resp.U’) with a
parameter set E. Then 0(F)(resp.0 ' (")) is the soft set on U’(resp.U) is defined
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by (8(F))(e) = O(F(e))(resp.(6~ (F"))(e) = 0~ (F'(e))). We will use the symbol F¢
to denote soft complement of F and is defined by F¢(e) = U \ F(e)(e € E). Let
F be a soft set over U and x be an element of U we call x is a soft element of F,
if x € F(e) for all parameters e € E and denoted by €F. We recall the above
definitions from [11}/27].

2.2. Polygroups. Let H be a non-empty set. A mapping o : H x H — P*(H)
is called a hyperoperation, where P*(H) is the family of non-empty subsets of H.
The couple (H, o) is called a hypergroupoid. In the above definition,if A and B are
two non-empty subsets of H and x € H, then we define:

AoB= |J aob, zoA={zx}oAand Aox = Ao{z}.

acA
beB

A hypergroupoid (H, o) is called a semihypergroup if for every z,y,z € H, we have
zo(yoz)=(roy)oz and is called a quasihypergroup if for every z € H, we have
xro H = H = H ox. This condition is called the reproduction axiom. The couple
(H, o) is called a hypergroup if it is a semihypergroup and a quasihypergroup [5].

Let (H,o) be a semihypergroup and A be a non-empty subset of H. We say
that A is a complete part of H if for any non-zero natural number n and for all
ai,...,a, of H, the following implication holds:

=1 =1
The complete parts were introduced for the first time by Koskas [14]. Let (G, o)
and (H,x*) be two hypergroups. A map f : G — H, is called a homomorphism
if for all z,y of G, we have f(x oy) C f(z) * f(y); a good homomorphism if for
all z,y of G, we have f(z oy) = f(x) * f(y);f is an isomorphism if it is a good
homomorphism ,and its inverse f~! is a homomorphism, too.

Definition 1. A special sub class of hypergroups is the class of polygroups.A poly-
group is a system P =< P,o,e,—1 > where o : P x P —— P*(P), e € P, -1 is a
unitary operation on P and the following axioms hold for all x,y,z € P:

(1) (xoy)oz=2a0(yoz);

(2) eox=x0e=u;

(3) x€yoz impliecsy€xoz"t and z €y toux.

The following elementary facts about polygroups follow easily from the axioms:

ecxorz Nz toxet=¢(z7) L =2,and (zoy) t =y toaz~l A non-
empty subset K of a polygroup P is a subpolygroup of P if and only if a,b € K
implies a o b C K and a € K implies ™! € K.

The subpolygroup N of P is normal in P if and only if ™' o Noa C N for all
a€ P.

Theorem 1. Let N be a normal subpolygroup of P then:
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(1) Na =aN foralla € P;
(2) (aN)(bN) = abN for all a,b € P;
(3) aN =bN for allb € aN.

EXAMPLE 1. Let P be {1,2} and hyperoperation % be as follow:

With the above multiplication table, P is a polygroup [7].

Let P is polygroup and (F,A) be a soft set on P. Then (F,A) is called a
(normal)soft polygroup on P if F(z) be a (normal)subpolygroup of P for all z €
Supp(F, A).

EXAMPLE 2. Let P be {e,a,b} and multiplication table be:

ole a b
ele a b
ala e b
blb b {ea}
Subpolygroups of P are &, P,{e},{e,a}. Let A be equal with P and define soft

set F as follow:

{e} ifr=e
F(x) =< {e,a} ifx=a
{e,a,b} ifx=1b
Therefore (F, A) is a soft polygroup. We recall the above definitions and theorems
from [7].

2.3. Topological Hyperstructure. Suppose that T is a topology on G, where
G is a group, then (G,T) is called a topological group over G if ¢ and ~! are
continuous, where ¢ and ~! are as follow:

(1) The mapping ¢ : G x G — G is defined by ¢(g,h) = gh and G x G is
endowed with the product topology.
(2) The mapping ~! : G — G is defined by ~1(g) = g~ [10].
If the condition (2) of previous definition is not met, then the (G,T) is called
semi-topological group over G.
Let (F, A) be a soft set over G. Then the (F, A, T) is called soft topological group
over G if the following conditions hold:

(1) F(a) be a subgroup of G for all a € A.

(2) The mapping ¢ : (z,y) — zy of the topological space F(a) x F(a) onto
F(a) be continuous for all a € A.

(3) The mapping ~! : F(a) — F(a) is defined by ~1(g) = g~! be continuous
for all a € A.
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If the condition (3) of previous definition is not met, then the (F, A,T) is called
soft semi-topological group over G.

In [9] is proved that condition continuity ¢ is equivalent to following statement;

If U C G is open, and gh € U, then there exist open sets V, and V}, with the
property that g € Vy,h € Vj, and V,Vj, = {viva|v1 € Vg, v € Vi, } CU.

Also, condition continuity ~! is equivalent to following statement; If U subset of
G is open, then U~! = {g1|g € U} be open.

Let (H,T) be a topological space. The following theorem give us a topology on
P*(H) that is induced by T.

Theorem 2. Let (H,T) be a topological space. Then the family 5 consisting of all
sets Sy ={U € P*(H) |U CV},V €T is a base for a topology on P*(H). This
topology is denoted by T* [12].

Let (H,T) be a topological space, where (H, o) be a hypergroup. Then the triple
(H,o0,T) is called a topological hypergroup if the following functions are continuous:
(1) The mapping ¢ : (z,y) — x oy, from H x H onto P*(H);
(2) The mapping ¢ : (z,y) — z/y, from H x H onto P*(H), where z/y =
{z€ H|x € zoy}.

If the condition (2) of previous definition is not met, then (H,o,T) is called
a semi-topological hypergroup.
Let (P,T) be a topological space, where (P,o,e,”1) be a polygroup. Then the
(P,T) is called a topological polygroup (in short TP) if the following axioms hold:
(1) The mapping o : P x P — P*(P) be continuous, where o(z,y) = x o y;
(2) The mapping ~! : P — P be continuous, where ~!(z) = —z.

We can combine items (1),(2) and present the following case:
The mapping ¢ : P x P — P*(P) be continuous, where ¢(z,y) =z oy~
The following theorem help us to determine the continuity of hyperoperation.
We us to use the following theorem for the continuity test.

1

Theorem 3. The hyperoperation o : P x P — P*(P) is continuous, where P is
a polygroup <= Va,b € P and C € T with the property that a o b C C then there
exist A, B € T with the property that a € A and b€ B and Ao B C C [9].

EXAMPLE 3. [18] Let P be {e,a,b,c} and multiplication table be:

o ‘ e a b

ele a b c
ala {ea} c¢ {bc}
b|bd c e a
clec {bec}t a {ea}

Hyperoperation o : P x P +—— P*(P) is continuous with topologies:
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Tdi37
Tndis;
T = {@,P,{e,b}},
T = {®7P7 {6}, {b}},
since x™' = x for all x € P, inverse operation is identity and identity function is
continuous with every topology, it follows that P with topologies Ty, Ts is topological
polygroup.
Hyperoperation o : P x P +—— P*(P) with below topologies is not continuous.

15 = {@,P7 {e}}7

T, = {®>P7 {a}}:

Ts = {®7P7 {b}}7

Ts = {@,P,{C}},

T7 = {@,R{e,a}},
Ts = {2, P, {e,c}},
Ty = {2, P,{a,b}},
Tyo = {@,P, {CL,C}},
Ty = {gapa {ba C}}7
Ty = {@,P, {aa,b}},
T3 = {2, P,{e,a,c}},
T14 = {@,P, {e,b, C}},
T15 = {@,P, {a,b, C}},
Tig = {gvpa {6}7 {a}}

If the condition (2) of previous defintion is not met, then (P,o,e,~!,T) is called
a semi-topological polygroup.

3. SOFT SEMI-TOPOLOGICAL POLYGROUPS

The first definition we provide for soft semi-topological polygroups is as follows,
and the examples and results that follow from this definition will be given below.

Definition 2. Let T be a topology on a polygroup P. Let (F, A) be a soft set over
P. Then the system (F, A, T) said to be soft semi-topological polygroup over P if
the following axioms hold:

(a) F(a) is a subpolygroup of P for all a € A.
(b) The mapping (z,y) — x oy of the topological space F(a) x F(a) onto
P*(F(a)) is continuous for all a € A.

Topology T on P induces topologies on F(a) , F(a) x F(a) and by Theorem on
P*(F(a)).
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If A be {e,a1,as,...}, B be {e,by1,bs,...}, and the table for x in A[B] be the
following form:

al ag b1 bg
(& (& ap a9 b1 b2
a | a; aja; aijaz ... b1 bg
a9 | A2 aza1 AasgGy ... bl b2
b1 b1 b1 b1 b1 * b1 b1 * b2
b2 b2 bg b2 bg * bl bg * b2

Then several special cases of the algebra A[B] are useful [67]. Before describing
them we need to assign names to the 2-elements polygroups. Let 2 denotes the
group Zo and let 3 denotes the polygroup S3//((12)) = Z3/T, where T is the
special conjugation with blocks {0}, {1,2}. The multiplication table for 3 is

0 1
0[0 2
111 {0,1}

The system 3[M] is the result of adding a new identity to the polygroup [M]. The
system 2[M] is almost as good. For example, suppose that R is the system with

table
| 1 2

0
0 1 2
1
2

{0,2} {1,2}
{1,2} {0,1}

EXAMPLE 4. With the above description, polygroup 2[R] will be as follows:

ol0|a 1 2
0(0]a 1 2
alal0 1 2
1[1]1][{0,a2}] {1,2}
2122 (L2} |{0,a,1}
Hyperoperation o : 2[R] x 2[R] — P*(2[R]) is not continuous with the following

topologies:
T, = {2,2[R],{0}},
Ty = {2,2[R],{a}},

[R],

[R],
T3 = {ng[R]v {1}}:
Ty = {'®?2[R]ﬂ {2}}:
T5 = {@, 2[R]a {Oa 1}};
Ts = {2, 2[R],{0,2}},
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I7 = {Q, Q[R]v {CL, 1}}7
Ty = {@,Q[R], {a,Q}},
Ty = {®a2[R]a {1a2}};
Tyo ={9,2[R],{0,a,1}},
Tll = {@,Q[R],{O,G,Q}},
T2 = {2,2[R],{a,1,2}},
T3 = {2,2[R],{0,1,2}}.

But o : 2[R] x 2[R] — P*(2[R)) is continuous with

T14 = {Qv 2[R}7 {07 a}}a T15 = {®7 2[R]7 {0}7 {a}}
This means that (2[R, Tuis), (2[R), Tnais), (2[R],Ta) and (2[R],T15) are semi-
topological polygroups. Subpolygroups of 2|R] are &,2[R],{0},{0,a}. Let A be a
arbitrary set and ay,a2,a3 € A and define a soft set F by

{0} if x =a

) {0,a} ifzr=as

F(z) = 2[R] ifv=as

1%/ otherwise.

In conclusion (F, A, T14) and (F, A, Ti5) are soft semi-topological polygroups [(18].
EXAMPLE 5. Polygroup 3[R] will be as follows:

|
o|0 a 1 2
00 a 1 2
alal{0,a} 1 2
1[1] 1 |[{0,a2}] {1,2
212 2 1,27 [{0,a,1}
Hyperoperation o : 3[R] x 3[R] — P*(3[R]) is not continuous with the following
topologies:
T = {2,3[R], {a}},
T2 = {Q’ S[RL {1}}7
I3 = {Q’ 3[R]a {2}}:
Ty = {2,3[R],{0,1}},
Ts = {9, 3[R],{0,2}},
Ts = {2, 3[R], {a,1}},
17 = {Q, S[R]v {CL, 2}}7
Ty = {@, 3[R]a {la 2}};
Ty = {2,3[R],{0,a,1}},
Ty = {9, 3[R],{0,a,2}},
T = {9,3[R)],{a,1,2}}.

Nevertheless hyperoperation o : 3[R] x 3[R] — P*(3[R]) is continuous with

T12 = {@7 3[R]7 {O}};
Ti3 = {@7 S[R]v {07 a}},
Ty = {97 3[R]7 {0}7 {a}}
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Therefore, (3[R], (T;)i=12,13,14) are semi-topological polygroups. Subpolygroups of
3[R] are @,3[R],{0},{0,a}. Let A be 3[R] and define a soft set F by

{0} ifz=0

) {0,a} ifzx=0a
Fl)=9 3ir  ife=1
1%} if x=2.

Then, (F, A, (T;)i=12,13,14)) s a soft semi-topological polygroup. Now, let A be ar-
bitrary set and ay,as € A and define a soft set F by

1%/ ifx=a
F(z) =4 {0,a} ifz=as
{0} otherwise.

In this case (F, A, (T})i=3,458,9.10) are soft semi-topological polygroups.

Theorem 4. [22] Let (F, A) be a soft polygroup over P and (P,T) be a semi-
topological polygroup. then (F, A, T) is a soft semi-topological polygroup over P.

Theorem 5. [27] Let (F,A,T) and (G, B,T) be soft semi-topological polygroups
over P. Then (F, A, T)D(G, B,T) and (F, A, T)Ng(G, B,T) are soft semi-topological
polygroup over P.

Theorem 6. [22] If (F;, A;, T) be a nonempty family of soft semi-topological poly-
groups, then Nicr(F;, A;, T) is a soft semi-topological polygroup over P.

Theorem 7. [27] Let (F,A,T) and (G, B,T) be soft semi-topological polygroups
over P. Then (F, A,T)A(G, B,T) and (F, A,T)0(G, B,T) are soft semi-topological
polygroup.

Theorem 8. [22] Let (F;, A;, T) be a nonempty family of soft semi-topological poly-
groups over P. Then Nicr(Fs, A, T) and Uicr(Fy, A;, T) are soft semi-topological
polygroup.

Definition 3. Let (F, A,T) be a soft semi-topological polygroup over P . Then
(G, B,T) is called a soft semi-topological subpolygroup (resp. normal subpolygroup)
of (F, A, T) if the following items hold:
(a) B subset of A and G(b) is a subpolygroup (resp. mormal subpolygroup) of
F(b) for every b € supp(G, B).
(b) the mapping (x,y) — x oy of the topological space G(b) x G(b) onto
P*(G(b)) is continuous for every b € supp(G, B).
Theorem 9. Let (F, A, T) be a soft semi-topological polygroup over P, and (G;, B;, T);cr
be a non-empty family of (normal) soft semi-topological subpolygroups of (F, A, T).
Then
(1) If NierB; # 9, then Nicr(Gy, By, T) is a (normal) soft subpolygroup of
(F,A,T).
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(2) If BBNB; = @ for alli,j € I and i # j, then (Ng)icr(Gi, Bi,T) is a
(normal) soft subpolygroup of (F, A, T).

(3) If BiNB; = @ for alli,j € I andi # j, then U;e1(G;, By, T) is a (normal)
soft subpolygroup of (F, A, T).

(4) The Nie1(Gy, By, T) is a (normal) soft subpolygroup of the soft polygroup
Nier(F, A, T).

Proof.

(1) Suppose that C' = N;er(B;) and H(c) = Nier(Gi(c)) Furthermore C C A and
H(c) is a (normal) soft subpolygroup of A and the mapping in Definition [3| (b) is
continuous on H(c).

(2) Give C = Uie1(B;),H(c) = Gji(c) where ¢ € B; and H(c) is a (normal) soft
subpolygroup of F(c) and the mapping in Definition [3] (b) is continuous on H(c).
(3) Take C = U,erB;, H(c) = G;(c), where ¢ € B; thus B; C A notably U;cr(B;) C
A in conclusion H(c) = G;(c) is a (normal) soft subpolygroup of F(c) and the

mapping in Definition [3| (b) is continuous on H(c).

(4) Select C = x;er(Bs), H((¢i)ier) = NierGi((ci)ier) and G;(¢;) is a (normal)
soft subpolygroup of x;c;F(¢;) in conclusion the mapping in Definition [3| (b) is
continuous on H((¢;)ier)- O

Definition 4. Let (F, A, T) and (G, B,§) be the soft semi-topological polygroups
over Py and Py, where T and & are topologies are defined over Py and Ps respectively.
Let f: Py — P and g : A — B be two mappings. Then the pair (f,g) is called
a soft semi-topological polygroup homomorphism if the following condition true:

(a) f be strong epimorphism and g be surjection.
(b) f(F(a)) = G(g(a)).
(¢) fa: (F(a), Tr(a)) = (G(9(a)),Eg(ga))) 18 continuous.

Then (F, A, T) is said to be soft semi-topologically homomorphic to (G, B, £) and
denoted by(F, A, T) ~ (G, B,£). If f is a polygroup isomorphism, g is bijective and
fa is continuous as well as open, then the pair (f, g) is called a soft semi-topological
polygroup isomorphism. In this case (F, A,T) is soft topologically isomorphic to
(G, B, &), which is denoted by (F, A, T) ~ (G, B,£).

Theorem 10. If (F, A, T) ~ (G, B,§) and (F, A, T) is a normal soft polygroup over
P, then (G, B,&) is a normal soft polygroup over Q, where (F, A, T) and (G, B,§)
be soft semi-topological polygroups over P and Q.

Proof. Let (f,g) be a soft semi-topological homomorphism from (F, A) to (G, B).
For all € supp(F, A), F(z) is a normal subpolygroup of P; then f(F(z)) is a
normal subpolygroup of Q). For all y € supp(G, B), there exists = € supp(F, A
with the property that g(z) = y. In conclusion G(y) = G(g(z)) = f(F(x)) is a
normal subpolygroup of Q. Thus (G, B) is a normal soft polygroup on Q.

(I
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Theorem 11. Let N be a normal subpolygroup of P, and (F, A,T) be a soft semi-
topological polygroup over P. Then (F,A,T) ~ (G, A,T), where G(z) = F(z)/N
forallz € A, and N C F(zx) for all x € supp(F, A).

Proof. Firstly supp(G, A) = supp(F, A) and we know that P/N is a factor poly-
group. Since for every x € supp(F, A),F(z) is a subpolygroup of P and N C F(z),
it follows that F(x)/N is also a factor polygroup, which is a subpolygroup of P/N.
Thus (G, A) is a soft polygroup over P/N. Therefore f : P — P/N, f(a) = aN.
Clearly, f is a strong epimorphism. In other words g : A —— A, g(z) = . Then g is
a surjective mapping. For all z € supp(F, A), f(F(x)) =F(z)/N = G(z) = G(g(x)).
For all x € A — supp(F, A), notably f(F(z)) = @ = G(g(x)). Therefore, (f,g) is a
soft semi-topological homomorphism, and (F, A,T) ~ (G, B, ).

O

Definition 5. Closure of (F, A, T) denoted by (F, A,T) and is defined by F(a) =
F(a) where F(a) is the closure of F(a) in topology on P.

Theorem 12. [J] Let P be a semi-topological polygroup with the property that every
open subset of P is a complete part. Then:

(1) If K is a subhypergroup of P, then as well as K.

(2) If K is a subpolygroup of P, then as well as K.

Theorem 13. Let (F, A, T) be a soft semi-topological polygroup over a semi-topological
polygroup (P,T) and every open subset of P is a complete part Then:

(1) (F,A,T) is also a soft semi-topological polygroup over (P, T).

(2) (F, A, T)E(F, A,T).

Proof. (1) By Theorem W is subpolygroup P and since (P,T) is a semi-
topological polygroup, it follows that condition (b) of Deﬁnitionholds on
F(a).
(2) Tt is clear.

O

Definition 6. Let (F, A), (G, B) be soft sets over polygroup < P,e,o,—1 > define
(F, A)o(G, B) = (H,C) where C = AU B for alla € C, and
F(a) ifac A—B
H(a) =< G(a) ifae B—A
F(a)oG(a) ifac ANB

Theorem 14. (9] Let A and B be subsets of polygroup P with the property that
every open subset of P is a complete part. Then:

(1) Ao B C AcB.

(2) (A~ =(A"1).
Theorem 15. (9] In every topological space (X,T) if A, B C X we have:
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(1) AuB=AUB.

(2) AnB=AnNB.

Theorem 16. Let (F,A,T) , (F,B,T) be soft semi-topological polygroups over a
semi-topological polygroup (P,T) and every open subset of P is a complete part
Then:

(1) (F,A,T)0(G,B,T) = (F,A,T)0(G, B,T).
(2) (F,A,T)A(G,B,T) = (F,A,T)N\(G,B,T).
(3) (F,A,T)A(G,B,T) = (F,A, T)A(G, B,T)
(4) (F,A,T)3(G, B, T)C(F, A, T)5(G, B,T).
(5) (F,A,T)Ng (G,B,T)=(F,A,T)Ng (G, B,T)
Proof. 1) Let a be element of A—B. the (F, A, 7)O(G,B,T)(a) = (F, A, T)(a)
(a) In conclusion, (F, A, T)U(G, B, T)(a) i@a) =F(a).
Let a be element of B—A. The ( F,A,T)U(G,B,T)(a) = (G,B,T)(a) =
G(a) In conclusion, (F, A, T)U(G, B,T)(a) = éA(cL) =G(a).
Let a be element of AN B. Then (F, A, ThU(G, B,T)(a) = F(a) UG(a)
vsw

In conclusion, (F, A, T)U(G, B, T)(a) = F(a) U
is complete.
(4) Let a be element of A — B. Then (F, A, T
F(a) In conclusion, (F, A, T)o(G, B, T)(a )
_ Letabe element of B—A. Then (IF A,

(a). By Theorem |15 proof

T)5(G, B,T)(a) = (F,A,T)(a) =

,B,T)(a) = F(a) 0 G(a)

In conclusion, (F, A,T)o(G, B,T)(a) = F(a) o G(a). By Theorem @ proof
is complete.

Other items are similar (1) or (4). O

The second definition of soft semi-topological polygroups is as follows, and this
definition is based on soft topologies and soft continuity. The results of this def-
inition follow. To distinguish the latter Definition from the previous one, we use
distinct symbols.

A family 0 of soft sets over U is called a soft topology on U if the following
axioms hold:

(1) @ and U are in 6,
(2) 6 is closed under finite soft intersection,
(3) 0 is closed under (arbitrary) soft union.

We will use the symbol (U, 8, E) to denote a soft topological space and soft set
F is called a soft close set if F¢ is soft open set, where each member of 6 said to be
a soft open set |4}26].
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EXAMPLE 6. Let U be Zy and 0 be {@,{es} x Zg,@}, where E = {e1,ea} and
{ea} X Zs be soft set F : E —— P(Zz) with the property that F(e1) = &;F(e2) = Zs.
Then (Z2,0, E) is soft topological space.

EXAMPLE 7. Let P be {e,a,b,c} and hyperoparation o be as follow:

Lo ]

[ a [b] ¢ |

b

a b c
{e;a} | ¢ | {b.c}
{b,c} | a | {e,a}

polygroup P with topologies 0, = {@,{e1} x P, P}, 05 = {D, {ea} x P, P} are soft
topological spaces.

QI

QO D

Closure of F denoted by a(ﬂ?) and define soft intersection of all soft closed
supersets of F, where F be soft set over U.

A soft set F said to be a soft neighborhood of x if there exists a soft open set G
with the property that 2E€GCF, where z be an element of the universe U. The soft
neighborhood system of = we will consider the collection of all soft neighborhoods
of z.

Let V be a subset of the universe U. A soft set F said to be a soft neighborhood
of V if there exists a soft open set G with the property that VCGCF. (ieVe e E:
V C G(e) CF(e)).

The collection of all soft neighborhoods of V' said to be the soft neighborhood
system of V.

Definition 7. Let Py, Py be polygroups and (P1,01, E), (Py, 02, E) be soft topological
spaces. The function ¢ : (P1,01,FE) — (Py, 02, E) said to be a soft continuous
function if for all x € Py and for all soft neighborhood ¥,y of ¢(x), there exists a

soft neighborhood T, of x with the property that ap(IFw)@F@(I).
Theorem 17. The function ¢ : (Py, 601, E) — (Pa, 02, E) is soft continuous func-

tion if and only if for every soft closed set T, the inverse image ¢~ (') is also soft
closed.

Proof. This is easily seen to be an equivalence relation.
d

Theorem 18. Let ¢ : (P1,01,E) — (P», 02, E) be function in this case, for every
soft closed set ', the inverse image =1 (F') is also soft closed if and only if for all

soft set F, we have @(&(F))éé\l(gp(ﬁ?))

Proof. (i) <= Let I’ be soft closed set . Then we have ¢(¢~(F'))CF’. The
soft closeness of F’, together with the assumption (for all soft set F, we have

©(CI(F))CCl(p(F))), proves that
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@ (Cl(e™ (F')))ECU (o™ (')))CF
Therefore, it holds that 6’7(90_ (F'))Ce~! (F')Qa\l(@_l (F")), which shows
that ¢~ 1(IF’) is soft closed.
(i) = We have Fécp’l(a\l(go(lﬁ'))) for any soft set F. Since (for every soft
closed set ', the inverse image ¢~ !(F’) is also soft closed), we have
CU(F)C o~ (Cl(¢(F))). Thus, we have

o (CUF)) (e~ L (Cl(p(F)))=Cl(o(F))
O

Theorem 19. Let ¢ : (P1,01,E) — (Pa,02, E) be a function. If for all soft
open set B/ € 0y, the inverse image ¢~ (F') is also soft open set then ¢ is a soft
continuous function.

Proof. For all z € P; and a soft open neighborhood F’ of ¢(x), = 1(IF') is a soft
open set having z as a soft element. Since (¢~ (F'))CF/, give F' = ¢~ 1(IF’) in this
case p(F)CF'. O

EXAMPLE 8. We prove that the opposite Theorem[19 is not true.
Let Py be < {u},01,{e1,ea} > and Py be < {u},bs,{e1,ea} >, where

01 = {2, {(e1,u), (e2,u)}}
02 = {67 {(625 U)}, {(617’“)’ (627u)}}

In soft topologies, {e1,ea} x {u} is the soft neighborhood of the point u. Thus
id : Py — Py satisfies in second part Theorem. However, id~*({(ea,u)}) is not
soft open in Py, showing that the inverse images of soft open sets are, in general,
not soft open. Show that, not only id : P, — Py but also id~' : P, — Py satisfy
in second part Theorem [I9

Definition 8. A bijection ¢ : Py — P» said to be a soft homeomorphism between
(P1,01,E) and (P2, 02, E) if ¢ and ¢~ are soft continuous.

Theorem 20. Let ¢ : (P1,01, E) — (P2,02, E) be a soft continuous function and
for all soft open set Fy € 05, there exists a soft open set F1 € 01 with the property
that for all x € Py; x€Fy if and only if x€p ™1 (Fy).

Proof. For every x € P; with ¢(x)EF,, choose a soft open F,, € 6; with the property

that z€F, and (F,)CFy. Then define F; = O{IFI|:C € P1, p(x)€Fy} is the desired
soft open set. O

Definition 9. Let (P,o,e,~%) be a polygroup and 6 be a soft topology on P with a
parameter set E. then (P,0, E) is a soft semi-T opological polygroup if the following
item true:
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For each soft neighborhood F of p o q, where (p,q) € P x P there exist soft
neighborhoods F), and F, of p and q with the property that F), o F,CF.

Every soft semi-topological group is soft semi-Topological polygroup.

EXAMPLE 9. Let E be {e1,e2} and 6 be {2, {(el,T)},%}. Conclusion (Z2,0, E) is
a soft semi-T opological polygroup.

EXAMPLE 10. Let P be {e,a,b,c} and hyperoparation o be as follow:

Lol

[ o [b] ¢ ]

b
a b c
{e;a} | ¢ | {b,c}
c e a
{b,c} | a | {e,a}
And E be {e1,ea,e3}. Then the polygroup P with each of the following topologies
61 = {2,{e1} x P, P}
02 = {B, {e2} x P, P}
93:{@,{63})({(1,1)},?} =R
03 = {D, {es} x {a,b}, {e1} x {e,b}, P} R
04 = {3, {es} x {a,b}, {e1} x {e,b},{e2} x {e,b,c}, P}

s a soft semi-T opological polygroup.

QOIS ||lo

Q2D

The family of soft sets ©, is said to be a soft indiscrete (soft discrete) topology
on Pif © = {@, P}(© = SS(P)), in this case (P, 0) is called a soft indiscrete space
(soft discrete space) over P, where SS(P) is the set of all soft sets over P [26].

ExXAMPLE 11. Every polygroup with soft discrete or indiscrete topology is a soft
semi-T opological polygroup.

If we want to merge the previous two Definitions of soft semi-topological poly-
groups into one Definition, it will be as follows. We will show with an example how
the generalized Definition refers to the first Definition and under what conditions
the second Definition.

Definition 10. Let (P,0, A) be a soft topology on P and (F, E) be a soft set over
P, where A # E are sets of parameters. Then (F,0, A, E, o) is called a generalized
soft semi-topological polygroup over P if the following axioms satisfies:
(1) F(e) is a subpolygroup of P for alle € E.
(2) For alle € E and every soft open neighborhoods Fpoq of poq subset of F(e),
there exist an soft open neighborhood I, of p and an soft open neighborhood
F, of q, such that F), o IF‘quFpoq, with the restricted soft topology 0 to F(e)
which is denoted by 6 |r(c).
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The following example proves that the two Definitions soft semi-topological poly-
group are a special case of Definition

EXAMPLE 12. Let (F, E) be P in this case (F,0,A,E, o) is a soft semi-T opological
polygroup via Deﬁnitionlg and if A be a single member set then (F,0, A, E,o0) is a
soft semi-topological polygroup via Definition[3 It should be noted that in case that
set A contains a parameter, the soft topology becomes a normal topology.

EXAMPLE 13. Let P = (Za, +), 0 = {3, Z4, {(a1,{0,2}), (a2, @)}, {(a1,{1,3}), (a2, Z4)}},
where A = {ay,a3} and E = {e1,es}, (B, F) = {(e1,{0,2}), (e2,Z4)}. In this
case we have 0 |p(,)= {2, {0,2},{(a1,{0,2}), (a2, @)}, {(a1,9), (a2, {0,2})}}, and
0 lr(es)=0.

With above condition (F,0, A, E,+) is a generalized soft semi-topological poly-
group over P.

Definition 11. Let (F,0, A, E o) be a generalized soft semi-topological polygroup
over P and G be a soft subset of F. Then (G, 0, A, E, o) sub-gstp(sub-generalized soft
semi-topological polygroup) of (F,0, A, E o) if (G,0,A, E, o) also is a generalized
soft semi-topological polygroup over P.

ExXAMPLE 14. Let (F,0, A, E,+) be in E:cample in conclusion (F,0, A, E,+)
(]Fv 07 {a1}7 Ev +)7 (Z47 07 Aa Ev +) are S’U’b'g‘%p Of (Fa 97 A7 Ev +)

Definition 12. Let (P,o,e,,” ') and (Q,*,¢e!,,~1) be polygruops if P* C P , Q C
Q with the property that (1/3\*,97A,E,0),(@,9,A7E, %) are generalized soft semi-
topological polygroup over P* and Q then F = (f1, f2) said to be a morphism if the
following conditions are true:

(i) f1:(P0,A)— (Q,0,A) is soft continuous.

(ii) fa:(P,o) — (Q,*) is a polygroup homomorphism.

Theorem 21. The image of a generalized soft semi-topological polygroup under a
morphism, is also a generalized soft semi-topological polygroup.

Proof. Let (P,o,e,, 1) , (Q,% ¢, ') be polygruops, P* C P, Q@ C Q with
the property that (ﬁ, 0,A FE, o),(@, 0, A, E, %) are generalized soft semi-topological
polygroup over P* and @ and F = (f1, fo)be a morphism. since for every e € E,
f2(F(e)) is subpolygroup of @ as fs is a polygroup homomorphism, it follows that
F((ﬁ, 0, A, E o)) is a generalized soft semi-topological polygroup. Furthemore the
composition of two continuous functions is continuous, this proves the second and
third conditions. (]

Definition 13. Let (F,0, A, E, o) be a generalized soft semi-topological polygroup
over P. The (F,0, A, E, o) is called T;generalized soft semi-topological polygroup if
(P,0,A) is a soft T;space.

Theorem 22. [11|/Let (F,0, A, E, o) be a generalized soft semi-topological polygroup
over P. the following items are equivalents:
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(i) (F,0, A, E, o) Togeneralized soft semi-topological polygroup.
(ii) (F,0, A, E, o) Tigeneralized soft semi-topological polygroup.
(iii) (F,0, A, E, o) Tygeneralized soft semi-topological polygroup.

Let P,Q,R are polygroups and hyperoperation of polygroups is ”o” and SS(P)
is all soft sets are defined on the set of parameters . Note that in a polygroup,
the combination of two members will be a set.

Definition 14. [15] Consider F4 € SS(P) , Ggp € SS(Q) and ¢ : P — Q@
, ¢ : A+ B be two mappings. The (p,v) is a soft mapping from Fa to Gp
denoted by (o, V) : Fy — Gp if and only if

P(Fa(a)) = Gp(p(a)),Va € A.

We consider that all soft sets are defined on the set of parameters E and all
soft mappings are defined with respect to the identity on E. Note that if (idg, f) :
F — G is a soft mapping we write f instead of (idg, f).

Definition 15. The cartesian product of F 4 and G g is shown with soft set (F 4 QGB) €
SS(P x Q), such that (FAxGg)(a,b) = Fa(a) x Gp(b),¥Y(a,b) € A x B, where
Fa € SS(P) and G € SS(Q) [].

Throughout this section, we will deal with soft topological spaces defined over a
soft set F € SS(P). Thus, we will recall the following Definition for soft topology
[26).

Definition 16. Consider F € SS(P) and © be a family of soft subsets of F and
(i) &,F € ©;
(ii) © is closed under finite intersection;
(iii) © is closed under arbitrary union.

We say that © is a soft topology on F and (F,©) is called the soft topological space
(in short STS) and V € SS(P) is called a soft open set if V€ © [4].

EXAMPLE 15. Assume that E = R™ (the set of all positive real numbers), where R be
the set of all real numbers. Lete € E andF. € SS(R) such that F.(e) = (e—¢, e+e),
for all e € E. Consider © = {F. | ¢ € E}. Then (R,0) is a soft semi-topological
space (2.

Definition 17. Assume that (P,©) and (Q,A) are soft topological spaces and f be
mapping [ : P+— Q then
(1) If f satisfies in the condition F € © = f(F) € A, then [ is said to be soft
open;
(2) fpis said to be soft continuous, if and only if for any x € P and any soft
open neighborhoods Fy(,y of f(x), there exist an soft open neighborhood F,
of x such that f(:v)/éf(IF‘x)éFf(m);
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(3) If f is bijective and f , f~' are soft continuous, then f is said to be soft
homeomorphism;

(4) Assume that F € SS(P) and G € SS(Q), then the mapping f : F— G
is said to be soft continuous, if and only if for any x€F and any soft open
neighborhoods F ¢,y of f(x), there exist an soft open neighborhood F, of x

such thatf(x)/éf(lﬁ‘z)@ﬁ‘f(x) /11].

In the above Definition, f(z) may be a set. In particular, when f is hyperoper-
ation of polygroup.

Definition 18. Assume that (P,0) and (Q,A) be soft topological spaces. We can
make soft product topological space (P X Q, @QA), where the collection of all unions
of soft sets in {FXG | F € ©,G € A} is a soft topology on P x Q and it is said to
be soft product topology on P x Q and denoted by (OXA) [19].

Theorem 23. Assume that (P,©) and (Q,A) is soft topological spaces. Then

proj, : (P x Q,0XA) — (P,0) and projq : (P x Q,0%XA) — (Q,A) are
soft continuous and soft open too the smallest soft topology on P x @Q for which
Projp, proj, be soft continuous is OXA [19].

Theorem 24. The mapping f : (R,$) — (P x Q,0XA) is soft continuous, if
and only if the mappings (projq o f) and (proj, o f) are soft continuous, where
(P,©),(Q,A) and (R, ¢) are soft topological spaces [19].

Theorem 25. Assume that f : P — Q and g : Q — R be soft continuous.
Then the mapping g o f is soft continuous, where (P,0) , (Q,A) and (R, ¢) be soft
topological spaces [19].

Definition 19. The set 8 is a base for a soft topological space (P,®) if we can
make every soft open set in © as a union of elements of 5 [20].

Definition 20. Suppose that Q is subset of P and (P, ©) is a soft topological space.
Then the set @@ = {QNF | F € O} is said to be the soft relative topology on Q, and
(Q,05) is a soft subspace of (P,©) [26].

Theorem 26. Assume that (P, ©) is a soft topological space andF € SS(P). Then
the collection Op = {FNG | G € O} is a soft topology over F.

Proof. The first, © is closed under the finite intersection and arbitrary union for
all soft sets over P that is indeed Oy is closed under the finite intersection and
arbitrary union since the elements of Op are soft sets over P.

The second, since O = {FAG | G € O} and FAGCF, it follows that element soft
Op are soft subsets of F. Moreover, since (P, ) be a soft topological space over P,

then P, 3 € ©. So, F = FNP € O and & = FNJ € O. O

(F, ©p) is referred to as a soft subspace of (P, 0), where Op is said to be the soft
relative topology on F.
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Theorem 27. The union of two STS is not necessary a STS. However, the inter-
section of two STS is a STS [21)].

Definition 21. Assume that © is a soft topology on P and F € SS(P) is a soft
polygroup, then the soft topological space (F,©) is said to be soft semi-topological
soft polygroup over P (in short SSTSP) if the soft mappings f : (a,b) — aob from
(FXF,0x0) to (F,OF) is soft continuous.

Definition 22. The sum of F and G is the soft set FoG € SS(P), such that
(FoG)(e) = F(e)oG(e), for all e € E, where that F,G € SS(P) are soft polygroups.

The following theorem presents an equivalent definition for SSTSP.

Theorem 28. Suppose that F is a soft polygroup over P where © is a soft topology
on P. Then (F,©) is an SSTSP over P if and only if the following condition be
true:

For all a,b€F and every soft open neighborhoods Fae, of a o b, there exist an
soft open meighborhood F, of a and an soft open neighborhood Fy, of b, such that
]Faang]Faob'

Proof. [=] The first assume that (F,©) is an SSTSP. Then f : (a,b) — aob from
(FXF,0%0) to (F, Op), is soft continuous. Suppose that a,b€F, and Fq; of an ar-
bitrary soft open neighborhood of f(a,b) = aob. Then by soft-continuity in Defini-
tion for every (a,b) € FXF and every soft open neighborhoods Ff(ap) of f(a,b),
there is an soft open neighborhood F(, 3 of (a,b) such that ao b/éf(IF(a’b))éFf(a’b).
Now F (4 4) is a soft open set in ©xO, which means there exist
{Fq,,Fy, € ©,i € I} such that F(, ;) = |J Fo, XFp,. That shows there exist i € I
i€l
such that a€F,, and beFy,. So, Fy, xFy, € ©XO and F,, XFy,, CF, ;) and

Fo,0Fy, = f(Fa, XFp,)Cf (Fla5) CF f(ap)-

[«=] For all a, b€F and every soft open neighborhoods Fy.;, of aob, there exist an
soft open neighborhood F, of a and an soft open neighborhood F} of b, such that
]Fag]FbiFaob-

However, F,0F, = f(F,XF}), since a€F, and b€F;, and they are soft open neigh-
borhoods in ©, then F,XF}, is an soft open neighborhood in ©X© contains (a,b).
Therefore, by Definition of soft continuity [I7] the mapping f is soft continuous. O
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B-MAXIMAL OPERATORS ON THE VARIABLE LEBESGUE
SPACES

Esra KAYA
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11230 Bilecik, TURKEY

ABSTRACT. By using the L,)—boundedness of a maximal operator defined
on homogeneous space, it has been shown that the B—maximal operator is
bounded. In the present paper, we aim to bring a different approach to the
boundedness of the B—maximal operator generated by generalized translation
operator under a continuity assumption on p(-). It is noteworthy to mention
that our assumption is weaker than uniform Hélder continuity.

1. INTRODUCTION

Nowadays, there is a big attention on the singular integral operator and maximal
operators which are defined on variable Lebesgue spaces. The problem that such
operators are bounded under which conditions is well-studied and it is the main
topic of harmonic analysis. L,.)—boundedness of the Hardy-Littlewood maximal
operator and singular integral operators have been investigated in [155].

This study is dealing with the boundedness of maximal operator generated by
the Laplace-Bessel differential operator

i tL o2 02 4, 0
Ap 32232“‘!‘42 922 Bi:@—i_%aixi’ 1<k<mn,
i=1 i=k+1 g g
which has big importance in harmonic analysis. In [8], Guliyev has obtained the
L, ,—boundedness of the B—maximal operator. Moreover, in [6,[12], it has been
shown that the B—maximal operator is L.y ,—bounded by using the L.y~ bound-
edness of a maximal operator whose domain is a homogeneous space.
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In this study, we obtain that the B—maximal operator is bounded on the vari-
able Lebesgue spaces. Here, there are some difficulties while studying the theory
of variable Lebesgue spaces. One of them, the generalized translation operator
is in general not continuous on the spaces L.y .. Particularly, if p(-) is not con-
stant, then the generalized translation operator T is not continuous on the variable
Lebesgue spaces. But, it is still possible to overcome these difficulties by taking
some regularity conditions on this exponent function. In [7], it has been obtained
that the generalized translation operator on the spaces L.), is bounded. The
construction of the article is as follows: The first section is devoted to introduction.
In the second section, we recall some basic concepts, notations and some known re-
sults which we need throughout the paper. In the third section, we present that the
B—maximal operator on the spaces L.y is bounded under suitable assumptions
by a different approach.

2. PRELIMINARIES

Now, we pause to collect some basic concepts, notations and known results which
are beneficial for us.

Let z = (2/,2"), 2’ = (x1,...,2;) € R¥, and 2" = (zp41,...,2,) € R?7F,
Denote R} | = {z € R" : 21 > 0,...,25 > 0,1 <k < n}, v = (v, ),
1> 0,007 >0, [y =7 + ...+ g, and S = {z € R} , : [2| = 1}. Denote by
B, (z,r) the open ball of radius r centered at x, namely,

Bi(z,r) ={y € R}  : |z —y| <r}. Let BL(0,7) C R}, be a measurable set,
then

B0l = [ @) de = kot
B, (0,r)

n—=k k F (777;1)
where w(n, k,v) = "5 H ()
i=1 2

We will now introduce the spaces Ly 4 (RZ ) and recall the basic properties of
it. Let P(R} ;) be the set of all measurable functions p(-) : Ry , — [1,00]. The
elements of P(R} ) are called variable exponent functions and also let

p— :=ess inf p(x), P4 = ess sup p(x).
r€R2,+ T€RY |

Given p(-), the conjugate exponent function is as follows:

1 1
— 4+ ——=1, zeRy,.
p(z) = p'(z) ot

The analog of log-Holder continuity for variable Lebesgue spaces related to the
Laplace-Bessel differential operator is defined by the following.
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Definition 1. Given a function p(-) : R | — [1,00), p(-) is called log-Hélder
continuous on Ry , if there exist constants Cy,Coc > 0 and pe such that for all

1
|z —y| < 3 and z,y € R |

(o) = 20)] < 1)
and
Ce
p(z) — poo| < Tog(e 1 |2])’ (2)

where ps = zhﬁn;op(z) > 1. If (1) and (ﬂ) hold for p(-), then it is denoted by
p(-) € PPB(RE ), and p(-) € PRE(RY ), respectively.

