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STOCHASTIC INTEGRATION WITH RESPECT TO A
CYLINDRICAL SPECIAL SEMI-MARTINGALE

Saeed HASHEMI SABABE

Department of Mathematical and Statistical Sciences, University of Alberta,
Edmonton, CANADA
Young Researchers and Elite Club, Malard Branch, Islamic Azad University, Malard, IRAN

ABSTRACT. In this research, we introduce the stochastic integration with re-
spect to a cylindrical special semi-martingale, which is a specific case of general
integration, with specific properties of special semi-martingales.

1. INTRODUCTION

Cylindrical semi-martingales play a key role in application, specially in stochastic
partial differential equations. Among the wide class of cylindrical semi-martingales,
cylindrical Brownian motions are used widely as models in stochastic analysis |3}
5,849,/11,/14L/18}|19]. Although Brownian motions work as good models, motivation
of using other classes of cylindrical semi-martingales appears in recent research.
Interesting examples of such a view can be found in |1}[2}/6,/12,|13|15]. In spite of
the fact that most of the past articles have an applied view to extend the concepts
and utilities the stochastic integration, none of these works considers stochastic
integration with respect to cylindrical special semi-martingales.

In this work, our main objective is to introduce a theory of stochastic inte-
gration for cylindrical special semi-martingales, which are a particular family of
semi-martingales with complex behavior in relation with the measure of the space,
defined on. P is a special semi-martingale if P can be decomposed into P = M + A
where M is a local martingale and A a process with predictable finite variation, with
Ay = 0. Such a decomposition is then unique and is called canonical decomposition.

2020 Mathematics Subject Classification. 60H05, 60B11, 60G44, 47D06.
Keywords. Cylindrical martingale, special martingales, stochastic integration, Banach space.
& S.hashemi@Qualberta.ca, Hashemi_1365@Qyahoo.com
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900 S. HASHEMI SABABE

On the other hand, for a Banach space 27, the cylindrical o-algebra is defined
to be the coarsest o-algebra, i.e. the one with the fewest measurable sets, such that
every continuous linear function on 2" is a measurable function. That is important
to note that in general, the cylindrical o-algebra is not the same as the Borel o-
algebra on 2", which is the coarsest c-algebra that contains all open subsets of

Z.

In the following, we study the cylindrical special semi-martingale M : 2™ —
SSP from the dual of a separable Banach space 2~ to the space of special semi-
martingales. Moreover, we define the integral of a progressive process with respect
to a cylindrical special semi-martingale.

2. PRELIMINARIES

Let Z°,% be two Banach spaces. We will denote the space of all bilinear oper-

ators from 2" x % to R as B(Z,%). Note that for a continuous b € B(Z", %)
there exists an operator B € .Z (2, %#*) such that

b(z,y) = (Bx,y) = Bx(y), ze€X,yeY. (1)
An operator B: 2" — Z™* is called self-adjoint, if for each z,y € 2
(Bz,y) = (By,x).
and is called positive, if B is self-adjoint and B, (z) = (Bx,z) > 0 for all z € 2 .
Recall that if B: 2" — Z* is a positive self-adjoint operator, then the Cauchy-

Schwartz inequality holds for the bilinear form (Bz,y) . In a natural way in func-
tional analysis, the norm of B is defined as

Bl = sup  |(Bx, )] (2)
zeX ,||z||=1
Note that if 2" is a Hilbert space, then would be coincides with the induced
norm of the inner product defined on 2.

Let (Q, %, 1) be a measure space and £~ a Banach space. A function f : Q — 2
is called simple if there exist xq,zs,...2, € 2 and Eq, Es, ..., E, € % such that
f = 2iXg, where xp (w) = 1if w € E; and xp (w) = 0if w # E;. A
function f : Q — 2 is called strong measurable if there exists a sequence of simple
functions (f,,) with lim,, || f, — f|| = 0, u-almost everywhere. A function f: Q — 2
is called scalar measurable if for each z* € Z™* the numerical function z* f is strong
measurable.

Further we will need the following lemma.

Lemma 1. [15, Proposition 32] Let (S,X) be a measurable space, H be a separable
Hilbert space, f : S — ZL(I) be a scalar measurable self-adjoint operator-valued
function. Let F' : R — R be locally bounded measurable. Then F(f): S — L ()
s a scalar measurable self-adjoint operator-valued function.
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That is trivial to think about the square root of a positive operator. It would be
appreciated if the square root drops us in to a Hilbert space, even in a special case.

Lemma 2. [19, Lemma 2.4] Let 2 be a reflexive separable Banach space, B :
X — A be a positive operator. Then there exists a separable Hilbert space
and an operator BY2 : & —  such that B = BY/2*B1/2,

A scalar-valued process M is called a continuous local martingale if there exists
a sequence of stopping times (7,),>1 such that 7,, T co almost surely as n — oo
and 1, soM7™ is a continuous martingale.

We denote by .# and .#'°° the class of continuous and continuous local mar-
tingales, respectively. It is well known that .#'° is a vector space with respect
to usual operations. Several topologies can be defined on .#'°¢, for example UCP,
which is based on convergence in probability, or Emery topology [4,/7]. Although,
we can define a norm on .Z'°° as

IM]|.gr0c = > 27"E[LA sup |M]]. (3)

n—1 te[0,n]

It can be seen that the topology induced by the norm in in coincides with the
UCP and Emery topology (because of the continuity property). That is proved in
several articles that .#'°° equipped with the norm is a complete metric space.

Let 2 be a Banach space. In general, a cylindrical semi-martingale on 2~ is
a continuous linear mapping ¢ : 2* — S° where S° denotes the space of real
semi-martingales with respect to a common stochastic basis (Q, %, (%#;)o<i<1, P),
endowed with the Emery topology. The general case is studied before in literature.
(see for example [10]). As a special case, a continuous linear mapping M : 2™* —
¢ is called a cylindrical continuous local martingale.

In the following, we interested to study the continuous linear mapping M : X* —
S where S is the collection of locally integrable semi-martingales. Our motivation
comes from the collection of particular type of martingales, called as Special Semi-
martingales SSF | coincides with S.

A processes P = M + A which can be decomposed, by Doob decomposition, into
a local martingale M and a predictable cadlag locally finite variation process A is
known as special semimartingales. On the space of special semimartingales, we can
define p-norm for p > 0 as follows and denote the semimartingales with finite p

norm by HP:
00 1/p
1Pl = (E [[M, M+ (| |dA>pD .

One of the most interesting properties of special semi-martingales is compatibility of
integration with the canonical decomposition in the construction of the stochastic
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integrals. That is, for a special semi-martingale P = M + A and a predictable

process £ we have
/fdP:/fdMJr/EdA

3. CYLINDRICAL SPECIAL MARTINGALES

In this section, we define the notion of a cylindrical special martingale and inte-
gration with respect to a cylindrical special martingale.

Definition 1. Let 2" be a Banach space. A continuous linear mapping P : Z* —
SSP is called a cylindrical continuous special martingale. In this way, Px* = Mx* +
Ax*, where Mx* is a local martingale and Ax* is a finite variation process, for any
* e X*,

For a cylindrical continuous special martingale P and a stopping time 7, one can
define P™ : 27 — SSF by P2*(t) = Px*(t A 7). Clearly P7 is also a cylindrical
continuous special martingale.

We expect that our definition of a cylindrical continuous special martingale be a
generalization of a cylindrical continuous local martingale. A characteristic prop-
erty of a local martingale is its quadratic variation. Thanks to the finite variation
part of P, which has the zero quadratic variation, we can easily define the qua-
dratic variation [[P]] of P similar to the quadratic variation of mapping to its local
martingale part M.

Recall that If M is a continuous local martingale with values in a Hilbert space,
then it is well known that it has a classical quadratic variation [M] in the sense
that there exists an a.s. unique increasing continuous process [M] starting at zero
such that ||M]|? — [M] is a continuous local martingale again.

Definition 2. Let P : 2* — S5 be a linear mapping. The quadratic variation
[[P]] of P is defined as

N

[P = sup Y sup((Ma,)s41 — [May,)i), >0,
NENn:l m

where M x* is the local martingale part of Px* and the limit is taken over all rational
partitions 0 =t < --- <ty =t and (z},)m>1 is a dense subset of the unit ball in
X*.

Note that existence of (z},)m>1 follows from the separability of Z™*. For a
cylindrical special semi-martingale P on a Banach space 2, one can think about
covariance [Pz*, Py*|; for any a*, y* € X*. However, by the ineffectiveness of finite
variation part A of P, we have [Pz*, Py*]; = [Ma*, My*|;. Therefore, by the polar
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decomposition, there exists a process Qp : Ry x Q — L (27", ) such that for
almost surly ¢t > 0

[Pz*, Py*]; /Qp:z: [Plls, x*,y" € X™.

The process @p is self-adjoint and ||Qp ()] = 1.

Let 27, % be two Banach spaces. For any z* € 2™,y € %, we can define the
linear operator z*®y € L (2", %) such that *®y : x — a*(x)y. Using the defined
operator, the process ¢ : Ry xQ — L(5, Z') is called elementary progressive with
respect to the filtration .7 = (%;);er, if it is of the form

N M K

Z Z 1(tw 15tn] X Bmn (t,w) ka ® Trmn,
n=1m=1 k=1

where 0 <ty < - < t, < o0, for each n = 1,-, N the sets Bi,,...,Byn € Ft,_,

and vectors vq,...,vk are orthogonal.

For each elementary progressive ¢ we define the stochastic integral with respect
to X € AP () as an element of Lo(2; Cp(Ry; 27)) as

var

N M K
$(s)dP(s) = > Z Z (tn A Yo — M(ty_1 Ao 4+ Vi (A) k) Temn,
(4)

where V,(A) is the total variation of process A in the n-th interval, [t,_1,t,],
and Cj is the set of all continuous and bounded mappings. This is usual to use the
notation ¢ - P for the process fo s)dP(s).

Clearly, the definition in is a generalization of integration with respect to a
cylindrical local martingale.

Lemma 3. For all progressively measurable processes ¢ : Ry x Q — Z(H°,R) with
6QH? € LA(Ry, [[P)); £ (A, R)) we have

[oar| - ' 5(5)@p(5)6" () ([P )

Proof. Note that our definition of quadratic variation for cylindrical special semi-
martingales P is reduced to its local martingale part M. Therefore, the proof is
similar to the proof of |13| Theorem 14.7.4]. O

It is important to note that for any (¢,w) in R4 x Q, the mapping Qp(t,w) is a
positive mapping from Z* to 2**. Therefore, there exists a Hilbert space .5 such
that Q)% (t,w) maps 2°* to # and Qp(t,w) = Q¥ " (t,w)QH>(t,w). Moreover,

o(t,w) 1/2(15 w) is an operator and we may think about (¢(¢,w) }D/Q(t,w))* =

1/2(75 w)*¢(t,w)*. On the other hand, ¢(¢,w) is an operator from . to R and
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o(t,w)* is well defined. Breaking the Qp appears in to its roots and have an
inner product scheme can make a transparent illustration of the idea behind the
lemma.

Theorem 1. Let € be a Hilbert space and P € ML (H). Let ¢ : Ry x Q —

var

L(AH, X)) be such that ¢*z* is progressively measurable for each v* € Z*, and
assume $(w)Qp(@)6"* (@)z*(2°) € LL Ry, [[P]|(w)), for all 2* € Z*,w € Q. Set
M :=¢-P by

Maz*( /(b*ac*dP e . (6)

If ¢QpPo™|loc < oo then M € ME(Z).

var

Proof. 1t is clear that for each z* € 2™, mapping Mx* is a continuous local
martingale. We need just to show theta the mapping x* — Ma* is continuous in
the UPC topology. Fix T > 0 and set {2y be a subset of Q such that for almost
every w € {)y we have

t e (o(t,w)Qn (t,w) o(t,w) ", z*) € £21(0,T).
Therefore, we have a bounded operator and there exists a constant C' such that
[(o(+, w)@N (- w) (-, w) ™, y* )M 22 0,7, (N w)) < Cllz* [ Iy |l-

Moreover, we have
t
[Mz*], =/ (6(5)Qpo™ (s)z*,x*) d[[P]], for all z* € 2"
0

Note that [|¢(s)Qp'/?|ee < oo by definition of ¢ and Qp. Now let (z*) be a
sequence in 2™* and lim,, . z,, = . We have

[[May]e — [May]|l

RECLEACERA B / (@(5)Qpd* (s)a", ") d[P]

H / Qpd ()25 23 — (B(5)Qpd" (s)a”, 2*) d[[P]
< 16()Qp6" () llsllzn — ]l — 0

1

O

Corollary 1. Let M be the cylindrical continuous local martingale defined in The-
orem[l Then we have

M} :/0 6(s)Qp(s)9™ () A[[P]], ¢ >0.
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Proof. To prove the equivalence it suffices to observe that
J

M]]¢ = lim su Px*|;. — [Px*]:._,
=t} s (Pl = (Pl )

J t;
:nm;ﬂe;gﬁ*”ﬂ / | (0)Qr ()" (92" dl[P,

- / 16()Qp ()6 ()] [P

The limit takes when the partition of 0 = tg < ¢; < --- < t,, = t of [0,¢] becomes
refined, when n tends to infinity. Note that the space 2™* is assumed to be a
separable space which helps us to justify the last equation. (|

Corollary 2. Let M be the cylindrical continuous local martingale defined in The-
orem[d. Then we have

¢(s)Qp(5)0"(s) = Qui(s)[|B(s)Qr(s)¢" ()
Proof. By the Corollary [l we have

I = / 16()Qp(5)6" (5)]| AILP]

:»dHPHHMt[PU I6(5)Qe(s)o () ]
= a[lM]], = Jo(s)Qn(5)6" (5)] [Pl @

In the other way,

Ma*, My, = / (@p(5)6"(s)a™, 6" (s)y) ([P

t
= [ @6)@r()0 ()" 57 dlP). (3)
Replacing @ in implies the statement. ([
CONCLUSION

The stochastic integration with respect to a cylindrical Semi-martingale is stud-
ied before in general case. In this research, we specified the general case to special
semi-martingales and used their specific properties to refine the definition. Since
the case of semi-martingales would be studied in relation with the Banach space
and some convergence theorems, our refined definition would affect the convergence
accuracy.
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ABSTRACT. In this paper, we characterize explicitly the separation properties
To and 11 at a point p in the topological category of quantale-valued preordered
spaces and investigate how these characterizations are related. Moreover, we
prove that local Tp and 77 quantale-valued preordered spaces are hereditary
and productive.

1. INTRODUCTION

Classical separation axioms of topology have been extended to topological cat-
egory by several authors. Baran [2], in 1991, introduced these axioms in a set-
based topological category in terms of initial, final structures and discreteness. He
defined separation properties first locally, i.e., at a point p [4], then they are ex-
panded to point-free concepts. Using local lower separation axioms, Baran [2}|3]
introduced the notion of (strongly) closedness in set-based topological categories
that creates closure operators in sense of Dikranjan and Giuli [16] in some well-
known topological categories Conv (the category of convergence spaces and filter
convergence maps) [11], Lim (the category of limit spaces and filter convergence
maps) |9], Prord (the category of preordered sets and monotone maps) [12] and
SUConv (the category of semiuniform convergence spaces and uniformly continu-
ous maps) |14]. The other significant use of these concepts to define the notions of
Hausdorffness [5], compactness, perfectness [9], connectedness |10], regular, com-
pletely regular, normal objects |7,8] in set-based topological categories.

A topological space defines a preorder (reflexive and transitive) relation, and a
topology can be obtained from a preorder relation on a set [17,|20]. This indicates
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a connection between topology and order. Domain theory that was introduced by
Dana Scott in the 1960s, is a branch of order theory which studies special kinds of
partially ordered sets generally named as domains. In computer science, this field is
used to establish denotational semantics, particularly for functional programming
languages |181|29]. Domain theory is closely related to topology and formalizes the
intuitive principles of convergence and approximation in a general way.

With the advancement of lattice theory, distinct mathematical frameworks have
been studied with lattice structures including lattice-valued topology |15], quantale-
valued approach space |23}[24,28], quantale-valued metric space |25], lattice-valued
convergence space [22| and lattice-valued preordered space [15]. This motivates us
to study local Ty and T3 separation axioms in quantale-valued preordered spaces.

The main purpose of this paper is to give an explicit characterization for the
local Ty and T} separation axioms in the category of quantale-valued preordered
spaces as well as to examine the relationship between them and to investigate their
some invariance properties.

2. PRELIMINARIES

Recall |24] that a partially ordered set (L, <) is called a complete lattice if all
subsets of L have both infimum (/\) and supremum (\/). For any complete lattice,
the bottom element and top element is denoted by L and T, respectively.

Definition 1. Let (L, <) be a complete lattice. We identify

(1) a<a B (the well-below relation) if VX C L such that f < \/ X there exists
0 € X such that o < 6.

(2) a < B (the well-above relation) if VX C L such that N X < « there exists
6 € X such that § < .

Definition 2. A complete lattice (L, <) is called a completely distributive iff for
anya € L, a=\V{B:8<a} .

Definition 3. The triple (L, <,x) is called a quantale if the following conditions
are satisfied.

(1) (L, <) is a complete lattice.
(2) (L,*) is a semi group.
(3) (Vie[ ;)% = Viel(ai*ﬂ) and ﬂ*(\/iel ;) = \/iel(ﬂ*ai) foralla;, B €L,

Note that if (L, *) is a commutative semi group, then the quantale (L, <, x) is
named as commutative and if for all « € L, ax T = T x a = «, then it is called
integral.

We denote a quantale by L = (L, <, *) if it is integral and commutative, where
(L, <) is completely distributive.

A quantale L = (L, <,*) is named as a value quantale if (L, <) is completely
distributive lattice such that Vo, 3T, aV <1 T [19].
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Definition 4. [25[[30] Let X # 0 be a set. A map R: X x X — L = (L, <, %)
is called an L-preorder relation on X and the pair (X,R) is called an L-preordered
space if it satisfies

(1) reflexivity, i.e., for allz € X, R(z,z) =T,

(2) transitivity, i.e., for all z,y,z € X, R(z,y) *R(y, 2) < R(z, 2).

Note that an L-preordered space (X, R) is named as an L-equivalence space (X, R)
if for all z,y € X, R(z,y) = R(y,z) (symmetry). Also, (X,R) is called separated
L-preordered space if = y whenever R(x,y) = T.

A map f: (X,Rx) — (Y,Ry) is called an L-order preserving map if for all
z1,72 € X, Rx (21, 72) < Ry (f(z1), f(22)).

Let L-Prord denotes the category whose objects are L-preordered spaces and
morphisms are L-order preserving mappings.

Example 1. (i) ForL=2= ({0,1},<,A), 2-Prord = Prord, where Prord
is the category of preordered sets and order preserving maps.

(ii) For L = ([0,00],>,+) (Lawvere’s quantale), [0,00]-Prord = ocogMet,
where cogMet is the category of extended quasi metric spaces and non-
expansive maps.

(i) For L = (AT,<,%) (distance distribution functions quantale defined in
[24)]), then AT -Prord = ProbgMet, where ProbgMet is the category of
probabilistic quasi metric spaces and non-expansive maps [(19].

Note that in some literature, L-preordered space is often called a continuity space
if L is a value quantale (see |19]), an L-metric space (see |25]) and an L-category
(see [21]).

Recall [1], let E be a category, Set be the category of sets and functions and
U : E — Set be a functor. U is called topological or E is called topological category
on Set if

(i) U is amnestic and faithful (i.e., concrete),
(ii) U consists of small fibers,

(iii) Every U-source has a unique initial lift.

In addition, a topological functor is said to be normalized if constant objects,
i.e., subterminals, have a unique structure.

Note that the forgetful functor U : L-Prord — Set is topological (see [21]) and
it is also normalized.

Lemma 1. [21] Let (X;,R;) be a collection of L-preordered spaces. A source (f; :
(X,R) = (X4, R;))ier is initial in L-Prord iff Va,b € X,

R(a,b) = /\ Ri(fi(a), fi(b)).
i€l
Lemma 2. [21] Let X be a non-empty set and (X,R) be an L-preordered space.
For all a,b e X,
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(i) The discrete L-preorder structure on X is stated by

T =0
Rdis (av b) = » ’
1, a#b.
(ii) The indiscrete L-preorder structure on X is stated by
Rmd(a, b) = T.

3. LocAL Ty AND T7 OBJECTS

Let X be a set, p € X be a point and X V, X be the wedge product of X at
p 2], i-e., two separate copies of X identified at p.

In the wedge X'V, X, a point x is represented as x, if it lies in the k-th component
for k =1,2.