Lemma 1. [7] Let p(-) : R} , — [1,00) be continuous. The followings are equiva-
lent:

Co

_— o
|_1n|x e - fora <

(i) p(+) is uniformly continuous with |p(x) — p(y)
o —y| < 5.
(i) |B+|5~ """ < Oy holds for all open balls By .

The space L.y (R}, ) is known as the set of measurable functions f such that
for a variable exponent p(-) : R} | — [1, oc],

1y = E A > 05 py00, (F/X) <1} < o0,

where
o= [ @O
k,+

Note that the variable Lebesgue space Lp(.)ﬁ(R}; ) is a Banach space for 1 <p_ <

p(z) < py < oo
The definition of the generalized translation operator is as follows:

TVf(x 'yk/ / Flany)ans - @k Yk a2 — "] dy(e),
where C,, j, = 71~ 21"(7 A1) T (@is yi)a, = (27 =225y cosa;+y2)z,1<i<k,
k
1 <k <n, and dy(a Hbm% a; de; [13L[14]. Notice that the generalized
i=1

translation operator is related to the Laplace-Bessel differential operator.
The definition of the B—convolution operator is as follows:

(fog)(z)= F)TYg(z)(y') dy.

Ry +
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Given a function f € Llf’fy(RZ ), then the maximal operator associated with the
Laplace-Bessel differential operator (B—maximal operator) (see [8]) is as follows:

M, f(z) = sup | B, (0,r)|" / V| £(2)|(y/)dy.
r>0 B+(0’T)

Let By € Ry, be an arbitrary ball and f € Lllofy(RZ +), then define

Mp f = (B0 [ T )y,
By
By taking supremum over all balls centered at x, one can easily observe that

M, f:= sup M, B, (s)f
By (z)

As mentioned earlier, the variable Lebesgue spaces Ly (R} | ) have some un-
desired properties about the generalized translation operator. In order to overcome
this problem, it is necessary to give some smoothness conditions on p(-). The fol-
lowing theorem states the necessary condition for the boundedness of generalized
translation operator.

Theorem 1. [7] Let p(-) € P8(R} ) with 1 < p_ < py < co. Then for all
feLpy,(RE )NSL(RE ) with supp Fpf C {€ € Ry | :[¢] < 2"}, v € Ny,

ITY f(@)lp(y,y < cexp (242" [y])crog (P)) 1 fllp(),v0
holds, where ¢ > 0 is independent of v.

3. MAIN RESULTS

This section is devoted to our main results. First of all we obtain some lemmas
which we need to prove that the B—maximal operator is bounded on variable
Lebesgue spaces.

Lemma 2. Letp(-) € R} | be as in Lemma . Then there exists a positive constant
C(p,v) > 0 such that

p(z)

(M, f(z))— < C(p,7) (Mv(f|z;’())(x)+1), forall xeRy .,

holds for all || f|lpc.),y <

1.
Proof. Define g(-) := w, then ¢(-) is also as in Lemma Let || fllp(),y <1, then
p

N 1
pp(‘m(f) <1. By Theorem for r > o0 We get

q(z)
(M, f)1®) = <B+|§l/ Tylf(w)l(y')”dy>
By
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q(x)
-1 L oy 2)[PW) (/)Y 1 Y
B, /B (p(y)T F@P ) + s ) )dy>

q(x)
<B+|;1 /B @Tﬂlf(acnmwy'ww|B+|;1 /B p,(ly) <y'>7dy>
< <B+|f /B Y| () P (o' + | By | /

q(z)
(y’)”dy>
By

q(x)
B, /B @) P (y Yy + | By / <y/>7dy>

By
q(z)
|B+15 1/3 (If($)|”(y)+1)(y')”dy>

= (|B+|;1pp();y(f) + ]‘)q(m)

1 . 9+
< (1m0, 1)

1
If0 <7<, then [Byl, < (2r)"*thl < 1, and

a(z)
(M, £)1™) = <B+|71/ Tyf(l‘)l(y’)”dy>
B

a1 1 q4(z)
|B+|»Y Tylf( )q(y’)”dy> <|B+|yl/B (y')”dy> ]

a(z)

IN

a(z)
q_

(Bw TV f(x |q<y'>wy> .
(Bw e |q<y><y'>wy>

q(z)

< <|B+§1/B (T¥]f (2)|*® +1)(y')”dy>
a(z)

_a(=z) 1 q_
< Byl 3w <3 [ @is@i i)
By
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Since,
;/B+ (TY| f(2)|9%) + 1) (/) dy < ;/B+ (TY|f(2)P@) +2)(y/ ) dy

1 2
<5 [ TU@POE B, <1,
3 /. 3

and from Lemmal [l we obtain

-4 1 2
(M, )" < B, "= 3% (3/3 TV f () |19 (3 )V dy + 3B+|7>
+

a(z)

<|Byly 7 |Byl,3% ! (/ Tylf($)|qw)(y’)”dy+2>
By

49— —94
<IB. " s | @y 2
B+

< Co 34 LM, (| f]7™) + 2).

If one takes supremum over all balls B, then the proof is completed. O

Lemma 3. Let p(-) € Ry , be as in Lemma || and be constant outside some ball
B, (0,r). Then there exist a constant C(p,~y) > 0, and
h € L1,coy(RE 1) N Loo o (RE 1) such that

p(z)

(01N < ) 21, (19157 ) @) 4 ) for a o € R
holds for all || f|lpc),y < 1.

Proof. Define ¢(+) := Zﬁ, and qo = pﬁ, then ¢(-) satisfies the equivalent condi-

tions of Lemma LetinHp(_),7 <1, then Pp(),-(f) < 1. Split f = fo + fi such
that fo := xp, f, and fi = XRZ+\B+JC' Thus, for all x € B4 (0, 2r),

(Mo f ()" < Cg,7) (M (I£190)) +1). 3)

1
Now let z € R | \B1(0,2r). Then |z|—r > |z|, and | By (z,|z|-7)|, > C ||,
Since suppfo C B4 (z,r), and from Theorem |1} we get

|z|—r<r

q(z)
(M fo())") << O )Ty|fo<x>|<y'>wy)

q(z)
< <|B+(x, IfCI—T)Hl/B( )Tylf($)|(y’)'*dy>
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q(x)
<Cx| n=hi /B ( )T”If(w)l(y’)”dy>

q(x)
Cxwﬂﬂ@()mmmww>
+(x,r

q(z)
< (CII"'”'/B( )(If(x)l”(y“rl)(y’)”dy)

A

q(z)
< (Clal™ 1 p,004()

< Clg, )l "1 (4)
Moreover, for x € R}, , \B(0,2r),

q(z)
(M, f1(2))"™) = (j{n \B (OQ)ITyfl(x)(y’)”dy>

qoo
< (;K |Iqum><yvvdy>
Ry, \B4(0,2r)

< 74 Y|y (2) 7= (') dy
+\B+(0,2)
< 74 Y|y (2) |7 (3 )y
RE +\B+(0 2r)
< M (|119) (). (5)

By (B), (@) and (B), we obtain

(M, f( >>q<z < Xa, 020 (Mo S @)™ + Xy 5 0.20) (Mo fol@) + Moy fr ()"
< Xp, 020 M F@)™ + Cla9)xap 502y (Mo fo(@) ) + (M f1(2)")
<Clgy)M <m“xm+x&mmcmw

q(z)
+ sup y') ' dy
z€RY  \B1(0,2r) JRY \B(0,2r)

< Clq,v) My (| f]7C )) 35) + X8, (02rC(0:7) + XREY+\B+(0,2T)C<Q7 ) |z,
=:h

for all z € R} . The fact that h € L1,c04(R} ) N Loo (R} | ) proves the lemma.
|

I
V(@

Now we can present our main theorem.
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Theorem 2. Let p(-) be as in Lemma[3 with p_ > 1. Then M., is bounded on
Lp(.)ﬁ(RZ’Jr), i.e.

||M.Ypr(.);y < C(pa 'Y) Hf“p(')ﬁ'

Proof. Since M, (A\f) = [|A|[M f, we have || M fl,y, < C, for all ||f]|yc),y < 1
Since py < oo, it is sufficient to illustrate pp()W(M f) < C for all [[f]lpy,y <
1. Let f € Ly, with [[fllp), < 1. Then p,.y ,(M,f) < 1. Moreover, let
q(-) = p(: )/p, By Lemma there exists h € Ly ocw(RZ ) N Loo (R ) such
that (M, £)10) < C(p,v) My(]f|90)) + h. Thus,

a0 ) = [ M PO

Ry

p(x)
- / <sup / Ty|f<x>|<y’>wy> («/)'do
Z,+ By /By
q(x)p—
- / <sup / Tylf(x)l(y’)”dy> (2')da
RZHr By JBy

q(z)\ P-
- / . (Sgp /B Ty|f<x>|<y'>vdy> @) ds
- /Rn (|M7f|q(w))p7 (') dx

T
pP—Y

P
; ||h||p,w)

holds and since p_ > 1, one can see that the B—maximal operator M, f is contin-
uous on L, ~(Ry ). Therefore, we obtain that

p—
Poyr M) < (COA) ISy + [l )
= (CN) Py ()7 + D) < Clo),

and this completes the proof. ([l

< (cton Jar, 01|

—

4. CONCLUDING REMARKS

The Hardy-Littlewood maximal operators, singular integral operators, rough in-
tegral operator, its commutators and their boundedness on the various function
spaces are crucial topics of Harmonic Analysis. In this study, we have shown that
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the B—maximal operator on the variable Lebesgue spaces is bounded under suit-
able assumptions by a different approach. The boundedness of this operator plays a
significant role in order to obtain the boundedness of the singular integral operator,
fractional integral operator and its commutators. The fractional versions of these
operators have recently become an active area of research (see [9H11L{I5[16]). As a
future direction of this study, one might extend to the case that the Laplace-Bessel
differential operators with coefficient such as a(x) that could be continuous or Van-
ishing Mean Oscillation functions.
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ABSTRACT. In this study, we consider a boundary value problem generated by
the Sturm-Liouville equation with a frozen argument and with non-separated
boundary conditions on a time scale. Firstly, we present some solutions and
the characteristic function of the problem on an arbitrary bounded time scale.
Secondly, we prove some properties of eigenvalues and obtain a formulation for
the eigenvalues-number on a finite time scale. Finally, we give an asymptotic
formula for eigenvalues of the problem on another special time scale: T =

[a, 51} @] [52,,8}.

1. INTRODUCTION

A Sturm-Liouville equation with a frozen argument has the form

" (t) + q(t)y(a) = Ay(t),

where ¢(t) is the potential function, a is the frozen argument and A is the complex
spectral parameter. The spectral analysis of boundary value problems generated
with this equation is studied in several publications [3], [15], [16], |26], [33] and
references therein. This kind problems are related strongly to non-local boundary
value problems and appear in various applications |4], [12], [31] and [38].

A Sturm-Liouville equation with a frozen argument on a time scale T can be
given as

— A2 (1) + q(t)y(a) = My (1), te T (1)
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where 422 and o denote the second order A-derivative of y and forward jump
operator on T, respectively, ¢(t) is a real-valued continuous function, a € T" :=
T\ (p (sup T) ,supT], ¥° (¢) = y(c(t)) and T = (T*)"~.

Spectral properties the classical Sturm-Liouville problem on time scales were
given in various publications (see e.g. [1], |2], [5]- [9], |L1], [17]- [25], |27]- [30], [34]-
137], |39] and references therein). However, there is no any publication about the
Sturm-Liouville equation with a frozen argument on an arbitrary time scale.

In the present paper, we consider a boundary value problem which is generated
by equation (1) and the following boundary conditions

Uly) : =any(e)+any® (@) + any (8) + any® (B) (2)
V(y) : =buy(a)+biay® (a) + bary (B) + by (8) (3)

where @ = inf T, § = p(supT), o # B and a;;, b; € R for ¢, = 1,2. We aim to
give some properties of some solutions and eigenvalues of (1)-(3) for two different
cases of T

For the basic notation and terminology of time scales theory, we recommend to
see [10], [13], |14] and [32].

2. PRELIMINARIES

Let S(t,\) and C(t, \) be the solutions of (1) under the initial conditions

S(a,\) = 0,58%a,\) =1, (4)
C(a,\) = 1,0%(a,\) =0, (5)
respectively. Clearly, S(¢, A) and C(¢, \) satisfy
SAR(EN) +AS(t,N) = 0
CA2(EN) +AC (8, A) = q(t),

respectively and so these functions and their A-derivatives are entire on A for each
fixed ¢ (see [34]).

Lemma 1. Let p(t, \) be the solution of (1) under the initial conditions p(a, \) =
51, ™ (a,\) = 6y for given numbers 61,0o. Then o(t,\) = §;C(t,\) + d25(t, \) is
valid on T.

Proof. Tt is clear that the function y(t, \) = §:C(t, A) + §2.5(¢, ) is the solution of
the initial value problem

v+ M) = q(t)a
yla,\) = &
yA(a, A) = 0o

We obtain by taking into account uniqueness of the solution of an initial value
problem that y(t, A\) = ¢(t, A). O
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Consider the function

~

INEE det( uc) v ) (6

It is obvious A()\) is also entire.

Theorem 1. The zeros of the function A(\) coincide with the eigenvalues of the
problem (1)-(3).

Proof. Let g be an eigenvalue and y(t, Ag) = §1C(¢, Ng) + 925 (¢, Ag) is the corre-
sponding eigenfunction, then y(¢, \g) satisfies (2) and (3 ) Therefore

51 U(C(t, No)) + 62U (S(t, Mo)) =
51V (C(t, Xo)) + 62V (S(t, X)) =0

It is obvious that y(t, Ag) # 0 iff the coefficients-determinant of the above system
vanishes, i.e., A(Ag) = 0. O

Since A(\) is an entire function, eigenvalues of the problem (1)-(3) are discrete.

3. EIGENVALUES OF (1)-(3) oN A FINITE TIME SCALE

Let T be a finite time scale such that there are m (or r) many elements which
are larger (or smaller) than a in T. Assume m > 1, 7 > 0 and r+m > 2. It is clear
that the number of elements of T is n = m + r + 1. We can write T as follows

T = {pr (a),p" (a),...,p* (a),p(a),a,o(a), 02(a)7 ...,Um_l(a),am(a)} ,
where 0/ =0/ Yoo, pf = pi~topfor j > 2 p"(a) = a and 0™ () = .

Lemma 2. i) If r > 3 and m > 2, the following equalities hold for all \

S ) = (~1)" 1 (a) [ (@) (a) o (@)] N4 O ()

$7(e,A) = (1) (@) [ (a) " (@) e <a>}2x—2+ow—3)

SN =5 (@X) = (1" [ p (@) (@] N2 (@) + 0 (A7)
§7(B.0) = 57 (@.0) = ()" [(a) (@) o™ ()] N (@) £ 0 (A7)
C (@) = (1) [ @ " (a) o’ (@)] X+ O (V)

€% (a,X) = (=1) 7" [ (a) p#” (@) o™ ()] N0 (v

CB.X) = €7 (@, X) = (1" (@) [ (@)1 (@)™ (@) 7 (@) N2 4 0 (A7)
Co(B,0) = €7 (a,0) = (=)™ (@) [0 (@) 7" (@) " (@)] T (@A O (A7)

2
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where O()\l) denotes a polynomial whose degree is [.

it) If r € {0,1,2} or m € {0,1}, degrees of all above functions are vanish.

Proof. Tt is clear from f7(t) = f(t)+u(t) f2(t) that S7(a,\) = p(a) and C7(a, \) =
1. On the other hand, since S(¢, \) and C(¢, \) satisfy (1) then the following equal-
ities hold for each ¢t € T and for all A.

02 _ M(t) _ o o
57 () = (1+Mt) A (t) (t))S (£, \) (7)
NGAQ)
() N
col(t, ) = (—u(t)u"(t)A+1+ 5{%)0%» 8)
ue (t) -
) C(t,\) + o (t) u” (t) q(t)
It can be calculated from (7) and (8) that
$7(@N) = ()™ (wa)p (@) @) u (@ (9)
+0 (N7?)
j j 2 3 j 2 i
57 (@) = (=1 w(a) (1 (@ (@) (@) N7 (10)
+0 (N7?)
0@ N = (0 e (07 @ (@) @) T @A ()
+0 (/\’“*2)
0 (@) = (D" (i (@) (@) o (@) XF (12)
+0 (A’H)

for j = 2,3,..m and k = 2,3,...,r. Using (9)-(12) and taking into account o =
p" (a) and B = 0™ () we have our desired relations. O

r+m—1, r>0andm>1

Corollary 1. degC(a, \)S? (5, A) = { 1 the other cases

Lemma 3. The following equlaties hold for all A € C.
S7(a, \)C (a, A) — S(a, \)C7 (a, ) = AN +0 ()\5_1)
S7(B,N)C(B,A) = S(B,\)C7 (B,\) = BA+0 (XN
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r—1

where 4 = (1) () 1 (a) [ (@) 0" (@)] 1 (@3 (@)

B

Il

I
=
3
|

=
=

=
=

=
Q
&

=
Q

5= r—2, r>3 and ~ — m—2, m2>3
1 0, r<3 7= .

Proof. Consider the function

1 o o
It is clear that
@ (t,A) == [S2(t,NC (1, A) = S(ENCH (K, N)] = W[C (£,A), S ()]

and it is the solution of initial value problem

2t = —q(t)S7 ()
pla) = 1
Therefore, we can obtain the following relations
7N = p (BN —p(t)g @) ST (A, (14)
(A = oA +u” () ap(t)S(EA). (15)
By using (9), (10), (14) and (15), the proof is completed. O

Corollary 2. i) deg (S7 (o, A) C(a, A) — S (a0, A) C7 (o, \)) < deg C'(ar, A)S7 (B, A,

ii) deg (57 (8,A) C'(8,A) = §(B,A) €7 (B,A)) < deg C(a, A)S7 (B8, A).

The next theorem gives the number of eigenvalues of the problem (1)-(3) on T.
Recall n = m + r + 1 denotes the number of elements of T and put

A— < aipip (OZ) — 12 buM (a) —bi2 >
a2 bao ’

Theorem 2. If det A # 0, the problem (1)-(3) has exactly n — 2 many eigenvalues
with multiplications, otherwise the eigenvalues-number of (1)-(3) is least than n—2.
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Proof. Since T is finite, A(A) is a polinomial and its degree gives the number
eigenvalues of the problem. It can be calculated from (6)-(14) that

_ 1 aip(a) — a1z bup (o) = bio o
AN = @) 1 (B det ( o - > C(a,\)S7 (B,\)
1 aip  ai2 o o
—|—m det ( b by ) (S (a, A) C(a, A) = S (a, A) C7 (a, M)
1 a1 a2 o _ -
e (42 ) (57 (5.0 C(8.0) — 5 () C (3.0)
+O(\"F™2),
According to Corollary 1 and Corollary 2, if det A # 0,
deg A(A) =degC(a, \)S? (B,AN) =m+r—1=n—2. O

Corollary 3. i) The eigenvalues-number of (1)-(3) depends only on the elements-
number of T and the coefficients of the boundary conditions (2) and (3). On the
other hand, it does not depend on q(t) and a (neither value nor location of a on T).
it) If det A # 0, the eigenvalues-number of (1)-(3) and the elements-number of T
determine uniquely each other.

Remark 1. As is known, all eigenvalues of the classical Sturm-Liouville problem
with separated boundary conditions on time scales are real and algebraicly simple [9)].
Howewver, the Sturm-Liouville problem with the frozen argument may have non-real
or non-simple eigenvalues even if it is equipped with separated boundary conditions.

We end this section with two example problems that have non-real or non-simple
eigenvalues.

Example 1. Consider the following problem on T = {0,1,2,3,4,5}.
—y22 () + ar(t)y(3) = Ay (1), t €{0,1,2,3}
Ly: y2(0) =0

0 0
where q1(t) = (1) ; i ; . Figenvalues of Ly are \y =2 +1, Ay =2 — 1,
2 =3

da= 3+ $VE = 3 - 3B
Example 2. Consider the following problem on T = {0,1,2,3,4,5}.
—y2 () + a2(t)y(3) = My (1), t €{0,1,2,3}
Ly : y2(0) +2y(0) =0
y*(4) +y(4) =0,
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-1 t=0
where qa(t) = (2) i i 9 - FEigenvalues of Ly are A\ = Ao = A3 =2, Ay = 3.
1 t=3

4. EIGENVALUES OF (1)-(3) ON THE TIME SCALE T = [«, d1] U [02, 5]

In this section, we investigate eigenvalues of the problem (1)-(3) on another
special time scale: T = [, §1] U [d2, 8], where o < a < §; < d2 < . We assume
that a € (a,d1) . The similar results can be obtained in the case when a € (d2, 5).

The following relations are valid on [a, §1] (see |15]).

sin vV (t — a)

S(t,\) = >

t

ct, ) = COS\F)\(tfa)+/

a

sin vV (t — €)
VA

The following asymptotic relations for the solutions S(¢,A) and C(¢,\) can be
proved by using a method similar to that in [35].

sin vV (t — a)
S(t,\) = va oo

52V Xcos VA (81 — a)sinVA(S2 —t) + O (exp || (t —a — 8)), t € [0a, 5],
(16)

q(§)d§

te [01,61],

cosVA(t—a), t€la,dy),

SA(t, ) =
{ —5%Xcos VA (01 — a) cos VA(6y —t) + O <ﬁexp 7| (t —a — 6)) , t€dq,p],

(17)
1
cos VA(t—a)+ 0 —=expl|r||t—al), t€]a,di],
C(t,\) = (ﬁ ) '
—8%Asin VA (01 — a)sin VA(dy — t) + O (\f)\exp 7| (t —a— 5)) , t € [d2,0],
(18)
—VsinVA(t—a)+ O (exp|r|[t —al), t€a,dy),
CA(t,\) =
52X 2sin VX (81 — a) cos VA(8y — t) + O (Nexp 7| (t —a —8)), t € [02, ],
(19)

where § = 65 — 61, 7 =Imv/X and O denotes Landau’s symbol.

Lemma 4. The following equlaties hold for all A € C and t € T.
CA(ENS (1A) = Ot NS (£,0) = 0 (Vaexp || (8- a - 9))
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Proof. 1t is clear the function
@ (t,\) := C2(t, \)S (t, ) — C(t, \)S2 (t,\)

satisfies initial value problem

2t = a()S7(t,N), tE[ad]
pa) = 1
and
2 (1) = q(t)S7(tN), t € [0, 0]
@(d2) = ¢(61)+6q(61)S (02,2).
Hence, we get proof by using (16). (I

Theorem 3. i) The problem (1)-(3) on T = [a,d1] U [d2, 0] has countable many
eigenvalues such as {\n},~¢-

ii) The numbers {\,}, > are real for sufficiently large n.

i11) If agabia — a12bao ;Z 0 and B — 93 = 61 — «, the following asymptotic formula

holds for n — oo.
_(n—1)m 1
V”“‘ﬂﬁ—®>+0(n> 20)

Proof. The proof of (i) is obvious, since A()) is entire on A.
By calculating directly, we get

_ uc) v(o)
AN = det< Us) V(S)>

= (azebia — ar2bas) [C2(B, M) S (a, \) — C2(a, \)S® (B, N)] +
+(agabar — asibaz) [C(B, NS (B, A) — C(B,\)S (B,\)] +
+(a12b11 — a11b12) [C'A(a7 NS (a,\) — Cla, \)S? (a, )\)]
+O (MNexp|T| (B —a—1)).
It follows from (16)-(19) and Lemma 4 that
A(N) = (azbia — a12b22)62)\3/2 sin \&((51 — ) cos \F/\(ﬁ —d2)
+0 (Aexp|7| (B — a —9))

is valid for |A| = oo. Thus, we obtain the proof of (ii).
Since azzbiz — ai2baz # 0 and 8 — 2 = 61 — «, the numbers {\, }, - are roots of

32 sin 2\”\(6 —d9)
VA

Now, we consider the region

Gn={NeC:A=p%]p <

+OOexp2|7] (B —8)) = 0. (21)

n

2B =0 )
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where ¢ is sufficiently small number. There exist some positive constants C; such
that, [\2522Y30=02) | > ¢ X%/ exp2 7] (8 — 6) for sufficiently large A € 9G,.

Therefore, by applying Rouche’s theorem to (21) on G,,, we can show that (20)
holds for sufficiently large n. O

Remark 2. Since p(a) = 0 in the considered time scale, the term assbia — a12bos
is not another than detA in section 3.

5. CONCLUSION

In this paper, we give some spectral properties of a boundary value problem
generated by the Sturm-Liouville equation with a frozen argument and with non-
separated boundary conditions on time scales. We focus on two different time
scales: a finite set and a union of two discrete closed intervals. On the finite set, we
obtain a formulation for some solutions, characteristic function and the eigenvalues-
number of the problem. On the other time scale, we give some properties and an
asymptotic formula for eigenvalues.
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ABSTRACT. In the present investigation we study a subclass of multivalent
harmonic functions involving multiplier transformation. An equivalent con-
volution class condition and a sufficient coefficient condition for this class is
acquired. We also show that this coefficient condition is necessary for functions
belonging to its subclass. As an application of coefficient condition, a neces-
sary and sufficient hypergeometric inequality is also given. Further, results on
bounds, inclusion relation, extreme points, a convolution property and a result
based on the integral operator are obtained.

1. INTRODUCTION

A continuous complex-valued function f = u + ¢v which is defined in a simply-
connected domain D is said to be harmonic in D if both w and v are real-valued
harmonic in D. In any simply-connected domain D C C we can write f = h + g,
where h and g are analytic in D, where h is called the analytic part and g is called
the co-analytic part of f. A necessary and sufficient condition for f to be locally
univalent and orientation preserving in D is that |h/(z)| > |¢'(2)] in D (see [6]). Let
H denote a class of harmonic functions f = h 4+ g which are harmonic, univalent
and orientation preserving in the open unit disc A = {z : |z| < 1} so that f is
normalized by f(0) = h(0) = f,(0) — 1 =0.
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It should be worthy to note that the family H reduces to the well known class
S of normalized univalent functions if the co-analytic part of f is identically zero,
that is if g = 0.

The concept of multivalent harmonic complex valued functions by using argu-
ment principle, was given by Duren et al. [8]. Using this concept, Ahuja and
Jahagiri [1], |2] introduced a class H (m) of m-valent harmonic and orientation pre-
serving functions f(z) = h(z) + g(z) , where h(z) and g(z) are m-valent functions
of the form

h(z) =2"+ Z anz”, g(z) = Z bpz", [bm| <1,meN={1,2,3...} (1)
n=m-+1 n=m

which are analytic in A = {z:]z| <1}. For p,q € Ny = NU{0} complex pa-
rameters «; (1 =1,2,...,p) and B;(# —n,n € N) (i = 1,2,..,q), the generalized
hypergeometric function ,Fy (a1, ....ap, By, ....B452) = pFy ((ai);(B;) 5 2) is defined
by

= (a I (ap)n n
qu((ai)é(ﬁi)W):;mz (p<g+lz€A) (2)

where (\),, represents the Pochhammer symbol defined, in terms of Gamma func-
tion, by

) _T'(A+n) 1, n=0,A#0
" T LA+ A+2)..(A+n—1),nEN
The convolution of two analytic functions ¢ (z) = > 02 a,2" and ¢ (z) =

Yoo o bnz™ defined on A is an analytic function given by

G(2) %0 (2) =D anbp2" =1 (2) x ¢ (2).

For a; € C (j =1,2,...,p) and B; € C\{0,-1,2,...} (j = 1,2,...,q), Dziok and
Srivastava [9] introduced the following operator for an analytic function h(z) of the
form is given by

HETag]h(z) = 2™ pFy(an,....ap; By, By 2) x h(2) (3)

Y On(lon]spsg)anz” (4)
n=m-+1
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where

P
1)m
i=1

q

T (B ™

=1

n > m. (5)

gn([al] D5 q) =

Several results on harmonic functions by involving generalised hypergeometric func-

tions and involving certain linear operator have recently been studied in [3H5}/11}-

16},/181{19}122]. Motivated with the operator defined by Srivastava et al. in |2% we
il

define a mutiplier operator £f\’7[;‘7 ;] for an analytic function h(z) of the form as
follox(z)v?: |
£/\’7Z(11 h(z) = h(z)
1, (03 6% z !
£30I0(=) = £33, h(z) = (1= NHE [l h(z) + 25 (HE [a] h(2))' (A > 0)
2, a 1,
Lipal2) = £, <"€A,£0,tlz]h(z))
and in general for t € N,
t,a a t—1,«
L0 h(2) = £, 4 (£ (=)
The series expression is given by
oo
L3 Gahlz) = 2" + Z 0% (a1; A ps q)anz", (6)
n=m-1
where
p t
[T (ai),,_
1 n—m A(n —
0L ([oa]s Nipsg) = | 5 [mnj(n(fm;l)} ,(neN,n>m,teNp). (7)
l:ll(ﬁi)nf ’

Similarly for the analytic function g(z) given in 7

oo

£57,902) = 3 Bl Xirs 5)bn” (3)

n=m

where

=

oL ([ya]s hms8) = |

(2

i [m + A(n —m)]
(5i)n—m+1 m(n —m+ 1)!

Il
-

,(neN,n>m,t eNy).

—,

1
(9)
We note that when ¢ = 1 and A = 0 the linear operator £ t)\ol‘f a would reduce to the
operator HE;9 [c1] which includes (as its special cases) various other linear operators
introduced and studied by Hohlov et al. |7], Owa [17] and Ruscheweyh [21].
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Now, for f = h+g € H(m) (where h(z) and g(z) are of the form (1)), in terms of
the operators defined in @ and (8)) we defined a linear operator £ ﬁ\pr‘i ([ea] s [v1)) ==
Z:H(m)— H(m) by

If(2)=£35,h(2) + £571,9(2)- (10)

For the purpose of this paper, on applying the linear operator Zf(z), moti-

vated with the class defined in [10] we define a class R, ([al]p’q vl Bi A k;) of
functions f € H (m) if it satisfy the condition

%{(1)\)1‘;(5) I(ffn))) + Mk ( m)//

Where/\>00<k;§1,O§B<mandz:rei9(r<1,9€R),z’:a%(z),z”z

o (2), (Tf(2)) = & (Tf(2)) and (Tf(2))" = $5= (Tf(2)).

Based on some particular values of A and k, we denote following classes:
(1) for A = 0’ an ([al]pq’ Y1 re’B’O k) (al pq?[vl]rs75 k)

(2) forAzLan([al]pq,ms,ﬁ,l B) = Bl ([01],05 Dl 8 F)
(3) 0) cm(alpq,mm,ﬁ,)
) for k=1, ([aﬂpqmﬂmml) D ([0 (1], 50
(5) for A =1 and k=0 R, ([nl,, o D], 58:1,0) = B2, ([oal, g s 1), 8)
(6) for \=1and k=1 R, ([oq g MlpsiBi L, 1) = Fy, ([m]m [l ;5)

Let H (m) be a subclass of H(m) whose members f = h+g are such that, h
and g are of the form

+A(1 - k)( > —

(If(Z))”} LR,

3

h(z)=2"— Y lan|2", g(z) = > |bul 2" [bm| < 1. (12)
n=m-+1 n=m

We further denoteﬁfn),~c <[a1]p,q il s B )\) =R . ([al]pﬂ slesi B )\) NH (m).

In this paper, an equivalent convolution class condition is derived and a coeffi-
cient inequality is obtained for the functions f = h +g € H(m) to be in the class

an’k ([al]p 4 V1,43 5; A). It is also proved that this inequality is necessary for
f=h+7tobein Efnk ([al]pq NI ;B;)\) class. As an application of coeffi-

cient inequality a necessary and sufficient hypergeometric inequality is also given.
Further, based on the coefficient inequality, results on bounds,inclusion relations,
extreme points, convolution and convex combination and on an integral operator
are obtained.

Throughout in this paper, we consider that the parameters involved in the opera-
tor £529 [m, [on]; [y,]] suchas oy (i = 1,2,...,p) ,v; (i =1,2,...,r), B, (i = 1,2, ... q),

A,r,8
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8; (i=1,2,..,s), are positive real and 0", (a1; \; p; q),
are bounded with 67 (cy; \; p; q) > -, O (13 N 73 8)

oL (v13 A ) given by (@), (@)
> (n>m).
2. COEFFICIENT INEQUALITY

Theorem 1. Let A > 0,0 <k <1,0< 8 <m,m e N. If the function f =h+7g €
H(m) (where h and g are of the form (1)) satisfies

i |m2 + A(n —m)(kn + m)}

0 (13 \ip; @) |an| +

L m (m — )
o) 2 A kn —
2 i ﬁ:(;m)(ﬂ)n m)|¢2(71;A;7‘;8)\bn\ <1, 13)

n=m

then f is sense-preserving, harmonic multivalent in A and f € an,k ([al]p’q , [vl]m | 3; )\) )

Proof. Under the given parametric constraints, we have
’m2—|—)\(n—m)(kn+m)| n fm2—|—)\(n+m)(kn—m)|
0, and — <
m (m — ) m m (m — f3)

Thus, for f =h+7g € H(m), where h and g are of the form (), we get

o0 oo
W) = mle™ = Y nlan] 2" 2 mle™ [1— > :llanI]

<

¢, 1 > M.

(14)

n
m

n=m-+1 n=m-+1
el 2 m? + M —m)(kn + m)|
me1 | o= |m?+ X(n +m)(kn —m) > e
> mlz ' |J;n‘ m(m — ) ’¢n|b”|‘| >7;nn|bn|‘z| '
> |g'(2)|

which proves that f(z) is sense preserving in A. Now to show that
feRt ([al]pq ) s ;6;)\,k> , we need to show , that is

%(,f) - TR, (If(z))”} - %Z €A (15)

(Zm)/ (Z'm>”

R {(1 —-A) —
Suppose

Zf(2)

A) = (1= N =2 + AL K) (1) | IR

(zm) (zm)"

It is suffices to show that
A(z) -1

<L
Az) -2 41
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Series expansion of A(z) is given by

S k
1+ ) 92([@1];A;p;q){1+A(;1)(£+1}anznm+

n=m-+1
} b,z"z"™

> dhbulires) {14 + 1)

A(z)

kn 4
m
and we have
2

A(z) - 22 41— A(z) -1

‘(2) m+‘ |A(2) = 1
‘2(1 — 2+ 30 O] i p ) {1+ A2 - D(A2 + 1} a2

50 (Dl Xsmis) {14 A + (5 = D} bz

S O (en] s xipsg) {1 AR — DA 1)z
F300 b () A s) {14+ A (2 + 1) (A2 — 1) b,z

> T}llQ(m—ﬂ)—néﬂﬁ([al];)\;p;q) m+>\(n—m)(%”+1) Jn] |2
= 3 bl xr) mo+ Mo my (2 = ) o 272 -
i 192([a1];/\;p;q) m+/\(n—m)(%"+1) lan] |7
nmt
- i On([1]5 Ai73 8) m+A(n+m)(%” — 1) 1ol 27 |Zm{]
N % [Q(m_ﬁ)_2n§:+192([041];/\;p;q)‘m+>\(n—m)(’j:+1 Jan [
—2 i On (il Airss) m+)\(n+m)(%” _ 1)‘ bl 2] |Z_m}]
> 0

by when z = r — 1 and this proves Theorem ([l

In our next result we show that tile above sufficient coefficient condition is also
necessary for functions in the class R}, ([a1], ., [v1], i85 MK )

Theorem 2. Let A > 0,0 < k < 1,0 < 8 < m,m € N.and let the func-
tion f = h+g € H(m) be such that h and g are given by . Then f €
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Eﬁn ([al]p’q , [%]ns 1B A, k) if and only if holds. The inequality 1s sharp
for the function given by

S m (m — )

flz) = 2" - |zn| 2" (16)

n:zm:H m? + A(n — m)(kn +m)| 07, ([a1] ; \s ps q)

3 m (m — j3) :
oo M2+ A+ m) (kn —m)| &, ([v1]5 As7s )

Z:’)Lo:m-‘,-l |1’n| + Zzo:m |yn| = 1

Proof. The if part, follows from Theorem[I} To prove the "only if part” let f = h+
g € H (m) be such that h and g are given by and f € R, ([al]p7q SVl B5 A k) ,

then for z = re® in A we obtain

8?{(1—>\)I‘£S)

[Yn| 27,

LA S LS (A B

(=Y (zm)”
£ 1)) — = (£700)

L)+ 000 e

AL mz™

2 (55,0 2 (£5,0) + 2 (E7106) + = (B90))’

m2z™m

‘an‘ |Z" m|

PORUACHEPY )’1+A(—1)(’m+1

n=m-+1
- 13 k’fL n —m
D GllnliAiris) [L+ MG + D =) ba 7|27
.8
m

The above inequality must hold for all z € A. in particular z = r — 1 yields
the required condition (13). Sharpness of the result can easily be verified for the
function given by

(16} O

Corollary 1. f € gtm ([al]nq [V1ly3 85 k) if and only if

> =gy Pnllealipia) lan] +

n=m-+1
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; m(bn(hﬁ] ;7’;5) |bn| < 1

n=m

holds.
Corollary 2. f € Bt, ([al]p,q [l ;ﬁ,k) if and only if

I~ |m2+(n—m)(l€n+m)| ¢ (oo o) la
n:zm:-i,-l m(m—,@) gn([ 1]7paQ)| n""
2L |m? + (n 4+ m)(kn —m)| , e

Y g (bl <

holds.
Corollary 3. f e C?, ([al]p,q 71l 3 55 )\) if and only if

[e%s} m2 " — m)m
n;;;1| ;122-—5)) |9iﬁaﬂ;A;pun|anw+
0o |m2—|—/\(n—|—m)m} ; s
7; mm—p)  ‘nlbnlidiris)lal <1

holds.
Corollary 4. f € D, ([al]p’q il s Bs )\) if and only if

- m2 + A ’I’L2 — m2
Z ‘ ( )|9;([a1];)\;p;q) |an|+
n=m+1 m (m — 3)
= m2 4 A(n? —m?)| ,
i\ 7;8) [ba| <1
; mm—p ol ) [ba|
holds.
Corollary 5. f € Eﬁn ([011],,,,1 ) [’71]T75 ;ﬂ) if and only if
= m2 + n—mm
Z ‘ m(gn_ﬁ)) ’9;([041] iD;q) lan| +
n=m-+1
.- |m2+(n+m)m’ .
. <
;n m(m— ) ¢n(['yl]>7"73)‘bn‘ <1
holds.

Corollary 6. f ¢ ﬁfn ([al]p,q vl ;ﬂ;) if and only if

(oo}

|m? + (n? — m?)|
2 m (m — f3)

0! ([a1] ;13 @) |an| +

n=m-+1
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2 L r:(: __57;1 )|¢Z([vl] i738) by < 1

holds.

On applying coefficient inequality , we get a sufficient condition in the form
of hypergeometric inequality for certain function f = h+ g € H(m) to be in

Rt ([al]pﬂ TVl s 385 k) class and it is proved that this inequality is necessary
for certain f € R, ([al]p,q Jlesi B A k)

Corollary 7. Let A > 0,0 < k < 1,0 < 8 <m,m € N, and let the function
f=h+ge€ H(m) where h and g are of the form be such that

m(m — )

L Y rgmmpeny v rpeny AL L (17)
and (18)
b | m (m — 5) n>m. (19)

S R Amrm)n—m) "

If incasep=q+1) > 8, — > a; >0 and (in caser =s+1)
21 0i— 27 >0,

the hypergeometric inequality

(b (a0 (85 - 1 EA=mD (20)
EIOROBIEE LRI
holds, then f € Rt ([Ofl]p?q Jlesi B /\,k) . Further, if
fe) = = Y m (m = 8) 2 (21)

|m? + A(n — m)(kn 4+ m)|

n=m+1

N m (m — )
+ ) 7
= Im? + A(n+m)(kn —m)|
e B, (o) g il s BiNK),
then (@ holds.
Proof. To prove the result, we need to show by Theorem [I| the inequality:

oo

o ’m2+)\(n—m)(kzn+m)‘
D m(m =)

0% ([aa] ;s Aip3 @) |an|
n=m-+1
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On([71]5 X573 ) [ba

2 |m? 4 M+ m)(kn — m)|
X mm

< 1.

By and , we get by ,
S1< Y Ol hpa) + Y dnllnliAirss)

n=m-+1 n=m

= |:[qu ((Oél) ; (ﬁz) ; 1) - ]‘]

m
m+ An —m))]"
A EACRORIRES L S
m .
where, under the given conditions

» t

00 oo I ()
e "1 m+ An—m

Y Onlalixpa) = || D F—-1 (m+An = m))

n! m
n=m+l1 n=0 Hl(ﬁz)n

m
Similarly
, t
i "1 (m+ An—m))
o (] Nirss) = =
Z; ' Z%H@%m m
=1

m+An—m))]"
= Rty A=)
m
Further, (20) holds by Theorem [2} if f(z) of the form (21 belongs to the class

Rt <[a1]p’q SVl s B85 k) . This proves the result. O

In particular if we take A = 0,t = 1 we get the following hypergeometric
inequality which is sufficient for certain function f = h+g € H(m) to be in

Rt ([al]pﬂ , [’yl]m 1 85 A, k) class, and this inequality is necessary for certain f €
Bl ([l s B0 )

Corollary 8. Let A > 0,0 < k< 1,0 < 8 <m,m € N, and let the function
f=h+ge€ H(m) where h and g are of the form be such that

m(m — )

> 1 22
2 xn—m)n+m) =" (22)

la,| <
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\m2+)\(n+m)(k‘n—m)|’n2m' (23)

If incasep=q+1) > 8, —>" a; >0 and (in caser =s+1)
S 18— > > 0, the hypergeometric inequality
pFo ()5 (8;)31) 4+ Fs ((7:)5(:) ;1) <2 (24)

holds, then f € R}, ([al]pﬂ vales s Bs )\) . Further, if

_ m - m(m_ﬁ) g
J@) = 2= ), Im2 + A(n — m)(kn + m)] (25)

n=m-+1

S mm-8)
*;ﬂ 1%+ An+ m) (kn —m)]

e R, (lonlygs il i B0 K)

then (@ holds.

3. INCLUSION RELATION
The inclusion relations between the classes BY, ([al]p,q V13 8s k:) and

At ([al] v 1lrs 3 Bs k) for different values of A In this section inclusion relation

between the classes and for different values of Bt, ([al] 2 laiB k) R, ([al]w il B A k)

Theorem 3. forn € {1,2,3..} and 0 < 8 < m, we have

(10t] s 1)y 3 8:K) © ALy ([a] g Dl 8 )

[al}p,q ) [Wl]ns 75? k) - E'Jtn ([al]p’q ) [Wl]ns 757 )‘7 k) 70 < A < 1
(@1 il 1B A ) € By ([0a]y g 1)y s Bk A 2 1.