Definition 5. [4] Let X V, X be the wedge product at p and X? be the cartesian
product of X.
(1) Ay : XV, X — X? (the principal p-azis mapping) is given by
Ap(z1) = (z,p) and Ap(z2) = (p, z).
(2) Sp: XV, X = X2 (the skewed p-axis mapping) is given by
Sp(z1) = (z,x) and Sp(z2) = (p, ).
(3) Vp: XV, X = X (the fold mapping at p) is given by
Vp(z1) = Vp(22) = .
Definition 6. Let (X, 7) be topological space and p € X. For each point © # p,

there exists an open set A such that p € A, x ¢ A or (resp. and) there exists an
open set B such that x € B, p ¢ B, then (X,7) is said to be Ty (resp. T1) at

p [27 6/

Theorem 1. Let (X, 7) be topological space and p € X. Then (X,7) is Ty (resp.
T1) at p iff the initial topology induced by {A, (resp. Sp): X Vp X — (X2, 7.) and
Vy: XV, X — (X,P(X))} is discrete, where T, is the product topology on X?>.

Proof. The proofs are given in [6]. O

Definition 7. [2] Let U : E — Set be topological functor, X € Ob(E) with U(X) =
B andp € B.

(i) X is Ty at p provided that the initial lift of the U-source {A, : BV, B —
U(X?) = B? and V,, : BV, B — UD(B) = B} is discrete, where D is the
discrete functor that is a left adjoint to U.

(ii) X is T1 at p provided that the initial lift of the U-source {S, : BV, B —
U(X?)=B? and V, : BV, B — UD(B) = B} is discrete.
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Remark 1. (1) Separation azioms Ty at p and Ty at p are used to identify the
notions of (strong) closedness in arbitrary set-based topological categories
12,3

(2) In Top (the category of topological spaces and continuous mappings), by
Theorem Ty at p and T; at p reduce to Deﬁnition@ 12].

(3) A topological space X is Ty, i = 0,1 if and only if X isT;, i = 0,1, at p for
all points p in X (|6], Theorem 1.5(5)).

(4) Let U: E — Set be a topological functor, X an object in E and p € U(X) be
a retract of X, i.e., the initial lift h : 1 — X of the U-source p : 1 — U(X)
is a retract, where 1 is the terminal object in Set. Then if X is Ty (resp.
Ty), then X is Ty at p (resp. Ty at p) but the converse of implication is not
true, in general ( [4], Theorem 2.6).

(5) Specially, if U : € — Set is normalized, then Ty and Ty imply Ty at p and
Ty at p, respectively. ( [4)], Corollary 2.7).

Theorem 2. An L-preordered space (X,R) is Ty at p iff R(z,p) AR(p,z) = L for
all x € X distinct from p.

Proof. Assume (X,R) is Ty at p and 2 € X with = # p. Let Ry, be the discrete
L-preorder relation on X and for i = 1,2, m; : X2 — X be the projection maps.
For 1, 2z € X V), X,

R(miAp(z1), m1Ap(22)) = R(mi(z,p),m1(p,x)) = R(z,p)
R(moAp(z1), m2Ap(22)) = R(ma(z,p), m2(p,2)) = R(p, 7)
Rais(Vp(21), Vp(22)) = Rais(z,2) =T

Since (A,R) is Ty and 1 # 2, by Definition IZI and Lemmas
L= A {RmAp (1), m1Ap(2)), R(maAy (1), T2Ay(22)), Rais(Vp (1), Vp(22))}

= A {R(@.p).R(p.x), T}
= R(x,p) /\R(p,x)

Hence, we have R(z,p) AR(p,z) = L.

Conversely, let R’ be the initial L-preorder relation on X V, X induced by A, :
XV, X > UX%R?) =X?and V,, : XV, X = U(X,Rys) = X, where R? is the
product structure on X2 induced by the projection maps 7, and 7.

Assume that the condition holds, i.e., for all x € X distinct from p, R(x,p) A
R(p,z) = L. Let v and w be any points in the wedge.

(1) If v = w, then R'(v,w) = T.
(2) If v # w and V,v # Vyw, then Ryis(Vypv, Vyw) = L. By Lemmal[i]

R'(v,w) = /\ {R(m1Apv, m1Apw), R(maApv, maA,w), Rais (Vpv, Vyw)}
= 1
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(3) Suppose v # w and Vv = Vyw. It follows that Vv = 2 = V,w for some
points x € X with  # p. We must have v = x; and w = x5 or v = x5 and
w = x1 since v # w.
(a) If v = 27 and w = x4, then

R(mApv, mAw) = R(z,p)
R(meApv, maAyw) R(p, )
Rais (Vpv, Vpw) Rais(z,2) =T
and it follows that
R'(v,w) = /\ {R(m1A,v, m1Apw), R(maApv, meApw), Rais(Vpv, Vow) }
N\ {R@,p),R(p,z), T}
= R(z,p) AR(p,z)

By the assumption R(z,p) A R(p,z) = L, we get R'(v,w) = L.
(b) Similarly, if v = 23 and w = x1, then R'(v,w) = L.

Consequently, for all v,w in the wedge X Vv, X, we obtain
—l— =
R'(v,w) = P usw
1, v#w

By Lemma R’ is the discrete L-preorder relation on the wedge. Hence, by Defi-
nitionlﬂ7 (X,R) is Ty at p. O
Theorem 3. An L-preordered space (X,R) is Ty at p iff R(x,p) = L = R(p,x) for
all x € X distinct from p.

Proof. Assume that (X,R)is T} at pand x € X with z £ p. Let v =121, w =2 €
X Vp X. Note that,

R("Tlspvv'ﬂlspw) = R(ﬂ—l(xax)v’frl(pv CL')) = R(.’E,p)
R(m2Spv, meSpw) = R(ma(z,z),m2(p, ) = R(z,2) =T
RdiS(va, pr) = Rdis(x,x) =T

where Ry, is the discrete L-preorder relation on X and for each i = 1,2, 7; : X2 —
X is the projection map. Since v # w and (X,R) is T} at p, by Definition El and
Lemmas [T] [2}
1 = /\ {R(m1Spv, m1Spw), R(m2Spv, maSpw), Rais (Vpv, Vpw)}
= A\ {R(=z,p), T}
= R(z,p)
Similarly, if v = z2, w = 1 € X V, X, then by Lemma we have

L = A{Rp.2),T}=R(pz)
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Conversely, let R’ be the initial L-preorder relation on X V, X induced by S, :
XV, X 5 UX%R?) =X2and V, : XV, X = U(X,Rys) = X, where R? is the
product structure on X2 induced by the projection maps 7 and 7.

Assume that for all z € X distinct from p, R(z,p) = L = R(p,z). Let v and w
be any points in the wedge.

(1) If v = w, then R'(v,w) = T.
(2) If v # w and V,v # Vyw, then Ryis(Vpv, Vpow) = L since Rys is the
discrete structure. By Lemma 1]

R(v,w) = N {R(miSpv,mS,w), R(m2Spv, m2Spw), Rais(Vpv, Vyw)}
= 1
(3) Suppose v # w and Vv = Vyw. It follows that we must have v = z1 and
W =Ty Or V=29 and w = x7.
If v = 27 and w = z2, then by Lemma [T}
R(v,w) = /A {R(z,p), T}=R(z,p)
By the assumption R(z,p) = L = R(p,z), we get R'(v,w) = L.
Similarly, we obtain R'(v,w) = L for v = 9 and w = ;.
Hence, for all v,w € X Vv, X, we have

T, v=w
R'(v,w) = {J_ 0w

By Lemma |2 it follows that R’ is the discrete L-preorder relation on the wedge.
Consequently, by Definition m (X,R) is Ty at p. O

Example 2. Let x be a binary operation identified as Vo, € [0,1], ax f =
(a =14 P)VO0 and L = ([0,1], <, %) be a triangular norm (Lukasiewicz t-norm)
120], where the bottom and top elements are L = 0 and T = 1, respectively. Let
X ={a,b,c} and an L-preorder relation R : X x X — L defined by

T, v=w

3 (v,w) = (a,c)

1, otherwise.

R(v,w) =

Clearly, (X,R) is an L-preordered space. By Theorem@, (X,R) is Ty at p for all
p € X, and by Theorem@ (X,R) is T1 at b but it is neither Ty at a nor at c.

Remark 2. (1) By Theorems[3 and[3, if an L-preordered space (X,R) is Ty at
p, then it is Ty at p. But in general, the converse is not true (see previous
Ezample).

(2) In an arbitrary set-based topological category, Ty at p and Ty at p objects
may be equivalent, for example, in Prox (the category of proximity spaces
and p-maps) [27], CP (the category of pairs and pair preserving maps) (5],
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Born (the category of bornological spaces and bounded maps) (3], SULim
(the category of semiuniform limit spaces and uniformly continuous maps)
/13], Remark 3.6.

4. HEREDITARY AND PRODUCTIVE PROPERTIES

Definition 8. Let (X,R) be an L-preordered space and A C X. A subspace (A,R4)
is defined by Ra(z,y) = R(z,y) for all x,y € A, where R4 is the initial L-preorder
structure on A induced by the inclusion map i : A — X.

Theorem 4. Let (X,R) be an L-preordered space, A C X and p € A.

(i) If (X,R) is Tg at p, then (A,Ra) is T at p.
(ii) If (X,R) is Th at p, then (A,Ra) is T1 at p.

Proof. (i) Suppose that p € A and (X,R) is T at p. By Theorem R(z,p) A
R(p,z) = Lforx € A C X with z # p. By Deﬁnition we have Ry (z,p) =
R(z,p) and Rs(p,z) = R(p,z) for z,p € A C X. It follows that R4 (z,p) A
Ra(p,z) = L. Hence, by Theorem the subspace (A, Ry4) is also T at p.
(ii) Similarly, let p € A and (X,R) be T} at p. By Theorem [3| and Definition
we have Ra(z,p) = R(z,p) = L = R(p,z) = Ra(p,x) for z,pe A C X
with x # p. Hence, by Theorem the subspace (A,R4) is also T at p.
O

Theorem 5. Let (X;,R;) be an L-preordered space for each i € I and (X,R) be the
product of the spaces {(X;,R;): i € I}, where X = [[,c; X and for all z,y € X,
R(z,y) = Nies Ri(mi(z), mi(y)). For all i € I, the L-preordered space (X;,R;) is
isomorphic to a subspace of the product space (X,R).