Proof. (i) Let f(z) € B, ([aﬂp’q Jv1ly3 8 k;) . in view of corollaries and we
have

o

oo o

m 0y, ([a1]: p; ) lan| + e

n;:ﬂ(m_ﬁ) ol a) el ng;n(m_ﬁ)
o7} m2 n—m n m

< Z | +(m(m)(;) - )|92([041];p§Q) |an| +

&L ([71] 575 ) [bn

Z |m? + (n+m)(kn — m)|

o ([v1] 573 8) [bn] <1
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(ii)Let f(z) € B, ([al]p,q vl 38 k;) For 0 < X\ < 1,we can write

i |m2+)\(n—m)(kn+m)‘92([al];)\;p;q)|Cbn|+
e m (m — 3)
oo m2 n m n—m
> I A O = ) v
n=m+1 m(m_ )
y bt Gl s
<1

by corollary [2[ and (ii) follows from Theorem
(iii) By the Theorem [2] if A > 1,we have

oo

m? n—m)(kn+m
> | +(m(m)(§) +m)]
.S Im +(:1(+mm_)(;;1m)|
n:% |m +A7(:(mﬂi)g§n+m)|
+n;@ m +A7(7;l(;ﬂz)(ﬁl§n—m)\

0% ([ea] ;13 q) |an|

n=m-+1

O ([11];755) |bn]

n=m

IA

0% ([c] s A p3 @) |an|

o ([71) 5 A3 8) |by|
< 1.

Therefore the result follows from corollary O

4. BOUNDS

Our next theorems provide the bounds for the function in the class

Rt ([al]p’q SVl s i85 k) which are followed by a covering result for this class.

Theorem 4. Let A\ >0,0<k<1,0<B8<m,meN. z'ffzh—kﬁeﬁ(m),where
h and g are of the form belongs to the class RE, ([aﬂp’q Sl B A k;) , then
for|z| =r <1,

m+1 142Xk -1
uﬂasu+wﬂwm+ﬁ;l<b-+gfﬁ N%Q, (26)

m
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and

IZf(2)| > (1 = |bp) r™ —

m 1+ 2X\(k —1) _—
m+1<1 — |bm|>r .2

m

The result is sharp.

Proof. Let f € ﬁfn ([al]p,q ) [’71]r75;ﬁ; )x,k) , then on using , related to 7
by (T0), we get for 2] = r < 1,

1Zf(2)]
< (@4 lbml)r Zl (0" (laa] s X 93 0) lan] + & ([va] s As s 8) [ba]) 7"
it
< (L4 b)) r™ 4+t iﬂ (O (loa] s Xs05.0) lan| + 63, ([71] 3 X 75 5) [ba])
< <1+bm|>rm+”;fi?< I e e AR
ni I X+ )0 =l s bn|>
< (1 o) WT; (1—1+12A_(kﬂ_ & |me>

which proves the result . The result can similarly be obtained. The bounds
and are sharp for the function given by

£2) =7 o 77+ " (1 S ')Zmﬂ

(m+1) ¢ g1 (1] 5 275 ) -2

m

for A>0,0<k<1,0<8<m, byl < O

1+2)\(k DR
Corollary 9. Let A >0,0<k<1,0<B8<m,meN. If f=h+gc H(m) with
h and g are of the form belongs to the class Efn ([al]p’q , [71],«,5 ;ﬂ;)\,kz), then

m_ m(1+2Xk—1))
m+1 (m+1)<17%)
Theorem 5. Let A > 0,0 <k<1,0<B8<m,méeN and let

Srosr(foa] s (vl Nipsgsris) < min (65, (Jea] s Asp3 @), 0 (1] A5 738)) ,n > m + 1

wilw| <1-—

— 1| lbml o C f(A).
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If f = h+7g € H(m), where h and g are of the form , belongs to the class
R, ([al]p,q SVl s B k) , then for |z| =1 <1,

142X (k—1) m
< W+ )™ + e (1= 2% ) e,

(28)
and
1+2A(k—1) m
FEN = (= 1ol 7™ = e e (1= g o) .
(29)

The result is sharp.

Proof. Let f € ﬁfn ([al]p,q , ['71]r,s 85 A, k) , then on using 7 from , we get

for |z| =r < 1,

FE € At + 3 (aal + e
n=m-+1
< (Ut D)™ ™ 3T (an] + [bal)
1+ b n:m+;m+l
< ml|) ™
> ( +‘ DT 5m+1([ ] b/l]’A’p’q,’/‘,S)
x> (0ol Xips @) lanl + 6L (1) As ) [bal)
n=m+1
3 , bm . m,,,m—i—l
< (L4 [bml)r Tt ) d (g )
oo 24 \n — k
(Z s (n(mm)é)wrm)'ei([%];/\;p;Q) |an|+
n=m-+1
A( kn —
Z [m? + ”;m)(ﬁ) m)|¢2([%];>\;r;8)bnl>
< ( +\bm\>

m—+1

(m+1) 8y, 1 ([ea] s [vi] s A pigs 7 ) l—g "

which proves . The result can similarly be obtained. The bounds and
are sharp for the function given by

7 m—+1
[ (2) = 2 b 7

mr 1 +2)\(k;6— 1) byl | 7T
(m+1)6p 1 ([l s 1] A ps 4573 8) 1-£=
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for |bm| < m U

Corollary 10. Let A > 0,0 <k<1,0< B8 <m,m €N and let

Omyr(laa]s bl Nipigsrys) < min (607, ([aa); A py @), dn, ([ya s X 758)) , mo > m+ 1

If f =h+g € H(m) with h and g are of the form belongs to the class
I,

([: q’ ['71]r,s i85 A, k), then

{w:W|<1_Wm+U%HJdRhﬂﬂmmmﬂ+ A
m(1+2X(k—1)) bl C f(4A).
(m+1)( ) m+1([0‘1] [viliXipsasrs 3) m

5. EXTREME POINTS

In this section, we determine the extreme points for the class RY, ([al]p,q il Bi A k) .

Theorem 6. let f = h+g € H (m) and

hm(z) = 2™,

z) = 2" — m (m = ) 2" (n>m
) R Yo e A P P e R
gn(z) = 2™+ m (m — ) Z" (n>m),

[m? + Mn +m)(kn —m)| ¢r, ([71]; A 75 5) a

then the function f € Rﬁn ([al]pﬂ il s Bi A k) if and only if it can be expressed
as f(z) = Y00, (Tnhn(2) 4+ Yngn(2)) where x, > 0,y > 0 and > oo (zn + yn) =
1. In particular, the extreme points of R!, ([al]p’q [l ;ﬁ;hk) are {h,} and

{gn}-
Proof. Suppose that

=Y (@nhn(2) + Yngn(2))

n=m

oo

= 3 T — m (m — ) Tp2"
e = ;n AEOLEPD m2 + A(n — m)(kn +m)| 0%, (Jaa] s s psq) "

n=m-+1
+,;ﬂlmumwn)(lm m)| (s xris)

= Lm_ m(miﬂ) . 2"
- §:1Wﬂ+kmgﬂﬂ@n+mﬂﬂﬂmhkpm)n

n=m-+
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c- <m B)
nz;n m? + A(n +m)(kn —m)| ¢y, ([y,); A 73 8)

€ B ([l la i BAK)

by Theorem [2] since,

Yn 2™

0y, ([en] s As p3 q)

2 m? + An = m)(kn+ m)|
>
m (m — )

n=m-+1

X( m-5 )
Im2 + Mn — m)(kn + m)| 0}, (Jon] ; \ipsq)

2L |m? + M+ m)(kn —m)| , -
Y ey el

“ m (m — )
<|m2+>\(n+m)(kn— m)| ¢, ([y ];A;T;S)yn)

= Zl'n+zyn—1 T < 1

n=m-+1

Conversely, let f € R!, ([ Upgs V1)ys3 B A k) and let

n=m

m(m — B) x,

Ap| =
el = 2 = ) o+ ) 0] %)
and
|b | _ m (m B 5) Yn

" m? + A+ m)(kn —m)| 6y, ([11]5 A 5)

and
Z Tn — Z Yn,s
n=m+1 n=m
then, we get
flz2) = 2"= ) anlz"+ > |balZ"
n=m-+1 n=m
= hn(z) — Z m (m — B) $nt Ty 2"
ey Im2 4+ A — m) (kn +m)| 6;, ([ea] s As ps )

+§:mﬂ+xn+mx m) &4 (] hrss) "

oo

= hm(z) + Z (hn(z) - hm(z)) Tn + Z (gn(z) - hm(z)) Yn

n=m-+1
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= () (1 - > =y yn> + ) ha(2)an+ Y gn(2)yn
n=m-+1 n=m n=m-+1 n=m

= > (@nhn(2) + Yngn(2)) .

n=m

This proves the Theorem [6] O

6. CONVOLUTION AND CONVEX COMBINATIONS

In this section, we show that the class ]?ZIR ([al]p’q , ['yl]r’s B3 A, k:) is invariant

under convolution and convex combinations of its members.
Let the function f = h+7g € H (m) where h and g are of the form and

F(z)=2"— > 0h(loa]s Nipiq) [Anl 2"+ Y ¢ (315 A7 8) [Ba| 27 € H (m).
n=m-+1 n=m

(30)
The convolution between the functions of the class H (m) is defined by

(f*F)(2) = f(2)* F(2) = 2™ = 32071 On([oa] s Xipiq) an An] 27 + 3207, én, (1] A3 ) [0 B | 27
Theorem 7. Let A > 0,0< k<1,0< B <m,meN, if f € R, ([al]pﬂ [l ;B;)\,k)
and F € B, ([0, g0 (il s B0 K)  then f 5 F € B, (o], g [l s B0 K) -

Proof. Let f = h+g € H (m) ,where h and g are of the form and F € H (m)

of the form be in ﬁfn ([O‘l]p,q , ['yl]m B A, k) class. Then by theorem , we
have

= m2 4+ A(n—m)(kn+m
s A mEn ) 4l
n=m+1 m(m_ﬁ)
2L |m? + A(n+m)(kn —m)| ,
+ n s\ 13 8) | By,
ol ()i 1B
< 1
which in view of , yields
m(m — 3) m
A, <—<1ln>m-+1
4| |m2 4+ X(n —m)(kn +m)| 0% ([ca] ; \;p;q) — n
|Bn‘ m(m—ﬂ) , §T<1’n>m
[m? + An +m)(kn —m)| ¢, (In1]; A;rss) = 7

Hence, by Theorem

(oo}

|m? + Mn — m)(kn +m)|
2 m (m — f3)

0! ([a1] s N ps ) lan Ay

n=m-+1
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+n§;n m(m— B) qbn([’}/I] 7>\7T1 S) |ann|
= mE A - m)(kntm)|
<L m(m—5) ([ X ps ) lan|
> |m2 4+ A(n + m)(kn —
+,§n|m r(:(mm)(g)n m)’¢i([71];/\;r;s)|bn|
< 1
whieh prove that f *F < Eﬁn ([al}qu ’ [’yl]r,s 7ﬁ7 )\7 k) . O

We prove next that the class Efn ([al]p,q , [71}“5 1By, k) is closed under convex

combination.

Theorem 8. Let A > 0,0 <k<1,0< 8 <m,m €N, the class

Rt ([al]p’q SVl s 1B k) is closed under convex combination.

Proof. Let f; € Rt ([al]p’q il B /\,k;) , 7 € N be of the form

fi(z)=2" = Y |Ajalz"+ ) [BjalZj €N
n=m+1 n=m

Then by Theorem [2] we have for j € N,

oo

m2 n—m n m
i ”fn (m>g~; g (o) N Al (31)
n=m+1
0o m2 n m n—m
o 3 P 5

IN
—

For some 0 < t; < 1, let 3°72, t; = 1, the convex combination of f; (2) may be
written as

Sotifi)=2"— > S A+ DD 4Bl
j=1

n=m+1 j=1 n=m j=1
Now by ,

oo 2 _ .

3 |m? + AT(:(mM)(ﬂl;n +m)’0;([a1] Aipa) St A
n=m+1 2
o0 2 + )\ + k B t N

X e S AN i) 2t Bl
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.th m +Ar(:(;mﬂi)g§n+m)’92([a1];A;p;Q) [Ajnl+
Z|m +>\n+m)(ﬁl§n—m)’¢t([ Ji s 8) Bl Z

and so again by Theorem we get D07ty fi(2) € R, ([al]p,q [l s Bs /\,k) .
This proves the result. O

7. INTEGRAL OPERATOR

In this section, we study a closure property of the class Efn ([al]uq vl s 1B k)
involving the generalized Bernardi Libera-Livingston Integral operator L,, . which
is given for f = h+g € H (m) by

Li.o(f) = ¢ —;m /tc_lh(t)dt + C—;m/tcflg(t)dt, c>—-m,z€A. (32)

Theorem 9. Let A >0,0<k<1,0<B<m,meN,if f € R, ([al]p’q sl ;,6;)\,]6) ,
then Lino(f) € Ry ([0, [11],.03 B3 A )

Proof. Let f = h+g € H (m) ,where h and g are of the form , belongs to the
class Efw ([al]p’q , [%]ns 1B, k‘) . Then, it follows from that

Lm,c(f) = 2" - Z <C+m> |an‘z +Z(C+m) |bn|ZT

n=m-+1

e Rby ([onlpy s il B0 K)
by,since,
= | m?2+ An—m)(kn+m c+m
S Al ”( )il pia) ] +

S m(m — 3) ctn
00 ’m2+/\(n+m)(kn—m)‘ ct+my\ Ny s
r; m (m — B) <c+n)¢n(h1],>\v 5) [bn|
> |m? + A(n —m)(kn+m)]| , A:piq)la
S 2T ey iAol
Z N O )

IN
—
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This proves the result. O
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ABSTRACT. Given a real bounded sequence & = (z;) and an infinite matrix
A = (an;) the Knopp core theorem is equivalent to study the inequality
limsup Az < limsupz. Recently Fridy and Orhan [6] have considered some
variants of this inequality by replacing lim sup z with statistical limit superior
st — limsup z. In the present paper we examine similar type of inequalities by
employing a power series method P, a non-matrix sequence-to-function trans-
formation, in place of A = (an;) .

1. INTRODUCTION

In order to investigate the effect of matrix transformations upon the derived
set of a sequence x = (z;), Knopp [10] introduced the idea of the core of x and
proved the well-known Core Theorem. This is equivalent to study the inequality
lim sup Az < limsup « for the finite matrix and bounded sequences z = (x;) where

o0
Az =3 anjz; (|12415]). Based on the recently introduced concept of a statistical
j=0

cluster point [6], a definition is given for the statistical core by Fridy and Orhan [7].
They have also determined a class of regular matrices for which the inequality
limsup Az < st — limsup z holds for real bounded sequences.

In the present paper, we consider similar type of inequalities by replacing the
sequence to sequence transformation with a power series method which is a sequence
to function transformation.

Recall that the core of the sequence x = (z;) is the closed convex hull of the set
of limit points of the sequence = = (z;).
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Let (p;) be a non-negative real sequence such that py > 0 and the corresponding
power series

o0
p(t) =) p;t/
=0

has radius of convergence R with 0 < R < oo.

Let
S SO
Cp:= (—R,R R| 1 t
r {f (-8, R) > |o<tlglRf p(t) crists
and
> .
Cp, == (xj):pe(t) := ijtjxj has radius of convergence > R and p, € C),
3=0

The functional P —lim : Cp, — R defined by

I &
P—limz= lim —ijtjxj
p(t) =

0<t—R—
is called a power series method and the sequences & = (z;) is said to be P —
47
convergent. The method P is regular if and only if  lim Pi¥ _ 0 for every j
o<t—R- D (t)

(see, e.g. |2]). We note that the Abel method is a particular case of a power series
method ( [17]).
From now on we assume that ¢t € (0, R) and 0 < R < o0.

t
In the subsequent sections we give some inequalities by relating lim sup P (1) to

t—-R- D (t)
lim sup « and st-lim sup z. These inequalities are motivated by those of Maddox [2],
Orhan [15], and, Fridy and Orhan [7].

2. AN INEQUAILITY RELATED TO LIMIT SUPERIOR

Let Q. (t) :== Px(i)) In this section for real bounded sequences z = (z;), we
p

consider the inequality

limsup @ (¢) < limsup z;
t—R— J

which may be interpreted as saying that
K—core{Qs; (t)} C K—core{z}

where K—core {x} denotes the usual Knopp core of x (see,e.g., (8 p.55]). Let £
denote the space of all real bounded sequences and let L (z) := limsupz, and

Il (x) := liminf z,,. Now we have the following
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Theorem 1. For every x = (z;) € {>° we have

limsup @ (t) < limsup z; (1)
t—R~ J

if and only if P is regqular.
Proof. Necessity. Let 2 € ¢. Then by (1), we immediately get

—limsup (—z) < —limsup Qg (t)
t—R~

Combining this with (1), one can have
liminf z < liminf @, (t) < limsup @, (¢) < limsup z.

Since = € ¢,
limz = lim Q. (%)

t—=R~
is obtained, i.e., P is regular.
Conversely, assume that P is regular. Let z € £*° and ¢ > 0. Then choose an
index m so that z; < L (x) 4+ ¢ whenever j > m. Hence we have

oo
ijtjxj = Z pjtj:cj + Z pjtjxj
j=0

j<m j>m

IA

[Ea Z pit! + (L (x) +¢) ijtj.
=0

j<m

1
Multiplying both sides by —— we get

p(t)

1 & T ,
S ity < S i @)+
(0 & p(t) -
J= J<m
Taking limit superior as t — R~ and using the regularity of P one can observe
that
limsup @, (t) < L (z) +e.
t—R~
Since € > 0 is arbitrary we conclude that (1) holds, which proves the theorem. O

3. AN INEQUALITY CONCERNING STATISTICAL LIMIT SUPERIOR

In this section, replacing limit superior by statistical limit superior of a real
bounded sequence we prove an inequality.

Following the concepts of statistical convergence and statistical cluster points
of a sequence z = (z;), Fridy and Orhan [7] have introduced the definition of
statistical limit superior and inferior.
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We first recall some terminology and notation. If K C Ngand K, :={k <n:k € K}
then |K,,| denotes the cardinality of K. If the limit ¢ (K) := lim —— | K| ex-
n n

ists, then we say that K has a natural (asymptotic) density. A sequence x =
(x;) is statistically convergent to L, denoted st — lima = L, if for every ¢ > 0,
S({j:|z; — Ll >¢€}) =0, (see, e.g., [3,/0,/144/16]).

The number  is called a statistical cluster point of z = (x;) if for every ¢ > 0
the set {j : |z; — | < €} does not have density zero ( [6]).

Note that throughout the paper the statement ¢ (K) # 0 means that either
J (K) > 0 or K does not have natural density.

Following [7] we recall the following definitions and results. For a real number
sequence z = (x;) let B, denote the set:

B, :={beR:6{j:x; >b} #0};
similarly

Ay ={aeR:6{j:z; <a}#0}.
Then the statistical limit superior of = is given by

sup B, ,if By # 9

st—hmsupx::{ —oo  Lif By = 2.

Also, the statistical limit inferior of x is given by

inf A, if A, £ @

st—hmlnfx:—{ ~ if Ay =0

If B := st — limsupx is finite, then for every ¢ > 0, 6 {j : 2; > 8 — ¢} # 0 and
6{j:x; > B +e}=0. We also have that st — limsupz < limsup z.
Recall that, by W, (¢ > 0), we denote the space of all = (z;) such that for
some L,
1
n+1

meL\qao , (n — o)
7=0
If £ € W, then we say that x is strongly Cesaro convergent with index g. When
= 1 this space is denoted by W and it is called the space of strong Cesaro
convergent sequences ( |13]). It is well-known that strong Cesaro convergence and
statistical convergence are equivalent on bounded sequences ( [1,3,9]).
In order to prove an inequality relating Q. (¢) to st — limsupz we need the
following result which is an analog of Theorem 1 of Maddox [13] (see also [4L|11]).
Note that P—density of £ C N is defined by

op (E) = ij

t—)R
p jGE

whenever the limit exists (see, [18]).
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Theorem 2. The power series method P transforms bounded strongly convergent
sequences, leaving the strong limit invariant, into the space of convergent sequences
if and only if P is regular and for any subset E C N with § (E) = 0 implies that

Sp (E) = 0. (2)

Proof. Sufficiency. Let x € £°° and strongly convergent to L. In order to prove the
sufficiency it is enough to show that

! Ll =0. 3
tﬁR ot ij |lz; — L (3)

Let e >0 and let B, :={j e N: |z; — L| > ¢}.

Since ¢ = (x;) bounded and strongly convergent to L, it is statistically con-
vergent to L (see [3,/9]). Hence § (E.) = 0. This implies, by the hypothesis that,
dp (E;) = 0. From

1 o 1
mzpjt] lzj — L] = T ijt |; — ijt |z —
§=0

JjEE. ]€E°
< suplz; — Z pit! +¢,
J 7€E
we have
t |z < xr — Le t+e
tﬁR ot ij |z — < | Hoo JEZE pj
< ¢
because

dp(E.)) = pit! = 0.

t—>R p ]EZE

We obtain that (3) is true.
Necessity. Note that any convergent sequence is statistically convergent to the same
value. Since statistical convergence and strong Cesaro convergence are equivalent
on the space of bounded sequences, we observe that P is regular. Assume now that
there is a subset £ C N with § (E) = 0 such that (2) fails. This implies that E is
an infinite set.

So we may write E = {k; : j € N} = {ky, ko, ...} . Since the continuous method
is regular the corresponding matrix method is also regular. Hence by the Schur
theorem there exists a bounded sequences z = (zkl,sz, ...zkj,...) which is not
summable by the regular matrix method. Now define a bounded sequence, x = (zy)
as follows: xp =z if k =k; (j =0,1,2,...) and x, = 0 otherwise. Since § (E) =0,
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it follows from the fact that

1 < 1 =
> lex =0 = >l
n—l—lk:O n—i—lk:O
n
< Sl}ip|xk‘n+1;XE (k) =0, (n— 00)

i.e., the sequence = = (xj) is a bounded statistically convergent sequence which
is not summable by the regular discrete method. So it is not summable by the
continuous method either. This contradicts the hypothesis. O

In the rest of the paper we use the following notation:
a(x) := st — liminf x and B () := st — limsupz
Theorem 3. For every x = (xy) € £°° we have

limsup Q. (t) < st — limsupx (4)
t—R~

if and only if P is regular and that (2) holds.

Proof. Let x € £>°. Suppose that (4) holds. Since 8 (z) < limsupz it follows from
(4) and Theorem 1 that P is regular. On the other hand (4) implies that

— () < liminf Q, (£) < lmsup Q. (£) <  (x). (5)
t—R~ t—>R—
If x = (z1) is a bounded statistically convergent sequence, (5) implies that

P —limx = st — limz.

Hence by Theorem 2, we observe that (2) holds.

Conversely, assume P is regular and (2) holds. Let & be bounded. Then 3 (x) is
finite. Givene >0let E:={ke€N:z; > 3 (z)+¢}. Hence 6 (E) =0 and if k ¢ E
then z; < 8 (z) +e.

For a fixed positive integer m we write

Q:(t) = Z p;t! Z p]t Lj

]<m j>m
< = || ij t ij ijt Zj
j>m ]>m
Jj¢E jeE
1 &
< el oo ijt T (B +e) oy et +lall s ij
]<m 7=0

Taking the limit superior as ¢t = R~ and using the regularity of P we get that
limsup @, (t) < (8 () +¢) + [[z[|op (E).

t—R~
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Recall that dp (E) = 0 by (2). Since ¢ is arbitrary we conclude that (4) holds.
This proves the theorem. ([
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SOME HARDY-TYPE INTEGRAL INEQUALITIES WITH SHARP
CONSTANT INVOLVING MONOTONE FUNCTIONS
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ABSTRACT. In this work, we present some Hardy-type integral inequalities
for 0 < p < 1 via a second parameter ¢ > 0 with sharp constant. These
inequalities are new generalizations to the inequalities given bellow.

1. INTRODUCTION

It is well-known that for LP spaces with 0 < p < 1, the Hardy inequality is
not satisfied for arbitrary non-negative functions, but is satisfied for non-negative
monotone functions. Moreover the sharp constant was found in the Hardy type-
inequality for non-negative monotone functions ( see [4] for more details). Namely
the following statement was proved there.

Theorem 1. Let 0 < p < 1:

. If—% <a<l- %, then for all functions f non-negative and non-increasing
on (0, +00)

1

[ (D) @) 1o 0,400) < (1 - a) @l W)
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o If a < —=, then for all functions f non-negative and non-decreasing on
(0, 450)
i «
[z (H )@ Lo (0,400) < (2B, —ap))? 2% F(2)]] 1o (0,4 00) - (2)
o Ifa>1-— %, then for all functions f non-negative and non-increasing on
(0, +-00)
~ l o
[e@n@],, .., <@8wp+1=p)F e @l 3
Here

> [ 1w w1 [ s
1

Blu,v) = / t*=1(1 —t)?~Ydt is the Euler -Beta function.
The consta(;lts in the inequalities , (@, @ are sharp.

In 2012 W.T. Sulaiman [5] extended Hardy’s integral inequality as follows.
Theorem 2. If f >0, g > 0, 27 g(x) is non-decreasing p > 1, 0 < a < 1 and

= /Of f(®)dt, then
[ G) = i [ Gag) o

> g(x) = x, we obtain Hardy’s inequality.

in particular if a =
Moreover he proved the reverse inequality.

Theorem 3. If f > 0, g > 0, 27 1g(x) is non-increasing 0 < p < 1, a > 0 and

x) = /OI f(t)dt, then
[ (;(f)))dx > AT ), (mgﬁ)))dw ©®

The following Lemmas were established in [4].

Lemma 1. Let 0 < p <1, —00 < a <b< 400 and f a non- negative non-
increasing function on (a,b), then

(/ e w> Sp/:f”(w)(w—a)”_ldw- (6)

Lemma 2. Let 0 < p < 1, —o0o < a < b < 400 and f a non- negative non-
decreasing function on (a,b), then

(/abf(x)dx> <p/ (@) (b — 2)P~da. 1)
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The factor p is the best possible in inequalities (6)) and (7).

About the Hardy inequality, its history and some related results one can consult
2], 21, 3], (6] and [7].

The aim of this work is includes two objectives, first the power weight func-
tion ® in Theorem [1] is replaced by g(z), where z~*g(x) is non-decreasing or
non-increasing function and we give a new some Hardy-type integral inequalities
with sharp constant. The second objective is to present some generalizations for
the weighted Hardy operator with 0 < p < 1. Moreover we introduce a second
parameter g > 0 for these generalizations.

2. MAIN RESULTS

In this section, we present our results. We assume that f and g are non-
negative Lebesgue measurable functions on (0, +00).

Theorem 4. Let0 < p <1, q >0, g > 0 and the function x*g(x) is non-decreasing
for f% <a< %, then for all non-negative non-increasing function f we have

* (Hf)*(x) p = fP(x)
/0 g4(x) dxgp—aq—l o gi(z)

dz. (8)

The constant in (@ s sharp.

Proof.
Since f is non-increasing, then by Lemma [I] we get

<o [Torgew ([ rwea) o
- =1 o ( / - x_pg_q(:v)dx) d
o) ([ o)

p * t—
/ PP () ¢ Preatlgy
0

p—ag-—1 ga(t)

_ p = fr()
p—ag—1J, gi(t)

dt.



762 B. ABED SID-AHMED, B. BENAISSA, A. SENOUCI

p
p—aq—

—x

To proof that is the best possible, we put g(z) = 7% and

1 ifxe(0,8),
flx) =
0 ifxe (£ +o0).

Let RHS and LHS respectively be the right hand side and the left hand side of the

inequality , then
e’} x p
RHS = / zoaP ( / f(t)dt> dx
0 0

faq-&-l

ag+1

)
and

p 3
LHS = 7/ %dz
p—aq—1J

p gt

p—aqg—lag+1’

Using ¢ = p in the Theorem [4] we get the following Corollary.

Corollary 1. Let 0 < p <1, g > 0 and the function x*g(z) is non-decreasing for
—% <a< pp%l, then for all non-negative non-increasing function f we have

1 _1
§<1a)
LP(0,+00) p

_1
The constant (1 —a— %) " is sharp.

f(x)

|56 o(@) ?)

g(z)

LP(0,+00)

Remark 1. If we take g(x) = ™% in the inequality (@, we obtain the inequality

).

Theorem 5. Let0 < p <1, ¢ >0, g > 0 and the function x*g(z) is non-decreasing
fora < —%, then for all non-negative non-decreasing function f we have

<A@ oy [T M@
/0 94(x) dz <phlp, —eq) o gi(z)

where B is the Fuler-Beta function. The constant in (@) s sharp.

dz, (10)
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Proof.
By using the Lemma 2] we get

o[ [ -
o [T ([ e e o) a
o PO ([ o

Using the change of variable z = %, then

+o00 1 aq—p p—1
4 t t
/ P (g — )P e = / () ( — t> —dz
¢ 0 \z z z

1
= taq/ 271 — )P
0

= taqﬁ(p7 —OéQ)a

Sty <o o [ (i) o

To proof that p 8(p, —a q) is the best possible, we put g(z) = = and

{ 0 ifx e (0,8),

1 ifxe (& +0).

therefore

fz) =

Let RHS and LHS respectively be the right side and the left side of the inequality
, then
e’} x p
RHS = / P ( / f (t)dt> dz
3 3

= /00 2P (x — &P dx,
1S
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let p= & then we get

x

1
RHS = [ en2(1 - pdy
0

- fo‘qulﬁ(p +1, —ag—1)

1
= ‘aqi1|§aq+ B(p, —aq).
On another side

+oo
LHS —pip.—aq) [ woods
3

=pB(p, —q) |aq1+1| faq+1~

If we set ¢ = p in the Theorem [5} we get the following Corollary.

Corollary 2. Let 0 < p <1, g > 0 and the function x®g(x) is non-decreasing for
a < —%, then for all non-negative non-decreasing function f we have

f(=)

g()

=

< (pB(p, —ap))
Lr(0,4+00)

oz
9(x)

LP(0,400)

The constant (p B(p, —ap))% is sharp.

Remark 2. If we take g(x) = =% in the inequality , we obtain the inequality

Theorem 6. Let0 < p <1, ¢ >0, g > 0 and the function x*g(x) is non-increasing
for a > %, then for all non-negative non-increasing function f we have

> (H])() oy [T
/0 deﬁpﬂ(p,aq-Fl p)/o gq(:c)d ) (12)

the constant in (@) 18 sharp.
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Proof.
By applying the Lemma |1} we obtain

[ = [ ([T )
<p/ v P (e (/ ) pldt)d
_p/ 7l </ (x)(t—x)pldx>dt
< p/:o ) <;(;>q (/Ot 2Pt z)pldz> d.

Using the change of variable v = t_T”’, then

t:ro‘q_p — )P ldz = ' — )P ()P tdy
/0 (t— 2t /0[<1 YU () 1

1
= to‘q/ Vp_l(l —v)*Pdy
0

=t*6(p, ag —p+1),

[ <t [ (E)

The proof that p B(p, ag —p+ 1) is sharp, is similar to that of Theorem [5| with the
function f defined as follows

thus

1 ifz € (0,8,

fx) =
0 ifxe (£ +00).

If we put ¢ = p in the Theorem [f] we have the following Corollary.

Corollary 3. Let 0 < p < 1, g > 0 and the function z*g(x) is non-increasing for
a < —%, then for all non-negative non-increasing function f we have

H (Hf)(x) f(z)

< (pB(p, ap+1—p))7 (13)

g(x
Lr(0,+00)

g(z) g(z)

Lr(0,+00)

The constant (p B(p, ap + 1 — p))% 18 sharp.
Remark 3. If we take g(x) = =% in the inequality , we obtain the inequality

@
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In the second part of this work, we consider Theorems [ and [3] for weighted
Lebesgue space. Let 0 < p < oo, the weighted Lebesgue space LP (0,00) is the
space of all Lebesgue measurable functions f such that

1122, 0,000 = (/OOO If(t)”w(t)dt>; < o0, (14)

where w is the weight function (Lebesgue measurable and positive on (0, c0)).

Theorem 7. Let f >0, ¢ >0,0<p<1,0<a< 1. If the function ;",,((?) is
non-increasing, then

f(=)

= 5@

oz
g(x)

(15)
L%, (0,00) L%, (0, oo)
where the constant Cy = %a is sharp.

Proof.
By using Holder’s inequality, we have

D@ 1P _ [T W)
‘ 9@) I 1p (0,00) _/0 gP(x) w(z)de
:/ (/ f(t) 0‘(1*’ 1)dt> w(x)dz
[e%e) x x p
a(p—1) fp d)( O‘d) d
g/o (/Ot f(t)t/ot t) da
= (1 1 a) /000 i w(x) </OI ta(pl)fp(t)dt> dx
1 p—1 Lroc0 a(p—1) #p ooxa(pfl)fl
-(i2a) [ e </ e )
I Sl ¢ b,
N (1 04) /0 0" Kit)dt,
where
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w(x)

(@)

Now we proof that K (t) is finite for all £ > 0. From the assumption
non-increasing, we deduce that

oo a(p—1)—1 o
/ xiw(sc)dx < w(t) / o P=D=1 gy
t 97 (x) t

_ w ta(p—1)
gP(t) a(l —p)’

hence
for allt >0, K(t) < oo.
Thus K1)
sup K(t
’Vfom p < _t>0 f(z)
9@ L 0.00) T (1—a)P~1 || g(x) LP,(0,00)
—cr |t@]” .
9) || Lo (0,+00)

11—«

(Hf)(z) = =2 and
P L /OO ( 1 )p
= —— | w(z)dz,
LE,(0,00) (1—a) 0 xag(x) ( )

P [e'e) 1 P
= / () w(z)dz.
LE,(0,00) o \z%(z)
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To proof that C; = (i) is the best possible, taking f(z) = z~%, this gives us

H (Hf) (=)
g(x)

H f(=)
g(z)
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COMBINATORIAL RESULTS OF COLLAPSE FOR
ORDER-PRESERVING AND ORDER-DECREASING
TRANSFORMATIONS

Emrah KORKMAZ
Department of Mathematics, Cukurova University, Adana, TURKEY

ABSTRACT. The full transformation semigroup 7, is defined to consist of

all functions from X, = {1,...,n} to itself, under the operation of com-

position. In |9, for any « in 7,, Howie defined and denoted collapse by

cla) = U {ta=!:|ta”| > 2}. Let O, be the semigroup of all order-
teim(a)

preserving transformations and C, be the semigroup of all order-preserving
and decreasing transformations on X, under its natural order, respectively.
Let E(On) be the set of all idempotent elements of O,, E(Cn) and N(Cn)
be the sets of all idempotent and nilpotent elements of C,,, respectively. Let
U be one of {Cn, N(Cn), E(Cr),On, E(On)}. For a € U, we consider the set
im®(a) = {t € im(a) : [ta”™1| > 2}. For positive integers 2 < k < r < n, we
define

U(k) {a €U :tcim(a)and [ta™ | = k},
Uk,r) = {aclk):| |J ta =1}

teim® (o)

The main objective of this paper is to determine |U(k,r)|, and so [U(k)| for
some values r and k.

1. INTRODUCTION

For any non-empty finite set X, the set Tx of all transformations of X (i.e., all
maps X to itself) is a semigroup under composition, and is called the full trans-
formation semigroup on X. For any n € N, if X = X,, = {1,...,n}, then Tx
is denoted by 7,. A transformation o € 7T, is called order-preserving, if z < y
implies za < ya for all z,y € X, and decreasing (increasing), if za < z (za > x)
for all z € X,,. The subsemigroup of all order-preserving transformations in 7, is
denoted by O,, and the order-decreasing transformations in 7, is denoted by D,,.

2020 Mathematics Subject Classification. 20M20.
Keywords. Order-preserving/decreasing transformation, collapse, nilpotent, idempotent.
Hemrahkorkmaz90@gmail.com; “20000-0002-4085-0419.

(©2022 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

769



770 E. KORKMAZ

The subsemigroup of all order-preserving and decreasing (increasing) transforma-
tions in 7y, is denoted by C, (C}) i.e., C, = O, N D,. Umar proved that D,, and
D;f are isomorphic in [15, Corollary 2.7.]. Furthermore, Higgins proved that C, and
C; are isomorphic semigroups in |8, Remarks, p. 290]. For any transformation
a in T,, the collapse, the fix, the image and the kernel are denoted and definded,
respectively, by

cla) = |J {tat:ftaM =2}, (0)={z€X,:z0 =1},
teim(a)
im(a) = {za:ze€ X,}, and ker(a) ={(z,y): za = yafor allz,y € X, }.

Given transformation « in 7, is called collapsible, if there exists ¢t € im(a) such
that |[ta™!] > 2.

An element e of a semigroup S is called idempotent if e = e and the set of all
idempotents in S is denoted by F(S). An element a of a finite semigroup S with
a zero, denoted by 0, is called nilpotent if ™ = 0 for some positive integer m, and
furthermore, if a™~! # 0, then a is called an m-nilpotent element of S. Note that
zero element is an 1-nilpotent element. The set of all nilpotent elements of S is
denoted by N(S). It was proven a finite semigroup S with zero is nilpotent when
exactly the unique idempotent of S is the zero element (see, |6, Proposition 8.1.2]).
The reader is referred to [5] and |11] for additional details in semigroup theory.

Recall that Fibonacci sequence {f,} is defined by the recurrence relation f, =
fr—1+ fno for n > 3, where f; = fo =1 (see [10]). As proved in [13| Theorem
2.1], [Cnl = ICF] = C, = n_lH (™), the n-th Catalan number for n > 1 (see,
[7]). That is why C,, is also called the Catalan monoid. In |13, Proposition 2.3]
and |8, Theorem 3.19], it has been shown that |N(C,)| = |N(C;')| = Cp,—1 and
|E(Cn)| = |E(C;F)| = 2""1. Also, from [10, Theorem 2.1 and Theorem 2.3], we have
that |O,| = (**7) and |E(On)| = fon.

As indicated in [5] if « € C,,, we use

A - A,

a= (2 ) 0
to notifty that im(a) = {a;1 = 1 < az < ... < a,} and a;a~! = A; for each
1 < ¢ < r. Furthermore, Ay, Ao, ..., A, which are pairwise disjoint subsets of X,
are called blocks of a. It is clear that such an « is an idempotent if and only if
a; € A; for all i. As defined in 4] a set K C X, is called convez if K is in the
form [¢,i4+t] ={4,i+1,...,i+t— 1,9+ t}. A partition P = {Ay,..., A} of X,
for 1 < r < n is called an ordered partition, and written P = (A; < --- < A,)
ifx <yforallz € A, and y € A1 (1 < i <r —1). For a given o € C, let
im(a) = {a; =1 <as <...<a,} and A; = a;a~! for every 1 < i < r. Then,
the set of kernel clasess of «, X,,/ker(a) = {A1,...,A,}, is an ordered convex
partition of X,,. Since N(C,,) is a nilpotent subsemigroup of C,,, if « € N(C, ), then
la = 2a =1, and that [la™!] > 2.
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Several authors studied certain problems concerning combinatorial aspects of
semigroup theory during the years. The vast majority of papers have been written
in this area such as [3}[0L/12,/13,|15/|16]. The rank (minimal size of a generating
set) and idempotent rank (minimal size of an idempotent generating set) of several
transformations semigroups have been studied in [9], [12] and [16] by using the
combinatorial methods. A mapping « : dom(a) C X,, — im(a) C X, is called
a partial transformation, and the set of all partial transformations is a semigroup
under composition and denoted by P,. In the articles [1] and [14] the numbers
|Tn(k,7)| and [P, (k,r)| were calculated for r = k = 2,3. Since then, T,(k,r)
were determined for r = k for 2 < k < n in [2]. In the present paper, we cal-
culate |Co(k, k), [Colk, 26)], 1Ca(2, W], IN(Ca) (s B)], IN(Ca) (K, 2K)], IN(Ca) (2,1,
|E(Cp)(k,7)|, |On(k, k)| and |E(Oy,)(k, k)|. These invariants could be interesting
and useful in the study of structure of semigroups.

2. COLLAPSIBLE ELEMENTS IN C,,

Let U(k,r) = C,(k,r) for positive integers 2 < k < r < n. Then, it is obvious
that |C, (k,r)| = 0 if k does not divide r, and further |C,(n,n)| = 1. Note that 1,
which denotes identity element of C,, and O, is the only non-collapsible element of
C, and O, then, the number of collapsible elements in C,, and O,, are C,, — 1 and
(27?:11) — 1, respectively. The proof of the next combinatorial result is easy and is
omitted.

Lemma 1. For positive integers k and n where 1 < k < n,

niﬂ <n_2:§+1> N (Z>

i=1

Theorem 1. For positive integers k and n where 2 < k < n,

ICp (K, )| = (Z)

Proof. For a given a € C,(k,k) it is clear that there exists ¢ € im(«) such that
lia=t| = k and min(ia~!) = 4. So,
o {1}y {2} - {i—-1} [i,k+i—-1] {k+di} --- {n}
o 1 A | i (k+i)a -+ na )’
where 1 < i < n—k+ 1. As can be seen the above form, we choose elements of

im(a) from the set [i+1, n] for the set [k+1,n]. There are (Z:E;;BE) = (nflz:i,ﬂ)

ways to do that. This yields, there are (ng:EH) elements in C, (k, k) for a fixed .
Since 1 <7 <n—k+1, it follows directly from Lemma/[l] that

T Lo )=()

i=1
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Our next result computes |Cy, (k, 2k)].

Proposition 1. For positive integers k and n where 2 < k < n,

n—2k+1n—k+1 J l—i—1 n—1I
=3 3 88 (Il aokTin)

—k—1
= Jj=i+k l=j—k+1 ‘]

Proof. Given a € C,(k,2k), let A; = [i,k+i—1] and A; = [j,k+ j — 1] be any two
blocks of o each of which contain k elements. So,

oo (2 e s A R e Ay e {0
1 2 .- i-=1 it (k+d)a -+ ja - na )’
where 1 <7 <n—-2k+1landi+k <j<n—k+1. Let jaa =l where j—k+1 <1 < j.
As can be seen above form, we choose elements of im(a) from the set [i+1,1—1] for
the set [k+1i,j—1] and from the set [+ 1, n] for the set [k+ j, n]. However, this can

be done (Jlj;ll) (nizjéﬂ) ways. This yields, there are (Jlj;ll) (nfz:;#l) elements

in Cp,(k,2k) for fixed ,j and l. Since 1 <i<n—-2k+1, i+k<j<n—k+1and
j—k+1<I1<y, it follows quickly that

n—2k+1n—k+1 7 l—i—1 n—1
CHCEEEID SR D RN (A [ ey |

i=1 gj=it+k l=j—k+1

Theorem 2. For positive even integer n > 2,

Cn(2,m)] = (niz)(g)

Proof. For any a € C,,(2,n), it is clear that n must be even, and so |C,,(n,2)| = 0 if
2 does not divide n. Then, the result will clearly follow if we establish a bijection
between C,,(2,n) and Cz. Define a map ¢ : C,(2,n) — Cz by (a)f = o’ where

(2i - Da=id +i—1, i=12,...,%5;
(2i)a = ie/ +1i — 1, i=1,2,...,2

that is,

This yields, 0 is a well-defined bijection. Since

Cn
2

= Cz, the proof is completed.
O
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Example 1. The function 0 : Cs(2,6) — C% defined as in above is a bijection.
Certainly,

Ce(2.6) = {({1,2} 31 {5,6}>’<{1,2} (30 {5,6})7

1 3 1 4
({1,12} {3,24} {5,56}>,<{1,12} {35))4} {5;16}>,
({1,12} {354} {5,56}>}and
(T,
(1323)(133))
as wanted. O

Let U(k,r) = N(C,)(k,r) for positive integers 2 < k < r < n. Clearly,
IN(Cp)(k,r)] = 0 if k does not divide r, and also |N(C,)(n,n)| =1 and |[N(Cn(n —
1,n —1)] = n — 2. Note that & € N(C,), la = 2 = 1 and iaw < 7 — 1 for all
3 < i <mn, and so the number of collapsible emenets in N(C,) is [N(C,,)| = Cp—1.

Lemma 2. For positive integers k and n where 2 < k < n,
n—2
N(Cp)(k, k)| = .
ICATCTTE (Y

Proof. Given a € N(Cy,)(k, k), since la = 2a = 1 and |la~!| = k, we have

a:([l,k] {k+1} {k+2} .- {n})
1 (k+Da (k+2)a -+ na )°

As can be seen above form, we choose elements of im () from the set [2,n] for the
set [k + 1,n — 1]. However, there are

n—2
N(Cp)(k, k)| =
emmi=("7)
ways to do that, as required. (I

Proposition 2. For positive integers k and n where 2 < k < n,

weowan =3 > (52 ) (k)

j=k+1 1=2
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Proof. Given a € N(C,,)(k,2k), let Ay = [1,k] and A; = [j,k + j — 1] be any two
blocks of @ which contain k elements. This yields,
o — A {k+1}y - A {n}
"\ 1 (k+Da - ja na )’
where k+1 < j <n—k+1. Let ja = [ where 2 <[ < j. As can be seen above form,
we choose element of im(a) from the set [2,1 — 1] for the set [k + 1,5 — 1] and from
the set [l 4 1,n] for the set [k + j,n]. However, this can be done (]122_1) (n_zzé._l)

ways. This yields, there are (ji;il) (nfz:;;l) elements in N (C,)(k, 2k) for fixed j

and [. Since k+1<j<n—k+1and 2 <1<y, it follows quickly that

weamani= 3 (2N )

j=k+1 1=2

Theorem 3. For positive even integer n > 2,

el =2("")

2

Proof. Let o be any element of N(C,)(n,2). Then, it is clear that n must be
even, and so |N(C,)(2,n)| = 0 if 2 does not divide n. If we construct a bijection
between N(Cz) and [N(C,)(2,n)|, then this completes the proof. Define a map
0:N(Cn)(2,n) = N(Cz) by ()0 = o’ where

{(2i1)aia’+i1, i=1,2,...,2

2o =id/ +i— 1, i=1,2,...,%,

that is,

jo= (e 338 j=13 01

jo= Lo + 152 j=24,...,n.
Now it is easy to check that ¢ is a well-defined bijection. Since |[N(Cz)| = Cn_4,
the proof is complete. (I

Example 2. The function 6 : N(Cs)(2,8) — N(Cs) defined as in above is a bijec-
tion. Indeed, = N(Cs)(2,8) =

{({1,2} {3,4) {5,6} {7,8}) <{1,2} {3,4) {5,6} {ns})
1 2 3 4 ’ 1 2 3 5 ’
({172} {3,4) {5,6} {zs}) ({1,2} {3,4) {5,6} {7,8})

1 2 3 6 ’ 1 2 4 5 ’

{1,2} {3,4} {5,6} {7,8}
( 1 2 4 6 )}and
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as required. O

Let U(k,r) = E(C,)(k,r) for positive integers 2 < k <
|E(Cy)(k,7)| = 0 if k does not divide r, and also |E(C,)(n,n)
the number of collapsible elements in E(C,) is 2! — 1.

r < n. Clearly,
| = 1. Note that

Theorem 4. For positive integers k,r and n where 2 < k <r <n and r = kt,

B0 = ("7

A Ay e Angay >, where
1 az e Qn4t—r

a; € A; forall 1 <1i <n+t—r. Since r = kt, ordered partition of o contains n+t—r
blocks such that t blocks contain k elements and n — kt blocks contain one element.
Without loss of generality assume that each of the sets Ay, As,..., A; contains k
elements and each of the sets A;11, A¢yo,. .., Aptt—r contains one element. Since
« is an idempotent, it is clear that « is the only element in E(C,)(k,r) with this
ordered partition. Hence, all elements of F(C,)(k,r) are entirely determined by
choosing ¢ blocks which contain k elements. Since we choose ¢ blocks (""'E_T) ways,
this completes the proof.

The next result is clear from the definition of U (k) and U(k,r):

Proof. If a € E(C,,)(k,r) and r = kt, then o =

Uk)| =D WUk, ik)],
i=1

where t = %

Example 3. We obtain |E(Cs)(2,4)] = (6%74) = 6 by Theorem . Since n =
6,7 =4,k =2,t =2, each element in E(Cs)(2,4) have 6 + 2 — 4 blocks such that 2
blocks contain 2 elements and 2 blocks are singletons. Indeed, E(Cg)(2,4) =

{({1,2} (3,4} {5} {6}) ({1,2} (3} {4,5} {6})
1 3 5 6 ’ 1 3 4 6 ’
({1,2} 3} {4} {5,6}) ({1} {2,3} {4,5} {6})

1 3 4 5 ’ 1 2 4 6 ’

( {1y {23y {4} {56} ) ( {1y {2} {34} {56} ) }
1 2 4 5 L1 2 3 5 '
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Furthermore, |E(Co)(2)] = 3B (C)(2,2)] = |B(Co)(22)| + [B(Co)(2,4)| +

[B(Co)(2,6) = (") + ("5 + (*37°) =12 m
3. COLLAPSIBLE ELEMENTS IN O,

Let U(k,r) = O, (k,r) for positive integers 2 < k < r < n. Then, it is clear that
[(On)(r, k)] = 0 if k does not divide r, and also [(O,,)(n,n)| = n. By convention,
we take (8) =1 in the following theorem.

Theorem 5. For positive integers k and n where 2 < k <mn,
n—k+1 k4i—1 i1 n—j
On(k, k)| = s . .
o= 3 5 (121 (it
Proof. For any a € O, (k, k), let
(W@ G- ki1 k) o {n)

T\ la 2a - (-1 i (k+i)a -+ na )’
where 1 < i < n —k -+ 1. As can be seen above form, the set of all value of i« is
the set [i,k + ¢ — 1] and for all distinct m,r € X, \ [i,k 4+ ¢ — 1], it is clear that
ma # ra. Let i = j where i < j < k+1i— 1. Then, we choose elements of im(«)
for the left and right sides of i = j. For the left side, we choose elements from
the set [1,j — 1] for the set [1,7 — 1]. There are (]Z:D ways to do that. For the
right side, we choose the elements from the set [j + 1, 7] for the set [k +i,n]. There
are (n_rlz:]i +1) ways to do that. This yields, there are (J _1)( T ) elements in

i—1) \n—k—i+1
On(k, k) for fixed i and j. Since 1 <i<n—k+1landi<j<k+i—1,it follows

that
n—k+1k+i—1 j— 1 n—j
[On ) ; ; (z—l)(n—k—z—l—l)

(]

Let U(k,r) = E(O,)(k,r) for positive integers 2 < k < r < n. Clearly,

|E(Oy)(k,r)| = 0 if k does not divide r. Notice that the number of collapsible
elements in E(O,,) is fan, — 1.

Lemma 3. For positive integers k and n where 2 < k < n,
|E(On)(k, k)| = k(n—k+1).
Proof. For any a € O, (k, k), let
o ( {1y {2y - {i-1} [,k4+i=1] {k+i} - {n} >

la 2o -+ (i—1a i (k+ida -+ na
where 1 < ¢ < n—k+ 1. As can be seen above form, the set of all value of
i is the set [i,k + ¢ — 1]. Moreover, since « is an idempotent, ma = m for all
m € X, \ [i,k+1—1]. Let ia = j where i < j < k+i— 1. Then, it is easy to see
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that « is the only element in E(O,,)(k, k) for fixed ¢ and j. Since i < j < k+i—1,
there are k elements in E(O,,)(k, k) for fixed i. Since 1 <14 <n —k + 1, it follows
that

|E(Op)(k, k)| =k(n—Ek+1).
O

Declaration of Competing Interests The author has no competing interests to
declare.

(1]

2

(3]

(9]

(10]
11]
(12]
(13]

[14]

(15]

(16]

REFERENCES

Adenji, A.O., Science, C., Makanjuola, S.O., On some combinatorial results of collapse and
properties of height in full transformation semigroups, Afr. J. Comp. ICT., 1(2) (2008),
61-63.

Adenji, A.O., Science, C., Makanjuola, S.O., A combinatorial property of the full transfor-
mation semigroup, Afr. J. Comp. ICT., 2(1) (2009), 15-19.

Ayik, G., Ayik, H., Kog, M., Combinatorial results for order-preserving and order-decreasing
transformations, Turk. J. Math., 35(4) (2011), 1-9. https://doi.org/10.3906/mat-1010-432
Catarino P. M., Higgins, P.M., The monoid of orientation-preserving mappings on a chain,
Semigroup Forum, 58(2) (1999), 190-206. https://doi.org/10.1007/s002339900014

Clifford, A.H., Preston, G.B., The algebraic theory of semigroups. Vol.Il., American Math.
Soc., Providence, 1967.

Ganyushkin, O., Mazorchuk, V., Classical Finite Transformation Semigroups, Springer-
Verlag, London, 2009.

Grimaldi R.P., Discrete and combinatorial mathematics, Pearson Education Inc., USA, 2003.
Higgins, P.M,, Combinatorial — results for  semigroups of order-preserving
mappings, Math.  Proc.  Cambridge  Phil. Soc., 113(2)  (1993), 281-296.
https://doi.org/10.1017/S0305004100075964

Howie, J. M., The subsemigroup generated by the idempotents of a full transformation
semigroup, J. London Math. Soc., 41(1) (1966), 707-716. https://doi.org/10.1112/jlms/s1-
41.1.707

Howie, J. M., Products of idempotents in certain semigroups of transformations, Proc. Edinb.
Math. Soc., 17(3) (1970/71), 223-236. https://doi.org/10.1017/S0013091500026936

Howie, J.M., Fundamentals of Semigroup Theory, Oxford University Press, New York, 1995.
Korkmaz, E., Ayik, H., Ranks of nilpotent subsemigroups of order-preserving and
decreasing transformation semigroups, Turk. J. Math., 45(4) (2021), 1626-1634.
https://doi.org/10.3906 /mat-2008-19

Laradji, A., Umar, A., On certain finite semigroups of order-decreasing transformations I,
Semigroup Forum, 69(2) (2004), 184-200. https://doi.org/10.1007/s00233-004-0101-9

Mbah, M. A., Ndubisi, R. U., Achaku, D. T., On some combinatorial results of collapse
in partial transformation semigroups, Canadian Journal of Pure and Applied Sciences, 1,
(2020) 257-261. https://doi.org/10.15864/jmscm.1301

Umar, A., Semigroups of order-decreasing transformations: The isomorphism theorem, Semi-
group Forum, 53(1) (1996), 220-224. https://doi.org/10.1007/BF02574137

Yagci, M., Korkmaz, E., On nilpotent subsemigroups of the order-preserving and
decreasing transformation semigroups, Semigroup Forum, 101(2) (2020), 486-289.
https://doi.org/10.1007/s00233-020-10098-2



http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 71, Number 3, Pages 778-[790] (2022)
DOI:10.31801 /cfsuasmas.1080426

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: February 28, 2022; Accepted: April 01, 2022 SERIES Al

COEFFICIENTS OF RANDIC AND SOMBOR
CHARACTERISTIC POLYNOMIALS OF SOME GRAPH TYPES

Mert Sinan OZ

Department of Mathematics, Bursa Technical University, Bursa, TURKEY

ABSTRACT. Let G be a graph. The energy of G is defined as the summation
of absolute values of the eigenvalues of the adjacency matrix of G. It is pos-
sible to study several types of graph energy originating from defining various
adjacency matrices defined by correspondingly different types of graph invari-
ants. The first step is computing the characteristic polynomial of the defined
adjacency matrix of G for obtaining the corresponding energy of G. In this
paper, formulae for the coefficients of the characteristic polynomials of both
the Randi¢ and the Sombor adjacency matrices of path graph P, cycle graph
C'n, are presented. Moreover, we obtain the five coefficients of the character-
istic polynomials of both Randi¢ and Sombor adjacency matrices of a special
type of 3—regular graph R,.

1. INTRODUCTION

Let G = (V, E) be a simple graph with the number of n vertices and m edges. If
two vertices v; and v; are connected with an edge e, then they are called adjacent
vertices and they are expressed as e = v;v; or e = v;v;. If a vertex v is a terminal
point of edge e, then they are called incident. Degree of a vertex v; is the number
of edges that are incident to the vertex v; and it is denoted by d(v;). A graph does
not contain any cycle is called acyclic. If there is a way between all vertices of a
graph, then it is called connected. Connected acyclic graph is called tree. Path
graph is a tree that is in the form of straight line with degrees of two vertices are
one and degrees of other vertices are two and it is denoted by P,. Cycle graph is a
graph that contains only one cycle through all vertices and degrees of all vertices
are two. It is denoted by C,,. If degrees of all vertices of G are k, then it is called
k—regular graph.

Let A= [aij]nxn be a matrix. If v; and v; are adjacent vertices then a;; and a;; are
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1 or else 0, see [1]. A is called adjacency matrix of G. Analogous with linear algebra,
det(A-T—A) is called the characteristic polynomial of G and we denoted it by Pg ().
Roots of Pg(\) are called eigenvalues of G and the energy of G is defined as the
summation of absolute values of the eigenvalues of G, see [6]. Furthermore, there
are many topological invariants used in several researches. In [16], Randié¢ index is a
molecular descriptor defined by Milan Randic¢ and denoted by }°, ., 7\/%)71)7#%)
In [9], another important molecular descriptor recently introduced by Ivan Gutman
with the name Sombor indexis 3, , ¢ v/ (d(v:))? + (d(v;))?. In addition to topo-
logical invariants, several adjacency matrix forms have been defined until today,
for more details see |13]. With the help of various adjacency matrices defined by
correspondingly different types of graph invariants, it is possible to study different
types of graph energy such as laplacian energy, distance energy, Randi¢ energy and
Sombor energy, see for details [15]. Two of the well-known them are Randi¢ and
Sombor matrices that are related to the corresponding topological indices. Re-
searchers have studied these notions from various aspects so far. Some studies
on the subjects Randi¢ and Sombor adjacency matrices and energies can be seen
in |214,[5L/8,[10H12}/14,[17]. The first step to obtaining the desired energy type of
a graph G is to calculate the characteristic polynomials of the corresponding ad-
jacency matrices. In this paper, we obtain formulae for each coefficient of both
Randi¢ and Sombor characteristic polynomials of path graph P, and cycle graph
C,, by using a well-known equation. Also, we present formulae for some coefficients
of Randi¢ and Sombor characteristic polynomials of a special type of 3—regular
graph.

2. COEFFICIENTS OF RANDIC AND SOMBOR CHARACTERISTIC POLYNOMIALS OF
PAaTH, CYCLE AND A SPECIAL TYPE OF 3-REGULAR GRAPHS

Let G = (V, E) be a simple graph with n vertices and m edges. The Randié
matrix of G was mentioned in the substantial book [3] and the Sombor matrix was
defined in [10]. We denote the Randi¢ and Sombor adjacency matrices of G by
R(G) and S(G), respectively. R(G) = [rij]nxn and S(G) = [sij]nxn are formed by
using the adjacency of vertices as the following:

——L___ if the vertices v; and v; are adjacent
P o= d(vi)d(vy)
1] O

)

otherwise.

o — V/(d(v;))? + (d(vj))?, if the vertices v; and v; are adjacent
Y0, otherwise.

It is clear that R(G) and S(G) are symmetric matrices with dimension n x n.
Let us denote the ordinary characteristic polynomial of G as follows:

PoN) = A"+ X" e e A F e,
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Let us denote the number of components in an elementary subgraph G’ which
are single edges and cycles as py(G’) and p,(G’), respectively.

In [18], the formula for the coefficients of the ordinary characteristic polynomial
are given by

e = Z(fl)PO(G,)JFPl(G,)QPl(Gl)’ (1)

where the summation is taken over all elementary subgraphs G’ with k vertices for
1 <k <n. At the present time, the formula is called Sachs theorem, for details
and history of the theorem see [13,/7].

Let 1,; denote the nonzero value in the entry ij of the adjacency matrix of a
vertex-degree-based topological index of a regular graph GG. As a natural result of
the Sachs theorem, it is clear that the formula for each coefficient ¢}, of the charac-
teristic polynomial of the adjacency matrix of this vertex-degree-based topological
index is obtained by

ng = (’l/)ij)k Z(_l)PO(G/)ﬂLlH(G/)2P1(G’)7

where the summation is taken over all elementary subgraphs G’ with k vertices for
1<k<n.

In this paper, we aim to obtain all coefficients of the Randi¢ and Sombor charac-
teristic polynomials of path graph P, and regular graph C,, by using the numbers
of elementary subgraphs. Similarly, we also aim to obtain some coefficients of the
same characteristic polynomials of a special type of 3—regular graph we call R,.
We begin with the Randi¢ characteristic polynomial of P,. Let us note that the
Randi¢ characteristic polynomial of P, is equal to A?> — 1. Moreover, let us denote
the set of non-negative integer numbers and the set of positive integer numbers by
Z* and Z*, respectively.

Theorem 1. Let P, = (V,E) be a path graph with n vertices and n — 1 edges.
Let Pp, (\) = \" + AN 4 A" 2 4 1\ + ¢ be the Randié characteristic
polynomial of P,, where ¢, € R,1 < k < n — 1. The formulae for the coefficients
cxs of the Randié¢ characteristic polynomial of Py, where n > 3, are as follows:

o= (1322 +1),

c, =0, where k € 22 + 1,

[NE

o= (D [("L008) (P @M+ (MU0 () ()2 ()

+ Z;:f_g (gj_l) . (%)k + Zn__gig (%j_Q) . (i) . (%)'“2} , where k >4,k € 277F.

Proof. First of all, it is clear that c; = (—1)3(”7_3 + 1) for all n > 3. By the Eqn.
we know that ¢ consists of the contributions of several elementary subgraphs of
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G with k vertices. Also, since P,, does not have any cycle we take into account only
edges that do not have any common vertex. At this point, we will apply a method
that involves an edge removing and continue calculation of remaining part. Let us
consider a path graph P, with n vertices whose vertices are labelled by 1,2,--- ,n.
For calculation of ¢, if we remove the edge vyvo, then remaining part with k£ — 2
vertices consists of number of

k

N nek_ nok oy mo1k
E_o) T ko) T ey )T sy )T
3 2 3 2 3~

combinations. Moreover, if we remove any edge v;v;+1 which is not terminal edges
of P,, then remaining part consists one of the numbers

k k k
k "\ k ’ ’ k :
E_q )\t 1 L

Hence, contributions of elementary subgraphs that are in the form of vivg, -+, v;v;
can be (%)2(5)2 (3% (3)%or (%)2 (3)%-- (%)2(\%)2 Hereby, the contribu-

tion of the type subgraphs that contribute to ¢ in the (%)2 (32 (3)2(3)? form

is obtained as [((n;?;g) - (("1232_%)] : (%)2 -(3)%(3=1. Moreover, the contribu-
2 2

tion of the other type subgraphs that contribute to ¢ in the (%)2 (3 (5%

(%)2 form is obtained as ((n_;j;%) : (%)4 -(3)2(5-2). Thus, the first part of the

. . n—1 —g kE_ n—2 —% kE_
formula is obtained as (( gjl )-(%)1(%)2(2 Dy (( gjz )-(3)-(3)%C 2)~(%)2
by arranging the contribution statements above.

Furthermore, contributions of elementary subgraphs that are in the form of v, vy,
o vy canbe (3)2-(4)2- - (1)2-(3)2 or (1)2-(D)2 - (3)-(Z5)2, wherea # 1,b #
2 or a # 2,b # 1. Similar to the previous part of the proof, two contribution equa-

. . n—2-k j n—3—k j _
tions of ¢, are obtained as ijg_i (%3_1) -(3)* and ij%—; (53_2) (L) - (B)F-2
respectively. As a result, since there is no other elementary subgraph contribution

type, the proof is completed by summing all the above subgraph contributions. [J

)

In the next corollary, we continue with the Sombor characteristic polynomial of
P,. Firstly, it is clear that the Sombor characteristic polynomial of P; is equal to
N -2,

Corollary 1. Let P, = (V,E) be a path graph with n vertices and n — 1 edges.
Let Pp, (A\) = A"+ AN 4 e\ 2 e 1A+ ¢ be the Sombor characteristic
polynomial of P,, where ¢, € Z,1 < k < n — 1. The formulae for the coefficients
cxs of the Sombor characteristic polynomial of P,, where n > 3, are as follows:
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e = (—1)%(8(n — 3) + 10),

cr, =0, where k € 22* + 1,

o= (=1)% [((n—n—g) (V5B)2 - (VB)2(5-D — 3((n;2)—%) (VB2 (VB)2(5-2)

k
g1 372

n—2-%& j n—3—k j _
+ Zj:§,§ (gil) ’ (\/g)k - 32j2§,; (%‘12) ! (\/g)(k 2):| ) where k > 47k € 27+,

Proof. Proof is the same with the proof of Thm. [I} Only difference originated from
the difference between the Randi¢ and Sombor adjacency matrices of P,. ([l

Theorem 2. Let P, = (V, E) be a path graph with n vertices and n — 1 edges. Let
Pp (A\) = \"+ AN A2 4o 4 1\ + ¢, be the Randié characteristic
polynomial of P,, where ¢, € R. The formula for the coefficient c,,, where n > 3,
of the Randié¢ characteristic polynomial of P, is as follows:

cp =0, where k € 22* + 1,

(n-1-%
k
5 -1

o = (-D% [( ) (G PG (L) (- (B (2] otheruise,

Proof. First of all, it clear that ¢, = 0, where k € 2Z* + 1. Similarly to Thm.
let us consider a path graph P, with n vertices whose vertices are labelled by
1,2,--- ,n. We keep in view elementary subgraphs with n vertices that consist
of disjoint edges since n = k. At this point, we have only one choice and it is
V1Vg,V3Vq, " "+ ,Up_1Un. Thus, by the proof of Thm. we know that the contribu-

tion of this subgraph to ¢ is equal to ((";17)1_5) . (%)2 (126D 4 ((n;?z_%) :
2 2

(1) (%)2(%_2) . (%)2 Finally, by using Eqn. |1} we have the result as follow:

o = (DE[("I0N (HR 0PEY - (PR () ()22 ()2
O

Corollary 2. Let P, = (V, E) be a path graph with n vertices and n —1 edges. Let
Pp (\) = \"+ AN 4 A2 4 e N+ ¢, be the Sombor characteristic
polynomial of P,, where ¢ € 7. The formula for the coefficient ¢, where n > 3,
of the Sombor characteristic polynomial of P, is as follows:

cp =0, where k € 22" + 1,

o= (-0E [(UUTE) v (vEPE T s (B (B E ] otheruise.
Proof. Proof is the same with the proof of Thm. 2| Only difference originate from

the definitions of Randié¢ and Sombor adjacency matrices of P,. O
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For the next theorem, we denote the number of elementary subgraphs with k
vertices by N(cg).

Theorem 3. Let C,, = (V, E) be a cycle graph with n > 3 wvertices and n edges.
Let Po, () = A"+ AN e\ 241 A+ e, be the Sombor characteristic
polynomials of Cy,, where ¢, € R and 1 < k < n. The formulae for the coefficients
ek (k=2t,t € Z%) of the Sombor characteristic polynomial of C,, are as follows:

co = —8n,

= (1) (1)
(57 (2)
() +(57):
(57 (%)

o= e (000

in the case of n =k, then ¢, = ¢ — 2 - 8%, where ¢y, is as given above.

Cg = —(8)
g = (8)4
—(8)

Cio =

[\

Proof. We know that c¢; consist of the contributions of different elementary sub-
graphs of G with k vertices by Eqn. For the coefficients ci (k = 2t,t € Z*) of
the Sombor characteristic polynomials of C,,, where ¢y € Rand 1 <k <n—1, we
take into account only elementary subgraphs that consist of disjoint edges without
any elementary subgraph that does not involve any cycle. Similarly to proof of
Thm. |1} we apply edge removing method so that we get the number of elementary
subgraphs for forming c4, cg, cs, 10, - ,Ck, where ¢y € R, 1 < k <mn —1, by using
combinations as follows:

=
=
N
I
W =
+
S
\
(@)
N—
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n—(5+1)

Neew = > (ki1>+<nk(i11))'

_k 2 2
i=5—1

S]]

As a result, we get the desired result by using combination properties and Eqn.
In addition, if n = k, then there exists one possibility of elementary subgraph
that consists of the cycle C), itself. Therefore, in this case result is obtained as
cn = —2- 8%, where ¢, is as given above. O

In a cycle graph C,, it is trivial that if £ is odd, then ¢; = 0 whenever 0 < k <
n — 1. In the next corollary, the last part of the previous theorem is presented with
a more explicit statement.

Corollary 3. Let C,, = (V,E) be a cycle graph with n > 3 vertices and n edges.
Let Po,(A\) = A"+ AN 4 e N2 o1 N+ ¢ be the Sombor characteristic
polynomials of Cy,, where ¢, € R and 1 < k <n. The formula for the coefficient c,
of the Sombor characteristic polynomial of Cy, is as follows:

3n+2

—272, n=2t+1,wheretc Z*
=14 —2%5", n =2t wheretec {3,5,7,---}
0, n = 4t, where t € 7.

Proof. Let us consider a cycle graph C),. There are three possible cases of elemen-
tary subgraph of C,, with n vertices. The first case is n = 2t + 1, where t € ZT.
For this case, we have just an elementary subgraph that consists of C,, itself and
contribution of this subgraph is equal to —2 - (21/2)" by using Eqn.

Second case is n = 2t, where t € {3,5,7,--- }. At this point, there are 2 types of
elementary subgraphs with n vertices. These elementary subgraphs can consist ei-
ther just a cycle C, or 5 disjoint edges. Therefore, contribution of these subgraphs
is equal to —2-8% —2-8% that is 2% Third case is n = 4t, where t € Z7F.
Similarly to second case, there are two possible elementary subgraphs of C,, with n
vertices. These consist of either just a cycle C,, or 4 disjoint edges. At this point,

n

since 5 is even number contribution of these subgraphs is equal to 2 - 87 —2.8%

that is 0 by Eqn. O

Corollary 4. Let C,, = (V,E) be a cycle graph with n > 3 vertices and n edges.
Let Po,(A) = X" + AN A2 4 e 1 A+ ¢, be the Randié characteristic
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polynomials of Cy,, where c, € R and 1 < k < n. The formulae for the coefficients
cr (k=2t,t € Z%) of the Randié characteristic polynomial of C,, are as follows:

oo

" (i)2<(n;2)+(n13>)’

o= (50 (2)

" (i)4<<n;4)+<ng5>>’

a = - (("57)+ (")

o = (=)} (i)% ((ngg)+<n_§(§+1)>>7

n
2

in the case of n =k, then ¢, = cx — 2 - (i)

Proof. Proof can be followed by using Theorem O

, where ¢y, is as given above.

In the previous theorem, it is clear that if k is odd, then ¢, = 0 as long as
0 < k <n—1 for each cycle graph C),,. The case n = k is presented in the next
result.

Corollary 5. Let C,, = (V,E) be a cycle graph with n > 3 vertices and n edges.
Let P, (A\) = X" + AN b e A2 4 1A+ ¢ be the Randié characteristic
polynomials of Cy,, where ¢, € R and 1 < k < n. The formula for the coefficient ¢,
of the Randi¢ characteristic polynomial of C,, is as follows:

2177 =2t4+ 1, wheret € Z*

cpn =1 =22 n =2t wheretec {3,57, -}
0, n = 4t, where t € ZT.
Proof. Proof can be followed by using Corollary ]
Let us define a special regular graph that consists of n (n > 4,n = 2t,t € Z%)
vertices, 37" edges and degrees of all vertices are 3. Also vertices intersect each

others in a point. We denote it by R,,. Let us demonstrate the structures of graphs
Rg and Rg in Figure [T}

Theorem 4. Let R, = (V,E) be a 3—regular graph with n vertices and 37" edges
as shown in Fig. , Let Pr,(A) = X" + e A" 4 o 2 4 - i A+ ¢y be
the Randié characteristic polynomial of R,,, where ¢, € R. The formulae for some
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FiGURE 1. Graphs Rg and Rg

coefficients of the Randié characteristic polynomial of R,, are as follows:

C2 = )

cg = 0, ifn=4, then c3 = -8- (%)37

s = 0, ifn=38, then cs =—16-(3)°.
_3‘(%)47 n=4

cq = 0, n==~6
_(%)471 + (%)4 (E?;fj + (n—3)+ n"Tfll + (%)) ,  otherwise.
0, n=4
0, n==~6
0 (S5 @+ 5+ (D) +nCT) +0ls =9 =)+ (g - 3)

CT) HE@ ) 2 0 (3 D+ (325Y) 2 () (n+ B). n=10
) (S5 @+ 39+ (D +nCT) +03 - DE -9 + a3 -9)
+5(5-2) +2- (%)6 (”(%74 —-1)+ (222 ) - (%)GTL, otherwise.

Proof. Tt is clear that ¢; of Pg, () is 0.
First of all, let us consider co. We know that the number of possible elementary
subgraphs with 2 vertices is equal to the number of edges of R,. Hence, since R,

is 3—regular, contribution of these elementary subgraphs to co = —(%)237" =-2

by Eqn.

Secondly, it is clear that 3—cycles just exist in R,, when n is equal to 4. Thus,
by Equ. [1]if n = 4, then ¢5 = — ()% - 2 - 4, otherwise ¢5 = 0.

Thirdly, there exists 4 options for elementary subgraphs with 4 vertices. They
can consist of 4—cycles that are in the form of cross labeling such as (1436) in Rg
in Fig. [l and the number of possible elementary subgraphs in this form is 5. The
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rest 3 options can be two disjoint edges that one belongs to C,, and other one is a
diagonal edge, two disjoint edges that belong to C), and lastly two disjoint edges
that are diagonal edges, respectively. The number of possible elementary subgraphs

in the form of second option is n”T_‘l because when we select an edge that belongs
n—4

to C),, we have ( ? ) possibility for an other diagonal edge. Since R,, has n vertices
there are n"T_‘l elementary subgraphs in the second form. For the third option, the

number of possible elementary subgraphs that are in the form of

{Ulvz,U3U4},{01U27U4U5} yTt ’{011)27%—1%}7
{’021)3, v4v5} s {U2U3> 115”06} P {712’037 Un—lvn} s {’02113, ’Unvl},

{Un—3Un—2,0n_10n}, {Un_3Vn_2, 0501}

isequal to 1 +2+3+ -+ (n —3) + (n — 3). Also, it is clear that the number

n

of possible elementary subgraphs of the last option is (g) As a result, by using

Eqn. We get oy = —2-(3)* 2+ (3)* (Z;l;f’] +(n—-3)+n22+ (%)) . However,
additionally when n is equal to 4, for the first option we have one more possible
elementary subgraph that is Cy itself so we get the result as —3 - (%)4 by adding
-2 (%)4. Moreover, when n is equal to 6, for the first option, we have six more
possible elementary subgraphs that are Cy itself so we get result as 0 by adding
—12- ()1,

Fourthly, there exists just one option for an elementary subgraph with 5 vertices
that is a 5—cycle Cj itself and it can be possible only for R,,, where n = 8. There-
fore, cs is obtained as —16 - (3)® by Eqn.

Lastly, let us consider possible elementary subgraphs with 6 vertices, where
n # 6,10. One of the possible elementary subgraph types consisting of three edges

that are in C,, are in the form

{v1v2,v3v4, V506 } , {V1V2, V304, V67 }, - -+, {V1V2, Vn—3Vn—_2,Vn_1Un},
{v2v3, V405, veV7 } , {V2V3, Vavs, V7Vs}, -, {V2U3, Vn—3VUn—2, V1 }, {V203, Un—2VUn—_1,Vnv1},

{Vn-4Vn-3,Vn—2Vn—1,vn01}.

n—4 (]‘
=2 \2
of three diagonal edges whose possible number is (g) . Another type can consist of one edge
that is in C),, and other two edges are diagonal edges. As explained before possible number

Possible number of these types is equal to > )+ ("3"). An another type can consist

of these elementary subgraphs is n(n?) For another type of elementary subgraphs that
consist of two edges in C,, and one in diagonal edges, we get the possible number n(3 —
3)(5 —4) +n(5 — 3) + 5(5 — 2) by using processes as mentioned above. The number
of possible elementary subgraphs that consist of cross labeling C4 and an edge in C,, is

n("?*4 —1). Also, the number of possible elementary subgraphs that consist of cross labeling
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Cjy and a diagonal edge is (5 "T*‘l) Moreover, the number of possible elementary subgraphs
that consist of Cs is 5. Consequently, we get the formula by using Eqn. |1, where n # 6, 10.
After all, additively when n is equal to 6, there is no possible elementary subgraph in the
form of one edge that is in C, and other two edges are diagonal edges. Therefore, for the
n = 6 distinctively, we have 25:2 )+ G+ (g) +6(5-3)(E-4)+6(5-3)+5(%-2)
times possible elementary subgraphs that consist of disjoint edges of R, and we have
(6 -0+ 3-1) times possible elementary subgraphs that consist of one cross labeling Cy and
edge in Rg. Also, we have 6 possible elementary subgraphs that consist of Cs and we have 6
possible elementary subgraphs consisting of an edge and a C4 that is not cross labeling. As
a consequence, privately for n = 6, we have the result —6-(3)°+6-(3)°—12-(3)°+12-(3)° =
0 by using Eqn. [I} Finally, additively, if n = 10, there are n times more possible elementary
subgraphs that consist of a Cs so we have the formula by adding —2 - (%)611 to the first
formula. Thus, we complete the proof. O

Corollary 6. Let R, = (V, E) be a 3—regular graph with n vertices and 37" edges
as shown in Fig. . Let Pr, (\) = A" + AN AR b N+ be
the Sombor characteristic polynomial of R,,, where ¢, € R. The formulae for some
coefficients of the Sombor characteristic polynomial of R, are as follows:

co = —27n,
c3 = 0, ifn=4, then c3 = -8 (v/18)3,
cs = 0, ifn=28, thencs = —16-(/18)5,
Also, we get the equations as follows:
-3 (V18)*, n=4
_ 0, n==6

Cq4 =

—(V18)*n + (V18)* (27;13 j+(n—3)+ni% + (%)) , otherwise

J

0, n=4
0, n=6

n—4

S (S35 @+ 5 + (D 0T #ns -3 - )+ (s - 3)

Ce =

33 -) 42 (VI (3T - D+ (325Y) —2- (VB  (n+ 3).  n=10

. n—4

-(V18)° (E}Zﬁ @D+ TN+ E) +n(CF ) G -G - D +n(g -3

+5(% — 2)) +2- (\/ﬁ)6 (n(’%4 - 1)+ ("72”"774)) — (\/E)Gn, otherwise

Proof. The proof can be completed by simply replacing % with /18 in the proof of
the previous theorem. (I
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3. CONCLUSION

The Randié¢ and the Sombor characteristic polynomials of P,, and C,, were ob-
tained. Additionally, the formulae of five coefficients of the Randi¢ and Sombor
characteristic polynomials of R,, were presented. The Randié¢ and the Sombor en-
ergies of P, and C,, can be studied by using these presented results. Furthermore,
various characteristic polynomials of some similar adjacency matrices defined ac-
cording to some vertex-degree-based topological invariants can be obtained by using
the number of elementary subgraphs that we presented in the theorems and corol-
laries. Especially, this study can also be extended to the multiplicative Sombor
index associated with the Sombor index.

Declaration of Competing Interests The author has no competing interest to

declare.
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ABSTRACT. In the present paper we give quantitative type theorems for the
differences of different bivariate positive linear operators by using weighted
modulus of continuity. Similar estimates are obtained via K-functional and
for Chebyshev functionals. Moreover, an example involving Szédsz and Szédsz-
Kantorovich operators is given.

1. INTRODUCTION

Studies in the theory of approximations have been going on for many years.
During these times, the most well-known operator Bernstein operators, the best-
known theorem for convergence was the Korovkin Theorem. Then, Szasz, Baskakov,
Kantorovich operators are defined and their convergence properties are examined.
Many researchers have defined various modification forms of these operators and
examined their convergence properties and their applications are given. In recent
years, some studies have been carried out to obtain general information between the
convergence speeds of the operators by taking the difference of any two operators.

In the recent past, there is a growing interest in studying the difference of linear
positive operators in approximation theory (see |1], [2], [3] and [6])

In 2006, Gonska et al., using Taylor’s expansion with Peano remainder, gave a
Theorem showing that the difference of two operators A and B can be limited by
the concave majorant w, where wy, is the k-th order modulus of smoothness [11].

In 2016, A. M. Acu and I. Rasga obtained some inequalities using Taylor’s formula
and obtained some estimations by applying these inequalities on the differences of
Linear Positive operators [1].

2020 Mathematics Subject Classification. Primary 41A36; Secondary 41A25.

Keywords. Chebyshev functionals, bivariate positive linear operators,weighted modulus of
continuity.

HSaheedabdulhameed@gmail.com; “20000-0002-7016-5885
Haolgun@kku.edu.tr-Corresponding author; ©20000-0001-5365-4110

(©2022 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

791



792 S. O. AREMU, A. OLGUN

In 2019, A. Aral et al. obtained some estimates for the difference of two general
linear positive operators on unbounded interval [5].

In 2021, A. M. Acu et al. gave some theorems for the difference of linear positive
operators of two variables defined on a simplex [4].

In this study, we will give some theorems given by A. Aral et al. |5] for univariate
operators for bivariate operators.

This paper deals with the difference of certain bivariate operators defined on
unbounded intervals. The differences are estimated in terms of weighted moduli
of smoothness for the operators constructed with the same fundamental functions
and different functionals in front of them.

2. AUXILIARY RESULTS

If we can calculate that the difference between the A and B operators is very
small, we can learn the properties of the other by looking at the properties of one.

It is well-known that classical modulus of continuity is a very useful tool in
order to determine the rate of convergence of the corresponding sequence of linear
positive operators defined bounded interval, in case of unbounded intervals, It would
be more appropriate to use a defined modulus of continuity in weighted function
spaces. This allows to enlarge the continuous function space to weighted function
space in approximation problems. For this purpose, we consider the modulus of
continuity defined in suitable polynomial weighted space, defined for univariate case
in [10] by Gadjieva and Dogru and for bivariate case in [12] by Ispir and Atakut.

Let D := [0,00) x [0,00) and p (z,y) := 1 + 2%+ 92, (x,y) € D. Throughout the
paper; C (D) will denote the space of real-valued continuous functions on D and
Cp (D) will denote the space of all f € C' (D) that are bounded on D. Let B, (D)
denote the space of functions f satisfying the inequality

\f (e, y)l <mpp(x,y), (x,y) €D,
where my is a positive constant which depend on the function f. B, (D) is a linear
normed space with the norm

(1)

fll, = sup .
171, (@y)ep P (T,Y)
Let C, (D) denote the subspace of all continuous functions belonging to B, (D).
Also, let C (D) denote the subspace of all functions f € C, (D) for which there
exists a constant k; such that

|f (2, )

lim ———— =ky <o0.
a:2+y2~>oo P x7y)

In the case of ky = 0, we will write C (D).
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We use the weighted modulus of continuity, considered in [10] and [12], denoted
Q, (f,-,-) and given by

f(x+hi,y+he)— f(x,y)
Q,(f, 61,6 su ; feCp
o (£,01,02) = (2,4)€D, |h1\£)61, lha|<6s (1 + 224+ 42) (1+ hi + h3) f D).
(2)

The weighted modulus of continuity €2, satisfies the following properties for f €
c, (D):
Qp (f,51,52) — 0 as d; — 0 and 6 — 0 for (51,52 > 0.
7i: For any positive real numbers A1, Ao, d; and d5 the following relation

Qp (f, )\151, /\252) <4 (1 =+ /\1) (1 + )\2) Qp (f, 51, 52) (3)

holds.
In the sequel, we will use the notation that e; ; (z,y) := z'y’, i, j € N, (z,y) € D,
1 denotes the constant function

1:D—=R, 1(z,y) =1, (z,y) €D, (4)

and ID denotes a linear subspace of C' (D), which contains C, (D). We also consider
the positive linear functional F' : D — R such that F' (1) = 1. Denoting

01 = F (e10) , 05 := F(eo1) (5)
and ‘ ‘
ply=F ((el,o - Ofl)l (6071 — 9§1>J> . i,jEN, (6)
then one has
nio = 0, pio=Fl(ero)’ - (95)2 >0, (7)
pon = 0. ph,= F(eon)” - (QQF)Q > 0.

Lemma 1. For (z,y) € D, f € C}; (D) and 0 < 01,02 < 1, we have

(t—a)" (s -9
|f(t7 5) - f(xay)‘ < 256p($,y) <1 + 54 ) <1 + 64 ) Qp (f751752)'

1 2

Proof. Using the inequality [5] with \; = lt zl ve Ap = |S y‘ , from (2) and (3), we
have

[f(ts) = flzy)l < 4p(2,y) R (f,01,02) (1+ |t5_1x|> (1+ |86_2y|>
X (l—i— (t—x)2) (1+(S_y)2)

16p (2,y) (1+67) (1+63) pUh81 02 lt-al<ouls-yl <
16p () (1+67) (1+63) © (f,al,csz)(” CSps e —al > 81, ls —yl > 62




794 S. O. AREMU, A. OLGUN

Therefore
F (ts) = f (@) < 16p (2,y) (1+63) (1+63) (1+ S52) (14 SE) 2 (/,61,62).
Choosing 0 < 61 <1, 0<é2 <1for f € C; (D), (x,y) € D, we get

4 4
t—x s —
5) ~ £ ()| < 2560 (2, (1 + ﬂ;)> (1 + w> 0, (1,61,62).
1 2
([l
Now, we present the following estimate for the difference ‘F H-f (0{, 05) ‘

Lemma 2. Let f and all of its partial derivatives of order< 2 belong to the space
C,(D) and 0 < 61 <1, 0<dy <1. Then we have

[P (f)— £ (67.05)| < dgp (67.65) [y + 5]
where

My = max { | faall ol il } -
Proof. For f € C, (D), (t,s) € D, using the Taylor formula we have

fts)— 1 (o705
= 1 (07.05) (1= 08) + 1, (0,05 (s =) + 3 { s cre (1 07’
+2f5y (c1,02) (t— Hf) (s — 95) + fyy (c1,¢2) (s —95)2}7

where (¢1,c¢2) is a point on the line connecting (9{,95) and (¢, s). Taking into
account of the fact that F'(1) = 1 and (5), one has

F(f)-f(6,08) F(1)
= £ (01.08) (F(er0) = 07 F (1)) = £, (67,65 (F (con) — 65 F (1))

1
"’5 {fxm (c1,c2) ,Ug,o + 2 fuy (c1,c2) Nfl + fyy (c1,c2) ﬂ(IiQ} . (8)

Using the facts

N My
~—

(V)
~—

fow (c1,02)] < M; (1 (o) + (0

oy (vl < 01y (14 (0 (65)°).
and

(vl < 01y (14 (6" (6£)°).
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and since

2#51 < Ng,o + u{;%
from (8) we get

P =1 (of.65)]

IN

S0y (1 (o) (05)2) (WEo 2ty + )
M; (1 + (95)2 + (95)2> (150 + o2 -

IN

3. DIFFERENCE OF BIVARIATE POSITIVE LINEAR OPERATORS

In this section, we will give estimates for the difference of bivariate positive linear
operators, on unbounded set D, in terms of weighted modulus of continuity. Let K
be a set of non-negative integers and consider a family of functions py; : D — D,
k,l € K. We consider discrete operators given by

U(fiey) = D Fra(Howa (@), V(izy) =Y G (f)pei(@,9),

k,leK k,leK

where > pri(x,y) =1, Fr;,Gry : D — R are positive linear functionals such
k,leK

that Fj; (1) =1, Gi; (1) = 1. U and V are positive linear operators such that

U,V :D— B, (D).