Proof. Suppose that (X;,R;) is an L-preordered space for each i € I and (X,R) is
the product space. Firstly, we choose a fixed point z; in X; for each j € I with
j 7& 1. Let A = {Zl} X {22} X ..o X {Zifl} X X; X {Zi+1} X ... C X. Then, (A, RA)
is a subspace of the product space (X,R), where Ra(z,y) = R(x,y) for all z,y €
A. Clearly, i-th projection map m; : (A,R4) — (X;,R;) defined by for a; € X,
(21, 22, <oy Zie1, Qiy Zit1, -.) = a; is bijective. For all (21,29, ..., 2i—1, @i, Zig1,s ---)s
(21,22, ooy 2ie1, iy Zig1, ...) € A, we have

RA((Zla R2y waey Bi—15 Qs Zi41, )7 (Zla R2y ey Zi—17bi, Zi+1 ))
= R((Zl7 22y weey Ri—1y Qs Zi4-1, )7 (Zl7 22y w0y Ri—1, bi7zi+17 ))
= N {Rilai bi),Rj(2,2) = T}

J#i
Ri(ai, b;)

= Ri(m(zl,@,~-~,Zi—1,az',zi+1,~~~)a7fi(21722,~~~,Zi—1,bi,Z¢+1a~-~))

IA

and it follows that 7; is an L-order preserving map.
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On the other hand, let f; : (X;,R;) — (A4,R4) be function defined by f;(a;) =
(21,22, oy Zi—1, Ay Zit1, -..) for a; € X;. Then, we have
(mio fi)(ai) = mi(fi(a:))
7Ti(Z]_7 22y eeey Ri—1, Qg Zi+13 )
Q;
= lx, (al)

and

(fiomi) (21, 22y oy Zic1, iy Zig1y o) = [i(mi(21, 22y oy Zic1, Qi Zig 1, -o0))
fi(ai)
(21, 225 ooy Zie1, iy Zig 1y --)

= 1,4(21,22,...,Zi_l,ai,zi+1,...)

It follows that f; = (m;)~! since m; 0 fi = 1x, and fiom; = 14.
For all a;,b; € X;, we obtain

Ri(ai,bi) = /\ {Ri(a;,b:),Ri(z,2) = T}
J#i
= R((21, 22y oy Zic15 Qi Zit1y )y (215225 oy Zie1, 04y Zig 15 --))
= Ra((z1,22, s Zie1, Qiy Zigt1s )5 (215 22, ooy Zim 1, b3y Zig 1y --))
= Ra(fi(as), fi(bi)) < Ra(fi(as), fi(b:))
and it follows that f; is an L-order preserving map.

Consequently, L-preordered space (X;,R;) and the subspace (A4,R4) are isomor-
phic. [

Theorem 6. Let {(X;,R;): i € I} be a collection of L-preordered spaces and (X, R)
be the product space, where X = [[,c; Xi and R(z,y) = N\;c; Ri(mi(z), mi(y)) for
xz,y € X. Let p= (pi)icr be a point in X.

(i) (X,R) is Tg at p iff (X4, R;) is To at p; for eachi € I.

(ii) (X,R) is Ty at p iff (Xi,Ry) is Ty at p; for each i € I.

Proof. (i) Assume that the product space (X, R) is Ty at p. By Theorem for
each ¢ € I, (X;,R;) is isomorphic to a subspace of (X,R) and by Theorem
a subspace of a local Ty L-preordered space is Ty at p. Since (X,R) is
Ty at p, it follows that (X;,R;) is T at p; for each i € I.
Conversely, suppose that (X;,R;) is To at p; for each i € I. Let z =
(zi)icr be a point in X with x # p = (p;)ics. Since x # p, there exists
ig € I such that z;, # p;,. By the assumption L-preordered space (X;,, R;,)
is Ty at p and by Theorem [2} we have R;, (i), pio) A Rig (Pio> Tiy) = L. It
follows that

R(z,p) = \ {Ri(zi,pi)} < Rig (g, i)
iel
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and
R(p, J?) = /\ {Rl(puxz)} < Rio(piovxio)
iel
Since R;, (g, Dig) N Rig (Dig, o) = L, we get R(z,p) AR(p,x) = L. Hence,
by Theorem [2} the product space (X,R) is Ty at p.
(ii) Similarly, suppose that the product space (X, R) is Ty at p. By the assump-
tion and Theorems EI and 5} we have (X;,R;) is Ty at p; for each i € I.
Conversely, assume that (X;,R;) is T} at p; for each ¢ € I. Let x €
X with  # p. Then, there exists ip € I such that z;, # p;,. By the
assumption L-preordered space (X;,,R;,) is Th1 at p and by Theorem [3] we
have R;, (zi,,Piy) = Rig(Pig, Tiy) = L. Tt follows that

R(z,p) =\ {Ri(z1,p1),Ra(x2,p2), ., Rig—1(Tig—1, Pig-1),

Rio (Zigs Dio) = L3 Rig+1(Tig+15 Pig+1), -}
= 1

and similarly,

R(p,l‘) = /\ {Rl(plaxl)v"'aRio(pimxio) :Jﬂ}
- 1

Consequently, by Theorem [3] we get the product space (X,R) is T} at p.
([l
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ABSTRACT. The current paper establishes the sharp weak bounds of p-adic
fractional Hardy operator. Furthermore, optimal weak type estimates for p-
adic Hardy operator on central Morrey space are also acquired.

1. INTRODUCTION

For every non-zero rational number x there is a unique k = k(z) € Z such that
x = p¥Fs/t, where p > 2 is a fixed prime number which is coprime to s,t € Z. We
define a mapping |.|, : Q — R4 as follows:

_k .
P if x #0,
x|, = 1
=10 oo @)
The p-adic norm | - |, undergoes many properties of the usual real norm |- | with

an additional non-Archimedean property,

[z +ylp < max{fzlp, ylp}- (2)

The field of p-adic numbers, denoted by Q,, is the completion of rational numbers
with respect to the p-adic norm | - |,. A p-adic number € Q, can be written in
the formal power series as (see [30]):

z = p*(ag + arp + agp? + ...) (3)
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where a;, k € Z, a9 # 0,a; € {0,1,2,...,p—1},4 = 1,2, ---. The p-adic norm ensures

the convergence of series in Q,, because |pkaipi|p < p~k1,
The n-dimensional vector space Qp, n > 1, consists of tuples x = (1,22, .., Zn),
where z; € Q, and j = 1,2,...,n. The norm on this space is given by

[xlp = max |l

In non-Archimedean geometry, the ball and its boundary are defined, respec-
tively, as:

Bi(a) ={x€Qy :[x—al, < "}, Sk(a) = {x € Qp :lx—al, = p*}.

For convenience we denote Bj(0)and S;(0) by By and Sy, respectively.
The local compactness and commutativity of the group Q) under addition im-
plies the existence of Haar measure dx on Q) such that

/ dX:|B()|H:1,
By

where the notation | B|y refers to the Haar measure of a measurable subset B of Qj.
Furthermore, it is not hard to see that |By(a)|g = p™*, [Sk(a)|g = p™*(1 —p™™),
for any a € Q}.

Let w(x) be a nonnegative locally integrable function on Q) and w(E) the
weighted measure of measurable subset E C Qp, that is w(E) = [, w(z)dz re-
spectively. The space of all complex-valued functions f with norm conditions:

1/r
Lr(wiQp) = </@ |f(X)|Tw(X)dX> < oo,

P

/]

is denoted by L"(w,Q}), (0 < r < o0), and is known as weighted Lebesgue space.
Note that L"(1,Qp) = L"(Q}).

In [22], authors have defined the weighted p-adic weak Lebesgue space L™ (w; Q)
by

1/r
Il np) = supas ((x € @ GOl > 4} ) <o
o

When w = 1, we get the weak Lebesgue space L">°(Qy) defined in [32]. Next, we
give the relevant p-adic function spaces.

Definition 1. [3/] Suppose 1 < r < oo and p € R. The p-adic space BT"“(QZ) is
the set of all measurable functions f: Qp — R which satisfy

1 1/r
fll groon zsup(w/ flx de) < 0.
Iy = 300 (e [, 1760

When pp = —1/r, then _
B™(Qp) = L™(Qp). It is easy to see that B™"(Q}) is reduced to {0} whenever
w<—=1/r.



SHARP WEAK BOUNDS FOR p-ADIC HARDY OPERATORS 921

Definition 2. [35] Suppose p € R and 1 < r < co. The p-adic space WB”L(QZ)
is defined as

WB(Q) = {F : | fllw s op) < ).

where

—p—1/r

Hf”vaw(Q;) = ilélz 1B, |5 [ fllwers,),

and || fllwrr(s,) is the local p-adic L"-norm of f(x) restricted to the ball B, that
18

I£lwirz,) = sup|{x € By : (0] > )"/
w

Evidently, if p = —1/r, then W B™*(Q1) = L™>(Qp). Also, B™*(Q) C WB™*(QR)
for =1/r <pu<0and1l<r<oo.

In the last several decades, a growing interest to p-adic models have been seen
because p-adic analysis is a natural base for development of various models of
ultrametric diffusion energy landscape [4]. It also attracts great deal of interest
towards quantum mechanics 30|, theoretical biology [L1], quantum gravity [1,{7],
string theory [31], spin glass theory [3L/26]. In [4], it was shown that the p-adic
analysis can be efficiently applied both to relaxation in complex speed systems
and processes combined with the relaxation of a complex environment. Besides,
the applications of p-adic analysis can be found in harmonic analysis and pseudo-
differential equations, see for example [5,9L{10}[21,/28}[29].

The one-dimensional Hardy operator

Hf(x) = glg/jf(t)dt, x>0, (4)

has been introduced by Hardy in [18] for measurable functions f: Rt — R*. This
operator satisfies the inequality

,
IHfllLrm+) < m“f”LT(]R‘*’)v 1<r<oo, (5)

where the constant r/(r — 1) is sharp.
In [12], Faris has proposed an extension of the Hardy operator H on higher
dimensional Euclidean space R™ by

1
Hf(x) /| _ fwde (6)

T x

where |x| = (31, 22)Y/2 for x = (21, - -, ¥y,). In addition, Christ and Grafakos [8]
have obtained the exact value of the norm of @ For more details related to Hardy
type operators and, in particular, to boundedness of these operators, we refer to
publications [64[13}]19}23,|24}27.36,/39].

On the other hand, the fractional Hardy operator is obtained by merely writing
|7~ (0 < a < n) instead of | - |* with in (). The weak type estimates for the
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fractional Hardy type operators has also spotlighted many researchers in the past,
see for example [2,/13}[15]/16}/20L[37.38].