Theorem 1. Let f € C} (D) with all of its partial derivatives of order< 2 belong
to the space C, (D). Then we have

(U = V) (f2,9)] < 61402 +2%0, (£,03,00) {1+ 3 pra (,m) o (01405 |

k,leK
where
5= 307 3 e o o (02005 [+ ]
k,leK
G G G G
b = My Y pra (@:9)p (91 0 ’“”) [uzé’ +uo§’} )
k€K
4
_ Z Pru (:my)p (efkl79§kl) (ef‘k,z . 91le) 7
k€K
and

= 3 oo (02, 05) (05 - 05’

k,leK
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Proof. We can write

W=Vl = | D {Falh) =G () =1 (67,05) + £ (07, 05)

k€K

() 1 (005 )
Z Pr (7, Y) {‘sz (HH—rf (afk’lvogk’l)

k,l€K
+|Gra () = 1 (651, 05)
+lr (oo ) = g (705 [
Using Lemma 2] (5), (6) and (7), we get

‘F (1) = £ (o705 )| < Myp (07,050 ) {ui + 207" + mgs'}

IN

and
F F;
> e (o) [Fra () - £ (67, 05)
k,leK
. . X
< MY pea oy o (07,057) [ + o' |
k,leK
Similarly,

> pra(ay) ’Gk,l (f)—rf (efw,gg:k,L)

k,leK

Gy G G G
< My Y pra(z,y)p (91 0 ’“") [MQ,S’L +uo,’§‘l} :
k,leK

Using LemmalT] we get
() )

< 2% (Hf’“*l,egk”) Qy (f,03,04)
Foo  pGra\? Fui  pGra\?
X (1 + @15;1)) (1 + W)
Fii _ Gu,
< 2o, (1) {p (0 (o o) )
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4
Fi Gr1
+p (eFk-,l eFk,l) (02 B 92 )
1 V2

+p (6{’“,95“) (01

and we can write

Z i1 (2, y) ‘f (9fk’l,05’“"> —f (9?k>l’0§k,l>‘

k€K
< 20, (£,05,64) S D> prala,y)p (ﬁfk’l,9§k’l)
k€K
4
9Fk,l o HGk,L
+ Z Pk,1 (%y) 1Y (elk,laGkal) ( 1 )
k,leK 53
(95’“ B 92079,1>4
+ Y pra(@y)p (ka'lﬂgk’l> T
k,leK 4
4 4
aFk,L . 0Gk,1,) (eFk,l . eGk,l>
Fra pFra ( 1 ! 2 2
+ Zpk,l(xay)P(gfaaz’) 1 1
k,leK 03 04
= 2°Q,(f,03,04) {Ao,0 + A0+ Ao1 + A11},
where
(af'kz o 9?k,l)4 ’ (GQFk,L . 95k,l)4 /
Ai,j = gk, (‘Tay) 70 < Zv] <1

0 04

k.1 (1'73/) - Z Pk, (x7y) P <0fk,l70§k,l,) .

k,leK
Choosing
4
5% = Z pes (2,y) p (Gf’“*l,eg“) (efk,l _ efk,z)
k,leK
and
4
(54 — Z Pl (:my)p (efk,l79§k:,l) (egk,l . 92Gk,l) 7
k,leK

we reach to the desired result. O
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4. ESTIMATE VIA K-FUNCTIONAL

In this section, we give an estimate for the difference of bivariate positive linear
operators; in terms of K-functional. For this aim, we firstly recall the definition
of K-functional. Let C% (D) = {f € Cp(D); fP? € Cp(D),1<p,q< 2} where
f®9 is (p,q) th-order partial derivative with respect to x,y of f, equipped with
the norm

2

1flloz my = Iflomemy + D

i=1

2

o'f
Cs(D) =1 oy’
The Peetre K-functional of the function f € Cp (D) is given by

K (f;0) = ge(i,‘%f(D) {”f _gHCB(D) +9 ||g||C]23(D) ;0> 0}-

o' f
oz’

Cs(D)

It is known that there is a connection between the second order modulus of smooth-
ness and Peetre’s K-functional for all § > 0 as follows (see [9, p.192] or |7]):

K (£:6) < Co {w (f:V8) +min (1,6) o) }-

Here, the constant Cj is independent of § and f, and 2nd order modulus of smooth-
ness of f is a function ws : Cp(D) x (0,00) — [0, 00) given by

wy (f,0)= sup sup AZf(z), §>0,
0<||h||<6 2€D

where |.|| is the Euclidean norm in R? and AZ f is the 2nd order difference on D

given by

: 2
A,%f(x):Z(—l)z_k (k>f(x+kh), x €D, heD.

k=0
Now, assume that C% (D) C D, where, as it is mentioned in page 3, D is the linear
subspace of C' (D) containing C, (D).

Lemma 3. Let f e DNCpg (D). Then
1
]F%f)—»f(af,ei)\<:2Af<f;4[u§o+-ﬂﬁﬂ).

Proof. Let g(x,y) € C% (D) and (t,s) € D. Using Taylor’s expansion [8], we have

st =gley) = D o)+ LD (o)
¢ 29 (u s 29 (x,v
o[ = P i [0 T

Application of the functional F' on both sides of the last formula gives

F(9)—g(0F.00) F (1)
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IN

9o (01,08 (F(er0) 01 F (1)) | +

g, (67,65) (F (con) — 05 F (1))
F</:<tu>3298<52’y>‘du;x,y)w</:<3@32?/8(;’”@ y)
1

< 3 {ngMB(D) (Fer0) = 07 F (1) + oyl oy (F (c0) ~ 05 F <1>)2} .

Taking into account of F (1) =1, (4), (5) and (6), we get

[79) ~ 9 (67.05) | < 5 {92l cnmy 150 + Nguull e oy 152 -
Now, let f € DN Cp (D) and (¢, s) € D, then we have
|F(fi0.9) - £ (67,05) P (1))
F(r=g+gay) -7 (07.05) F)+g(0f,08) F (1)~ g (oF,05) F (1)
= IF(f—g;%y)JrF(g;x,y)—9(95,95)1”(1)
— r(07.05) F()+g(of.05) F (1)
IF(f—g;x,y)|+‘F(g;x,y)—9(9f,95)F(1)’
+ | (or08) Py - g (of.08) F 1)

1
211 = gllop oy + 5 {1902l op) 150 + N9l 162}

IN

IN

IN

1
20f = glleym) + 5 91l (p) [1d0 + 16.2] -

Therefore, taking the infimum on the right hand side over all g € C% (D)

. 1
F(fso) =S (0705)] < nf {2 1 =9l o) + 5 I9lles, o) (150 +qu,2]}

1
= 2K <f§4 [NQF,O‘FMOF:Q]) .

Now, the following theorem can be given.

Theorem 2. Let f € DNCg (D) with all of its first order partial derivatives belong
to Cp (D). Then

U= V) (i) < 45 (£ 00 + Mjn (.0,
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where M} := max { | foll ooy e lono) |

n(z,y) = Z Pk, (z,y) (/\Fk,z + )\Gk,l) )
k€K

. . Frg Fi G G
with Ap, , == Ho g + Hos s AGr, = Hao T Hoo

pey) = > poa (o) { |0 — o7
k,leK

and

+ ‘951” . egv'k,z

}

Proof. By the hypothesis, f is differentiable on the line connecting the points
(Gf’“” : 95’“”) and (9?"”1 , 92&“”). From the mean value theorem for function of two

variables (see, e.g., [7]), there is a point (c1, ¢2) on this line such that

7 (o705 )= (074,054 ) = o (eryea) (00 = 05 )fy (v, 0) (03 — 05™)

holds. For f € DN Cp (D), using Lemma 3, and the above formula, we have

(U =V)(fi2,9)]
< Y et (@,9) [P (f) = Gra ()]
k,leK
< 3 o) {|Fro () = 1 (01, 055)| + | Gra () = £ (67,65
k,leK
fo(ersea) (017 = 07 ) + £y (en,e) (057 = 05") |}
< 23 pri(ay) {K (f; H uéﬂ%lD +K (f;fL 5" + quSJD}
k,leK
+ 3 i @,9) {Ifelono |01 = 07|+ Wullcy oy 05 - 65|}
k,leK
= 2 Z Dkl (m,y) {K (fa i)\Fk,l> +K (fa i)\Gk,l>}
k,leK

F G
+Ky Z i (T,Y) {‘Qlw -0,
k€K

+ ‘egk,z _ GQGk,z

L

where we denote

Fia Gl Gt

F
AB,, = #2,%l+#0,2 s AGyy = Ha 0" T o2 and M} = max{”fﬂcHCB(D) ) foHCB(D)}

From the definition of K-functional, for a fixed g € C% (D), we can write

(U =V)(f;2,9)] < Alf = gllew) D pri(@,y)
k,leK
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1
+§ ||g||Cz(D) Z Pk, (x’y) ()\Fk,l + /\Gk,z)
k€K

+M; > pra(x,y) {‘9fk’l — o7
k,leK

— 4K (f, én(:c,y)) + Mip(z,y),

+ ‘Hgkl - egkl

}

where
n (Iay) = Z Dkl (x,y) (AFk,l + /\Gk.l)
k€K
and

p(y) =Y peil(z,y) {’95’“" -7
k,leK

+ ‘95’” o 02Gk,L

}

Note that using (9), from the above theorem we obtain

U =V) (fiz9)] < Cy {wz (f; \ ;nu,y)) +min (1,)) ||f|CB(D)}+M}u<x7y>.

5. DIFFERENCE FOR CHEBISHEV FUNCTIONALS

For f,g € C,, we take the bivariate positive linear operators U and V' defined
at the beginning of this section. Assuming that f,g, fg € C, (D), we consider the
Chebishev functional of U given by TV (f,g) := U (fg) — U (f) U (g) (similarly for
V) (see |5] and references therein). In this part, we give an upper estimate related
to the difference ’TU (f,9) =TV (f, g)’ .

Theorem 3. Let the functions f,g and fg belong to C} (D) and all of their partial
derivatives of order < 2 belong to C, (D). If

07" =07 =01, 03" =05 =6,
U (1 + (e1,0)” + (e0.1)? xy) < Mp(z,y)
and
4 (1 + (e10)” + (e0.1)* s 2, y) <M p(z,y),

then we have
TV (f,9:2,9) = TV (f,9;2,9)|
< (61 +62) [1+ Mp(,y) (171, + llgll, )] +2° [1 + au (. 9)]

x {9 (£9,85,60) + Mp (2,y) (11,2 (9.3, 60) + llgll, 2 (£.63.60)) }



802 S. O. AREMU, A. OLGUN

where 61 and 8 are the same as in Theorem[d] and
oF F
ot ( Z P (T,y)p ( k’l,ezk”)
kleK

Proof. From the definition of Chebyshev functionals, we can write

TV (f.gi2,y) =TV (f,9:2,y)

= U(fg;z,y) = U (f;2,9)U(gs2,9) =V (fg;2,9) +V (fi2,9) V(g5 2, y)

= U(fgz.y) —U(fiz,9)U(gz,y) —U(fiz,9) V(giz.y) + U (fi2,9)V (952, )
-V (fg;2,9) +V (f;2,9)V (g;2,y)

= U(fgz,y) =V (fgiz,y) —U(fiz,y) [U(gz,y) =V (g2, 9)]
~V(giz,y) U (f;2,y) =V (f;2,9)].

By taking absolute value of both sides we obtain
TV (f.g;2,9) = TV (f.g;2,9)|
< U(fgzy) =V (fgz,y)|+|U (291U (g2, y) =V (g:2,)]
+ IV (gz, 9| IU (f;z,y) =V (fiz,9)].

From Theorem [I] we have

\U(fg;z,y) =V (fg;2,9)|
Z Pt (2, 9) [Fra (fgi2,y) — Gra (fg: 2, 9)]

k€K

IN

< 01+ 062 +2%Q, (fg,03,04) (1 + qry (2,9))
and
U (fiz. U (g:2,9) =V (g; 2, )]
< Mp(z,y) If]l, [61 + b2 +2°Q (9,83, 04) (1 + gres (2, 9))]
V(g:z, Y| [U (fiz,9) =V (fi2,9)]
< Mp (ilf,y) ||g||p [61 + 42 + 28Qp (fa 633 54) (1 + gk, ($, y))} .
If necessary arrangements are made, the proof is completed. O

6. APPLICATION

If we take the well-known bivariate Szdsz operator as the operator U and the
bivariate Szasz-Kantorovich as the operator V' given, respectively, by

k l
nm f,l’ y Z e~ na—my ’I’LJJ) (n;iy) f(k,l>

n m
k,i=0
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/ / f(t,s)dsdt.

0
Theorem 4. Let f € C ( ) with all of its partial derivatives of order < 2 belong
to the space C, (D). Then we have

|(U - V) (fazvy)‘ S 62 +2SQp (f,53,54)¢(x,y),

and

—nr—m
Vom (f52,y) E e y(nz)
k,l=

where
(1+8nx +4nx?) (1 + 8my + 4my?) 1 1
) =<1 oy
2 (@,9) { * 4n? 4m? 3n?  3m?
1 ne + 4dnz?  my + 4my?
53 =
3 (@:y) 16n2 + 16n4 16n2m?2 '
5 (@,1) = 1 nx +4nz?  my + 4my?
v 16m2  16n2m? 16m*
and

T
vy =242+t + S+ L
n m

Proof. We use Theorem. By making simple calculations for the operators U and V

given above, we have
k1
Fk,l(f) _f<7>7

n’m
k l
QfZFkl(em):E, 9F=m7
k+l +1
Gr.(f) = nm/ f (¢, ) dsdt,
G 1 " 1
91 —le(el 0) = (2]€+1) (2l+1)

2n
2
Mzo—Fkl<<€1o— ) 0, Fkl< 601—— ):0,
k\? 1 1
g - = J—
Mz,o—Gk,l<<€1,o—n>)—32aM02 le( 601—* )—W.

Therefore, we get

61 (l',y) = Oa
e () (my)! (2k+1)*  (20+1) 1 1
— nr—my -
02 (w,9) ; ¢ k! I 1+ 4n? + 2 3n? *

4m 4dmn

3n2  4dmn  3m

R (1 + 8nz + 4nz?) n (14 8my + 4my?) 1 1 1
B 4n? 4m? 2 {7

1

3

3m
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f Y - —nz—my (nm)k (my)l 0Fk,l aFk,l aFk,l eGk,l 4
3= D e K u”(l’2>(1_1>
k,leK ’ :
e (nx)k (my)l ko1l ko1 4
= nx—my - — —— —(2k+1
k%:Ke k! n P\nm n Qn( +1)
_ Z e~ nT—MyY (nx)k (my>l 1+ k72 + ﬁ i !
o ok k! I n?  m? 2n
1 nx + 4nx®  my + dmy?
16n2 16n4 16n2m2
and
4
53 _ Z Pru (.13, y) p <Gfk,z70§k,l) (95%,1 - 05k,1>
k,leK
_ Z e~ na—my (n‘r)k (my)l 1+k72+ ﬁ i !
o ok k! I n?  m?2 2m
- 1 nx + 4na?  my + 4my?
- 16m2 16n2m?2 16m4
g (02)* (my)' (k1
_ nz—my r
bzy) = 1+ ) e U TRl s
k,leK
g (n2) () (KB
+ k%:Ke k! 1! + n? + m?
= 242?44 o4
This completes the proof. ([
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ABSTRACT. Fractional calculus and applications have application areas in many
different fields such as physics, chemistry, and engineering as well as mathemat-
ics. The application of arithmetic carried out in classical analysis in fractional
analysis is very important in terms of obtaining more realistic results in the
solution of many problems. In this study, we prove an identity involving gen-
eralized fractional integrals by using differentiable functions. By utilizing this
identity, we obtain several Simpson’s type inequalities for the functions whose
derivatives in absolute value are convex. Finally, we present some new results
as the special cases of our main results.

1. INTRODUCTION

Simpson’s rules are well-known ways for the numerical integration and numerical
estimation of definite integrals. This method is known as developed by Thomas
Simpson’s (1710-1761). However, Johannes Kepler used the same approximation
about 100 years ago, so that this method is also known as Kepler’s rule. Simpson’s
rule includes the three-point Newton-Cotes quadrature rule, so estimation based
on three steps quadratic kernel is sometimes called as Newton type results.

(1) Simpson’s quadrature formula (Simpson’s 1/3 rule)

/: D0y ~ 2 {19(%1) + 40 <’“;“2) + 19(;-;2)} .
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(2) Simpson’s second formula or Newton-Cotes quadrature formula (Simpson’s
3/8 rule).

2 - 2 2
/ D0y ~ 2 [19(&1) 139 (“1;*‘2) +30 (’“g’”) + 19(@)] .

There are a large number of estimations related to these quadrature rules in the
literature, one of them is the following estimation known as Simpson’s inequality:

Theorem 1. Suppose that ¥ : [k1, k2] — R is a four times continuously differen-
19(4)()()‘ < 00. Then, one has

tiable mapping on (k1,k2) and "19(4)” = sup
®© xE(K1,k2)
the inequality

L[ ) gy (Y] Ly

1
gl
—2880H19 o (w2 = k1)

In recent years, many authors have focused on Simpson’s type inequalities for
various classes of functions. Specifically, some mathematicians have worked on
Simpson’s and Newton’s type results for convex mappings, because convexity the-
ory is an effective and powerful method for solving a large number of problems
which arise within different branches of pure and applied mathematics. For exam-
ple, Dragomir et al. |16] presented new Simpson’s type results and their applications
to quadrature formulas in numerical integration. What is more, some inequalities
of Simpson’s type for s-convex functions are deduced by Alomari et al. in [6]. Af-
terwards, Sarikaya et al. observed the variants of Simpson’s type inequalities based
on convexity in [42]. In [34] and [35], the authors provided some Newton’s type in-
equalities for harmonic convex and p-harmonic convex functions. Additionally, new
Newton’s type inequalities for functions whose local fractional derivatives are gen-
eralized convex are given by Iftikhar et al. in [25]. For more recent developments,
one can consult [2-5}7}/11H15}/17}18}23},36},47].

2. GENERALIZED FRACTIONAL INTEGRALS

Fractional calculus and applications have application areas in many different
fields such as physics, chemistry and engineering as well as mathematics. The
application of arithmetic carried out in classical analysis in fractional analysis is
very important in terms of obtaining more realistic results in the solution of many
problems. Many real dynamical systems are better characterized by using non-
integer order dynamic models based on fractional computation. While integer or-
ders are a model that is not suitable for nature in classical analysis, fractional
computation in which arbitrary orders are examined enables us to obtain more
realistic approaches. This subject has been studied by many scientists in terms
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of its widespread use [20L[21,[27,[30[31,[37,[40,44]. Ome of the most important ap-

plications of the fractional Integrals is the Hermite-Hadamard integral inequality

(see, 1122126138, 39L41]).

In this section, we summarize the generalized fractional integrals defined by
Sarikaya and Ertugral in [41].
Let’s define a function ¢ : [0,00) — [0, 00) satisfying the following conditions:

/01 @(T)d7'< 00.

T

We define the following left-sided and right-sided generalized fractional integral
operators, respectively, as follows:

erIgoﬁ(X) = /X SD;X_TT)ﬁ(T)dTv X > ki, (1)
o II(X) = / h ‘”f__;%mdﬂ X < Ke. 2)

The most important feature of generalized fractional integrals is that they gen-
eralize some types of fractional integrals such as Riemann-Liouville fractional in-
tegral, k-Riemann-Liouville fractional integral, Katugampola fractional integrals,
conformable fractional integral, Hadamard fractional integrals, etc. These impor-
tant special cases of the integral operators and are mentioned below.

i) If we take ¢ (7) = 7, the operator and reduce to the Riemann integral
as follows:

X

Loy = / I(r)dr, x> ki,

I, —9(x) :/ Hr)dr, x < k.
X

ii) Let us consider ¢ (1) = %, a > 0. Then, the operator (|1) and ([2) reduce to
the Riemann-Liouville fractional integral as follows:

I () = ﬁ /X (x — 1) 9(F)dr, x> k1,

1

J2 90 = ﬁ / P =0 ), < o

i) For (1) = priy7*, @,k > 0, the operator and reduce to the
k-Riemann-Liouville fractional integral as follows:

1 X oy
@ - - _ =
m1+,k’l9(X) krk (O[) /’il (X T) ﬂ(T)dT7 X > K1,
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JSZ 7k19(X) = ﬁ(a) /"“2 (1 — X)

=R

“L9(r)dr, X < k.

Here,
Ty (a)= / 7l dr, R(a) >0
0
and o
Tk (a) = kTIT (E) ., R(a) >0k >0

are given by Mubeen and Habibullah in [33].

In the literature, there are several papers on inequalities for generalized fractional
integrals. For more information and unexplained subjects, we refer the reader
to [8H10,/19,241128,/29,/32,/46,/48] and the references therein.

3. SIMPSON’S TYPE INEQUALITIES FOR GENERALIZED FRACTIONAL INTEGRALS

Throughout this study for brevity, we define

T T

(X T) :/Mdu, vi(x, 7) :/Mdu.

u u
0 0

Particularly, if we choose xy = %, then we have

" (m-;-liz’T> — (m;—fizﬂ_) = T1.(7) :/wdu_
0

Lemma 1. Let 9 : [k1, ko] — R be an absolutely continuous mapping (k1, k2) such
that ¥ € Ly ([k1, ka]). Then, the following equality holds:

w10 (ko) 1,0 (Kl)]

2

1 1
G [0 (51) +40 () + 9 (k2)] = 5 [ moel) vl

1

k2 — X /
710, 1) = 30,0, 7)Y (7x + (1 — 7) ko) dr
TwEwy / 1 L) ¥ (x4 (1= 1) h2)

1
Xk
61/1 X; / V1 Xa 3V1(X7 )) 19/ ((1 . T) K+ TX) ir.
0
Proof. By using integration by parts, we have

/ (1) = 3100 7)) 0 (7x + (1 = 7) ) dr (3)
0

= @1 11(x: 1) [20(x) + 9(r2)]




810 H. KARA, H. BUDAK, M. A. ALI, F. HEZENCI

/ o (52— X))
X @0/19 X + (1 = 7) kg) ——>—d

T
T

= Ko 1, an(X7 1) [Qﬁ(X) + 19(%32)] — P i N / 19(“’)@(”2 - U)

du

Ro —U

nl(Xa ) 3

20 9 - — 1Y .
= B 20 +9we)] — — L)
Similarly, we obtain

(4)
Vl(Xa 1) 3
= —21 202 -0 — 19 .
— [—29(x) — J(k1)] + N —r XU (K1)
From and , we get
- X X —h1
— H
o)™ o)™
1 1 1 19(/@2) _1 19(/*61)
=~ [0 (k1) + 40 (x) + 9 (ko)] — = | X2 + X%
6’[ ) 000 () 2[ m(x 1) vi(x, 1)

This ends the proof of Lemmall] O
Corollary 1. Under assumptions of Lemma |1| with x = %, we obtain the
equality

1
1 [19 (1) + 49 (W) +19(/<02)]
6 2
1 1,9 1,9
ey s 0 0]
1
K2 — k1
(r
12771 Xv / ))

0

X {19/ <;n1 + 2;T/<;2> — <2;T/<;1 + Tli2>:| dr.
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Corollary 2. In Lemma (1] if we choose o(7) = T for all T € [k1, k2], then we
obtain the equality

X

—— [ o

K1

9 () +49 (0 +9 (s2)] = 5 | —— [ 0(r)ar +

S| =

1
X/ )Y (x + (1 — 7) ko) dr
0

X K1

/(1 =379 (1 — 1) k1 + TX) dT.
0

Corollary 3. In Lemmall], let us consider ¢(7)

= FT:),a >0 for all T € [K1, k2] .
Then, we get the equality

o U (ke vV (K1
[19 (/Ql) + 49 (X) + 9 (K‘Q)] - F( 2+ 1) {::()()02 ((]; — 1‘51)3

| =

/<62—X

1
/ (1 =379 (tx + (1 — 7) ko) dr
0

X"ﬁ

1
/1—3T (1 =71)Ky +7x)dr.
0

Corollary 4. In Lemma if we assign (1) = kl"k(a) Jkya >0 for all T € [k, ko],
then we have the equality

[9 (k1) + 40 (x) + 0 (k2)] — Ty (o + k)

Jop w0 (R2)  J3 0 (K1)
5 +

(k2 —x)* (x — k1) *

| =

K2 — X
6

(1=37%) 0 (rx + (1 — 7) K2) dT

o _

1
_li (23
X 5 1/(1—3T?)19/((1—T)/$1+Tx)d7'.
0

Remark 1. If we set x = % in Corollaries @ E and then we obtain the
following identities

é {19(/-;1)+419<“1;’”2> +19(n2)} - @im /’:219(7')037
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1
Ko — K1 T 2—71
= 1-3n)¢ [ = d
13 [/0 ( T) (2%;1-!- 5 Hz) T

1 9 _
_/ (1—37’)19/( 2TI€1+72-I€2>d7‘:|,
0

812

{ﬂmg+4ﬁ<m2;”>+ﬁmg}

_ 27 (a+1) [ @ 19(/12)+J31%_19(/€1)}

(K?Q — Kl)a lenz"'

1
Ko — K T 2—71
= 212 ! |;/O (1737'0‘)19/ (2I€1+ B I€2> dr

1
2 —
7/ (13Ta)’l9/< 2TI€1+72—I<62)d7':|,
0

1
6

and

% {19 (1) + 49 (’“;“Z) +0 (@)]

2%7111]@ (()é+k) o .
et Ve ()t S 0 (0)

1
Ko — K1 aN 4 [T 2—71
= 1— L
12 [/0( 37"6)19(2,%14— 5 /@2)0!7’

! o 2—
—/ (1—37'?)?9/ < TH1+TH2> dT:| )
0 2 2

respectively.

Theorem 2. Assume that the assumptions of Lemma [1] hold. Assume also that
the mapping |19/| is convex on [k1, ka). Then, we have the following inequality

x+1p? (K2) o (K1)

) 1
g [0 (k1) + 40 (x) + 0 (r2)] = 5 n (1) vi(x 1) H

K2 — X o / —_ ’ X — K1 _ , _ ,
< ——_ 5|9 =5 [ A M =y =, |9
< Gt o 001+ E [ ()] 4+ s (B [0 (s [ + S0 QO]
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where

(1]

7 |n1(x, 1) = 3, (x, 7)| dr,

(1]

[\v]
|

(I =7) (1) =30, (x, 7)| dr,

(1]

w
|

(1_T)|V1(X7 )_3V1 X T >|dT

(1]

4 = lel(X71)_3V1(X7T)‘dT'

C e O O O —
c

Proof. By taking modulus in Lemma [I} we obtain

1 o roo)] — 1 x+loV (K2) 10 (k1)
’6[19( 1) 48 () + 9 (2)] 2 { n1(x, 1) vi(x,1) ” ©)
_GZTX’/Imx,)—fﬂmx, Y (rx + (1 = 7) k)| dr

/|1/1 X, 1) = 3vi(x, T ||19’ 177’)%1‘|’7’X|d7’
61/1 Xa

With the help of the convexity of |19 |, we get

1 1 X+[¢19<I€2) X—Iyﬂg(’%l)
‘6[19(m)+419(><)+19(“2)]_2[ n,(x, 1) * vi(x, 1) H

< s / 06 1) = 3 06 [ 197 0] + (1= ) |9 ()] dr

6y1 Y1 /'Vl X, 1) = 3vi(x, ) [ = 7) | (k1) + 7 |0 (x)]] dr

K2 ’ —_ ’ X — Kl 1= ’ —_ /
— 15y ¢ ( 2o |0 = |E3 |V 24 |0 .
6771(X 1 [ 1| ‘+ 2| (Hz)H +6u1 1) [ 3| (Hl)"i‘ 4’ (X)H

This completes the proof of Theorem O
Corollary 5. Under assumptions of Theorem @ with x = “lJQF”‘Q, we have the

following inequalities

é {19(51) 449 (“1 ;“2> +19(52)}

1
_m {%4}-{9@6 (/92) +$7 I(p’ﬁ ("il)]‘
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< % [255 o' (”1;@>’ +Z6 (|9 (k)] + [0 (11)]]

R2 — K1

= 1274 (1)

(55 + 56) [|’L9I (K2)| —+ |’L9/ (Hl)H .

Here,
1 1
s :/T|T1(1)—3T1(7’)|d7 and Zg = / (1—=7)|T1(1) = 3T (7)| dr. (7)
0

Corollary 6. In Theorem@ let us note that (1) = 7 for all 7 € [k1, k2] . Then,
we obtain the inequality

%[19(51)+419 (x) + 9 (k2)] —% [K21_X/19(T)d7+ X_lm /ﬁ(T)dT]
Ko —x [29 ., 8 —k [ 8, 2 |
< BB 0]+ g 9 Gl |+ X5 | 0 e+ 2 1 0

Corollary 7. In Theoreml?r if we select o(1) = %,a > 0 for all T € [K1, k2],
then we get the inequality

‘2[19(/11)+419(X)+19(”2)] IRACER) [J;+z9 (2) Jﬁ_ﬁ(m)H

2 (/€2 - X)a (X - Hl)a
< B2 6‘ X101 () |9 ()] + O2(e) |9 (12)]]

+ X [0a(a) [ ()] + ©1(e) [0 ()

],

where

Q
,.;;

@1(a)=aj‘_2 (;) ( 2 (8)

1
200 (1\* 4 —3a—a?
© =z
2 =0 (3> a+2 ( ) et D@+
Corollary 8. In Theoreml% consider o(T) = ﬁ?ia),k a >0 for all T € [k, k),
then we have the following inequality

Tp(a+ k)
2

1
*19/11 499 19/‘@2 — @ ey
[0 (k1) + 49 () + (s2)] s "

(01, k) [0 (x)| + Tala, k) |9 (k2)]]

X — k1
6

Sep k¥ (52) N J;’_,kﬁ(f’»l)] |

Ko —
<2X

_|_

[\Ifg(oz,k)(a) |19' (m)| + Uy (a, k) |19' (X)H .
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Here,

« 1 0 4k — «
v -2 (= T
ilenk) == (3) ECICES R ©)

k 2k
200 1\ o 1\ = 4k% — 3ak — o?
v k) = -] ——F1z .
2(c k) a+k(3> a+ 2k <3> T et k) a2k
Remark 2. If we set x = % mn C’omllar’y@ then C’omllaryla reduces to (45,
Corollary 1].

Remark 3. Assume x = % in Corollary E Then, we obtain the following
inequality
1
‘ [19(,@1)+419 (“1 +”2> w@@}
6 2
B 2071 (a + 1)

[Tima 9 (52) + T2 s 0 ()] ‘

;[ K1+ Ka
o (5]

Remark 4. Assume x = % in Corollary . Then, we obtain the following
inequality

é [19 (k1) + 49 (”1 i '”) +0 (mz)}

2
2 1Fk [

52—’?1

(kg — K1)

R2 — K1

< 5 {@2(04) (|9 (52)| + |9 (51)]) + 201 ()

which is giwven by Har and Wang in [25].

~1+~2+ k H2) + ‘]glg"2 ,’kﬂ (Hl)} |
Ko —

;[ K1+ K2
12 19( 2 >H

Theorem 3. Suppose that the assumptions of Lemmal[l hold. Suppose also that the

< M [\Ilg(a,k) (|9 (k)| + | (51)]) + 291 (e, k)

mapping ‘19' 1 q>1, is convex on [k1, ka]. Then, we have the following inequality
1 1 I 19(%2) _1I 19(&1)
~ 0 (k1) + 40 (x) + 9 (s [X“” i
‘6[ 5 0+l =3 m(x, 1) vi(x, 1)
1
> 1
Ko — [0/ 00" + |9 (52)] "\ *
< = m (1) = 30y (x, 7)[" dr
o / 1206 1) = 30,7 s
% / q / q %
& _ by [9' 001" + [ (k1)
+6V1 X7 /|V1 X ) 3”1(X7 )l T ( ) ’

1 _
where 5+5_1'
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Proof. By applying Holder inequality (6), we get

x+1pV (K2) x—ﬂoﬁ('fl)] ‘

nl(Xal) Vl(X71)

§ 1000+ 900+ 0 ()] - 5 |

q

6;? ;, (/|n1 X, 1) = 3n1(x, )‘ d’l’) (O/ |19' (rx+ (1 —7) H2)|q dT)
6V17X71 (/|V1 el )pdT) (0/|19/((1—7') K1 +7'X)|qd7-)

q .
, we obtain

1 L[ 10 (K2) | x— 10 (K1)
’6[19(m)+419(><)+19<“2>]_[ 7. (x, 1) vi(x;1) ”

2
1 P
K2 — X /
< —— m(x.1) = 3n,(x, )" dr

1 i
X (/ (T ’19’()()|q +(1-7) |19’(/<;2)‘q) dT)

0

oD (/ (6 1) =3 (e )l dT)
X (/ ((1—7’)‘19/ (K1)|q+7'|19/ (X)|q) dT)

0

1
P

1

% (/Im X 1) =3, (x, )|pdT) <|19(x)| Z|ﬂ(m2)| )
e P ’ 90" )| + 9 (51)|*
61/1 X, 1 (/m X, 1) — 3v1(x, 7)| dT) ( - ’

which completes the proof of Theorem

Q=

Q=
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Corollary 9. Under assumptions of Theorem @ with x = %, we have the
following inequalities

‘é [19 (k1) + 40 (’“;’”) L0 (@)]

1
S 2T4(1)

gty ([ -smiore)
. [(W (=) + |z9/<nz>|q>é . (w (=) + w'(mrﬂ
2 2
<t (/nr ) - 3T1(r >|”d7>
. [<|19’ (k1)|* +3|19’(f<;2)\‘1>é . <3|19’ (k1)|" + |19’(m)|q>1
4 4 '

Corollary 10. In Theorem@ let us consider o(1) = 7 for all T € [k1,ke]. Then,
we obtain the inequality

117 17
9 (0) + 40 () + 9 (52)] — [ — [+ —— | ﬂde]
1 /1+20+1\7
6<3(p+1)>

. [<mx>(‘“’<>’ S oy (001 )]

Corollary 11. In Theorem@ if we take ¢(1) = (a),a > 0 for all T € [k, k2],
then we get the inequality

|:n'1-§»i2+_[4p19 (K,Q) +m1;—n2 _ I(Pr& (K/l):| ‘

(=2

IN

T(a+1) [J;‘Jrq?(mg) Jgﬁ(m)}
2 (F2 —x)"  (x—#r1)"

S0 (51) + 49 () + 9 (52)] -

i)

@\)—‘
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9 (m—x)<\ﬁ9 0l + 17(s2) >q+<x—m><|‘9(x” [0/ )

Corollary 12. In Theorem@ let us note that (1) = T (a),k a > 0 for all
T € [K1, k| . Then, we have the inequality

Fk(a + k)
2

T i? (K2) N Je k0 (K1)
(k2 —Xx)* (X_Hl)?

S 10 (51) + 49 () + 9 (52)] -

é /|1—37’k
9 (m—x)<\ﬁ9 0l + 17 (s2) >q+<x—m><|‘9(x” [0/ )

Remark 5. If we assign x = % n Corollary then C’orollary reduces
to (43, Corollary 3].

Remark 6. Consider x = % in Corollam'es and Then, we obtain the
following inequalities

’é {19(/{1) 49 (“ﬁ’”) +19(/<;2)]

204—1F(Oé+ 1) o N
‘W[ m;wﬁwﬂwﬁ(m]]

1 1
/\1—3T“|”d7 [ |19' B[+ 9 (52)|° )
2
0
1
+<|ﬂ'<mzm>|q+|w |)]
2

’é {19 (1) + 49 (’“;“ﬂ +0 (@)}

25Ty (a+ k) [ o
RN [ N1;r~2 +,k19 (KQ) + ']m;rﬂz —,kﬂ (Hl):|

(Ko — K1) "

1
» 1
1 o [0 (5F=2) |7+ [0 (m2) ")
’1 —37* ’ dr
2
0

and
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¥ (W (g=)|" + w'ww) '
2 )

respectively.

Theorem 4. Suppose that the assumptions of Lemma hold. If the mapping |z9'|q,
q > 1, is convex on [K1, k2], then we have the following inequality

xt1o? (K2) x—fcpﬁ(fﬁ)”

771(X71) Vl(Xa 1)

1—1
q

/Im X>1) =3 (x, 7)| dr (Z1 |9 ()| +Z2 |9 (k2)]F) "

‘é[ﬁ(m1)+419( )+0 nz)]—[

6771 X7
1—1
X—K _ _ %
+ﬁ /|V1 X, 1) = 3v1 (x, 7))l dr (:3|19’(f<;1)‘q+:4\19'(x)]q) ,

where =;, 1 =1,2,3,4 are defined as in equality (@)

Proof. By applying power mean inequality @), we get

1 L[y LoV (K2)  y—1p0 (K1)
’G[ﬁ(m>+4ﬂ(x>+ﬂ<m>]—2[ noeD T D H
1—1

q
77 X? 37 X’ d

Q=

/\771 (1) = 3 06 )| [0 (rx + (1 — ) wa)|* dr

1 1-3
/|V1(X7 1) - 3VI(XaT)|dT
0

X — k1
_i'_i
61/1 (Xv]-)

Q=

1

X /\ul(x, ) —3vi(x, T ]19’ (1-7)k1 +Tx)| dr
0

. e - .
Since |19 | is convex, we obtain

‘(1; 900) 4 40 () 49 ()] — % [mw (R2) | x—1Io0 (m)} ‘

771(X71) VI(X71)
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1—1

Ro — X
<7 ,1)—3 ,T)| dr
67,00 1 (/Imx 1) =30 (x, 7)| )
1
X (/ [T|771(Xa ) 3771 X>T H’lg ’

0

Q=

+ (1= 7) 010 1) = 3m O 1) [0 (w2)[*] dr)

1_
—KJ
6V1 Xf </|V1 x> 1) = 3v1(x, )IdT)

X(/[(]'_T)|V1(X7)_3V1X7 H’ﬁ /{1|

0

Q=

+7|vi(x, 1) = 3v1(x, 7 |19’ |qd7'])%

1—1
- X - e
671 (X, 1 (/Ml X1 = 3mx, )ldT) (Z1 ‘79 (X)‘ + =2 ’19 (l‘ig)‘ )

Q=

1—1
T rGeD) </I (1) = 3 (x, )ldT) (Bs |9 (s)|" + Za [0 (0)[)

This completes the proof of Theorem [4 (I

Corollary 13. Under assumptions of Theorem with x = '“TW
following inequalities

'é [ﬁ(m) + 40 (’“ ;“2) +19(/£2)]

1
_m [w_,'_lcp'lg (/4/2) +$_ Itp’l? (,‘{,1):| ‘

<5 (/m )~ 3Y1(r >|d7)
g

+ (EG |19/ (Hl)’q + 25

, we have the

q 7
19/(/11‘;52>’ +EG|19/(’€2)’(1>
K1+ 2\ | .
7(=3=))

X
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< mr (/m )|d7> -

y [<E5 [0 (#1)|* + (Z5 + 286) [ (@)|q>

Here, =5 and Zg are defined as in equality @

Corollary 14. In Theorem[]} if we choose o(7) = 7 for all T € [k1, k2], then we
obtain the inequality

%[19(/421)4—419( )+19(/52)] 2 [Hz— /19 dT+ —Hl/rﬁ :|

ko= x (5N T (29 e 8, g "
ST () (B Wl g 1 ")
ki (N8, e 29 a\T
S (3) T (Hlr el Bwoor)

Corollary 15. In Theorem let us note that p(1) = FTZ),oz > 0 for all T €
[k1, k2] . Then, we have the inequality

6
L X

L0 (0) + 49 (x) + 9 ()] —

’6 T(a+1) [J;W (k2) JSWKJ;)H

2 (k2 —x)"  (x—r1)"
< X (03(0)! 77 (01(0) [ ()| + Oa(a) [ (r2)])?
+ X2 (04(a)) 7 (©a(a) |9 (51)|" + ©1(a) [ (x)]")7 .

6
where ©;(a), i = 1,2 are defined as in equality (@ and

1
1\~ 1 3
(S =2|= 1-— —
3(a) (3) [ a+1]+a+1
Corollary 16. In Theorem 4, if we set (1) = kr:a)’k a >0 for all T € [ky, K],
then we get the inequality

Fk(a + k‘)
2

Iy 1V (K2) N Jy_ 0 (K1)
(k2 —Xx)* (X —K1)*

S10 (s2) 49 () +9 ()] -
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Q=

S 2 6_ X (\113(0[7 k))li% (\Ill(a, k) |’(9/ (X)‘q —+ \IJQ(OL, k) |19/ (H2)|Q)

A (e k)T (Taa k) [0 ()| + W (o ) [0 (0)

where U;(a, k), i = 1,2 are defined as in equality (@) and
1 k 3k

o) =2 (1) [ ]

Remark 7. Considering x = % in C’omllary then Corollary reduces
to (43, Theorem 10 (for s =1)].

Remark 8. If we take x = % in Comllaries and then we obtain the

following inequalities

é [19 (1) + 49 (“;’”) + (@)}

Q=

_|_

2T (a+1) [

(H2_K1>a '4142rn2+19(1‘$2)+:]n142rﬁ2_’l9(,‘$1):|‘

q i
(252 s
;[ K1+ Ra e %
7 (=52)])
and

‘é {19 (k1) + 49 (W) 0 (@)}

R2 — R1

< 2 @fa))'

(@1(a)

+ (@2(a) [0 (k1)|" + ©1(a)

2%_1Fk (Oé—l—k‘) o .
_W [ %-ﬁkﬂ (r2) + J%ﬂ_kﬁ (/%'1)}
R2 — R1 N

(Ua(a, k)~

(w260

o (“1;“2) ’q (o k) [0 (@\q) q
(5]

4. CONCLUSION

- 12

)

+ (wg(a, k) [9 (k1)|* + @1 (e, k)

respectively.

In this paper, we used the concepts of fractional calculus and proved some new
inequalities of Simpson’s type inequalities for differentiable convex mappings. More-
over, we discussed the special cases of the main results and several new inequalities
of Simpson’s type for differentiable convex functions via the ordinary integral are



ON INEQUALITIES OF SIMPSON’S TYPE 823

obtained. It is an interesting and new problem that the upcoming researchers can
obtain similar inequalities for co-ordinated convex functions in their future research.
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ABSTRACT. In this paper, tangent, principal normal and binormal wise asso-
ciated curves are defined such that each of these vectors of any given curve
lies on the osculating, normal and rectifying plane of its partner, respectively.
For each associated curve, a new moving frame and the corresponding curva-
tures are formulated in terms of Frenet frame vectors. In addition to this, the
possible solutions for distance functions between the curve and its associated
mate are discussed. In particular, it is seen that the involute curves belong to
the family of tangent associated curves in general and the Bertrand and the
Mannheim curves belong to the principal normal associated curves. Finally,
as an application, we present some examples and map a given curve together
with its partner and its corresponding moving frame.

1. INTRODUCTION

In differential geometry, curves are named as associated if there exist a math-
ematical relation among them. Some of those known as involute-evolute curves,
Bertrand curves, Mannheim curves and more recently the successor curves are the
ones on which the researchers most referred ( [145]). For such curves, the asso-
ciation is based upon the Frenet elements of the curves. There have been other
studies using different frames such as Darboux and Bishop to associate curves, as
well ( [6H11]). From a distinct point of view, Choi and Kim (2012), introduced new
associated curves of a given Frenet curve as the integral curves of vector fields [12].
Sahiner, on the other hand, established direction curves of “tangent” and “princi-
pal normal” indicatrix of any curve and provided some methods to portray helices
and slant helices by using these curves in his studies, |13| and [14], respectively. In
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this study, we introduce another Frenet frame based associated curves such that
the tangent, the principal normal and the binormal vectors of a given any curve
lies on the osculating, normal and rectifying plane of its partner, respectively. For
each associated curves a new moving frame is established and the distances be-
tween the curve and its offset are given. In particular, it is seen that the involute
curves belong to the family of tangent associated curves. In addition, some traces
of the Bertrand and Mannheim curves are found while examining principal normal
and binormal associated curves. We also provided a few examples to illustrate the
intuitive idea of this paper.

Since we refer the Frenet frame, the formulae and the curvatures of a regular
curve, « through out the paper, we remind the definitions of these once again as:

T(s) = ”ZEZ; N(s) = B(s) x T(s), B(s)= &) x(s) gy

e (s) x a”(s)|I”
_ lla’(s) x a"(s)]| _ (a/(s) x a(s), @™ (s))

) S YO TEE N Y O PO @
T'(s) = vk(s)N(s), N'(s) [ Z]

—vk(s)T'(s) +vr(s)B(s), é’(s) = —v7(s)N(s), (3)
where v = ||/(s)|| and, T, N, B, x and 7 are called the tangent vector, the

principal normal vector, the binormal vector, the curvature and the torsion of the
curve, respectively.

2. TANGENT ASSOCIATED CURVES

In this section we will define tangent associated curves such that the tangent
vector of a given curve lies on the osculating, normal and rectifying plane of its
mate. Let a(s) : I C R — R3 be a unit speed curve and denote a* as its associated
mate. Assuming that {T™, N*, B*} is the Frenet frame of o* we write the unit
vectors lying on osculating, normal and rectifying plane of a* as following;:

o — al* 4+ bN ’ @)
N

N* + dB*
pr = 4t (5)

R = —— (6)

respectively, where a,b,c,d,e, f € Rt are some arbitrary positive real numbers.
Note that, the representation of the arc length assumed parameter “ s 7 of the
main curve o« was omitted throughout the paper for simplicity, unless otherwise
stated.

Definition 1. Let a(s) : I C R — R3 be a unit speed curve and o* be any regqular
curve. If the tangent vector, T of « is linearly dependent with the vector, O*, then
we name the curve a® as T — O* associated curve of .
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The following figure (Fig. 1) is given to illustrate the main idea for this and the
next definitions.

FIGURE 1. The curve a (left) and its T'— O* associated mate a*
(right)

Theorem 1. If a* is T — O* associated curve of a, then the relationship of the
corresponding Frenet frames of (v, o*) pair is given by the following,

a b
T = T+ N
A /a2 + b2 A /a2 + b2
b a
N* = T — N
Va? + b? Va2 +b?
B* = -B.

Proof. Since o and o* are defined as T'— O* associated curves, we may write

a”(s) = a(s) + A(s)T(s). (7)
By differentiating the relation , taking its norm and using the Frenet formulae
given in , we have:

14+ M)T + AsN
o= (LH DT HAN (8)
V(II+X)2+ (k)2

Now taking the second derivative of the equation @ and referring again to we
write

o = (N = AT + (1 + N)k+ (Ak)') N + AsTB.
The cross production of a*’ and a*” leads us the following form,
at'x ot = ()\2/127') T—((N +DAst) N+ (N + D) (N +1) 5+ (A)) — As(\" = Ax?)) B.
(9)
By calling upon 7 we simply calculate N* and B* as
M (N H1D) (N +1D) s+ N+ A8") = As (N = A6?)) T

il

N* =

Fax || | e x «

(N+1) ((X+1) ((N+ 1) r+XNe+ M) = A (/\”—A,#))N

- Ta T Ta x o |
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AKT (/\2/€2 + (X + 1)2) B

o | e x ||

+

B Nr2T — Aer(N + DN + (N + 1) (N +1) 5+ (Aw)) = Ae (A — A&?)) B

[a* = ]

(10)

Note that we will refer these relations from to in the next two theorems.
We call these as the raw relations.

Now, as we defined the curve a* to be the T'— O* associated curve of a;, we deduce
that < T,7T* >=< O*,T* >. By using this deduction and referring both the
relation @ and we write

1+ \) _ a
VOIFN2Z+ (k)2 Va2 +b2

Simple elementary operations on this relation result the following linear ordinary
differential equation (ODE) with b # 0 as

1+ ) = %/\n. (11)

When substituted the given ODE, into we complete the first part of the
proof for T*.
Similarly, another deductions can be drawn as

<T,N*>=<O*N*"> and <T,B* >=< 0", B*>=0,

and using these we write

A {(A’ +1) ( (N +1) s+ Nk + M) — Ai (N = Ak?)

b
- . (12
T T TTa” x a | vare
NrEr =0, (13)

respectwely Now when substituted the relations , and ( into both .
and ({ we complete the proof.

Corollary 1. From and K, A #£ 0 that results 7 = 0. Therefore it can
be easily said that the curve a is a planar curve or equivalently there is no a space
curve having a T associated partner such that its tangent lies on the osculating
plane of its mate.
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Theorem 2. If a* is the T — O* associated curve of a then the curvature, k* and
the torsion, 7% of a* are given as follows.

. b
Y= —

AMa? + b2
" =0.

Proof. By using the equations in (2)) and the relation with the fact that 7 =0
the proof is completed. (I

Theorem 3. If o* is the T — O* associated curve of , then the distance between
the corresponding points of o and o* in E> is given as follows:

d(e, o) = |ef {;“[— /e_f%"i +C1] ; (14)
where c11s an integral constant.
Proof. We rewrite as
N o= Zea=—1. (15)

b
By taking p as an integrating factor and multiplying the both hand sides of the
latter equation by that we get

N — ,u%n)\ = —p. (16)

From the product rule of the composite form we write

(BA) = pX + p' A (17)
and equate the terms of with those in the left hand side of the we find
W= —u%n.

The solution for the integrating factor p is given with

/
/M—:—/g/{ = M:e_f%"ﬁ'c
n b

On the other hand, the use of integrating factor let us to write following relation
[uA]" = —p.
Integrating both hand sides of this equation

uk+co=—/u

W ')
1

and leaving A all alone we get
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By substituting p in place, we finally get
)\:efg”[—/e_fz'“—i—cl].

Definition 2. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the tangent vector, T of « is linearly dependent with the vector, P*, then
we name the curve a® as T — P* associated curve of a.

]

Theorem 4. If a* is T — P* associated curve of a, then the relationship of the
corresponding Frenet frames of (v, a*) pair is given by the following,

T = N,
—c d
* = T + B,
Ve + d2 Ve + d2
d c

*

Ve + d? Vet +d?
Proof. Since we defined the curve o* to be as T'— P* associated curve of o we could

deduce that < T, N* >=< P* N* >. Using this, together with the relations
and results the following:

A [(x 1) ( (N 1) k4 N+ M’) o (V= )
c
= . (18
Ta TTa" % o vere
By the same manner, it can be derived that < T, B* > =< P*, B* > which results
A K21 B d

| a* x o || Ve +d2

Another deduction that < T,T* > =< P* T* >= 0 provides 1 + A’ = 0 and so
A=-—-s+c¢ (20)

where c is the integral constant. Utilizing these three relations, , and
results what is stated in the theorem.

Note that, by substituting first in both and , we find the following
relations

(19)

K —c T d
= and = , 21
VEZ+712 V2 V212 e+ d2 1)
respectively which points out that ¢ = —k and d = 7 and since by definition x > 0,
c<0. O

Corollary 2. It can be easily seen that if o* is T — P* associated curve of o, then

*

a* is the involute of «.
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Theorem 5. If o* is the T — P* associated curve of «, then the curvature, k* and
the torsion, 7% of a* are given as follows,

., TV +d2 VK22
K =

d\k Ak
22
s (22
k(K24 72)
Proof. The proof can be easily done by using and . O

Theorem 6. If o* is the T — P* associated curve of «, then the distance between
the corresponding points of o and o* in E> is given as follows:

dla*,a) =|—s+cl| (23)
Proof. The proof is trivial. O

Definition 3. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the tangent vector, T of « is linearly dependent with the vector, R*, then
we name the curve a* as T — R* associated curve of a.

Theorem 7. If o* is T — R* associated curve of a, then the relationship of the
corresponding Frenet frames of (o, a*) pair is given by the following,

e f
T = T+ N,
/€2+f2 /62+f2
N* = B,
B* =

f e
T- N.
/62 + f2 /62 + f2
Proof. Since we defined the curve o* to be as T'— R* associated curve of o we could
deduce that < T,T* >=< R*,T* >. By using this deduction and referring both
the relation (6] and (8) we write
(1+)) B e
VOFNZ+ (k)2 e+ 2

and with some simple elementary operations on this relation we come up with the
following linear ordinary differential equation (ODE), with f # 0.

1+ X = ;)\/{. (24)

When substituted the given ODE into we complete the first part of the proof
for T*.
Similarly, another deduction can be drawn as < T, B* > =< R*, B* > which results

2
o Nezz R

[ o]~ ez v 2

,and so || o x o ||= Ak
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Now when substituted the relations and into we complete the proof
for B*.

A final inference on the idea of T — R* association can be drawn as
<T,N* >=< R*, N* >= 0. This puts the following equation forward

— Ak [(X +1) < (N+1)r+ N6+ A#) A (V=A%) =0.  (26)

By substituting , and in the proof is completed for N* and all. [

Theorem 8. If o* is the T — R* associated curve of «, then the curvature, k* and
the torsion T of a* are given as follows.

. Tf?

K= ————

Ak(e? + f2)
f (KZQTBB + r2ref? +3ef? + wr'e?f + kT3 — KT f — /<;’Tf3)

N (T2€2f2 + 72 f4 + k2t + 2 1262 f2 + K2 f4)
Proof. By the equations given in and substituting and ([25) into these, we
may easily derive x*. On the other hand the third derivative of (7)) is
o = (=3NK? =3k — K2+ N T+ (—6°A = Aem? + 3N K+ 3NK + A" + ') N
+ (3 NET + AT’ + 2 X6'T + m‘) B.

T =

From and using , 7* can be computed as in the given above form. ([l

Theorem 9. If o* is the T — R* associated curve of «, then the distance between
the corresponding points of o and o in E3 is given as follows:

eff‘“[—/ef;”—i—cz}

Proof. The proof is the same as the proof of Theorem . (I

da*,a) = (27)

3. EXAMPLES
In this section, we provide an example for the tangent associated curves by
considering each of the three different cases.
(1) Let a be chosen a unit speed circle as a planar curve given with a parame-
terization
a(s) = (cos(s), sin(s),0). Since « is chosen to be a circle kK = 1. By taking
a = b =1, the general solution for the given ODE in is
Als)=14¢€°cy

where ¢ is the integral constant.
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(a) co=-1 (b) co =0 (¢) co=1

FIGURE 2. The main curve « (pink) and its T — O* associated
mate o (black)

Let a be chosen a unit speed helix given with a parameterization «(s) =

%(cos(s)ﬁin(s),s). Since k = 7 = %, the vector P* should be formed
by the values of ¢ and d such that —c =d = % From theorem (ﬂ) we have

A(s)=—=s+co

where ¢ is the integral constant.

(a) co=—1 (b) co=0 (c) co=1

FIGURE 3. The main curve « (pink) and its T — P* associated
mate o (black)

By referring the same curve given in (ii) we know that k = % The general
solution for the ODE in for e = f =1 is this time

As) =V2+ egsco

where ¢ is the integral constant.

One of the animated versions for the figures can be found at the link below
and for all figures see the author’s profile.
https://www.geogebra.org/m/vnbzaghp
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(a) co=—-1

FIGURE 4. The main curve a (pink) and its T — R* associated
mate a* (black)

4. PRINCIPAL NORMAL ASSOCIATED CURVES

In this section, we define principal normal associated curves such that the prin-
cipal normal vector of a given curve lies on the osculating, normal and rectifying
plane of its mate.

Definition 4. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the principal normal, N of « is linearly dependent with the vector, O,
then we name the curve a® as N — O* associated curve of a.

Theorem 10. If o* is N — O* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, o) pair is given by the following,

e 1 (A +1)b T+aN + AT B),
VaZz + 02 \ /(= s+ 1)2 + (A7)2 V(=2 +1)2 4 (A7)2
b -M K
N* = T+ N B
VaZ £ b2 <M()\H—1)—K)\T * JrM()\/i—l)—K)\T >’
. b(KT + MB)

a(M (s —1) —KA71)’
where the coefficients K and M are
K=X A +2N7) =M (- e+ 1)k — A2+ )),
M= (-Aa+1) (= e+ 1)k = AT+ ') = X (=Ax' —2X'K) .
Proof. Since o and o* are defined as N — O* associated curves, we write
o =a+ AN. (28)

By differentiating the relation , using the Frenet formulae given in and
taking the norm, we have:

T _ (= ke +1)T + NN+ \tB
VR + (V)2 + ()7

(29)
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Next taking the second derivative of the equation and referring again to
result the following relation.

o = (=AM = 2XNE) T+ (- s+ 1)k = A + X') N + (A7 + 2\'7) B.
The cross production of a*’ and a*” leads us the following form,
o' x o =KT + LN + MB,
where K, L and M are assigned to be as
K=X A +2N7) =M (- e+ 1)k = AT2 +)),
L=(-Xs+1) (M +2X7) + M (=2’ —2XK), (30)
M= (-Ae+1) (=As+ 1) = AT + X)) = X (=Ax' = 2XK) ,

for the sake of simplicity. Note that the norm, || o’ x o*” ||= VK2 + L2 + M2.
By referring again the definitions given by , we simply calculate N*, and B* as

e = (LA = MX)T + (M (Ms — 1) ~ KAN + (KN~ L(-As + 1)) (31)
V(= + 12+ ()2 + (A7)2VK2 + L2 + M2 ’
g+ KT +LN + MB

VK2 L2+ M2
The intuitive idea is as same as before. Since we defined a* to be as the N — O*
associated curve of a we can write that < N, T* >=< O*,T* >. By using this
together with the relations and we write

by a

VERFDZ (W2 + (A2 Va2 + 02 (32)
Similarly, we can write < N, N* > =< O*, N* > which results the following
M (A& —1) = KA1 _ b ' (33)
V(A + 124+ (V)2 + (M)2VK2Z+ L2+ M2 Va2 + b2
and by the same idea that < N, B* > =< O*, B* >= 0, we get
= (34)

=0

vK? + L2+ M?
When substituted the given three relations , and into and ,
O

we complete the proof.

Note that none of the differential equations given above is solvable analytically.
However we might solve them under some assumptions.

Corollary 3. If the curve a is chosen to be a curve with constant curvatures like
heliz, then by referring the relation @), we can derive

B a? A 2 _
e (A = DR+ A7 =0,
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which is solvable analytically in two folds. First, X' = 0 corresponding to that X is
a constant. If this is the case, then from the relation @, a =0, and if a =0 then
O* = N*. This is clearly the definition of the Bertrand curve, since o* becomes
N — N* associated curve of «.

When considered the second factor of the latter relation we come up with a non
homogeneous linear second order differential equation with constant coefficients.
For this case, there we have a complex solution that is as

. [ aivVE? + 72 aivk? + 72 K 9
A=sin| ———— | +cos | ———— | o+ 5, i° = -1,
b b K2 4 72

and since sin(ix) = isinh(x) and cos(ixz) = cosh(z), we can rewrite the solution

as:
. avK? + 72 avk? + 72 K
A =i4sinh | ——— | ¢; + cosh Co ,
b b K2 + 72

where ¢; and co are integration constants.
Now, by recalling the relations @ and under the assumption that o is a helix
like curve with constant curvatures, then we have

N7(=2\k + 1) = 0.

1
This results that A is a constant of the form, A = o
K

Theorem 11. If o™ is the N — O* associated curve of «, then the curvature, k*
and the torsion, T* of a* are given as follows,
a*(M Mk — 1) — KA7)
b(a2 + b2)(\)4 ’
. b K (As? + Arr? = 3N'K — A" — 3\ "k — K?)
a(M (A —1) — K1) +M (kT — AR2T — A3 4+ 3N 7 + A7 4 3\'7)

K =

Proof. By taking the third derivative of and using Frenet formulae, we have
S ()\HS + Aer? = 3NK — A" = 3Nk — /{2) T
+ (X" = 3N (k* 4+ 7°) = 3A(kK' +77') + K') N (35)
+ (m' — A2 = A 43N A+ 3)\//7) B.
Now by recalling the relations (32)), and to substitute these into the
equations given in , we complete the proof. O

Definition 5. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the principal normal, N of « is linearly dependent with the vector, P*,
then we name the curve a® as N — P* associated curve of a.
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Theorem 12. If a* is N — P* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, *) pair is given by the following,

. -Ar+1 AT
= T+ B,
V(=Ak +1)2 + (A7)2 V(=Ak +1)2 4 (A7)2
N drr Freng MDY
V2 +d? \ /(= +1)2 + (A7)? V(=Ak +1)2 + (A7)2
d (A2 + K2\ — k) (Ak—1) (/\7'2—}-(/%)2/\—/@)
B* = - T+ N+
Ve + d? ATK — KT A+ 7/ A (=ATR + KT'A —T')

Proof. Now, since again we defined a* to be as the N — P* associated curve of «
we can write three of our associative relations as usual which are

e < NN*>=<P* N* >,

e < N, B*>=< P* B* >,

o < NT* >=< P*T* >=0.
These relations this time result the following three equations

. M Ak —1) = KAr _ c
VEXEFID2Z+ VP2 + (M0 2VKEF L2+ M2 VR +d2
L _d (36)
VK2 + L2+ M? VE+ P
)\I

VAR F D2 (V)2 ()2
When substituted the latter relations in and we complete the proof. O

Corollary 4. Note that the third relation in (@) results that A is constant. What
we know from literature is that a Bertrand curve has a constant distance as well
as the Mannheim curves (see (1|, (4] and [2]). For Bertrand curves we also know
that curves share the principal normal vectors as common, on the other hand for
Mannheim curves, they share the property of the parallelization of principal normal
and binormal vectors. By our result, we see that if the principal normal vector of
any given curve coincides the unit vector spanned by principal normal and binormal
vectors of its mate, then the distance of two curves is constant, in general.

Theorem 13. If o™ is the N — P* associated curve of «, then the curvature, k*
and the torsion, T* of a* are given as follows.

ot = 1c3Ve? + d?
d* (m(Ak — 1) — kar)®’

. PE+) k(KN TN = A" — K2) + 1(=3A77 — 3 XK'k + K)
T d? 4m (—2TA = A+ A7 + KT)
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where k, 1, and m are the coefficients of which K, L, and M reformed with X = 0,
respectively.

Proof. By referring the relations together with , the proof is trivial. O

Definition 6. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the principal normal, N of « is linearly dependent with the vector, R*,
then we name the curve a® as N — R* associated curve of a.

Theorem 14. If a* is N — R* associated curve of «, then the relationship of the
corresponding Frenet frames of (v, o*) pair is given by the following,

. 1 (= e+ 1) f AT f
T = Ve + f2 (\/(/\,14r 12 + ()\T)QT-FGN-I- NESTESE (/\T)ZB> 5
N — ef (()\7'_ (=X + 1) (FAde+ 1) k= A2+ N') = X (—A/{’—QX/@))T
NEESEANON (A — 1) (M +2X7) + A7 (=Aw/ — 2 XK)
N 42XN7) =M (A + D)= A2+ X)) A —1
( (A = 1) (AT +2X'7) + AT (=M — 2X'K) - N >B>7
g _{ (()\/()\T/+2)\/T)—)\T((—)\K+1)/€—>\72+)\H)>T+N
Vet f? (A = 1) (AT +2X'7) + A7 (=Ax — 2X'K)

((—)\m +1) (A + 1) = A2+ X") = X (=Ar" =2 XH))B)
(A = 1) (AT +2X'7) + AT (—Ar/ — 2X'K)
Proof. Now, since again we defined o* to be as the N — R* associated curve of «
we can write three of our associative relations as usual which are
o < NT*>=< R*T* >,
e < N,B*>=< R* B* >,
o < NN*>=< R* N* >=0.
By using these we get

N e
B/ VRS Py EEN G ERRV A £
L /

= 5 37
VEKZHLZ4+ M2 \/e2 1 2 37)

MMk —1) —KAr
\/(—)\KZ + 124+ N2+ (A7)2VK2 + L2 + M2
When substituted the above expressions into and the proof is complete.
O

Corollary 5. The only analytically solvable equation in is the first one with the
same assumption that o is helix like curve with constant curvatures. The possible
solutions to that has already been discussed in Corollary (@
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Theorem 15. If a* is the N — R* associated curve of «, then the curvature, K*
and the torsion, T of a* are given as follows.

. e3L
e+ )P
K (A&® 4+ X672 = AR — k2 =3 X'k = 3N'K/)
L2 (2 2

rr = BT [ (8w — BArr — BR2N — BN72 4 A" 4 )

f +M (—)\/127 AN+ kT + 3N T +3 XT')
Proof. By recalling both the third derivative and the relations to substi-
tute into curvatures in 7 we complete the proof. [l

5. BINORMAL ASSOCIATED CURVES

In this section, we define binormal associated curves such that the binormal
vector of a given curve lies on the osculating, normal and rectifying plane of its
mate.

Definition 7. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the binormal, B of « is linearly dependent with the vector, O*, then we
name the curve a® as B — O* associated curve of .

Theorem 16. If a* is B — O* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, *) pair is given by the following,

1 b ATb
T — T N+aB),
Va2 + b2 (\/1+)\272 V14272 )

. b N'Y X nop
Va2 a(rX+Y)  MX+Y ’
2y
B'=—————— (XT+YN
X 7 v) XL YN,

where the coefficients X and Y are
X =27 (=AM 4+ X)) = N (=M = 2N 7+ k),
Y =A% = )N+ N ATk,
Proof. Since a and o* are defined as B — O* associated curves, we write
a* =a+ AB. (38)

By differentiating the relation , using the Frenet formulae given in and
taking the norm, we have:
T—-MN+\NB
T = T (39)
1+ X\72 + (X)2
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Next taking the second derivative of the equation and referring again to
result the following relation.
" = (A\R)T 4+ (=M = 2N 74+ 8)N + (=M% + \)B.
The cross production of a*’ and o*” leads us the following form,
o' x o =XT+YN +ZB

where X, Y and Z are assigned to be as

X =M (A2 + XN) =X (=M = 2X' 7 +K),

Y =02 = N+ Nk, (40)

Z = -\ —2N7+4 Kk + \N72k,

for the sake of simplicity. Note that the norm, || o’ x o*” ||= VX2 + Y2 + Z2.
By referring again the definitions given by , we simply calculate N* and B* as

N~ YN+ ZMT + (XA + Z)N + (-X\7 — Y)B (1)
1+ 272 4 (V)2VX2 + Y2 4 Z2
g XT+YN+ZB
VX2 rY2+7Z2

The intuitive idea is as same as before. Since we defined o* to be as the B — O*
associated curve of o we can write that

e < BT *>=<0O*"T* >,

e <B,N*>=<O*N*>,

e < B,B*>=<0*B*>=0.
By using these together with the relations and we write

. N _ a
VI+N )2 Vel &
XAt -Y b
° T = 5 5 (42)
L+ 222 4 (V)2/X2F Y2422 Ve D
« % _ _y
vX2+Y?2+72
Substituting these relations into and , we complete the proof. O

Corollary 6. If T is taken to be constant, then from the first relation given in @
we can derive the following:
2

NV — AZLQT?) = 0.
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This relation holds either X' = 0, correspondingly that \ is constant or

aT —_ar
A=cieb +coe b

3

as a result of the solution of second order differential equation, where c1 and co
are the integration constants. If X is taken to be constant then by the first relation
of (@) a = 0, resulting that O* = N*. We remind that this is the definition of
Mannheim curves.

On the other hand, when considered the third equation in (@) and recall (@), we
have the following

Z=-\" —2N7+k+ N7k =0.

Rearranging this equation by dividing each term with (—27) results

!
N2 (B )y aa () - LB =o 43
+ ( 2 + 2T 2T ’ ( )
which is clearly a Riccati type of differential equation. If X = Ay is a particu-

lar solution for then we have a general solution by substituting \ = A + i,
that converts the Riccati equation into the following first order linear differential

equation:
CE ) @) e

where w is an arbitrary function of the parameter, s. The solution for this can
be done by following the steps given in the proof of Theorem (@

Theorem 17. If a* is the B — O* associated curve of a, then the curvature, k*
and the torsion, T* of a* are given as follows:

. a*(XAT+Y)
C(W)2b(a? + 02)Va + B2
™ = —bQ(X)Q (X (MK + 3N 7K + 27"k — K?)
2(X\ 1Y)

+Y (AP 4 ATk = A7 = 3N = 3\'7 + K) )

Proof. By taking the third derivative of and using Frenet formulas, we have
" = (A 20k + 3N TE — kDT + (Mr? £ A2 = M = 3N = 3N 7 + k)N
+ (N =3 7" — 3N 712+ kT)B. (45)

Now, using the relations given in together with , to substitute into the
definitions lets us to complete the proof. O

Definition 8. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the binormal, B of « is linearly dependent with the vector, P*, then we
name the curve a® as B — P* associated curve of a.
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Theorem 18. If a* is B — P* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, ) pair is given by the following,

1 AT
T ——— 72T N
V14272 V14 N2
1 3.3 _ (_ / 2_2
. dAT T_d()\ (=Xt +/€+)\T))N+CB 7
V2 + d? \/1 + 2272 (=M + K+ )\27'2)\/ 14+ \2r2

1 CAT c
B* = — T— N +dB | .
Ve + & ( V142272 14 2%2 )

Proof. Now, since again we defined a* to be as the B — P* associated curve of «
we can write three of our associative relations as usual which are

e < BN*>=<P* N* >,

e < B,B*>=<P*, B* >,

e < BT >=< P*,T* >=0.

These relations this time result the following three equations

. XAt -Y B c
1+ A272 4 (V)2 X2+ Y2 + Z2 Va2’
Z B d (46)
VXZ+ Y2+ 22 JE+ P
!/
. A =0.

14+ 272 4 (V)2
When substituted these relations, in and , we complete the proof. [

Corollary 7. When taken into account the third relation of @ we conclude that
if the binormal vector of a given curve is linearly dependent with the unit vector

lying on the normal plane of its mate, then the distance between these curves is
constant.

Theorem 19. If a* is the B — P* associated curve of a, then the curvature, k*
and the torsion, T* of a* are given as follows.

. BVETE (14 22)°

A 03(—)\T’+/<c+)\272)2
d?(\*73 ()\ 76 + 27 KX — 112) + M2 (/\ TRE+HATS =7 A+ n')
+ (=M + k4 A272) (=37 TA + k7))
TH =

(+d?)(=M'+ K+ )\27'2)2

Proof. By substituting the relations given in and the third derivative into
the definitions given in , we complete the proof. O
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Definition 9. Let a(s) : I C R — R3 be a unit speed curve and o* be any reqular
curve. If the binormal, B of « is linearly dependent with the vector, R*, then we
name the curve o* as B — R* associated curve of .

Theorem 20. If a* is B — R* associated curve of «, then the relationship of the
corresponding Frenet frames of (o, «*) pair is given by the following,

1 f AT f
T* = T - N+eB)|,
Vel + f? <\/1+/\272 V14 N72 )
YN + ZA ~X\+Z
N*:\/jfi( HEAT TAAY )
2 1 52 Z\ Z\
. f X Y
B=—2__(27+_-N+B).
Ver+ f2\Z Tzt

Proof. Now, since again we defined a* to be as the B — R* associated curve of «
we can write three of our associative relations as usual which are

e <B,T">=<R"T">,

e < B B*>=< R* B* >,

e < BN*>=<R'"N*>=0.

These relations this time result the following three equations

. N _ e
\/1+)\272+(/\')2 NCENE
- -—-L (47)
VX2 1 Y2+ Z2 \/€2+f2’
. XAt =Y _o.

L+ MN72 4 (V)2VX2 + Y2 4 22
For the last time when substituted into and , the proof is complete. [

Corollary 8. The only analytically solvable equation is the first one of with
the same assumption given in Corollary (@ The possible solutions can be get by
following the same steps as well.

Theorem 21. If a* is the B — R* associated curve of «, then the curvature, K*
and the torsion, T of a* are given as follows.

. Ze?

O f@+ )P

) 12 X()\T/i’+22)\7’/<a—|3:3)\’7'//7—n2)// L
T :W +Y(>\TI£ + A = A" =3 XNt =3 \N1 +H)

+7Z (—3 At —3 (/\') 2+ kT + )\"/)
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Proof. Recall the relations and and substitute these in (2], the proof is
complete. ([

Author Contribution Statements All authors jointly worked on the results and
findings. They both read and approved the final manuscript.

Declaration of Competing Interests There is no competing interests to de-
clare among the authors.

(1]

(6]

7]

(8]

(10]

(11]

(12]

(13]

14]

REFERENCES

Bertrand, J., Mémoire sur la théorie des courbes & double courbure, Journal de
Mathématiques Pures et Appliquées 15 (1850), 332-350.

Mannheim, A., De I’emploi de la courbe représentative de la surface des normales principales
d’une courbe gauche pour la démonstration de propriétés relatives & cette courbure, C.R.
Comptes Rendus des Séances de I’Académie des Sciences, 86 (1878), 1254-1256.

O’Neill, B., Elementary differential geometry, Academic Press Inc., New York, 1966.

Liu, H., Wang, F., Mannheim partner curves in 3-space, Journal of Geometry 838(1-2) (2008),
120-126. https://doi.org/10.1007/s00022-007-1949-0

Menninger, T., Characterization of the slant helix as successor curve of the
general helix, International Electronic Journal of Geometry, 7(2) (2014), 84-91.
https://doi.org/10.36890/iejg.593986

Kazaz, M., Ugurlu, H. H., Onder, M., Oral, S., Bertrand partner D- curves in the Euclidean
3-space E3, Afyon Kocatepe University Journal of Science and Engineering, 16(1) (2016),
76-83. https://doi.org/10.5578 /fmbd.25270

Kaya, O., Onder, M., New partner curves in the Euclidean 3-space, International Journal of
Geometry 6(2) (2017), 41-50.

Kaya, O., Onder, M., C-partner curves and their applications, Differential Geometry-
Dynamical Systems 19 (2017), 64-74.

Korpinar, T., Sar1 aydin, M. T., Turhan, E., Associated curves according to Bishop frame in
Euclidean 3 space, Advanced Modeling and Optimization, 15(3) (2013), 713-717.

Masal, M., Azak, A. Z., Mannheim B-curves in the Euclidean 3-space E3, Kuwait Journal of
Science, 44(1) (2017), 36-41.

Yilmaz, B., Has, A., Alternative partner curves in the Euclidean 3-space, Communications
Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics, 69(1) (2020),
900-909. https://doi.org/10.31801/cfsuasmas.538177

Choi, J. H., Kim, Y. H., Associated curves of a Frenet curve and their
applications, Applied Mathematics and Computation, 218(18) (2012), 9116-9124.
https://doi.org/10.1016/j.amc.2012.02.064

Sahiner, B., Direction curves of principal normal indicatrix of a curve, Journal of Technical
Sciences, 8(2) (2018), 46-54.

Sahiner, B., Direction curves of tangent indicatrix of a curve, Applied Mathematics and
Computation, 343 (2019), 273-284. https://doi.org/10.1016/j.amc.2018.09.021



http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 71, Number 3, Pages 846-855] (2022)
DOI:10.31801 /cfsuasmas.1009068

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: October 13, 2021; Accepted: April 18, 2022 SERIES Al

ON THE SOLUTIONS OF THE ¢-ANALOGUE OF THE
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ABSTRACT. In this work, g-analogue of the telegraph differential equation is
investigated. The approximation solution of g-analogue of the telegraph differ-
ential equation is founded by using the Laplace transform collocation method
(LTCM). Then, the exact solution is compared with the approximation solu-
tion for g-analogue of the telegraph differential equation. The results showed
that the method is useful and effective for g-analogue of the telegraph differ-
ential equation.

1. INTRODUCTION

Quantum calculus (g-calculus) was initiated at the beginning of the 18th century
by Euler [1]. The g-calculus is often called calculus without limits. It allows the
substitution of the classical derivative with the g-derivative operator to deal with
sets of non-differentiable functions. The g-calculus has an unexpected role in sev-
eral mathematical areas such as fractal geometry, quantum theory, hypergeometric
functions, orthogonal polynomials, the calculus of variation and theory of relativity.
The works [2], [3] can be cited for some results related to the history of quantum
calculus, its basic concepts and ¢-differential equations. In [4], [5], a g-analogue of
Sturm-Liouville problems are investigated.

Partial differential equations are ubiquitous in mathematically-oriented scien-
tific fields, such as physics and engineering. For instance, they are foundational in
the modern scientific understanding of sound, heat, diffusion, electrostatics, elec-
trodynamics, fluid dynamics, elasticity, general relativity, and quantum mechanics.
In 6], an expansion theorem was proved for the analytic function in several variables
which satisfies a system of g-partial differential equations by using the theory of
functions of several variables and g-calculus. In [7], using the theory of functions of
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several complex variables, it was proved that if an analytic function in several vari-
ables satisfies a system of g-partial differential equations then, it can be expanded
in terms of the product of the Rogers-Szegd polynomials. In [8], identities and eval-
uate integrals by expanding functions in terms of products of the g-hypergeometric
polynomials was proved by homogeneous g-partial difference equations.

In [9], with the use of Laplace transform technique, a new form of trial func-
tion from the original equation is obtained. The unknown coefficients in the trial
functions are determined using collocation method. In |10], using the Laplace
transform collocation method (LTCM) and Daftar-Gejii-Jafaris method (DGJM),
the fractional order time-varying linear dynamical system was investigated.

In this paper, the following the telegraph differential equation defined by ¢-
difference operator which we call the g-analogue of the telegraph differential equa-
tion is studied

D3 ,0(1,€) + Dyye(n, §) + (0, §) = D co(n,€) + f(n,6),
O<n<L 0<é<L 0<qg<1,

0(0,8) = h(€),  Dynp(0,€) = g(&) (1)

©(n,0) =¢(n, L) =0,

where h, g and f are known continuous functions and the function ¢ is unknown

93¢ (n,¢)
9qm

respect to 1 and &, respectively. If @« = 1, and ¢ = 1 then the equation is called

telegraph partial differential equation.

LTCM method is used for numerical solution of the problem . Using the
Laplace transform method, the exact solution of the problem and a new form
of trial function from the basic equation are obtained.

function. Dg,¢(n,§) = , Dgcp(n, &) = %@’6) are g-difference of ¢(n, )

2. PRELIMINARIES

We first recall some basic definition in g-calculus.
Let parameter ¢ be a positive real number and n a non-negative integer. [n],
denotes a ¢ integer, defined by

[n]g = { T a# ]

n, q=1.
Let ¢ > 0 be given. We define a g-factorial, [n],! of k € N, as

[n],! = { [11’]q[2]q-~-[n]q, Zié,?,
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The ¢-binomial coefficient {Z] by
q

o =

The g-shifted factorials (¢g-Pochhammer symbol) are defined for a € C by

and

7=0
The g-exponential function is given by
oo n(n—1)
—1)ng T
Eg(=2) = (1= @)z @) = ) () — 2"
"0 [n]q!
For t,z,y € R and n € Z > 0, the ¢-binomial formula is given by
n—1 n n (ne1)
@ty =[[@+dn=> H " gy
Jj=0 7=0 q

Let g be a positive number with 0 < ¢ < 1. Let f be a real or complex valued
function on A (A is g-geometric set (see |4])). The g-difference operator D, (the
Jackson ¢-derivative) is defined as

Oqf(x) _ f(=)— flgz)
D = 4 = 0.
qf(x) aqx (L'(]. _ q) ) x 75

Let f and g are defined on a g-geometric set A such that the g-derivatives of
f and g exist for all x € A. Then, there is a non-symmetric formula for the
g-differentiation of a product

Dy[f(z)g(x)] = f(qz)Dag(x) + g(x) Do f ().
The g-integral usually associated with the name of Jackson is defined in the interval
(0,), as

oo

/0 gt = (1) S flag")ed",

/0 " Dyf(t)dyt = f(x) — 1(0).

The g-integration for a function f over [0,00) is defined as the following by Hahn
(see [11])

/0 Tt = Y (- qd" ().

n=—oo



ON THE SOLUTIONS OF THE ¢-ANALOGUE OF THE TELEGRAPH DIFFERENTIAL 849

The g-analogue of the Laplace transformed is defined by
Fi(s) = £,0) = [ By(=astife)dyt (s >0) @)

From , we obtain

£Lq(af(t) + By(t)) = aty(f(t) + BL4(g(1)),
where «, 8 are constants. The g-analogue of the Gamma function is defined as the

following in [13]

o= [T e B e, (>0 3)

From and , we get

£,(1) = % (s>0), £,(t)= slz (5> 0), oy £4(87) = Fqg:jl D _ gj]fl

3. LTCM FOR ¢-ANALOGUE OF THE TELEGRAPH DIFFERENTIAL EQUATION

We shall obtain numerical solution of g-analogue of the telegraph differential
equation using the method LTCM. Taking the Laplace transform of the problem
(1), we get

Dq,n(P(O7 f) - 590(07 f) + 8290(1(8? 5)

= —£{Dgne(n, &)} = £{o(0, )} + £ADZ c0(n, )} + £4f(0,€)}  (4)

After simple algebraic simplification and using initial condition of the problem ,
we have

2u(5:6) = 5 [Dyunol0,€) + 50(0,) — £4{Dap(n, O} ~ £4{0(n, )}
LD o)) + £07(0,©))]

(5)

The function ¢, (n,€) and its derivative function in the equation are replaced
with a trial function of the form

n
=1
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then we will obtain the following equation

wq($7€)_;[ qn(@q05+zclwq0€> 5( O§+ch¢qog>

=1

_|_
—£ {D <<pq n,€) +Zcz<pq € )} {wg(n,ﬁ) +Zcm§(n,€)}
+£, {Di,g (wg(n,é) + Zcz«pq m&)) } + £q{f(n,£)}] ,

i=1
(7)
where ¢; are constants to be stated which satisfy the given conditions in the problem
(1). Taking the inverse g-Laplace transform of the equation @, we obtain

Qre(n, &) = l; qu,n (@2(075) + ZQ%(Q&)) +s <<p2(0,§) + ché(&&))

i=1 i=1

—£q {Dq,n (wg(mf) + Zwé(mé)) } — £, {902(7776) + Zcmé(mf)}

+L {Dg,s <<P2(77,€) + ZQ«D@(%&)) } + fq{f(n,ﬁ)}]

=1

(8)
Substituting the equality into the problem , we get new collocating at points
& = ¢, as following

D7 o (n,€1) + @u(1,€4) + Dampn (n,€4) — D2 07 (0, &) = f(1,€) (9)
where £, = i—jr?, k=1,2,...,n
Now, we shall define the residual function by the following formula
Rn(n,€) = Llpg™ (0, 6)] = f(1,€). (10)

Here ¢ (n,§) demonstrates the approximate solution, ¢(n,&) demonstrates the
exact solution and

Ly (n,©)] = D2 00 (0, £)+Dgnep (0, &)+ (0, £)—Dj 03 (n,€). (11)

From the equality , we write

D2 on (n,€) + Danen™ (n,€) + 03 (0, ) — Dz 02 (n,€) = f(0,€) + Rn(n, €),
(12)
Now since L is a linear operator, we obtain for the error function

en = g (10,) — 0(n,€)
D2 en(n,€) + Dgnen(n, &) + en(n,§) — D2 cen(n, £) = Ru(n,€). (13)
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From the conditions in the problem (I]), we get
en(0,€) = Dy pnen(0,€) = D2, en(0,£) =0, (14)

en(nvo) = €n(777L) =0. (15)

By solving subject to the homogeneous conditions and 7 we obtain

the error function e, (n,£). This allows us to calculate (1, )=u,(n,&) + en(n,&)
even for problems without known exact solutions.

4. NUMERICAL APPLICATIONS

In this section, we shall present one test example for implementation of the
LTCM. In the following example, the numerical solution calculated by the this
method will be compared with the exact solution.

Example 1. Consider the following initial-boundary value problem for g-analogue
of the telegraph differential equation

D3, (10,€) + Dae(11,€) + 9(n,€) = Dj 01, €) + [3]g1n€* + [3]g1°€7
+1°€% — [3]41n°

0<n<L 0<é¢<L 0<qg<l, (16)
©(0,€) = h(&),  Dynp(0,€) = g(§)

¢(m,0)=0 on1) =7’
First, we shall calculate the example problem (@ by LTCM.