In what follows, the higher dimensional fractional Hardy operator in the p-adic
field

HP f(x) = —

Xl

/|t L o xeap (o)

has been defined and studied for 0 < a < n and f € Lioc(Qp) in [33]. When o = 0,
the operator HP transfers to the p-adic Hardy operator (see |14]). Fu et al. in [14]
have acquired the optimal bounds of p-adic Hardy operator on Lebesgue spaces.
For more details, we refer the publications [17,/22}[25//34] and the references therein.

The purpose of the current paper is to study the sharp weak bounds for fractional
Hardy operator in the p-adic field on p-adic Lebesgue space. Moreover, we also
discuss the optimal weak type estimates for Hardy operator in the p-adic field on
central Morrey spaces.

2. SHARP WEAK BOUNDS FOR p-ADIC FRACTIONAL HARDY OPERATOR ON
LEBESGUE SPACES

Our main result for this section is as follows.

Theorem 1. Suppose 0 < a<n andn+~v>0.If f € Ll(@;}), then

IHEf Nl Lot e eizsag) SCUfller )

where the constant

—n (n—a)/(n+7)

1—

o_( 1=
1— p_(”""’Y)

is optimal.

Proof. We have

[HEf(x)] =

1

= f(t)dt‘

1[5~ Jitl, <|xl,

<Ixl, N fll @) (7)

Let Cl = ||']C||Ll(@;z)7 then

{x € Q) [HEf(x)| > p} € {x € Q) : x|, < (C1/m)"/ "=}
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Thus,

[HE || Lent e oo ((af7:0m)
) (n—a)/(n+7)

pn>0

<SUpu</Qn X {xeQu: | B £ (x)|>u} (X) X[ dx

<suppu

(n—a)/(n+v)
pn>0 )

1/(n—a 7d
Qn {er Il < (01/u) /( )}(X)|X|p X
> (n—a)/(n+)

zsupu< 1/(%04) \X|;dx

>0 \Jixi,<(c1/m)
fog, (/) " (n—a)/(n+7)
mopn( X )
log, (cl/u)l/("_“)
~(1=p ) D sup u( Y P
Pl

( 1—p™ > (n—a)/(n+y) . <Cl >
= —_— 108 —_—
1- p—(n+'y) ;L>p0 a 1%

_.-n (n—a)/(n+v)
<(1or T,
1= p-() LY (1x[f)

L—pn e/ )
=)

To show that the constant

appeared in is optimal, we proceed as, consider

fo(x) = X{erg:|x|pg1}(X)7

then

1 follr@p) = 1-

Also,

1
H?P —_— t)dt
HL) = [ )

1
|n a/lt <Ix] X{xe@;:|t|p§1}(t)dt
p= p

\ x

v e, @ X <1
‘X| f|t\p§1 dt, |X‘p > 1.

) (n—e)/(n+7)

923
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Since |Blog, x|, | = |x[}|Bolm, therefore,

HE fofx) = {""3’_ Pele =

R
Now,
{x e Qp: [Hgfo()| > p} ={lxlp < 1o x| > p U{[x]p > 12 x5 > p}.
Since 0 < a < n, therefore, when p > 1, then

{xeQp: [H fo(x)| > u} =0,
and when 0 < p < 1, then
{x e Q) : H fox)| > u} = {x € Q) = (W)™ < |x|, < (1/w)"/" "}

Ultimately we are down to:

[ HE foll Lint/tn=am oo (1x]7:0m)
(n—a)/(n+)
= sup M(/@ X{erg:(u)l/o‘<x|p<(1/,u,)1/<”(")}(X)|X|;dx>

o<pu<l
(n—a)/(n++)
= sup ,u(/ |X|de>
0<u<t \J(u)t/e <pxl,<(1/u)t/ (e
log, /171 (n—a)/(n+)
(1= pmy ) g 3 pj(nJrv))
O<pu<1

j=log, pl/a+1
(log, p'/*+1)(n+v) _ pllog, ut T 41y (nty) ) (n—a)/(n+)

—(1 — p=my(n—a)/(n+7)
(1-p7") sup u( =

o<pu<1

M(n+v)/a _ M(n+'y)/(a—n) ) (n—a)/(n+)

(1 — ) (n—a)/(n+7)

o<pu<l

—(1 = p~ )=/ (4 gy
0<pu<l

| pen e/t RN
= - . 1 — /e (nty)/(n—a
(1 - p—("+7)> 02221 ( H K )

1— pfn (n—a)/(n+v)
B ( 1—p-(+y) >

1— p—n (n—a)/(n+7)
:(1 p<”+”>

| — et ey () (n=a) \ (=) (1)
1— p—(n+’Y)

1 follzr -
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We thus conclude from and (9 that

—n 1/‘1
14 1= P
HHa||L1(Q}f)%L(”Jﬂ)/(""")‘oc(lxm;(@;}) = m .

3. OpTIMAL WEAK TYPE ESTIMATES FOR p-ADIC HARDY OPERATOR ON
WEAK CENTRAL MORREY SPACES

In the current section we investigate the boundedness of p-adic Hardy operator
on p-adic weak central Morrey spaces. It is shown the constant obtained in this
case is also optimal.

Theorem 2. Suppose —1/r < u<0,1<r<oo and if f € B“”(Qg), then
||pr||WB7UM(Qg) < ||f||BW(Qg)7

and the constant 1 is optimal.

Proof. Applying Holder’s inequality, we obtain

, 1/r 1/r!
P x Td d
25955 (L 7))

=[xl 1113 op-

Let Cy = ||f||B7vu(Q;~)' Since p < 0, we have

—u—1 1/
Hpr”WBT«“(QZ) Ssupsupy|B,Y‘H“ /T|{X €B,: 02|X|Zu > y}‘ r
YEZ y>0

—nu—1/r n 1/
—supsupy| B, 5" {Ixlp < 97 ¢ Xy < (y/Co)Y 3
YEZ y>0

If v < logp(y/Cg)l/"", then for p < 0, we obtain
— - n 1/r
sup sup BT (I, <07 Il < (/C) ]
¥>0 y<log, (y/C2)1/

< sup sup tp~
y>0 y<log, (y/Ca)t/m#

= 02
< Hf“BWu(Q;I)-
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If v > log, (y/C2)*/™", then for pn+ 1/r > 0, we get

—u—1
sup osup By [Tl < 07 Xl < (y/Co) Y
y>0y>log, (y/C2)t/ 1
< sup sup yp—vn(u+1/7“)(y/02)1/w
y>0~>log, (y/C2)t/ne
= 02

S Hf”BTu(Qg)
Therefore,
”prHWBTvu(Qg) < ”f”Bm»(QZ)- (10)
Conversely, to prove that the constant 1 is optimal, consider

fo(x) = X{\x|pg1}(x)’

then,

1 1/r
f 2q, ny = Sup <r/ X{|x X dX) .
|| OHB m(Qp) el ‘B'y|1H+IL B, {l |p§1}( )

If v < 0, then

1 1/r
sup (/ dx) =supp " =1,
vez \| By " /B, VEL

v<0 <0

since p < 0. If 4 > 0, then using the condition that u+ 1/r > 0, we have

1 1/r
sup (w / dx) =supp MW/ =1,
YEL |B'y|H By ~EZL
720 ~>0

Therefore,
||f0||]'37‘»u((@g) =1

Moreover,
1, x|, <1,
x|, x| > 1,

HP fo(x) Z{

which implies that |H? fy(x)| < 1. Next, in order to construct weak central Morrey
norm we divide our analysis into following two cases:
Case 1. When v < 0, then

IH? follwrr(s,) = sup yl{x € By : 1>y} =pm/",
0<y<1
and

HP o omy = sup | B —umlr - =supp "M =1= e (T -
IH* follw o (Qp) vgg‘ v H 1fllw L (a,) vglgp 1foll o (Qn)
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Case 2. When v > 0, we have

IH? follwrrs.,) =Osu1<)ly|{x € Bo:1>ytU{l<|x|, <p:|x[;™ >y}
<y<

For further analysis, this case is further divided into the following subcases:
Case 2(a). If 1 < v <log, y~1/" then

IH? follwrr(s,) = sup y{l+p"" —1}/" = sup tp™/".
0<y<1 0<t<1

Case 2(b). If 1 < log,, y~ /" < ~, then:
1H? follwirs,) = sup y(l+y™t =17 = sup y7'/r.
0<y< 0<y<1
Now, for 1 <r < oo and —1/r < 1 < 0, from case 2(a) and 2(b), we obtain

I1H* follw e )

= max { sup sup yp~ "H sup sup yll/rpn'y(wrl/r)}
0<y<li<y<log,(1/y)~1/" 0<y<1li<log,(1/y)~ /"<~

:max{ sup t'TH. sup y1+“}
0<y<1 0<y<1

=1= Hf0||1'3nu(Qg)~

Finally, using and , we arrive at:
||H||B’"1H(Q;‘)~>WB7\H(Q;}) =1
O

Author Contribution Statements The authors contributed equally to this work.
All authors read and approved the final copy of this paper.

Declaration of Competing Interests The authors declare that they have no
known competing financial interest or personal relationships that could have ap-
peared to influence the work reported in this paper.

Acknowledgement The authors are thankful to the referees for making valuable
suggestions leading to the better presentations of this paper.

REFERENCES

[1] Aref’eva, I. Ya., Dragovich, B., Frampton, P. H., Volovich, I. V., The wave function of
the universe and p-adic gravity, Internat. J. Modern Phys. A, 6(24) (1991), 4341-4358.
https://doi.org/10.1142/50217751X91002094

[2] Asim, M, Hussain, A., Sarfraz, N., Weighted variable Morrey—Herz estimates for fractional
Hardy operators, J. Ineq. Appl., 2022(2) (2022), 12 pp. https://doi.org/10.1186/s13660-021-
02739-z

(11)



928

(3]

(4]

5

(6]

[7

8

[9

(10]

(11]

(12]
(13]

(14]

[15]
[16]
(17)
(18]
(19]

20]

(21]

A. HUSSAIN, N. SARFRAZ, F. GURBUZ

Avetisov, V. A., Bikulov, A. H., Kozyrev, S. V., Application of p-adic analysis to mod-
els of breaking of replica symmetry, J. Phys. A: Math. Gen., 32(50) (1999), 8785-8791.
https://doi.org/10.1088,/0305-4470/32/50/301

Avetisov, V. A., Bikulov, A. H., Kozyrev, S. V., Osipov, V. A., p-adic models of ultrametric
diffusion constrained by hierarchical energy landscaapes, J. Phys. A:Math.Gen., 35(2) (2002),
177-189. https://doi.org/10.1088,/0305-4470/35/2/301

Bandaliyev, R. A., Volosivets, S. S., Hausdorff operator on weighted Lebesgue and grand
Lebesgue p-adic spaces, p-Adic Numbers Ultrametric Anal. Appl., 11(2) (2019), 114-122.
https://doi.org/10.1134/S207004661902002X

Bliss, G. A., An integral inequality, J. London Math. Soc., 5(1) (1930), 40-46.
https://doi.org/10.1112/jlms/s1-5.1.40

Brekke, L., Freund, Peter, G. O., p-adic numbers in Physics, Phys. Rep., 233(1) (1993), 1-66.
https://doi.org/10.1016,/0370-1573(93)90043-D

Christ, M., Grafakos, L., Best constants for two nonconvolution inequalities, Proc. Amer.
Math. Soc., 123(6) (1995), 1687-1693. https://doi.org/10.1090/S0002-9939-1995-1239796-6
Chuong, N. M., Egorov, Yu. V., Khrennikov, A., Meyer, Y., Mumford, D., Harmonic, wavelet
and p-adic analysis. Including papers from the International Summer School held at Quy
Nhon University of Vietnam, Quy Nhon, June 10-15, 2005. World Scientific Publishing
Co. Pte. Ltd., Hackensack, NJ, 2007. x+381 pp. ISBN: 978-981-270-549-5; 981-270-549-X.
https://doi.org/10.1142/6373

Chuong, N. M., Hung, H. D., Maximal functions and weighted norm inequal-
ities on local fields, Appl. Comput. Harmon. Anal., 29(3) (2010), 272-286.
https://doi.org/10.1016/j.acha.2009.11.002

Dubischar, D.; Gundlach, V.M., Steinkamp, O., Khrennikov, A., A p-adic model for the
process of thinking disturbed by physiological and information noise, J. Theor. Biol., 197(4)
(1999), 451-467. DOI: 10.1006/jtbi.1998.0887

Faris, W. G., Weak Lebesgue spaces and quantum mechanical binding, Duke Math. J., 43(2)
(1976), 365-373. DOI: 10.1215/S0012-7094-76-04332-5

Fu, Z. W., Grafakos, L., Lu, S. Z., Zhao, F. Y., Sharp bounds for m-linear Hardy and Hilbert
operators, Houston. J. Math., 38(1) (2012), 225-244.

Fu, Z. W.,, Wu, Q. Y., Lu, S. Z., Sharp estimates of p-adic Hardy and Hardy-
Littlewood-Pélya operators, Acta Math. Sin. (Engl. Ser.), 29(1) (2013), 137-150.
https://doi.org/10.1007/s10114-012-0695-x

Gao, G., Zhao, F. Y., Sharp weak bounds for Hausdorff operators, Anal Math., 41(3) (2015),
163-173. https://doi.org/10.1007/s10476-015-0204-4

Gao, G., Hu, X., Zhang, C., Sharp weak estimates for Hardy-type operators, Ann. Funct.
Anal., 7(3) (2016), 421-433. https://doi.org/10.1215/20088752-3605447

Gao, G., Zhong, Y., Some estimates of Hardy operators and their commutators on Morrey-
Herz spaces, J. Math. Inequal., 11(1) (2017), 49-58. DOI: 10.7153/jmi-11-05

Hardy, G. H., Note on a theorem of Hilbert, Math. Z., 6(3-4) (1920), 314-317.
https://doi.org/10.1007/BF01199965

Ho, K.-P., Hardy’s inequality on Hardy—Morrey spaces, Georg. Math. J., 26(3) (2019), 405—
413. https://doi.org/10.1515/gmj-2017-0046

Hussain A., Asim, M., Aslam, M., Jarad, F., Commutators of the fractional Hardy operator
on weighted variable Herz-Morrey spaces, J. Funct. Spaces, (2021), Art. ID 9705250, 10 pp.
https://doi.org/10.1155/2021 /9705250

Hussain, A., Sarfraz, N., The Hausdorff operator on weighted p-adic Morrey and
Herz type spaces, p-Adic Numbers Ultrametric Anal. Appl, 11(2) (2019), 151-162.
https://doi.org/10.1134/S2070046619020055



SHARP WEAK BOUNDS FOR p-ADIC HARDY OPERATORS 929

[22] Hussain, A., Sarfraz, N., Optimal weak type estimates for p-adic Hardy
operators, p-Adic Numbers Ultrametric Anal. Appl, 12(1) (2020), 29-38.
https://doi.org/10.1134/S2070046620010033

[23] Hussain, A., Ahmed, M., Weak and strong type estimates for the commutators of Hausdorff
operator, Math. Inequal. Appl., 20(1) (2017), 49-56. DOI: 10.7153/mia-20-04

[24] Hussain, A., Gao, G., Multidimensional Hausdorff operators and commutators on Herz-type
spaces, J. Inequal. Appl., 2013(594) (2013), 12 pp. https://doi.org/10.1186,/1029-242X-2013-
594

(25] Liu, R.H., Zhou, J., Sharp estimates for the p-adic Hardy type operator on higher-dimensional
product spaces, J. Inequal. Appl., 2017(219) (2017), 13 pp. https://doi.org/10.1186/s13660-
017-1491-z

[26] Parisi, G., Sourlas, N., p-adic numbers and replica symmetry, Eur. Phys. J. B Condens.
Matter Phys., 14(3) (2000), 535-542. https://doi.org/10.1007 /5100510051063

[27] Persson, L.-E., Samko, S. G., A note on the best constants in some hardy inequalities, J.
Math. Inequal., 9(2) (2015), 437-447. DOI:10.7153/jmi-09-37

[28] Sarfraz, N., Gurbiiz, F., Weak and strong boundedness for p-adic fractional Hausdorff op-
erator and its commutator, Int. J. Nonlinear Sci. Numer. Simul., 2021 (2021), 12 pp.
https://dx.doi.org/10.1515/ijnsns-2020-0290

[29] Sarfraz, N., Aslam, M., Some weighted estimates for the commutators of p-adic Hardy
operator on two weighted p-adic Herz-type spaces. AIMS Math., 6(9) (2021), 9633-9646.
DOI:10.3934/math.2021561

[30] Vladimirov, V. S., Volovich, I. V., Zelenov, E. L., p-adic Analysis and Mathematical Physics,
Series on Soviet and East European Mathematics, 1. World Scientific Publishing Co., Inc.,
River Edge, NJ, 1994, xx+319 pp. ISBN: 981-02-0880-4. https://doi.org/10.1142/1581

[31] Vladimirov, V. S., Volovich, I. V., p-adic quantum mechanics, Commun. Math. Phy., 123
(1989), 659-676. https://doi.org/10.1007/BF01218590

[32] Volosivets, S. S., Weak and strong estimates for rough Hausdorff type operator defined
on p-adic linear space, p-Adic Numbers Ultrametric Anal. Appl., 9(3) (2017), 236-241.
https://doi.org/10.1134/S2070046617030062

[33] Wu, Q.Y., Boundedness for commutators of fractional p-adic Hardy operator, J. Inequal.
Appl., 2012(293) (2012), 12pp. https://doi.org/10.1186/1029-242X-2012-293

[34] Wu, Q. Y., Mi, L., Fu, Z. W., Boundedness of p-adic Hardy operators and their commutators
on p-adic central Morrey and BMO spaces, J. Funct. Spaces Appl., (2013), Art. ID 359193,
10 pp. https://doi.org/10.1155/2013/359193

[35] Wu, Q. Y., Fu, Z. W., Hardy-Littlewood-Sobolev inequalities on p-adic central Morrey spaces,
J. Funct. Spaces, (2015), Art. ID 419532, 7 pp. https://doi.org/10.1155/2015/419532

[36] Xiao, J., LP and BMO bounds of weighted Hardy-Littlewood averages, J. Math. Anal. Appl.,
262(2) (2001), 660-666. https://doi.org/10.1006/jmaa.2001.7594

[37] Yu, H., Li, J., Sharp weak bounds for n-dimensional fractional Hardy operators, Front. Math.
China, 13(2) (2018), 449-457. https://doi.org/10.1007/s11464-018-0685-0

[38] Zhao, F. Y., Lu, S. Z., The best bound for n-dimensional fractional Hardy operator, Math.
Inequal Appl., 18(1) (2015), 233-240. DOI: 10.7153/mia-18-17

[39] Zhao, F. Y., Fu, Z. W., Lu, S. Z., Endpoint estimates for n-dimensional Hardy
operators and their commutators, Sci. China Math., 55(10) (2012), 1977-1990.
https://doi.org/10.1007/s11425-012-4465-0



http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 71, Number 4, Pages 930-[943] (2022)
DOI:10.31801 /cfsuasmas.1014919

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: October 26, 2021; Accepted: April 13, 2022 SERIES Al

DOMINATOR SEMI STRONG COLOR PARTITION IN GRAPHS

Praba VENKATRENGAN!, Swaminathan VENKATASUBRAMANIAN?Z
and Raman SUNDARESWARAN?3

I1Department of Mathematics, Shrimati Indira Gandhi College, Tiruchirappalli,
Tamilnadu, INDIA
2Ramanujan Research Center in Mathematics, Saraswathi Narayanan College, Madurai,
Tamilnadu, INDIA
38ri Sivasubramaniya Nadar College of Engineering, Chennai, Madurai, Tamilnadu, INDIA

ABSTRACT. Let G =(V, E) be a simple graph. A subset S is said to be Semi-
Strong if for every vertex v in V, |[N(v) N S| < 1, or no two vertices of S have
the same neighbour in V/, that is, no two vertices of S are joined by a path of
length two in V. The minimum cardinality of a semi-strong partition of G is
called the semi-strong chromatic number of G and is denoted by x,G. A proper
colour partition is called a dominator colour partition if every vertex dominates
some colour class, that is , every vertex is adjacent with every element of some
colour class. In this paper, instead of proper colour partition, semi-strong
colour partition is considered and every vertex is adjacent to some class of the
semi-strong colour partition.Several interesting results are obtained.