We assume that the trial function is the following form:
0(0,€) = e1€(€ = V)i’ + 26 (€ = 1)’ (17)

Taking the Laplace transform of the equation (@) and using the formula @, we
obtain

—Dq,nSOq(O,f) - Sgoq(O,g) + 82%(875)

L {Dgp(0,€)} — £4{p(n,€)} + £{ D] c0(n,)} (18)
+£{8lan€” + Bly*€’ + 176" — Blyln°} -

Using the initial condition of the problem @, the formula (@ is obtained as:

2(5:6) = =5 [ £41 Dy (1.} — £4{0(1,))

+£q{D§,§‘P<naf)} + £q{[3]q!77§3 + [3]q772§3 + 77353 - [3]q!€773}]
Using the formulas and @, we obtain
@q(&f) = Sig‘fq {(_[3]q§2(§ - 1)772 - 52(5 - 1)773 + [3]11!5773 - [Q]q!ng) C1
+ (_[3]q£(§ - 1)2772 — &€~ 1)2773 + ([3]«1!5 - [4}117]3) C2
+£4{Blgn€” + [Blgn?E” + 1’ — [3]44¢n°} } . (20)

(19)
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From the formula (24), we can get

eals.6) = (~BEHE - 1) ~ BIIEE - 1 + BB - Bl ) o
(Bl - 17 — Blats - 0P + Bl - )5 ) e
+<Bs]f!+[3]q!+[?j§!>§3—[%];é!2€ (21)

o

Taking the inverse Laplace transform of (21)), we get the following new trial solution:

new _ 774
WQ‘[G%‘HM)“““‘*M*MMF
i 7]5 C C
+Kmﬁwq5>l+“}
Bl 5. (1 n Bla! s5). _ Bl s
*me”l Q%+MM% MM%">2[%mﬂ]f
,,75
_E(Cl + CQ) (22)
Substituting (@) into @, we have the following residual formula:
R(n,& c1,¢2) = D, or(1,€) + Dgned™ (n,€) + 0p(1,€) — D con (0, €)
- ([3] In + [3]q772 + 773) ‘53 + [ ]q!n3f (23)

Taking the derivatives of the equation (@) as to & and n, and writing in the formula

, we obtain

R(n,§, c1,c2) (AE® — A? + DE - B - C)ey

[ |

(AE® —2A% + (A4+ D) —B—2C)cg — A—D
0, (24)
where,

_ 775 _QL—Q 3_[3] 2

aBl, e

_ 4 775
B =[]’ +n'+ B
n* n°
CZM&w;ﬂmm)’
D= G T
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From (24)), we have
A
A& — A +DE-B-C
D
A — 242 + (A+ D)¢—B—2C°
Errors calculate by the following formula

Cc1 =

Coy =

Error = |lexact solution — approximate  solution|,

€= maxhoe:vact - Soapp|7

where ¢, = 7°¢ is exact solution and ¢, = c1€°(€ — 1)n® + c2€(€ — 1)%° is
numerical solution that is obtained by using LTCM for the problem . As shows

FIGURE 1. Gives the approximation solution of the example (16
for 1 <£<2,0<n<1andqg=0.01

from the figure of Figure [I] the difference better exact solution and approximation
solutions is not clearly obvious. Therefore we present the numerical regents and
error analysis in the following Table

5. CONCLUSION

In this work, we adopted a combination of Laplace transform collocation method
to develop numerical methods for the g-difference operator for the telegraph differ-
ential equation. Numerical example was considered to demonstrate the accuracy
and efficiency of this method. The exact solution is compared with the approximate
solution. Obtained results are given in the numerical error analysis Table [1| The
simulations are showed for the exact and approximation solution.
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E=n|« Ezact Solution LTCM method Error Analysis
0.99 |0.01 | 0.941480149401000 | 0.769146969442938 | 0.172333179958063
0.5 0.01 | 0.015625000000000 | 0.032637283173177 | 0.017012283173177
0.5 0.5 | 0.015625000000000 | 0.037117402318906 | 0.021492402318906
0.5 0.99 | 0.015625000000000 | 0.027823738101408 | 0.012198738101408
0.1 0.01 | 1.0001 x 10—© 2.3185 x 10~° 2.2185 x 10~°

0.1 0.5 [1.0001 x 10°° 1.6396 x 10~ 1.5396 x 10~

0.1 0.99 | 1.0001 x 10—° 1.1374 x 10~° 1.0374 x 10~°

0.01 [0.01]1.000x 1012 2.8934 x 10~10 2.883410 x 10~ 10
0.01 |[0.5 |1.000x 10~ 1.7618 x 10~ 10 1.7518 x 10~ 10
0.01 [0.99 [ 1.000 x 10~ 2 1.1629 x 10~10 1.1529 x 10~10

TABLE 1. Table error analysis of Example 1.
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ABSTRACT. In this paper, we examine timelike loxodromes on three kinds of
Lorentzian helicoidal surfaces in Minkowski n—space. First, we obtain the first
order ordinary differential equations which determine timelike loxodromes on
the Lorentzian helicoidal surfaces in E}' according to the causal characters of
their meridian curves. Then, by finding general solutions, we get the explicit
parametrizations of such timelike loxodromes. In particular, we investigate the
timelike loxodromes on the three kinds of Lorentzian right helicoidal surfaces
in ET. Finally, we give an example to visualize the results.

1. INTRODUCTION

Loxodromes, which are also known as rhumb lines, are curves that make constant
angles with the meridians on the Earth’s surface. Geodesics which minimize the
distance between two points on Earth’s surface, are different from than loxodromes
on Earth’s surface, [26]. Only the equator and the meridians are both constant
course angle and length minimizing. Since loxodromes give an efficient routing
from one position to another by means of a constant course angle, they are still
primarily used in navigation. For details, we refer to [1}/2,25,[27]. Since the Earth’s
surface can be thought as a Riemannian sphere, the notion of loxodromes can be
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broaden to an arbitrary surface of revolution, where meridians are copies of the
profile curve.

In early of 20th century, C. A. Noble |21] studied the loxodrome on the surface
of revolution in E? and he also showed that the loxodrome on sphereoid projects
stereographically into the same spiral as the loxodrome on the sphere which is
tangent to the sphereoid along equator. Then, S. Kos et al. [19] and M. Petrovié¢ [23]
got the differential equations related to the loxodromes on a sphere and a sphereoid
and determined the length of such loxodromes, respectively.

Later, the topic of loxodromes has been studied on the rotational surfaces in
Minkowski space which is important in general relativity. In 3—dimensional Minkowski
space, there are three types of rotational surfaces with respect to the casual char-
acters of rotation axes and the concept of angle to define loxodromes is not similar
to Riemannian case. Therefore, the results in the Minkowski space are richer than
the Euclidean space. The authors determined the parametrizations of spacelike and
timelike loxodromes on rotational surfaces in Ef which have either spacelike merid-
ians or timelike meridians in [3] and [4], respectively. For 4-dimensional Minkowski
space, there are three types of rotation with 2-dimensional axes such as elliptic,
hyperbolic and parabolic rotation leaving a Riemannian plane, a Lorentzian plane
or a degenerate plane pointwise fixed, respectively. Then, M. Babaarslan and M.
Gumiig found the explicit parametrizations of loxodromes on such rotational sur-
faces of Ef in |10].

Helicoidal surfaces are the natural generalizations of rotational surfaces and they
play important roles in nature, science and engineering, see |17,/18,[22]. Thus, this
generalization leads the studies to the loxodromes on helicoidal surfaces in [5H9).
Recently, M. Babaarslan and N. Sénmez constructed the three kinds of helicoidal
surfaces in Ef by using rotation with 2-dimensional axes and translation in Ef and
they also obtained the general form of spacelike and timelike loxodromes on such
helicoidal surfaces in |11].

With the motivation from geometry, M. Babaarslan, B. B. Demirci, and R. Geng
extended the notion of the helicoidal surfaces in E{ to higher dimensional Minkowski
space and they made characterization of spacelike loxodromes on these helicoidal
surfaces of EY in [12]. In this context, this paper is a sequel of the article given
by [12].

In this paper, we study timelike loxodromes on three types of Lorentzian heli-
coidal surfaces in Minkowski n—space E'. We find the equations of timelike loxo-
dromes on such helicodial surfaces which have either spacelike meridians or timelike
meridians and then we get the explicit parametrizations of these loxodromes by find-
ing the general solution of the equations. As particular cases, we consider timelike
loxodromes on each Lorentzian right helicoidal surfaces in ET. Finally, we give an
illustrative example.
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2. PRELIMINARIES

Let E? denote the pseudo-Euclidean space of dimension n and index s, i.e.,
R™ = {(z1, 22, ..., ) | 21,22, ..., T, € R} equipped with the metric

ds* = Sdmf - i dx?. (1)
i=1

j=n—s+1

For s =1, ET is known as the Minkowski space which is inspired by general rela-
tivity.

A vector v in E7 is called spacelike if (v,v) > 0 or v = 0, timelike if (v,v) < 0,
and lightlike (or null) if (v,v) = 0 and v # 0. The length of a vector v in E} is
given by ||v|| = v/|{v,v)| and v is said to be an unit vector if ||v|| = 1.

Let « : I C¢ R — E7 be a smooth regular curve in E}, where I is an open
interval. Then, the causal character of « is spacelike, timelike or lightlike if & is
spacelike, timelike or lightlike, respectively, where & = da/dt.

Let M be a pseudo-Riemannian surface in E} given by a local parametrization
x(u,v). Then, the coefficients of the first fundamental form of M are

E = (x4, %Xu), F=(xXu,Xp), G=(Xy,Xyp), (2)

where x,, and x,, denote the partial derivatives of x with respect u and v, respec-
tively. Thus, the induced metric g of M in E7 is given by

g = Edu® + 2Fdudv + Gdv*. (3)

Also, a pseudo-Riemannian surface M in E7 is called a spacelike surface or a
timelike surface if and only if EG — F? > 0 or EG — F? < 0, respectively. For the
case EG — F? = 0, a pseudo-Riemannian surface M is called a lightlike surface.
Throughout this work, we will assume that the surface is nondegenerate.

The length of the curve a on the pseudo-Riemannian surface M between two
points ug and u; in ET is given by

U1 2
L:/ E+2Fd”+G<d”)

du du
For later use, we give the following definition of Lorentzian angle in E} by using [24].

du. (4)

Definition 1. Let x and y be vectors in EY. Then, we have the following state-
ments:

i. for a spacelike vector x and a timelike vector y, there is a unique nonnega-
tive real number 0 such that

(z,y) = £[z||[|y|| sinh 6. (5)

The number 0 is called Lorentzian timelike angle between x and y.
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ii. for timelike vectors x and y, there is a unique nonnegative real number 0
such that

(@, y) = [|=[|||yl| cosh 6. (6)

The number 6 is called Lorentzian timelike angle between x and y. Note
that 0 = 0 if and only if x and y are positive scalar multiples of each other.

By using [12], the definition of the helicoidal surfaces in E} can be given as
follows.

Let 8: 1 C R — II C E} be a smooth curve in a hyperplane Il C E}, P be a
(n — 2)-plane in the hyperplane IT C E} and ¢ be a line parallel to P. A helicoidal
surface in E} is defined as a rotation of the curve 5 around P with a translation
along the line ¢. Here, the speed of translation is proportional to the speed of this
rotation. Thus, there are three types of helicoidal surfaces in E} as follows:

2.1. Helicoidal surface of type I. Let {e1,ea,...,e,} be a standard orthonormal
basis for E?. Then, we choose a Lorentzian (n — 2)-subspace P generated by
{es, eq, ..., en}, II1 a hyperplane generated by {eq,es, ...,e,} and a line ¢; generated
by en. Assume that 5, : I — IIy C E7, 5,(u) = (z1(u),0,z3(u), ..., zn(u)), is
a smooth regular curve lying in II; defined on an open interval I C R and wu is
arc length parameter, that is, 272(u) + 2% (u) + ... — 2/?(u) = & with ¢ = +1. For
0 < v < 27 and a positive constant ¢, we consider the surface M;

Hiy(u,v) = (z1(u) cosv, z1(u) sinv, x3(w), ..., Tn_1(u), Tn(u) + cv) (7)

which is the parametrization of the helicoidal surface obtained the rotation of the
curve f3; that leaves the Lorentzian subspace P; pointwise fixed followed by the
translation along ¢;. The surface M; in E} is called a helicoidal surface of type I.
Also, the surface M; is called a right helicoidal surface of type I in E} if x,, is a
constant function.

2.2. Helicoidal surface of type II. Let {ej,es,...,e,} be a standard orthonor-
mal basis for E7. Then, we choose a Riemannian (n — 2)-subspace P generated by
{e1,ea,...,en_2}, II5 a hyperplane generated by {e1, ..., e,_2, e, } and a line ¢» gener-
ated by ey. Assume that 8y : I — IIy C E7, Bo(u) = (x1(w), ..., Tn—2(u), 0, 2, (u)),
is a smooth regular curve lying in IIs defined on an open interval I C R and u is
an arc length parameter, that is, 2/2(u) + 2% (u) + ... — 2/?(u) = ¢ for ¢ = 1. For
v € R and a positive constant ¢, we consider the surface Mo

Hy(u,v) = (x1(u) + cv,z9(u), ..., Tn_o(u), z,(u) sinh v, z,, (u) cosh v) (8)

which is the parametrization of the helicoidal surface obtained the rotation of the
curve 35 which leaves Riemannian subspace Py pointwise fixed followed by the
translation along ¢2. The surface My in ET is called a helicoidal surface of type II.
Also, the surface My is called a right helicoidal surface of type II in E} if z; is a
constant function.
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2.3. Helicoidal surface of type III. Let define a pseudo-orthonormal basis
{e1,e2,..,&,_1,&,} for ET using a standard orthonormal basis {e1, e, ...,€,-1,€n}
for E} such that

€0y = %@n ~en_y) and €, = %wn +enn), (9)

where (£,,_1,&,_1) = (€,,&,) = 0and (¢, _,&,) = —1. Then, we choose a degen-
erate (n — 2)-subspace P3 generated by {e1,es,...,&,,_1}, I3 a hyperplane gener-
ated by {e1,es,...,en-2,&,_1,¢,} and a line £3 generated by &, _;. Assume that
Bs: I — T35 CEY, By(u) = z1(u)er +xz(uw)es + ... + o1 (w)é,,_1 + xn(w),, is a
smooth curve lying in II3 defined on an open interval I C R and u is an arc length
parameter, that is, 2(u) + 22 (u) + ... — 22}, (u)z},(u) = € for £ = 1. Then, we
consider the surface M3

Hs(u,v) =21 (u)er + V2vx, (u)es + z3(u)es + ... + Tp_o(u)en o
+ (xn71<u) + ’U2mn(u) + C/U)gnfl + xn(u)gn

which is the parametrization of the helicoidal surface obtained a rotation of the
curve 35 which leaves the degenerate subspace P3 pointwise fixed followed by the
translation along ¢3. The surface M3 in E7 is called the helicoidal surface of type
III. If x,, is a constant function, then the helicoidal surface Mj is called a right
helicoidal surface of type III in E7.

Remark 1. It can be easily seen that the helicoidal surfaces Mi-Ms in E} defined
by @, and reduce to the rotational surfaces in EY for ¢ = 0.

(10)

3. TIMELIKE LOXODROME ON TIMELIKE HELICOIDAL SURFACE OF TYPE I IN
ET
In this section, we determine the parametrization of timelike loxodrome on the
timelike helicoidal surface of type I in ET defined by .

Consider the timelike helicoidal surface of type I, M;, in E} given by @ From a
simple calculation, the induced metric g; on M; is defined by

g1 = edu® — 2cx!, (u)dudv + (23 (u) — c)dv?. (11)
Since M is a timelike surface in E7, we have ex?(u) — ¢?(e + /2(u)) < 0. Assume
that a1(t) = Hi(u(t),v(t)) is a timelike loxodrome on M; in E7, that is, a1 (t)
intersects the meridian mq(u) = Hy(u,vp) for a constant vy with a constant angle
¢, at the point p € M;. Then, we have

(r(8) (ma)a) = =50 — e, ) (12)
. @:) - zcx;(u)%% +(22() — ) (‘Z) <. (13)

In this context, there are two following cases occur with respect to the causal
character of the meridian curve mq(u).
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Case i. M has a spacelike meridian curve mq(u), that is, ¢ = 1. Using the

equations and in , we get,

du ’ dv
& — cxl (u)%2
sinh ¢y = + - dt n(4) g = (14)
V= (8)" + 2el (% 4 — @) — ) (%)
Case ii. M has a timelike meridian curve m;(u), that is, ¢ = —1. Using the

equations and in @, we obtain

du dv
St +cx (u) G . (15)

U 2 u av v 2

V(%) 20, ()2 — (3 w) — e2) (%)

After a simple calculation in equations and (1F]), we get the following lemma.
Lemma 1. Let M; be a timelike helicoidal surface of type I in ET defined by @

Then, aq(t) = Hy(u(t),v(t)) is a timelike loxodrome with w # 0 if and only if one
of the following differential equations is satisfied:

cosh ¢y = —

(i.) for having a spacelike meridian,
sinh? ¢y (22 (u) — ?) + 222 (1))v? — 2¢ cosh? ¢z’ (u)id + cosh? pyu® = 0, (16
0o\-1 n 0*n 0
(ii.) for having a timelike meridian,
(cosh? gy (22 (u) — ) 4 ' (u))0? — 2esinh? ¢!, (u)ud — sinh? gou? =0, (17)
where ¢y s a nonnegative constant.

Theorem 1. A timelike loxodrome on a timelike helicoidal surface of type I in E}
defined by (7) is parametrized by a1 (u) = Hi(u,v(w)), where v(u) is given by one
of the following functions:

. _ 1 “ dg
(i) v(u) = i2sinhq§0 /u0 EErIG
(ii.) v(u) ==+ ! ' de
' " 2coshgy Jy, NI
(iil.) for sinh® ¢y (23(€) — ) + a7 (€) # 0,
u 2c cosh® o, (€) £ /sinh® (260) (2 (22(€) + 1) — 23(€))
v(u) = / - h2 2 2 272
wo 2sinh” ¢y (27(§) — ¢?) + 22212 (€)
(iv.) for cosh? ¢g(x3(€) — ) + 2a'2(€) # 0,
w 2esinh? 6,7, (6) % yfsinb? (260) (¢2(@2(6) — 1) + 23 ()
/uo 2cosh® gy (27 () — ¢2) + 2272 (€)
where ¢, is a nonnegative constant and c > 0 is a constant.

Proof. Assume that M; is a timelike helicoidal surface in E} defined by (7)) and
a1(t) = Hi(u(t),v(t)) is a timelike loxodrome on M; in E}. From Lemma [1 we

have the equations and .

dg,

dg,

v(u) =
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For a spacelike meridian, the equation implies

sinh () - )+ ) (5

If sinh? ¢ (22 (u) — ) 4+ 22/?(u) = 0, then the equation becomes

2
d
) —2¢cosh? @ﬂ&%(u)i +cosh? ¢, = 0. (18)

d
2¢ cosh? ¢!, (u)i — cosh® ¢y =0 (19)

whose the solution is v(u) = 5 [ x,dé). On the other side, sinh? ¢ (x3(u) — ¢?) +

2x%(u) = 0 implies z/,(u) = i%\/@ — 22(u) for ¢y # 0. Thus, we get the
desired equation in (i). Also, we note that ¢ — z%(u) > 0 due the fact that M; is
a timelike surface in ET.
If sinh? ¢ (23 (u) — ¢2) + 2x2(u) # 0, it can be easily obtained that the solution
v(u) of the differential equation is given by the integral in (iii).
Similarly, for a timelike meridian, the equation implies
dv\* dv
(cosh? g (22 (u) — )+ 2x (u)) (du) — 2¢sinh? qbox;(u)% —sinh? ¢, = 0. (20)
If cosh? ¢ (23 (u) — ) + c22/2(u) = 0, the equation reduces to the following
equation
dv

2¢sinh? ¢y, (u)d— +sinh? ¢y = 0 (21)
U
whose the solution is v(u) = — 5 fso ﬂd—’é) for a nonzero constant ¢,. Since z] (u) =

i%\/cz — 22(u), we get the desired equation in (ii). Also, we note that ¢? —
22(u) > 0 due the fact that M, is a timelike surface in E}. If cosh?® ¢q(x3(u) —
)+ c2x!%(u) # 0, the solution v(u) of the differential equation is given by the
integral in (iv). Thus, we get the parametrization of the loxodrome with respect
to u parameter such that a;(u) = Hy(u,v(u)), where v(u) is defined by one of the

integrals in (i)-(iv). O

Now, we consider a timelike right helicoidal surface of type I in E}, denoted by
MlR7 that is,

HE(u,v) = (21(u) cosv, z1(u) sinv, x3(w), . .., 2p_1(u), 2n, + cv), (22)

where ¢ # 0 and x,,, are constants. Then, from the equation in (iii) of Theorem
we give the following corollary.

Corollary 1. A timelike loxodrome on a timelike right helicoidal surface of type I
in EY defined by is parametrized by alt(u) = HE(u,v(u)) where v(u) is given
by

v( (23)

U) = iCOth¢0/u0 \/Tw

for constant ¢y > 0.
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Using the equation () and Corollary [1 we give the following statement:

Corollary 2. The length of a timelike loxodrome on a timelike right helicoidal
surface of type I in EY defined by between two points ug and uy 1s given by

U1 — Ug
sinh ¢

)

for constant ¢ > 0.

4. TIMELIKE LOXODROME ON TIMELIKE HELICOIDAL SURFACE OF TYPE II IN
Ey
In this section, we determine the parametrization of timelike loxodrome on the
timelike helicoidal surface of type II in E} defined by .
Consider the timelike helicoidal surface of type II, Ma, in E} given by . From
a simple calculation, the induced metric g on Ms is defined by

go = edu® + 2cxy (u)dudv + (¢* + 22 (u))dv. (24)
Since My is a timelike surface in E7, we have ¢?(¢ — 22(u)) + e22 (u) < 0. Assume
that as(t) = Ha(u(t),v(t)) is a timelike loxodrome on My in E7, that is, as(t)
intersects the meridian mq(u) = Ha(u,vg) for a constant vy with a constant angle
@o at the point p € Ms. Then, we have

(An(1), (o)) = 2 4 e ()27, (25)
€ <L§;L> + QCxi(u)%% + (¢® + 22 (u)) (f;) <0. (26)

In this context, there are two following cases occur with respect to the causal
character of the meridian curve ma(u).

Case i. My has a spacelike meridian curve mgq(u), that is, ¢ = 1. Using the
equations and in , we get,

du 4 caf (u)
2 2
V= () - 2 )8 - (@ a2 (w) (%)
Case ii. My has a timelike meridian curve mg(u), that is, ¢ = —1. Using the

equations and in @, we obtain

u 2 u av U 2

V&) —2eri s — (@ +o2() (%)

After a simple calculation in equations and (28)), we get the following lemma.
Lemma 2. Let My be a timelike helicoidal surface of type II in ET defined by .

Then, as(t) = Ha(u(t),v(t)) is a timelike loxodrome with w # 0 if and only if one
of the following differential equations is satisfied:

sinh ¢y = £ (27)

cosh ¢y, =
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(i.) for having a spacelike meridian,
12 2 22 2 2 32 4 22
1 — Y%

(sinh® ¢ (22 (u) + ¢?) + c?2(u))? + 2c cosh? o] (u)uv + cosh® pou® = 0, (29)
(ii.) for having a timelike meridian,

cosh? ¢ (22 (u) + ) + 22(u))0? + 2esinh? ¢y (u)to — sinh? a2 =0, (30

0lZn 1 01 0
where ¢q s a nonnegative constant.

Theorem 2. A timelike loxodrome on a timelike helicoidal surface of type II in E}
defined by is parametrized by as(u) = Ha(u,v(u)), where v(u) is given by one
of the following functions:

, w2 cosh? 6y () + \/sinh? (260)((22(6) — 1) — 2(0))
) ”“‘):/uo 25t o (22 (€) 1 &) + 2202 () “
iy [ —2esinh® gox] (€) £ /sinh? (200) (23 (€) + (2 () + 1)

(i) ““‘)‘/w 2cosh® g (22(€) 1 &) 1 2200 (¢) “

where ¢y is a nonnegative constant.

Proof. Assume that M is a timelike helicoidal surface in E7 defined by (8) and
as(t) = Ha(u(t),v(t)) is a timelike loxodrome on My in Ef. From Lemma |2 we

have the equations and .

For a spacelike meridian, the equation implies

v\ d

(sinh? ¢ (22 (u) + %) + 2P (u)) <dv> +2¢ cosh? ¢y (u) d—v +cosh? ¢y = 0. (31)
u u

Since sinh? ¢ (22 (u) + ¢?) + 22 (u) # 0 for all uw € I C R, it can be easily obtained

that the solution v(u) of the differential equation is given by the integral in

(i)-

Similarly, for a timelike meridian, the equation implies

dv\? d

(cosh? @ (22 (u) +c2) + *22 (u)) (;) 4 2csinh? gbox'l(u)d—v —sinh? ¢, = 0. (32)
u u

Due to cosh® ¢y(22 (u) + ) + 2x?(u) # 0, the solution v(u) of the differential

equation is given by the integral in (ii). Thus, we get a parametrization of the

loxodrome with respect to u parameter such that as(u) = Ha(u,v(u)), where v(u)

is defined by one of the integrals in (i) and (ii). O

Now, we consider a timelike right helicoidal surface of type II in E} denoted by
ME, that is,

H2 (u,v) = (z1, + v, z2(w), ..., Tn—2(u), x,(u) sinh v, z, (u) coshv), (33)

where ¢ # 0 and z7, are constants. Since M1 is a timelike surface in E}, we have
e(c? + z2(u)) < 0. This inequality can be only satisfied when ¢ = —1. Thus,
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the meridian curve of M£ must be timelike. Then, from the equations in (ii) of
Theorem [2] we give the following corollary.

Corollary 3. A timelike lozodrome on a timelike right helicoidal surface of type IT
in E} defined by is parametrized by o (u) = HE(u,v(u)), where v(u) is given
by

(34)

v(u) = £ tanh ¢ / _—
’ wo V23 (E) + ¢
and c, ¢q > 0 are constants.

Using the equation and Corollary we give the following statement:

Corollary 4. The length of a timelike loxodrome on a timelike right helicoidal
surface of type II in EY defined by between two points ug and uy is given by
Uy — Ug

cosh ¢,

; (35)
where ¢y is a nonnegative constant.

5. TIMELIKE LOXODROME ON TIMELIKE HELICOIDAL SURFACE OF TYPE III IN
Ey
In this section, we determine the parametrization of timelike loxodrome on the
timelike helicoidal surface of type III in E} defined by .
Consider the timelike helicoidal surface of type III, M3, in E} given by . The
induced metric g3 on M3 is defined by

g3 = edu® — 2cx), (u)dudv + 222 (u)dv?. (36)

Since M3 is a timelike surface in EF', we have 2ex2 (u) — c?x/?(u) < 0. Assume that
as(t) = Hs(u(t),v(t)) is a timelike loxodrome on Ms in E}, that is, as(t) intersects
the meridian m3(u) = Hs(u,vg) for a constant vy with a constant angle ¢, at the

point p € M3. Then, we have

. du , dv
(Ga(0), (ms)a) = =5 — eat (), (37)
du\? , ydudv 9 dv\?
€ (dt) - Qan(u)Ea + 2z (u) (dt) < 0. (38)

In this context, there are two following cases occur with respect to the causal
character of the meridian curve ms(u).

Case i. Ms; has a spacelike meridian curve mg(u), that is, ¢ = 1. Using the
equations and in , we get
du / dv
2 —cx, (u) S
sinh ¢y = + dt A0, : (39)

V= (87 + 20l () B2 — 203 (u) (%)
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Case . Ms has a timelike meridian curve mg(u), that is, e = —1. Using the
equations and in @, we obtain
a4 4 cal (u)dY
2 2
V&) + 200 % — 202 0) ()
After a simple calculation in the equations and , we get the following

lemma.

Lemma 3. Let M3 be a timelike helicoidal surface of type I1I in E} defined by ,
Then, as(t) = Hs(u(t),v(t)) is a timelike loxodrome with uw # 0 if and only if one
of the following differential equations is satisfied:

cosh gy = —

(40)

(i.) for having a spacelike meridian,
(2sinh? ¢oz2 (u) + 22/ (u))v? — 2¢ cosh? ¢z, (u) i + cosh? ¢yu? = 0, (41)
(ii.) for having a timelike meridian,
(2 cosh? o2 (u) + 2’ (u))? — 2¢sinh? ¢y, (u)ii — sinh? ¢yu® = 0, (42)
where ¢, is a nonnegative constant.

Theorem 3. A timelike loxodrome on a timelike helicoidal surface of type III in
E? defined by is parametrized by az(u) = Hs(u,v(u)), where v(u) is given by
one of the following functions:
) u 2¢cosh? gy, (€) + \/sinh2 (2¢) (c?x!?
i) v(u) =
) vt / 4sinh® gox? () + 2¢222(€
iy v 2csinh® goxr, (§) £ y/sinh® (2¢,) (207 (€) + 2272(£))
i) v(u) =
) 000 = |, Lot 6,3 (€) + 2P 2(E)
where ¢q s a nonnegative constant.

Proof. Assume that Mj is a timelike helicoidal surface in E}" defined by ({10} and
as(t) = Hs(u(t),v(t)) is a timelike loxodrome on M3 in Ef. From Lemma 3| we

have the equations and .

For a spacelike meridian, the equation implies

2
(2sinh? g2 (u) + a2 (u)) (32) — 2¢cosh? (box;l(u);l—z + cosh? gy = 0. (43)

Since 2sinh? gy (u) + /2 (u) # 0 for all w € I C R, it can be easily obtained
that the solution v(u) of the differential equation is given by the integral in

(i)

Similarly, for a timelike meridian, the equation implies
dv
du

;5) - 256%(5))%

dg,

2
(2 cosh® poa2 (u) + c*a/*(u)) ( ) — 2¢sinh? gbom;(u);i—z —sinh? ¢, = 0. (44)
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Due to 2 cosh? ¢ox2 (u) + c2/2(u) # 0, the solution v(u) of the differential equation
is given by the integral in (ii). Thus, we get the parametrization of the lox-
odrome with respect to u parameter such that as(u) = Hs(u,v(u)), where v(u) is
defined by one of the integrals in (i) and (ii). O

Note that the timelike right helicoidal surface of type III with the timelike merid-
ian does not exist.

6. VISUALIZATION
In this section, we give an example to visualize our main results.

Example 1. We consider the following spacelike profile curve:
B1(u) = (x1(u), 0, z3(w), ..., zp(u)).
Then, we have the following parametrization of timelike helicoidal surface My :
Hiy(u,v) = (21(u) cosv, z1(u) sinv, z5(w), ..., Tn_1(u), 2n(u) + cv).

By using (i) of Theorem we have v(u) = £51 7 f;‘o 7 Qdé e If we choose
c?2—x¥
z1(§) = cksiné for0 < k < 1, thenv(u) = igcsi},h% f:o \/kgfsinzg - igcsilllh%F(u,k),

where F(u, k) is an elliptic integral of first kind (see [13]). Then, the parametriza-
tion of timelike lozodrome on timelike helicoidal surface My in Minkowski n—space
is given by

a1 (u)
where v(u)

= (z1(u) cosv(u), z1 (u) sinv(u), z3(w), ..., tp_1(u), z,(u) + cv(u)),

toomng P (u, k) for 0 <k <1.

7. CONCLUSION

Loxodromes on various surfaces and hypersurfaces in different ambient spaces
have been studied and many significant results have been obtained, see [3,|14H16,
20,21}[28]. In this paper, we investigate the timelike loxodromes on Lorentzian he-
licoidal surfaces in Minkowski n—space which were constructed in [12], called type
I, type II and type III. For this reason, we get the first order ordinary differential
equations which determine the parametrizations of the timelike loxodromes on such
helicoidal surfaces. Solving these equations, we obtain the explicit parametrizations
of the such loxodromes parametrized by the parameter of the profile curves of the
helicoidal surfaces. It is known that a particular case of helicoidal surfaces is right
helicoidal surfaces. We observe that the Lorentzian right helicoidal surfaces appear
only for the Lorentzian helicoidal surfaces of type I having spacelike meridians and
the Lorentzian helicoidal surfaces of type II having timelike meridians. Hence, we
look the parametrizations for timelike loxodromes on which the Lorentzian right
helicoidal of ET exist. Moreover, we find the lengths of such loxodromes which
just depend on the points and the angle between the loxodromes and the meridians
of the surfaces. Finally, we give a theoretical example to give the concept of the
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loxodromes. In [11], the graphical examples of the loxodromes can be found for the
4—dimensional Minkowski space. Hence, our results in this paper and [12] can be
used as finding the parametrizations of spacelike and timelike loxodromes on the
nondegenerate helicoidal surfaces in the Minkowski space with the higher dimension
than four.
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ABSTRACT. In this writeup, we have discussed the role of ideals on o-topological
spaces. Using this idea, we have also studied and discussed two operators ()*?
and v,. We have extended this concept to a new generalized set and investi-
gated some basic properties of these concepts using ()*? and 1, operators.

1. INTRODUCTION

In topological space, the idea of ideal was known by Kuratowski 7] and Vaidyanath-
swamy |13]. After that, in the ideal topological space, local function was introduced
and studied by Vaidyanathswamy. Njastad [12] has introduced compatability of the
topology with the help of an ideal. In [5/6] Jankovié and Hamlett introduced fur-
ther the characteristics of ideal topological spaces and 1-operator was introduced
by them in 1990. A new type of topology from original ideal topological space was
also introduced. In this new topological space, a Kuratowski-closure operator was
defined using the local function. Also from w-operator, they proved that interior
operator can be deduced in the new topological space. In 2007, using -operator
Modak and Bandhyopadhyay in [§] introduced generalized open sets. The idea of
ideal m-space was introduced by Al-Omari and Noiri in [1,[2] and they also inves-
tigated two operators identical with ¢-operator and local function in 2012. Their

2020 Mathematics Subject Classification. 54A10, 54A05.

Keywords. o-topological space, ()*?-operator, 9 -operator, o-compatible, 1 -C set.
Hchhapikul.77@gmail.com-Corresponding author; ©20000-0002-4965-1758

S moni.math007@gmail.com; “20000-0003-4748-4690

Hspmodak2000@yahoo.co.in; “¥0000-0002-0226-2392
Hsukalyan.mistry@gmail.com; “20000-0002-3308-5878

(©2022 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

870



ROLE OF IDEALS ON ¢-TOPOLOGICAL SPACES 871
extensive works related to this topic can be found in [3L}4].

The idea of o-topological space have been introduced and studied here. In
this paper, ideal o-topological space has been introduced and two set operators
o-local and 1, and their properties have been studied. Finally o-codense ideal, o-
compatible ideal and v, — C set using 1, operator have been introduced. Further
investigation of various properties of that knowledge have been studied.

2. PRELIMINARIES

Related to this paper, we have discussed some definitions, examples and results
in this article.

Definition 1. A family v of subsets of a set T is called o-topology if the following
conditions are satisfied:

(i) 0, T € ~.

(i) ~y is closed under countable union.

(iii) vy is closed under finite intersection.

The couple (T,~) is said to be a o-topological space. The member of «y is called
o-open set in (T,7) and the complement of o-open set is called o-closed set.

Note 1. FEvery topology on a non-empty set T is a o-topology but every o-topology
on T may not be a topology. For an example, let T =R, set of all real numbers and

v ={0,R}U{SC R :S is countable}. Then v is o-topology on T. But U {p} ¢,
PER\Q
i.e, v is not closed under arbitrary union. Hence vy is not a topology on T = R.

Definition 2. A non-empty family J of subsets of T is called an ideal on T, if
(i) M € J and N C M implies N € J (heredity).
(ii) M € J and N € J imply M UN € J (finite additivity).

Definition 3. Let (T,v) be a o-topological space and M C T. The o-interior and
o-closure of M in (T,~) are defined as respectively:

U{V:VC M and Ve v} and N{C:MC C and T\C € v}

The o-interior and o-closure of M in (T,~) are denoted as Int®(M) and C1° (M)
respectively.

Theorem 1. Let (T,7) be a o-topological space and M, N be two subsets of T, then
(i) p € Cl°(M) if and only if for any o-open set V containing p, V N M # ().
(i) If M C N then Cl°(M) C CI°(N).

Proof. (i) Let p € Cl9(M). If possible let there exists a o-open set V' containing
p such that V.N M = (. This implies M C T\ V. Since T\ V is o-closed in T
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containing M, so C1° (M) C T\ V. This implies C1°(M)NV = @, which contradicts
the fact that p € Cl19(M) N V. Thus if p € Cl°(M), then for any o-open set V'
containing p, VN M # (.

Conversely, let for any o-open set V containing p, V. N M # 0. If possible let
p ¢ Cl°(M). Then p € T\ Cl°(M) = V(say). This implies VN CI°(M) =
and hence VN M = (), as M C Cl° (M), which contradicts our assumption. Hence
p € Cle(M).

(ii) Let p € Cl1°(M). Then for any o-open set V containing p, VN M # (. This
implies VNN # (), since M C N. Thus p € CI°(N). Hence C1°(M) C CI°(N). O

Theorem 2. Let (T,v) be a o-topological space and M C T, then Int” (M) =
T\CI°(T\ M).

Proof. CI°(T\ M) = Cl°(M°¢) = n{F : M¢ C F,F° € v} where M® =T\ M
and F¢ =T\ F. This implies {C1°(T\ M)}* = U{F°: M D F°, F° € v}. Thus
T\CI°(T\ M) = Int°(M). Hence the result. O

Definition 4. Let (T,7) be a o-topological space and M C T. Then M is called a
o-neighbourhood of p € T, if there exists V € vy such that p € V C M.

Definition 5. Let (T, ) be a o-topological space and J be an ideal on T. Then the
triplicate (T, J) is called an ideal o-topological space.

Definition 6. Let (T,v,J) be an ideal o-topological space. Then
M*(J,v)={peT:MNV ¢ J for every V € v(p)}, where v(p) ={V e~v:peV}
is said to be the o-local function of M with respect to J and ~y.

When there is no confusion, we will write M7 or simply M*® or M*(J,~) and call
it the “o-local function of M 7.

Example 1. Let T = {p,q,r}, v = {0, T, {p} . {p,q},{p,r}} and J = {0,{p}}.
Take M = {p,q}. Then M** ={t € T: M NV & J for every V € ~(t)}={q}.

Theorem 3. Let (T,v) be a o-topological space with I and J ideals on T and let
M and N be subsets of T. Then

(i) 0*7 = 0.

(ZZ) (M*a)*o' C M*O"

(iwi) If M C N then M*° C N*7.

(i) If I € I then 177 = 0.

(v) I C J implies M*°(J) C M*°(I).

(vi) M** UN*? = (M UN)*?.

(uii) (UM = J(M;7).

(viii) (M N N)*> C M** N N*°.
(z) For any O € v,ON(ONM)* Cc ONM*.
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(xi) For any I, € I, (MU I1)* = M*> = (M \ I)*°.
(xii) M*(INJ) = M*(I)UN*(J).

(ziii) y N I = {0} if and only if T = T*°.

(ziv) M*° C Cl°(M).

Proof. (i) Here 0* ={p € T : 0NV ¢ I for every V € y(p)}. Bt 0NV =0¢€ I
for every V € y(p). Thus §*° contains no element of T. Therefore §*° = §.

(ii) Let p € (M*?)*?. Then for every V € v(p), VNM*? ¢ I and hence VNM*? # (.
Let y e VNM*®. Then V € v(y) and y € M*?. This implies VN M ¢ I and hence
p € M*?. Therefore (M*?)*? C M*°.

(i) Let p € M*°. Then for every V € v(p),V N M ¢ I. Since M C N, therefore
VAMCVNN. Since VAM ¢ 1,s0 VNN ¢ I. Thisimplies p € N*? and so
M*O’ C N*U'

(iv) Since I; € I. Then for every V € v, VNI; C I; € I and by heredity, VNI, € I.
So I} ={peT: LNV &I for every V € v(p)} implies I77 = 0.

(v) Let p € M*?(J). Then for every V € y(p), MNV ¢ J implies MNV ¢ I (since
IcJ). Sope M*(I). Hence M*(J) C M*(I).

(vi) We know M € M UN and N C M UN. This implies M*> C (M UN)*? and
N*? C (M UN)** (by Theorem [3 (iii)). So M*® UN*? C (M U N)*?. For reverse
inclusion, let p ¢ (M*° U N*?). Then p ¢ M*° and p ¢ N*°. So there exist V,
O € y(p) such that VN M € I and ONN € I. This implies (VNM)U(ONN) €1
since I is additive.

Now

(VAM)UONN)=[(VNM)uO]n[(VNM)UN]
=(Vuo)nMuoO)N(VUN)N(MUN)
> (VNO)Nn(MUN)

This implies (VN O)N (M UN) € I (since I is hereditary). Since VN O € ~(p),
p ¢ (M UN)*. Contrapositively p € (M U N)*? implies p € M*® U N*?. Thus
(MUN)* C M** UN*. Hence we get M** UN*? = (M UN)*.

(vii) Proof is obvious and hence omitted.

(viil) We know M NN C M and M NN C N. This implies (M NN)** C M*? and
(M NN)** C M** (by Theorem [3 (iii)). So (M N N)** C M** N N*.

Independent Proof: If possible let (M N N)** not be a subset of M*? N N*7.
Then there exists p € (M N N)** but p ¢ M** N N*?. Now p € (M N N)*? implies
VN(MNN) ¢ 1 forevery V € y(p), i.e., VNM)N(VNN) & I for every V € v(p).
This implies VNM ¢ I and VNN ¢ [ for every V € v(p). Sop € M*> andp € N*?
which implies p € M** N N*? which contradicts the fact that p ¢ M**NN*?. Hence
(MAN)* Cc M* NN*.
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(ix) We know M = (M \ N)U (M N N). This implies

M*°

[(MAN)U (M AN
= (M \ N)**U(MNN)** (by Theorem ] (vii))
C (M \ N)** UN* (by Theorem [ (iii))

This implies M*? \ N*> C (M \ N)*? \ N*.

Again M\ N € M. Then (M \ N)** C M*® and hence (M \ N)** \ N*? C
M*?\ N*?. Thus we obtain M*? \ N*? = (M \ N)*? \ N*?
(x) We have ONM C M. This implies (ONM)*® C M*? (by Theorem [3] (iv)). So
onOnNM)* cOnM*.
(xi) We have M C (M U Iy). This implies M** C (M UI;)*. Let p e (M UI1)*.
Then for every V € v(p), VN(MUIy) ¢ I. This implies VNM ¢ I. If not, suppose
that VN M € I. Since VNI C I; € I, by heredity V N 1I; € I and hence by finite
additivity (VN M)U(VNI) € I. This implies VN (M U ;) € I, a contradiction.
Consequently p € M*?. Therefore (M U 11)* C M*?. So (M U I;)* = M*.
Also M\ Iy C M implies (M \ I;)** C M*?. For the converse, let p € M*?, we
claim that p € (M \ I1)*?. If not, there exists V' € v(p) such that VN (M \ ;) € I.
This implies Iy U (V N (M \ 1)) € I, since I; € I (by finite additivity). Thus
LU(VNM)el. SoVNM eI, a contradiction to the fact that p € M*?. Hence
M*> C (M\LL)*. So M*® = (M \ I,)**. Consequently (M UI)* = M** =
(M\ I)*.
(xii) We have INJ C I and I NJ C J. This implies M*(I NJ) D M*°(I) and
M*(InJ) > M*(J) (by Theorem 3| (v)). So M*°(INJ) D> M*(I)UM*(J).
For reverse, let p € M*°(I N J). Then for every V € ~v(p),V N M ¢ I NJ. Thus
VM ¢&IorVNM¢.J. This implies p € M*(I) or p € M*?(J). These
imply p € M*(I) U M*°(J) and hence M*°(I) U M*°(J) D M**(INJ). So
M (INJ) = M*(I)UM*(J).
(xiil) From definition 7% C T.
For reverse inclusion let p € T If possible let p ¢ T*°. Then there exists V € v(p)
such that VNT € I. This implies V € I, a contradiction. Hence T" C T*?. Thus
T=T".
Conversely, suppose that T = T holds. If possible let V € yN I and p € V. Then
VNT CcV €~vynI. This implies VNT € yN I and hence VNT € I. Thus p ¢ T*7,
a contradiction.
(xiv) Let p € M*?. Then for every V € v(p), VN M ¢ I. This implies VN M # 0,
for all p € M*?. Thus p € Cl°(M). Hence M*? C Cl?(M). O

Result 1. Let (T,v) be a o-topological space with J an ideal on T and M C T.
ThenV e~, VNM € J implies VN M* ={).
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Proof. If possible let VN M*? # () and let p € V N M*°. This implies p € V and
for all N, € v(p) such that NN M ¢ J. Since p € V € v then VN M ¢ J, which
is a contradiction. Hence the result. O

Result 2. Let (T,7) be a o-topological space with J an ideal on T. Then (M U
M*2)* C M*? for all M € p(T).