1. INTRODUCTION

Let G = (V, E) be a finite, undirected graph. We follow standard definitions
of graph theory [2,[8]. A proper vertex coloring of a graph is defined as coloring
the vertices of a graph such that no two adjacent vertices are colored using same
color. A subset S of a graph G = (V, E) is said to be a dominting set if every
vertex not in S is adjacent to at least one vertex of V' — S. The domination number
v(G) is the number of vertices in a smallest dominating set for G [9,|10]. S. M.
Hedetniemi [11}{12] introduced and discussed the concept of dominator coloring and
dominator partition of graphs. S.Arumugam et.al. discussed further in dominator
coloring in graphs |1]. The combination of the two most important fields in graph
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theory namely, Coloring and domination have a lot of research results. A dominator
coloring of a graph G is a proper coloring, such that every vertex of G dominates
at least one color class (possibly its own class). Gera et. al. |6] defined dominator
colouring in a graph G as a proper colour partition in which every vertex dominates
some color class. The dominator chromatic number of G, denoted by x4(G), is the
minimum number of colors among all dominator colorings of G. Gera researched
further in |7] on dominator coloring and safe clique partitions. Kazemi proposed
the concept of total dominator coloring in graphs and studied its properties |15].
A proper coloring, such that each vertex of the graph is adjacent to every vertex
of some (other) color class. For more results on the total dominator coloring, refer
to |[14116]. M. Chellali and F. Maffray discussed Dominator colorings in some classes
of graphs [4]. In 2015, Merouane et al. |17] proposed the dominated coloring which
is defined as a proper coloring such that every color class is dominated by at least
one vertex. The dominated chromatic number of G, denoted by Xg4om (G), is the
minimum number of colors among all dominated colorings of G. For comprehensive
results of coloring and domination in graphs, color class domination in graphs
introudced and studied in detail. refer to [5,20,[21]. As a generalization of strong
set introduced by Claude Berge [3], E.Sampathkumar defined semi-strong sets 18]
in a graph. In a simple graph G, a subset S of the vertex set V(G) of G is called
a semi-strong set of G if |[N[v]N S| < 1 for v in V(G). E.Sampathkumar also
introduced Chromatic partition of a graph [19] and studied its properties. Also, G.
Jothilakshmi et al studied (k,r) - Semi Strong Chromatic Number of a Graph [13].
Instead of proper color partition, semi-strong partition [18] of V(G) is considered
and domination property that every vertex dominates semi-strong color class is
added. The minimum cardinality of such a partition is found for some classes of
graphsand bounds are obtained. Interesting results in this new concepts are derived.

Definition 1. A subset S of V(G) is called a maximal semi-strong set of G if S is
semi-strong and no proper super set of S is semi-strong. The maximum cardinality

of a mazximal semi-strong set of G is called semi-strong number of G and is denoted
by ss(G).

Definition 2. A dominator coloring of a graph G is a proper coloring in which
each vertex of the graph dominates every vertexr of some color class.

Definition 3. A semi-strong coloring of G is called a dominator semi-strong
color partition of G if every vertex of G dominates an element of the partition.
The minimum cardinality of such a partition is called the dominator semi-strong
color partition number of G and is denoted by x¢(Q).

Since the trivial partition is a semi-strong coloring of G, the existence of domi-
nator semi-strong color partition is guaranteed in any graph.
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2. x4(G) FOrR SOME WELL-KNOWN GRAPHS

Observation 1. (i) x4(K,) = x4 (K,) = n.

(ia) x4(K, —e) =n (since K, — e has a full degree vertex).
(1) X3 (K1n) =n+1, X (K1) +v(Kin) =n+ 1.

(1i1) Xq(Kmm) =2 < XU Km.n) if m <n and n > 3.

Remark 1. Let Il = {V4, V5, ..., Vi} be a dominator semi-strong color partition of
G. A vertex uw € V' can dominate V; if and only if |V;| = 1.

Theorem 1. For any Path P,, x*(P,) = [2] +1, n > 2.

Proof. Let P, be a path on n vertices.

Case 1: n=4k, k>1

Let IT = {Vl, ‘/2, ceay vak, V2k+1} where V1 = {7)2, V3,Ve,V7y... 7’[)4]“,27’04]6,1}, ‘/2 =
{vih, Vs ={ws}, ..., Vi = {van—3}, Vier1 = {va}, Vipo = {ws}, ..., Va1 = {var}-
Then II is a dominator semi-strong color partition of P,. Therefore y¢(P,) <
2k+1=[%]+1.

Let II; be a y%-partition of P,,. The maximum cardinality of an element of II;
is at most 2k. There are at least 2k singletons to dominate 4k elements, since no
single element can dominate two elements of a set which are at a distance 2. There-
fore |TI| > 2k + 1. Therefore x4(Py) = 2k +1 = {%] + 1.

Case 2: Let n=4k+1, k>1

Let IT = {Vl, Vé, ey ‘/ék, V2k+1, Vé]ﬂ.g} where ‘/1 = {UQ, V3,V6,VU7y...,V4k—-2, 1)4k_1},
Vo = {ui}, V3 = {vs}, ..., Vi = {var=3}, Viy1r = {vars1}, Viye = {wa},
Viers = {vs}, ..., Vagro = {var}. Then II is a dominator semi-strong color partition
of P,,. Therefore x4(P,) < 2k+2=[2] +1.

Arguing as in case 1, X¢(Pye41) > 2k+2 = [ 2] +1. Therefore x4(P,) = [%]+1,
where n = 4k + 1.

Case 3: Let n=4k+2, k>0

Let IT = {Vl, va7 ceey V2k; ‘/QkJrl, ‘/QkJrQ} where
Vi = {v2,v3,06,07,. .., Vap—2,Vap—1,Vaky2}, Vo = {1}, V3 = {vs}, ..., Vi =
{var—s}, Vg1 = {vars1}, Viro = {va}, Vigz = {vs}, ..., Varyo = {var}. Then IIis
a dominator semi-strong color partition of P,. Therefore x¢(P,) < 2k+2 = [%1 +1.

Arguing as in case 1, x¢(Pyey2) > 2k+2 = [ 2] +1. Therefore x4(P,) = [%2]+1,
where n = 4k + 2.

Case 4: Let n=4k+3, k>0

Let IT = {‘/vl7 V27 ey V2k7 Vv2k+17 ‘/v2k+2, V2k+3} where
Vi = {v2,v3,06,07, ..., Vap—2,Vak—1,Vakt2}, Vo = {1}, V3 = {ws}, ..., Vi =
{van—s}, Vir1 = {var—3}, Vire = {vans1}, Vigs = {va}, Vs = {us}, ..., Vorqo =
{var}, Vak+s = {vak+3}. Then II is a dominator semi-strong color partition of P,.
Therefore x4(P,) < 2k+3 = [2]| + 1.

Arguing as in case 1, X¢(Pyr43) > 2k+3 = [ 2] +1. Therefore x4(P,) = [2]+1,
where n = 4k + 3. (Il



DOMINATOR SEMI STRONG COLOR PARTITION 933

Theorem 2. x¢(C,) = {gw +1,n>3.

Proof. Let C), be a cycle on n vertices.

Case 1: n=4k, k>1

Let V(C,) = {v1,v2,...,v4x}. Let IT = {V1, Vo, ..., Vo, Var11} where
Vi = {v2,v3,06, V7, ..., Vak—2,Vak—1}, Vo = {v1 }, Vs = {us}, ..., Vig1 = {van—3}, Vaqa =
{va}, Vieys = {vs}, ..., Varp1 = {var}. Then II is a dominator semi-strong color
partition of C,,. Therefore x4(C,,) < |[Il| =2k +1=% +1=[2] + 1.

There are at least 2k singletons and no single element can dominate a two
clement set which are at a distance 2. Therefore x?(Cyr) > [%] + 1. There-

fore x3(Cyr) =[] + 1.

Case 2: Let n=4k+1, k> 1

Let Il = {Vl, Vo, ..., Vo, ‘/2]9+1, VVQ]CJFQ} where V] = {’Ug, V3, V6, U7y« o« s Vd—2, ’1}4]@,1},
Vo = {wn}, V3 = {vs}, ..oy Virr = {vak—3}, Vire = {vars1}, Viys = {w},
ooy Vopro = {var}. Then II is a dominator semi-strong color partition of P,.
Therefore x4(Cypy1) < 1| =2k +2 =[] 1= [2] + 1.

There are at least 2k singletons and no single element can dominate a two element
set which are at a distance 2. Therefore x?(Cyz41) > [2]+1 and hence x¢(Cujq1) =

HES

Case 3: Let n=4k+2, k> 1

Let II = {‘/1, Vo, ..., Vo, ‘/Qk_i'_l’ ‘/Qk—J’_Q} where V] = {1)2, V3, V6, U7y« y Vak—2, U4k_1},
Vo = {vaks1, vanyo}, Va = {or}, Va = {ws}, ..., Vipo = {van—3}, Vi = {va}, Viqa =
{vs}, ..., Vagyo = {var}. Then II is a dominator semi-strong color partition of C,.

Therefore x?(Cypy2) < [ =2k +2+1=[2] + 1.

There are at least 2k singletons and no single element can dominate a two el-
ement set which are at a distance 2. Any doubleton must consist of consecutive
vertices. Therefore x4(Cupq2) > [%] + 1. Therefore x¢(Cups2) = [%2] + 1.

Case 4: Let n=4k+3, k>0

Let II = {Vl, Vo, ..., Vog, V2k+1, V2k+2, V2k+3} where
Vi = {v2,v3,06,v7, ..., Vap—1,Vans2}, Vo = {v1}, Vs = {vs}, ..., Viy1 = {van—3s},
Vk+2 = {’U4k+1}, Vk+3 = {U4}, ey V2k+2 = {U4k}, V2k+3 = {’U4k+3}. Then II is a
dominator semi-strong color partition of C,,. Therefore x¢(Cyx13) < |II| = 2k+3 =
[T +1=[5]+1.

There are at least 2k + 1 singletons and no single element can dominate a two
element set which are at a distance 2. Any doubleton set must consist of consecutive
vertices. Therefore x4(Cujq3) > [%] + 1. Therefore x?(Cupss) = [%] + 1. O

Theorem 3. For Complete bi-partite graph Ko n, X(Kmn) = max{m,n} + 1.

Proof. Let Vi, Va be the partite sets of Ky, 5.



934 P. VENKATRENGAN, S. VENKATASUBRAMANIAN, R. SUNDARESWARAN

Case 1: Let m < n.
Let V1 = {ul,u2, [N ,Um} and ‘/2 = {’Ul, V2,..., Un}.
Let IT = {{u1,v1}, -« oy {tm-1,Vm-1}, {ttm }, {vm}, ..., {vn}}. Theneachofvi,vq,...,
v, dominates {u,,}, and each of uj,us,...,u,n—1 dominates {v,}. Therefore II is
a dominator semi-strong color partition of K, ;.
Therefore X4(Kpn) <[ =m+n—(m—1)=n+1.