Proof. Let p ¢ M*°. Then there exists V,, € y(p) such that V,NM € J. This implies
V, N M* = 0. This implies V, N (M UM*?) = (V, \M)U(V, "\M*?) = V,\M € J.
Thus p ¢ (M U M*?)*?. Hence (M U M*?)*> C M*. O

Theorem 4. Let (T,~) be a o-topological space with J an ideal on T. Then the
operator C1*7 : p(T) — p(T) defined by C1** (M) = M UM*? for all M € o(T), is
a Kuratowski closure operator and it generates a o-topology v*(J) = {M € p(T) :
Cl*(M®) = M®} which is finer than .

Proof. (i) Since (*9 = 0, then CI**(0) = QU P** =PQuUd = 0.

(ii) C1** (M) = M U M**. This implies M C CI** (M).

(i) C**(M UN) = MUN)U(MUN)* = (MUN)U (M* UN*) =
(MUM*)UJ(NUN*) =Cl*(M)UCI* (N).

(iv) Let M,N C T with M C N. Then CI**(M) = M UM* C N UN* =
CI*?(N). This implies CI**(M) C CI**(N). We have M C CI*°(M). This
implies CI** (M) C CI**(CI**(M)). But C**(Cl** (M)) = CI**(M U M*) =
(M UM*) U (M UMY  (MUM*)UM® =MUM* = Cl*(M). Hence
CIe(Clt*(M)) = Cl**(M). Consequently Cl1*?(M) is a Kuratowski closure oper-
ator.

Now we have to show that v*(J) = {M € p(T) : C1*?(M°) = M°} is a o-topology
on T

Since C1*°(0) = 0, then (¢ € ~*(J). This implies T € *(J). Also since T' C
Cl**(T) C T, then CI*?(T) = T. This implies T° € v*(.J). Hence 0 € v*(J)

Let My, Ms,....M,,,... € v*(J). Then CI**(Mf) = M¢ for all ¢ € N. Now
(| Mf C Mf for all i € N. This implies CI*?( (| Mf) C CI*(M§) = M¢ for

ieN i€N
all ¢ € N. This implies CI*°( () M¢) C ([ M) C Cl*?(() Mf). This implies
€N €N €N
Cr*o (N Mf) = () M;®). Thus CI*°(|J M;)¢ = (U M;)¢. Hence |J M; € v*(J).
ieN ieN iEN €N €N

Therefore v*(J) is closed under countable union.
Again let M; € v*(J),j = 1,2,3,..n. Then CI*? (M) = M for all j =1,2,3,...n.

Therefore 01*0{(61 M)} = cz*o(_@1 M) = _Lijl cro(Mg) = ) (M) = (_61 M),

j=1
This implies (| M; € v*(J). Therefore v*(J) is closed under finite intersection.
j=1

Thus v*(J) is a o-topology on T
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Next from Theorem 3| (xiv), we have M*® C CI°(M) implies M U M** C M U
Cl°(M) = Cl° (M) implies CI*° (M) C Cl°(M). Hence v C v*(J). O

The member of v*(J) is called o*(J)-open set or simply o*-open set and the
complement of o*(J)-open set is called o*(J)-closed set or simply o*-closed set.

Result 3. Let (T,v) be a o-topological space. If J = {0}, then v =~*(J).

Proof. If p € C1°(M), then (by Theorem [1] (i)), V, N M # 0, for all V,, € y(p).
This implies V,, " M ¢ {0} = J, for all V,, € y(p) implies p € M*? implies p €
MUM*® = Cl**(M). Since p is an arbitrary member of C1(M), then CI°(M) C
CIl*(M). Also by Theorem [3| (xiv), M*° C CI°(M). This implies M U M*° C
M U Cl°(M) implies CI*°(M) C CI°(M). Hence CI**(M) = CI°(M), for all
M € p(T). Consequently v*(J) =~ implies v = v*({0}). O

Theorem 5. Let (T,7) be a o-topological space and Jy, J be two ideals on T. If
Ji1 C JQ, then ’}/*(J1) C ’}/*(JQ).

*0o

Proof. Let O € v*(J1). Then CI37(0°) = O° = O°UO° (J1) = O°. This implies
0" (J1) € O° implies O¢™ (Jo) € O (J;) € O° (by Theorem (v)). This implies
0°" (J2) UO® = O° implies Cl37(0°) = O° implies O € v*(J2). Since O € v*(J1)
is arbitrary, then v*(J;) C v*(J2). O

Theorem 6. Let (T,v) be a o-topological space with J an ideal on T. Then
(i) I € J implies I° € v*(J).
(i) M*e = ClI**(M*?), for all M € p(T).

Proof. : (i) We have for all I € J, (M UI)* = M*°. If we take M = (), then
I = (* = (), for all I € J. Hence CI**(I) = TUI** = IUQ = I. Therefore
I¢ € 0*(J). This implies I is v*(J)-closed, for all I € J.

(i) We have (M*?)*® C M*?. This implies M*® = M*7 U (M*?)** = CI**(M*?).
Hence M*? is a o*(J)-closed. O

Theorem 7. Let (T,7) be a o-topological space and M C T. Then M is o*-closed
if and only if M*® C M.

Proof. If M is o*-closed, then M = CI*°(M) = M UM™*?. This implies M*> C M.
Conversely let M*> C M. This implies M = M U M*? = Cl**(M). Hence M is
o*-closed. g

Theorem 8. Let (T,v,) and (T,v,) be two o-topological spaces and J be an ideal
on T. Then v, C 74 implies M*(J,v5) C M*(J, 7).

Proof. Let p € M*7(J,,). This implies V, " M ¢ J for all V}, € v,(p) implies
VoM ¢ J for all Vj, € v, (p). This implies p € M*?(J,~,). Since p is an arbitrary
element of M*7(J,~,), then M*?(J,~v,) C M**(J,v,). O
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Theorem 9. Let (T,~) be a o-topological space and J be an ideal on T. Then the
collection B(J,v) = {M\I: M €~,I € J} is a basis for the o-topology v*(J).

Proof. Let M € v*(J) and p € M. Then M€ is o*-closed, i.e, CI*?(M°) = M° and
hence M€ U (M€)** = M€ implies (M€)** C M¢. This implies p ¢ (M)** and
there exists V,, € v(p) such that V, " M° € J. Take K = V, N M®, then p ¢ K
and K € J. Thus p € V, \ K = V, N\ K® =V, 0 (V, N M®)¢ = V,, N (VU M) =
(VponV)U(VpUM) = V,AM C M. Hence p € V,\ K C M, where V,\ K € 3(J,7).
Thus B(J,~) is an open base of v*(J). O

The example given below proves that M* N N*? = (M N N)*? is not satisfied
in general.

Example 2. Let T:{p7(br7‘9}} ’Y:{@; T:{p}7{s}7{p;s}7{Q73}¢{r¢8}}{p1r}5}7{p7q’5}7{%rﬂs}}7
J ={0,{p}}. Then o-open sets containing p are: T, {p}, {p,s}, {p,7,s}, {p,q05};
o-open sets containing q are: T, {q,s}, {p,q,s}, {qr,s}; o-open sets containing r
are: T, {r,s}, {p,r,s}, {q,rs}; o-open sets containing s are: T, {s}, {p,s}, {qs},

{r.sh, {p,q.s}, {p.7.s}, {qr,s}. Take M={p,q} and N={p,s}. Then M** = {q} and
N*? ={q,r, s} and hence M** N N*? = {q}. Now (M NN)** = {p}** =0 and so
M** AN* £ (M NN)*.

3. 9¥,-OPERATOR

In this part, we have introduced another set operator ¢, in (T,~,J). This
operator is as like similar of ¢-operator [5,/10], in ideal topological space.
Definition of 1 -operator is given below:

Definition 7. Let (T,v,J) be an ideal o-topological space. An operator 1, :
p(T) — ~ is defined as follows:
for every M € o(T), ¥, (M)={p € T': there exists a V € v(p) such that
V\M e J}.
Observe that (T\ M)** ={peT:VN(T\M) ¢ J for every V € ~v(p)}.
This implies
T\N(T\M)*=T\{peT :VN(T\M)¢&J for every V € v(p)}
={peT:3V e~(p) such that VN (T \ M) e J}
={peT:3V e~(p) such that V\ M € J}
= by (M)
Hence ¢ (M) =T\ (T \ M)*°.
Here we have to find out the value of ¥ (M) of a set in o-topological space.

Example 3. Let T—{p,q.r.}, v={0.T{r} {p.r} {a.r}}, J = {0,{r}}. Then for
M={p.g}, ,(M) =T\ (T\M)*" =T\ {r}** =T\ 0 =T.
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The characteristics of the operator 1, has been studied in the following results:

Theorem 10. Let (T,v,J) be an ideal o-topological space. Then the following
properties hold:

(i) If M C N, then ¢, (M) C ¢ (N).

(ii) If M,N € p(T), then 16, (M) Ut,(N) C (M U N).

(iii) If M, N € o(T), then ¢, (M) Ny (N) =, (MNN).

(iv) IFM C T, then' b, (M) = 0, (6, (M) if and only if (T\M)* < ((T\M)**)"°.
(v) If M € J, then ¢ (M) =T\T*.

(vi) If M CT,Jy € J, then ¢, (M \ J1) =, (M).

(vi)) If M CT,J; € J, theny (MU Jy)=v¢,(M).

(viii) If V € v, then V C 9, (V).

(iz) If (M \ N)U (N \ M) € J, then ¢, (M) = ¢,(N).

(x) Int® (M) = M N (M).

Proof. (i) M C N implies (T\M) D (T\N). This implies (T\M)** > (T\N)*? (by
Theorem [3] (iii)). This implies 7'\(T\M)*> C T\(T\N)*°. Hence ¢, (M) C 9, (N).
(ii) We know M € MUN and N C M UN. This implies ¢, (M) C ¢,(MUN) and
¥y(N) C ¢, (M UN) (by Theorem [I0] (i)). Hence ¢, (M) U4, (N) C v, (M UN).
(iii) Since M NN C M and M NN C N. This implies ¢, (M N N) C v, (M) and
V(M NN) C 1, (N) (by Theorem[I0] (i)). Hence ¢, (M NN) C 1, (M) Nt (N) .

For reverse inclusion let p € ¥ (M) N, (N). Then p € ¢, (M) and p € ¢ (N).
Then there exist V,0 € «(p) such that V\ M € J and O\ N € J. This implies
(VAM)U(O\N) e J, since J is finite additive. Now

(VAM)U(O\N)=[(VNM)YUO]N|[(VNMe)UN
=(Vuo)n(M°uO)N(VUN)N(M°UN°)
> (VNO)Nn(M°UN®)
=(VNO)\(MNN)

This implies (VN O)\ (M N N) € J, since J is heredity. Since VN O € ~(p)
then p € ¥, (M N N). Thus ¢, (M) Ny, (N) C ¢, (M N N). Hence we obtain
Vo (M) N1hy(N) =1y (M N N).
(iv) Let ¢, (M) = ¢, (¢, (M)). Then T\ (T \ M)*? = T\ [T'\ ¢,(M)]* =
TN\ [T\AT\ (T'\ ¢, (M))}]*?. This implies (T'\ M)* = ((T"\ M)*7)*°.

Conversely, suppose that (T\ M )*> = ((T'\M)*?)*? holds. Then T\ (T\ M)** =
TA(T\M)*)* =T\ [T\{T\ (T \ ¢, (M))}]*. This implies ¢, (M) =T\ (T"\
Yo (M) =ty (¢, (M)).

(v) We have ¢, (M) =T\ (T \ M)*® =T\ T*° (by Theorem [3] (xi)).

(vi) We have T\ [T\ (M \ J1)]* = T\[T\(MNJO)]* =T\ [TN(MeUJ)]* =
T\[(TNM)U(TNJ)]* =T\ [(T\M)UJ;]** =T\ (I'\ M)** (by Theorem 3]
(xi)). So ¢y (M \ J1) = ¢y (M).
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(vii) We have T\ [T\ (M U J,)]** = T\[Tﬂ(MCﬁJ ¥ =T\[(T\M)\ J1]* =
T\ (T \ M)** (by Theorem [3| (xi)). So ¢, (M U J1) = b, (M).

(viii) Let p € V. Then p ¢ T\V and hence VN (T'\V) = 0 € J. Thus
p ¢ (T\V)*?. This implies p € T\ (T'\V)** and hence p € ¥, (V). So V C ¢, (V).

(ix) Let J; = M\ N and J, = N\ M. Since J; U J, G J, then by heredity
Ji,Jo € J. Also N = (M\Jl) U Jo. This implies w ( ) ((M \ Jl) U JQ) So
Ve(N) =1, ((M\ J1) and hence 1, (N) = ¢, (M), (by Theorem [I0] (vi) and (vii)).

(x) Let p e M Ny, (M). Then p € M and p € ¢, (M). Thus p € M and
there exists a V,, € y(p) such that V,, \ M € J implies V,, \ (V,, \ M) is a o*-open
neighborhood of p and hence p € Int® (M). Hence M N1, (M) C Int (M).
Again, if p € Int®" (M), then there exists a o*-open neighborhood V}, \ I of p where
V, € v and I € J such that p € V, \ I C M which implies V,, \ M C I and
V,\ M € J. Hence p € M N1, (M). Hence Int® (M) = M N, (M). O

Note 2. We have V C ¥ (V), for every V € . But there exists a set M which is
not o-open set but satisfies M C 9 (M).

Example 4. Let T={p,q,r,}, v={0,T.{r},{p,7},{qr}}, J = {0,{r}}. Then for
M={p,q}, v, (M) =T\ (T\M)** =T\ {r}** =T\0=T. Thus M C v, (M)
but M is not a o-open set.

The example given below shows that (M) U ¢, (N) = ¢ (M U N) does not
hold in general.

Example 5. In Example[qwe consider M = {r, s} and N = {q,r}. Then,(M) =
T\ {p,a}* =T\ {a} = {p,,5} and 6,(N) =T\ {p,5}* =T\ {g,1 5} = {p}.
Therefore ¥, (M) U, (N) ={p,r,s} and y,(MUN) =T\ {p}** =T\0=T.
Hence 1, (M) U, (N) # 1, (M U N).

Definition 8. Let v be a o-topological space on a non empty set T. If an ideal J
satisfies the property v N J = {0} then the ideal J is called o-codense ideal.

Theorem 11. Let (T,~,J) be an ideal o-topological space. Then the properties
given below are equivalent.

(i) ynJ ={0}.

(ii) P, (0) = 0.

(i11) If Jy € J then ¥, (J1) = 0.

Proof. (i) = (i) : Let yNJ = {@}. Then T'=T*7 . Then ¢, (0) =T\ (T'\ 0)** =
T\ T* = .

(id) = (iid) : Let ¥, (0) = 0 holds. Then v, (J1) = T\ (T'\ J1)** = T\ T*° (by
Theorem [3] (xi)) = T\ (T'\ 0)*° = ¢, (0) = 0.

(i4i) = (i) : Let J; € J be such that ¢, (J1) = 0. Now ¢,(J;) = 0 implies
T\ (T\ J1)* = 0. This implies T\ T*° = 0, since J; € J (by Theorem [3] (xi)).
Thus T = T*°. Hence vy N J = {0}. O
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4. 0-COMPATIBLE IDEAL

In this section, we have studied a particular type of ideal and its several features.
This ideal is as like similar of u-compatible ideal [9] on supra topological space. This
particular type of ideal is:

Definition 9. Let (T,,J) be an ideal o-topological space. We say the o-structure
is o-compatible with the ideal J denoted v ~ J, if the condition holds: for every
M CT, if for all p € M, there exists V € y(p) such that VN M € J, then M € J.

Theorem 12. Let (T,7,J) be an ideal o-topological space. Then v ~ J if and only
if o, (M)\ M € J for every M C T.

Proof. Suppose v ~ J. Observe that p € ¢, (M) \ M if and only if p ¢ M and
there exists V,, € (p) such that V, \ M € J. Now for each p € ¢ (M) \ M and
Vo € v(p), Vi ﬂ( SJM\M)eJ (by heredity) and hence (¢, (M) \ M) € J, since
v~

Conversely, suppose the given condition holds and M C T and assume that for each
p € M, there exists V,, € v(p) such that V,NM € J. Observe that ¢, (T\ M)\ (T\
M) =M\ M*={p € T: there exists V,, € v(p) such that p € V, N M € J}. Thus
we have M C ¢ (T \ M)\ (T \ M) € J and hence M € .J, by heredity of J. d

Example 6. Let T:{p7Q}7 7:{®:T7{p}7{q}}: J = {Q)v {p}} Then 0*6 = ®7 {p}*o— =
0, {g}* = {q} and {T}*7 = {q}. Then ¢,(0) = T\ T* = {p,q} \ {q} = {p},
Vo({p}) =T\ (T\{p})*" =T\{a}* =T\{q} = {p}, ¥,({a}) = T\ (T"\{¢})*" =
T\{p}** =T\ =T, ¢, (T)=T\0* =T\O=T. Then we see that 1, (0)\ 0 =

{p} € J, ¥,({a) \{g} =T\ {a} = {p} € J. v, ({p) \ {p} = {p}\ {p} =0 e J
and Y (TY\T=T\T=0€eJ. Soy~J.

Corollary 1. Let (T,v,J) be an ideal o-topological space with v ~ J. Then
Vo (o (M)) =y (M) for every M C T

Pmof We know v, (M) C ¢, (¢, (M)). Also since v ~ J, then for every M C T,

Y, (M)\ M € J. This implies ¢, (M) \ M = J; for some J; € J. This implies
Yo (M) C MU.Jy. Then ¢, (¢, (M)) C ¢, (MUJ1) = ¢ho(M). Thus ¢, (¢, (M)) =
Yo (M). 0

Example 7. Consider T={p,q}, v={0,T,{p},{q}} and J = {0,{p}}. Then by Ez-
ample [6 i J and P, (Y, (8)) = ¥, (0), Y. (¥.({P}) = ¥, ({P}). ¥, (¥,({a})) =
Vo (T) =T =1,({a}) and ¢, (Y (T)) = ¥,

(T)

Newcomb in |11] has defined M = N (mod J), if (M\N)U(N\M) € J. Further,
he studied several characteristics of M = N (mod J). Here we shall observe that if
M = N (mod J) then ¢ (M) = 1, (N).

Now we define Baire set in (7,7, J).
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Definition 10. Let (T,~,J) be an ideal o-topological space. A subset M of T is
called a Baire set with respect to v and J denoted by M € B,.(T,~,J), if there
exists a o-open set V € v such that M =V (mod J).

Theorem 13. Let (T,~, J) be an ideal o-topological space with v ~ J. If VUO € v
and 1, (V) = 1,(0), then V = O (mod J).

Proof. V € v implies V C ¢ (V) and hence V\ O Cc ¢ (V)\ O =v¢_,(0)\ O € J.
By heredity of J, V'\ O € J. Similarly, O\ V € J. Then (V\O)U(O\V) € J, by
finite additivity of J. So V.= O (mod J). O

Clearly, M = N (mod J) is an equivalence relation. In this favour, following
theorem is observable:

Theorem 14. Let (T,~,J) be an ideal o-topological space with v ~ J. If M, N €
B, (T,~,J) and Y, (M) =1 (N). Then M = N (mod J).

Proof. Let V,0 € -y such that M =V (mod J) and N = O (mod J). Now ¢ (M) =
¥y (N) and ¢, (N) = 1,(0) (by Theorem [L0] (ix)). Since 1, (M) = 9,(V) implies
that ¢, (V) = ¢,(0), hence V. = O (mod J) (by Theorem [[3). Hence M = N
(mod J), by transitivity. O

Theorem 15. Let (T,~,J) be an ideal o-topological space.

(i) If N € B.(T,~,J)\J, then there exists M € v\ {0} such that N = M (mod J).
(i) Let yNJ = {0}, then N € B,.(T,~,J)\ J if and only if there exists M € v\ {0}
such that N = M (mod J).

Proof. (i) Let N € B,.(T,~,J) \ J, then N € B,(T,~,J). Now if there does not
exist M € v\ {0} such that N = M (mod J), we have N = () (mod J). This implies
N € J, which is a contradiction.

(ii) Here we shall prove converse part only. Let M € « \ {#} such that N = M
(mod J). Then M = (N \ J2) U Jy1, where J, = N\ M, J; = M \ N both belong
to J. If N € J, then M € J, by heredity and additivity, which contradicts the fact
yNJ = {0}. O

5. 1, — C SETS

Modak and Bandyopadhyay in [§] have introduced a generalized set with the help
of -operator in ideal topological space. In this part, we have studied a set with
the help of ¢ -operator in (T,~, J) space. Further, we have studied the properties
of this type of sets.

Definition 11. Let (T,~,J) be an ideal o-topological space. A subset M of T is
called a v, — C sets, if M C Cl1°(¢,(M)).
The family of all ¢, -C sets in (T,~,J) is denoted by 1, (T, 7).



882 C. MIAH, MD. M. ISLAM, S. MODAK, S. MISTRY

Theorem 16. Let (T,~,J) be an ideal o-topological space. If M € ~ then M €
wg(Tv 7)

Proof. By Theorem (viii), it follows that v C ¢ (T, 7). a

Now by the given example we are to show that the reverse inclusion is not true:
Example 8. From Example we get M € 1, (T,~) but M ¢ ~.

By the following example, we are to show that any o-closed in (T, v, J) may not
be a 1, — C set.
In the following example, by C7(y) we denote the family of all o-closed sets in

(T,7).

Example 9. We consider Ezample[3 Here M = {q} € C?(v). Then v,(M) =
T\ (T\ M) =T\ A{p,r,s}* =T\ {q,r, s} ={p}. Hence Cl°(¢, (M))=n{C :
Y (M) C C,T\C €~} ={p}. Therefore M € C°(~) but M ¢ ¢ (T,~).

Theorem 17. Let {M,, : a € A} be a family of non-empty ¢, — C sets in an ideal
o-topological space (T,~,J), then |J € ¢, (T,7).
aEA

Proof. For each a € A, M, C Cl°(¢,(My)) C Cl°(¢,( U M,)). This implies
acA
that |J M, C Cl°(¢,( U My)). Thus |J M, € ¢ (T,7). O
aEA a€A a€A

6. CONCLUSION

In this writeup, we have introduced a new topology called o-topology and de-
fined ideals on that spaces. Using this idea, we have discussed relationship of various
operators namely ()*? operator, ¢ -operator. The result of this writeup can be ex-
tended to o-connected sets, o-compact sets, o-paracompact sets. The separation
axioms can also be introduced in this space. The other properties of 1 -sets can be
found and one can introduce some operators on this type of sets to the development
of mathematical knowledge.
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ABSTRACT. In this article, inequalities of reverse Minkowski type involving
weighted fractional operators are investigated. In addition, new fractional
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1. INTRODUCTION

Fractional analysis has drawn attention highly because of its aplications in dif-
ferent areas. Researchers focus on developing different fractional operators in the
development of fractional analysis. These different fractional operators are also
used in integral inequalities. Hence fractional analysis plays an important role in
the development of inequality theory. One of the most useful fractional integral
operator is Riemann-liouville fractional integral operator. Scientist who suggested
that Riemann-Liouville fractional operator can be used in fractional analysis is
Joseph Liouville ( |20]). Then, several researchers studied these operators with
different inequalities and thus introduced the notion of fractional conformable in-
tegrals. In [1], Abdeljawad presented the properties of the conformable fractional
operators. Also, in [18], Khan et al. investigated fractional conformable derivatives
operators. Similarly, several mathematicians have been interested in and studied
conformable fractional operators ( |17], [29]). In [15], Katugampola defined a new
fractional derivative operator. Also, Katugampola developed a new approach to
generalized fractional derivatives. Based on these operators, new theorems were
proved by the researchers.
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In [1]- |32], some researchers used new fractional derivative or integral operators
such as Riemann-Liouville, Caputo, Hadamard and Katugampola types. Many new
results are obtained for functions in Ly[a,b] which is defined as follows:

Definition 1. For p € [1,00), if the function p holds the following inequality

1

(/abm(fﬂpdr)p <o,

then it is said to be in Lyla,b)].

In the mathematical literature the Minkowski’s inequality, which is very well
known in the literature, has been stated as follows (see [12]):

Theorem 1. fab ©P(T)dT and f; hP(T)dT are positive finite reals for p > 1. Then
the inequality

(/ab(p(T) + h(T))pdT>; < </ab pp(’r)dT>; + (/ab hp(’r)d’]’>

The reverse Minkowski inequality for classical Riemann integrals is obtained by
L. Bougoffa in [5] which is given as the following:

=

holds.

Theorem 2. Let p,h € Lyla,b] be two positive functions, with 1 < p < oo, 0 <
f:p”(T)dT< oo and 0 < f:hp<7')d7' <oo. If0<n< % < N forn,N € R" and
every T € [a, b], then the inequality

(/ab pp(f)mf + (/b hP(T)dTY <c (/ab(p(f) + h(T))pdT> %

N(n+1)+(N+1)

holds where ¢ = [CESHIOES))

The following theorem is called ” Young’s inequality” (see |22]):

Theorem 3. Let [0, k] where k > 0 be an interval and h be a function which is
increasing and continuous on [0,k]. If b € [0,h(k)], a € [0,k], B(0) = 0 and h~!

stands for the inverse function of h, then

a b
—1
/0 h(T)dT—l—/O r(7)dT > ab. (1)

Example 1. The function h : (0,¢) — R, h(t) = 7771 satisfies the conditions
mentioned in Theorem@for r> 1. Applying h to we have

1 1 1 1
—a” + =b® > ab, a,b>0, r>1and —+ - =1.
r s r s
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In other terms, this inequality puts forward the relation between arithmetic mean
and geometric mean.

Definition 2. ( [{]) Let h € Li[a,b]. The Riemann-Liouville integrals J& h and
Ji“h of order o> 0 with a > 0 are defined by

e h(r) = ﬁ /T (r—0)*""h()do, T>a

and
1

T(a)

o0
respectively where T'(a) = fe_“ua_ldu. By choosing a = 0 in above definitions, we
0

JER(r) = /b 0 —7)* " R0)d, T<b

get the function h itself. In the case of a = 1, the fractional integral reduces to the
classical integral.

Definition 3. ( [27])Let (a,b) be an infinite or finite interval on positive real axis
and let ki is defined on (a,b) with b € Ly(a,b). Then for « € C, Re(a) > 0,
definitions of the left-sided and right-sided Hadamard fractional integrals of order
a of a real function h are given as

1 T a—1 k(0
;wz(f):—/ (1057) D 4o, a<r<b

I'a) 0 0
and , .
o 1 O\ “" h(o)
Hb* FL(T) = @/_’_ (log 7') Td@, a<T1T< b7
respectively.

Definition 4. ( [16]) Let [a,b] be a finite interval and h € XP(a,b) be a real
function. Then for a € C, p > 0, Re(a) > 0, the definitions of left-sided and right
sided Katugampola fractional integrals of order o of h are given as

11—« T p—1
PI% Hi(r) = 2 / ( 4 hO)do, T>a

() TP — @P)l-a
and yi-a , gt
) = s /T GO, 7 <
respectively.

As the use of fractional integral operators increased, it became necessary to ob-
tain more general versions of the new results obtaibed. Thus, weighted integral
operators began to be presented. While new results are obtained with these op-
erators, general versions of the results in the literature can also be obtained. One
of the most effective weighted integral operator presented recently is given in the
following:
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Definition 5. ( [24|]) Let ¢(7) be a monotonic, positive and increasing function
on the finite interval [a,b] and continuously diﬁer@ntiable on (a,b) with $(0) = 0,
0 € [a,b]. Then for w(r) # 0 and w=i(7) = w(7)7 the definitions of the weighted
fractional integrals of a function (the left-side and right-side respectively) h with
respect to ¢ on [a,b] are given as

(w3n () = i [ Sl - o) noues. @

—1 T b .
(w5528) (1) = wm()) / & (0)[6(6) — &(7)])" " B(OYw(6)dd, €>0. (3)

The fractional integral operator given above is studied on in this study because
it can give very efficient results in terms of application. Since by choosing ¢(7) = 7
and w(f) = 1, the weighted fractional integral operators () and (3)) reduce to
the classical Riemann-Liouville fractional integral operators and by choosing other
special cases, many forms of fractional integral operators can be obtained.

Obtaining some new general forms of the Minkowski type inequalities using
weighted fractional operators is the main aim of this study.

2. REVERSE MINKOWSKI INEQUALITIES FOR WEIGHTED FRACTIONAL

OPERATORS
Theorem 4. Let p,h € Lla, 7] be two positive functions on [0,00), such that
( Z"z’pp)( ) and ( It ¢ﬁp)( ) are finite reals for 7 > a > 0, ¢ > 0, p > 1.
Ifo<n< p§) < N holds for n, N € RT and t € [a, T], then
1 1 1
(a+S807) 7 (1) + (a4 SuPH) 7 (1) < a1 (487 (0 + 1)) 7 (1), (4)
, nt1)+(N+1

thh Cc1 = ((n—‘rl;(]\g-‘rl) )~

Proof. Under the given condition 283 < N, t € [a, 7], it can be written as

p(t) < N(p(t) + h(t)) — No(t)

which implies that
(N +1)PpP(t) < NP(p(t) + A1) (5)
Multiplying both sides of (5) by “=s 6/ (1) [o(r) — ¢(1)) "

ing with respect to ¢t from a to 7, we have

WA DPw (1) “”“’ / &(1) [6(r) — S0 o (tyuw(t)dt

pr_l , » ;
W / ¢' (1) [6(r) — 6(1)] " (0 + WP (Hw(t)dt.

w(t) and then integrat-
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Consequently, we can write
(+E°607)7 (1) < 3 (s S50 + ) (7). (6)
On the other hand, as nfi(t) < p(t), it follows
1\” 1\”
(1+2) o< (3) wo+nop. ")

Next, multiplying both sides of (H) by %d)’(t) [o(T) — qb(t)]zfl w(t) and then
integrating with respect to t from a to 7, we obtain

1 1 1
" Jlopp) e < 0€¢ R)P) P ) 8
(4 3521) 7 (7) € == (w0 + 1) (7) 0
From @) and , the required result follows. (I

Remark 1. Applying Theorem [J] for ¢(7) = 7 and w(9) = 1, we obtain Theorem
2.1 in [9].

Remark 2. In Theorem [} if we choose ¢(1) = 7, w(0) =1 and £ = 1, we have
the reverse Minkowski inequality in [5].

Inequality is a version of reverse Minkowski inequality obtained with weighted
fractional operators.

Theorem 5. Let p,h € Lla, 7| be two positive functions on [0,00), such that
(a+S520P) (1) and (o4 S520P) (1) are finite reals for 7> a > 0, £ > 0, p > 1.
If0<n< 28 <N holds forn,N € R* and t € [a, 7], then

h(t)
(w35°6)F (1) 4 (389) 7 (7) 2 0 (35997) () (s SE0) (1),

= Wntl) o

=

with co
Proof. Multlplymg inequality @ by inequality , we obtain

WEDOED (8507 () (S5 (7) < (S50 00+ 17)F (). (9)

Using the Minkowski inequality, on the right side of @, we get
(N+Dn+1) b p\ p—
S (8P )” (1) (s SEOY) (7)
1 1 2
< @ SE297) 7 (1) + (s SEPR) " (7)]
Then, we have

(ar SEOGP) P (1) + (g SEOHP) 7 (7)

> BN ] (atee) () (9500 0

which is the desired result. O
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Remark 3. Applying Theorem [3] for ¢(7) = 7 and w(9) = 1, we obtain Theorem
2.8 1 [g/

Remark 4. In Theorem[3, if we choose ¢(1) = 7, w(f) =1 and ¢ = 1, we have
Theorem 2.2 in [30).

3. OTHER FRACTIONAL INTEGRAL INEQUALITIES

Theorem 6. Let p,h € Lla, 7| be two positive functions on [0,00), such that
(a+gﬁ¢@p) (1) and (a+\SZ ¢hp) (1) are finite reals for 7 > a >0, ¢ >0, p,g > 1
and % +% =L If0sn< ?85 < N holds for n,N € Rt and t € [a, 7], then the
following inequality for weighted fractional operators holds:
1
1 N\ =
(7) (a+Su’h) " (1) < () (arSGPp7 17) (7).

n

3 =

(a—i— Si¢ @)

Proof. Using the given condition % < N, t € [a,T], it can be written

p(t) < Nh(t)
Nagu(t) < h(t). (10)
Multiplying both sides of by p% (t), we can rewrite as follows
N™agp(t) < pr () (t) (11)
where % + % =1.

Multiplying both sides of
tegrating we have

B (1) [9(r) — (1)) w(t) and then in-

N_E'“’ / & (1) [6(r) — 60" p(tyw(t)dt

w(
< v / F (0 [0(r) - o) 03 (OB (Byuw(t)dr.
I'( ) a
From weighted fractional operators, we obtain
N7 (:35%9)” (1) < (a4 S8P0% 17) 7 (7). (12)
On the contrary, as n < %’Et), it follows
nehs (t) < o (t). (13)
. . . 1 . . 1 1 _ .
Multiplying both sides of by fa (t) and using the relation s+t = 1, we obtain

nh(t) < v (t)h (). (14)



890 C. YILDIZ, M. GURBUZ

Multiplying both sides of (14) by “rri6'(t) [6(r) — 6(t)]"*w(t) and then inte-

grating we get
1

1 1 1 7
nvi (o4 SEPR) (7’) < (a+%€’¢m.h%) ‘(). (15)
Conducting the product between and (15]), we have
G N\ §Lo A N\ 0
(e 9529)7 () (us mQu<(n) (w8503 ) (7).
where % + % = 1. So the proof is completed. ([l

Theorem 7. For ¢ >0, p,q > 1 and 117 + é =1. Let p,h € Lla, 7] be two positive
functions on [0,00), such that (44 SE20P) (1) and (44 SEPRP) () are finite reals for
T>a>0. If0<n< £t < N forn,N € RT and for all t € [a, 7], then

R(2)
(a+ S5 0h) (1) < €3 (arSu? (07 + 1)) + ea (a4 S50 (97 + h7))(7)
with c3 = % and ¢y = %.

Proof. Using the hypothesis, we obtain the following inequality:
(N +1)PpP(t) < NP(p+ h)P(t). (16)

Multiplying both sides of by wl:(le(;) &' (1) [p() — ¢(t)]" " w(t) and then inte-
grating we have

NP

< m (a+%$¢(@ + h)p) (T) (17)

For t € [a, 7], since 0 < n < ?gt) holds we get
(n+1RI(E) < (o + (D). (18)

Similarly, multiplying both sides of () [p(T) — ¢(t)}l_1 w(t) and
then integrating we can write

1

(a+S%90) (1) < T (a+S52(p + B)7) (7). (19)
Using the Young’s inequality, we have
1 1
p(t)h(t) < Epp(t) + ghq(b‘), (20)

again multiplying both sides of by wl:(le()ﬂ &' (t) [p(7) — ¢(1)]" " w(t) and then
integrating we obtain

(4 20h) (1) < 7 (2 567) (1) + ¢ (o S9N (7). (21)

D=
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Using (17)) and in (21), we obtain

<a+sf:;%h) 7)< ey @91 () (22
1 x q
oy @ S o+ ()

Using the inequality (z +y)" < 2" (2" +y"), r > 1, z,y > 0 in (22, we have
213—1]\[”
" §bo R < “ P KP

2q71 ol q q
+m (a+\9fu¢(@ + h))(7).

This is the required result. ([l

Theorem 8. For £ > 0, p > 1. Let p,h € Lla, 7] be two positive functions on
[0,00), such that (443 ¢pp) (1) and (44 SEPHP) () are finite reals for 7> a > 0.

If0<c<n< h((t; < N forn,N € R" and for all t € [a, 7], then

N+1
N (7)

=

(a4 SEPP)T (1) + (o1 SEORP)7 (1)

"L (085 - ) ().

(4t S%? (p — ch)")

IN

IN

Proof. Using the hypothesis 0 < ¢ < n < N, we have
nc<Ne = nctn<nc+N < Nc+N = (N+1)(n—c) < (n+1)(N—c).
It can be concluded that

N+1 <M + 1.
N—-—c n-—c
Also,
p(t) p(t) — ch(t)
nSWSN == n—c< 0 <N
(p(t) —ch()” _ ., (p(t) — ch(t)”
— (N —c)p S < (n—cpp

(23)
F(é()T) o' (t) [o(1) — ¢7(7f)]£_1 w(t) and then in-

Multiplying both sides of

tegrating we get

_wi(n) / ") [B(r) — 6] (plt) — ch(®))” w(t)dt
N =00 J, :

IN

w; g()T ! / TS0 [6(r) — o) R (wat

IN

n—cPI‘ / ot = o] (p(t) = ch(t)) w(t)dt
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Then, we can write

(a4 SEPRP) 7 (7) (24)

&
~
<
S
<
|
o
>t
S~—
=
S—
S |
S
S~—
A

IN

which implies

( al >p(@(t)ch(t))p§@p(t)§< a )p<@<t>ch<t>>”- (25)

N —c n—c
Repeating the same procedure with , we have
N 1 . 1
N o (et S57 (0 —ch)")? (1) < (a4 SE09P)7 (7) (26)
n . 1
< T (wS o= a)) (7).
Adding and , the required result is obtained. O

Theorem 9. For £ > 0, p > 1. Let p,h € Lla, 7| be two positive functions on
[0,00), such that (443 ¢pp) 7) and (a+SEPHP) (1) are finite reals for 7> a > 0.
If0<a<pt)<Aand0<b<ht) <B,tE]la,r], then

(ar SEOP)E (1) + (g SEORP)H (1) < 5 (1852 (0 + BP)P (1) (27)

. _ A(a+B)+B(b+A)
with Cy — W

Proof. Under the given conditions, it follows that

1 1 1

— < —< - 2

B~ h(t) b (28)
Considering the product of (28)) and 0 < a < p(t) < A, we have

a ) A

B o2 2

B~ h(t) ~ b’ (29)

From , we get

and
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Multiplying both sides of (30) and (81) by “2¢/(1) [6(r) — 6(6)) " w(t) and

then integrating we obtain

(s SEPR) (7) < - f = (@S82 (o + 1)) (1) (32)
and

(56703 () S o (s 352 (0 1) (7). (33)
respectively. The proof of can be concluded by adding and . (|

Theorem 10. Let p,h € La, 7] be two positive functions on [0,00), such that
ar SEP P and (o S%PRP) (1) are positive reals for 7 > a > 0. If 0 < n <
+ +>w

% <N for n, N € RT and for all t € [a, 7], then

S O(r) € sy (098 (04 17) (1) € (e %)
for £ > 0.
Proof. Using 0 < n Wg < N, we obtain
A(t)(n+1) < ht) + p(t) < AE)(N +1). (34)
Also, it follows that + < % < %, which yields
olt) (S5 ) < a0+ 000 < oto) (). (35)

Evaluating the product between and (BF)), we get

p(OA() _ (h(t) +p()* _ p(bh(t)
N ~“(n+1)(N+1)~ n

Multiplying both sides of by wl:(le()T) &' (1) [p(7) — ¢()]" " w(t) and then inte-
grating we obtain

(36)

i [ S0 - 01 e
n+ 11)U(N1 T / ¢'(t — o) T (A) + (1)) w(t)dt
< % (gT)) / ¢'(t — o)) p(Oh(t)w(t)dt.
Hence
]t(aJrSf ¢ph)(7') < m <a+<\\yﬁ;¢ (p+ h)2) (r) < %( gt ¢ph)( ).

This completes the proof. (Il
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Theorem 11. Let p,h € Lla, 7] be two positive functions on [0,00), such that
(a4 SE20P) (1) and (44 SEPRP) (1) are finite reals for 7> a > 0. If 0 <n < ?g; <
N holds for n, N € R™ and for all t € [a,T], then

m%wm>uw%wu (EWWM)

3 =

(1) (37)

holds for € > 0 where ¥(p(t), max{ p(t) — Nh(t)] %TW} :
Proof. From the hypothesis 0 < n < % < N, we have
p(t)
<N - ==
0<n<N-+n 0 (38)
and 0
o(t
N — —< <N.
+n n) = (39)
Hence, using and , we get
N +n)h(t) — p(t
() < PO =00 1), nry, (10)

n

where W(p(t),h(t)) = max {N (X +1) p(t) — Nh(t)] ’WLM}.

Using the hypothesis, it follows that 0 < % < Z(—g < % In this way, we have
1 1 1 h@)
— < =4 - - —= 41
N - N + n o) (41)
and 1 1 A 1
t
— - ——= < 42
N + n ) " n (42)
From and , we obtain
1,1 _
l< (N+n)p(t) h(t) <l7
N~ p(t) n
which can be rewritten as
1 1
t) < N|=+-— t) — Nh(t
o) < N (5+2) o0 - N
N
= (n + 1> p(t) — NA(t)
N
< N [( + 1) o(t) — Nh(t)]
n
< U(p(t), h(t))- (43)

We can write from and
er(t) < TP(p(t),A(t)) (44)
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APt) < WP(p(t), h(t)- (45)

Multiplying both sides of by wl:(lé(;) o' (t) [6(7) — ¢(t)]" " w(t) and then inte-
grating we obtain

w(7)

I'(¢) /a ¢ (8) [6(r) — &(0)] " P (Dw(t)dt

w(7)

S TIRAE R U CORIOIOLE

Accordingly, it can be written as

=

(7). (46)

. 1 .
(0+35797) 7 (1) < (4 S57V (0, 7))

Using the same procedure as above, for , we have

1
(et SPH) P (1) < (w257 TP (0, 1) (7). (47)
The required result follows from and @ ([l

4. CONCLUSION

In this paper, first we gave different definitions of fractional integral operators
and then we introduced the reverse Minkowski type inequalities using weighted
fractional operators. The obtained results are an extension of some known results
in the literature. Especially, we would like to emphasize that different types all
integral inequalities can be obtained using this operators.
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