No two elements of V7 can belong to an element of II. Also no two elements of
V5 can belong to an element of II. Any element of V; dominates all elements of V5.
So is the case with V5. Therefore II must consist of at least one singleton from V;
and one singletons from V3. Therefore x4(Kyn) > m —1+2+ (n—m) =n+ 1.
Therefore X4(Kp,n) = n+ 1 = max{m,n} + 1.

Case 2: Let m=n
Let IT = {{u1,v1}, ..., {ttm-1,Vm-1} {tm},...,{vn}}. Proceeding as in case 1,

X Kpmn) =m+1=maz{m,n} + 1. O
Corollary 1. x¢(Ki,)=n+1.

Theorem 4. x¢(K,,(a1,az,...,an)) =m+maz{ai,az,...,amn}

Proof. Let a1 < ag < ... < ap. Let V(K (a1,a2,...,6m)) = {u1,us, ..., Un,
Ul,l; ’U1’2, e >Ul,a17 e ,Um71, Ce ,’Umvam}. Let II = {{Ul}, ey {U,n}, {’0171,’0271, ceay
Umats- s {V0arsV2,a1s -« s Umar by A02.a2s Us.azs - - - s Umoas I - - - s \Wm.an, | 1+ LHED

III| = m + am = m + maz{ay,ag, ..., am}.

Therefore x4(K,, (a1, a2, ..., an,)) < m+maz{ay,as,...,an,}. Any xd-partition
must contain uq, ug, . .., Uy, as singletons for dominating the pendent vertices. Fur-
ther no two pendent vertices at any u;, 1 <4 < m can belong to an element of the
partition. Therefore x¢(K,(a1,as,...,am)) > m+maz{ay,as,...,an}. Therefore
XU Kpm(ar,az, ..., am)) =m+maz{ar,az,...,amn} O

Let G be the graph shown in Figure 1

Vo6

Vs v %) Ve

V13 V8

V12 4 V3 V9
Vi

Vi1 G 0

FIGURE 1. G = K4(1,2,3,3) with x4(G) =7

Let II = {{v1}, {v2}, {vs}, {va}, {vs, v6,vs, v11}, {v7,v9, v12}, {10, v13}}. Then
II is a yZ-partition of G. Therefore x¢(G) = |lI| =4+ 3 =T.
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Theorem 5. x?(Kahaz,_“,am) =ai1+as+...+an, if m>3.

Proof. Let m > 3. Then any vertex of Kg, q4,,. 4, iS a common vertex of two
vertices. Hence no two vertices can be included in an element of a yZ-partition.
Hence x4 (Ka,.a9.....a,) = @1 + Q2 + ... + @y, if m > 3. ]

Theorem 6. x¢(P) =7 where P is the Petersen graph.

Proof. Consider the graph in Figure 2. Let V(P) = {v1,v2,...,v10}.

Let IT = {{v1,v2}, {vs, va}, {vs}, {vs, v}, {vr}, {vs}, {v1i0}}. Then Il is a dominator
semi-strong color partition of P. Therefore x4(P) < 7.

Vi
V5 1%

\%
10 6

V7

V9 Vg

V4 V3
FIGURE 2. Petersen Graph

In any y%-partition of P, no three-element set can appear. Since for any three
element set of P, there exists a vertex which is adjacent to two of the element
of that set. Any three 2 element sets must have three singletons for domination.
Hence the remaining one element must appear as a singleton. Therefore xy¢(P) > 7.
Therefore x¢(P) = 7. O

Remark 2. (i) 1 < x4(G) < n.
(i) x4(G) =1 if and only if G = K.

Observation 2. Let G be a graph with full degree vertez. Then x4(G) = |V(G)].

Proof. Let II be a y%-partition of G. Let V; € II. If [V}| > 2, then any two points
of V7 are adjacent with full degree vertex, a contradiction. Therefore |V;| = 1.
Therefore x4(G) = |V(G)|. O

Corollary 2. xy4(W,) =n.

Corollary 3. \4(F,) = n.
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3. MAIN RESULTS

Theorem 7. maz{x,(G),7(G)} < x4G) < x.(G) +~(G).

Proof. Since any yZ-partition of G is a x-partition of G, x,(G) < x4(G). Let I =
{V1,Va, ..., Vi } where k = x4(G) be a y%-partition of G. Let z; € V;, 1 <14 < k.
Let S = {z1,29,...,2,}. Let v € V — S. Then v dominates some color class,
say V;. Therefore v is adjacent with x;. Therefore {z1, s, ..., 2z} dominates G.
That is, S is a dominating set of G. That is, 7(G) < |S| = k = x4(G). Therefore
maz{x,(G),7(G)} < x4(G).

Let IT = {V1, Va,..., Vi.} be a x,-coloring of G. Assign colors x,(G)+1,...,x,(G)
+ v(G) to the vertices of a minimum dominating set of G, leaving the rest of the
vertices colored as before. Then the resulting partition is a dominator semi-strong
color partition of G. Therefore, x4(G) < || + v(G) = x,(G) +7(G). O

Remark 3. The set S need not be a minimum dominating set. For example, when
G = Ps, XY(G) = 4. But v(Ps) = 2.

Theorem 8. Let a,b be positive integers with a < b. Then there exists a graph G
such that x4(G) = a and x4(G) = b.

Proof. When a = b, x4(K,) = x4(K,) = a. Let a < b. Let G = K, q,,...a, Where
k = a. Then x,;(G) = a. Choose a1,as,...,a; such that a; + a2 + ... + ar =
b. Then x4(G) = b. O

Theorem 9. x¢(G) = 2 if and only if G = K.

Proof. If G = Ks, then x%(G) = 2. Suppose x4(G) = 2. Let IT = {V;, 15} be a
Xg-partition of G. Suppose |V1| > 2. Then any vertex of V, dominates V; unless
[Va] = 1. If |V5| > 1, then it is a contradiction. Therefore V3| = 1. Similarly,
[Vi| = 1. Therefore G = K». O

Corollary 4. Suppose T is a tree of order n > 2. Then x(T) = 2. x4(T) = x(T)
if and only if XX(T) = 2. That is if and only if G = Ko.

Theorem 10. Let G be a connected unicyclic graph. Then x4(G) = x(G) if and
only if G = Cj.

Proof. If G is a cycle, then x%(G) = x(G) if and only if G = C3. Suppose G
contains Cy,. Then x(G) = 2, but x4(G) > 3, a contradiction. Therefore G
contains an odd cycle Co,11. Then x(G) = 3. If there exists a path attached with
a vertex of Cg,11, then x4(G) > 4, a contradiction. Therefore G is a cycle. Since

X4(G) = x(G), G = Cs. O

Theorem 11. Let G be a connected graph. Then x4(G) = n if and only if either
G has a full degree vertez or N(G) = K,,.



DOMINATOR SEMI STRONG COLOR PARTITION 937

Proof. Let x4(G) = n. Let V(G) = {uy,uz,...,u,}. Then I = {{us}, {ua}, ..., {u,}}
is a yd-partition of G. Let diam(G) = k > 3. Let u and v be the end vertices of

a diametrical path. Let u = uj,u9,...,uxr1 = v. Then u and v have no com-
mon adjacent vertex. Therefore Iy = {{u,v},...,{u,}}. Then u dominates {us}
and v dominates {up}. Also {u,v} is dominated by a single vertex. Therefore
II; is a dominator semi-strong color partition of G. Therefore Y¢(G) < n —1, a
contradiction. Therefore diam(G) < 2.

Suppose u; and ug are adjacent and ujus is not the edge of a triangle. Then
{u1,us} can be taken as an element of a dominator semi-strong color partition of
G with all other vertices as singletons. If u; is adjacent with some w;, ¢ > 3 and
uy is adjacent with some uj, j # {1,2}, then x4(G) < n — 1, a contradiction.
Therefore if |[V(G)| > 4 and diam(G) < 2 and ujug is an edge such that u; and ug
have separate adjacent vertices, then ujus is the edge of a triangle. In such case,
N(G) = K,,. Suppose u; is adjacent with some vertex ug and us is not adjacent
with any vertex of G other than u;. Suppose us is adjacent with some vertex
ug. If uy is not adjacent with ug, then gy = {{uy,us}, {ua}, {us},...,{un}} is a
dominator semi-strong color partition of G, a contradiction. If us is adjacent with
u1, then uy is also adjacent with u;. Therefore GG is a connected graph with a full
degree vertex.

Suppose G has no full degree vertex. Then the case that only one of w1, us
which are adjacent, has some other adjacent vertex does not hold. Therefore both
u1 and us have different adjacent vertices. Therefore ujus is the edge of a triangle.
Therefore diam(G) < 2 and when ujug is an edge, then wjus is the edge of a
triangle. Therefore N(G) = K,,. The converse is obvious. O

Remark 4. Let G be the graph given in Figure 3.
Then G = N(G), N(G) is not complete and G has no full degree vertex. There-
fore x4(G) = 4 and x,(G) = 3.

Remark 5. Let G be the graph shown in Figure .
Then N(G) = K5 — {e}. G has a full degree vertex and hence x(G) =5 even-
though N(G) is not complete. Hence x,(G) =4 and x4(G) = 5.

Remark 6. Let G be a complete multipartite graph Ko, q,,..
has no full degree verter. x4(G) = n and hence N(G) = K.

ans M > 3. Then G

Observation 3. Let G be a cycle C,, with pendent vertex attached with exactly one
X4Cp) +1 ifn#1 (mod 4)

¢ Cy. Then x4(G) =
vertex of en x4(G) {X‘;(Cn) otherwise

Proof. Let V(C,,) = {u1,ua,...,u,}. Let u,+1 be a pendent vertex attached with
Uuq.
Case 1: Let n = 4k.
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Vs l
V2
Vq V3
G
V5 V1
V2
V4 V3
N(G)

FIGURE 3. G = N(G) = Cs

V1
V2 V3 G V4 Vs
Vs
[ v2
‘V4 V3
N(G)

FIGURE 4. G and N(G)

Let IT = {{uak+1,us, ua,uz, us; . .., Uap—5, Usk—a, Uap—1}, {ur }, {ua}, {us }, {ue},
ooy {uag—3s}, {uag—2},{uar}}. Then II is a dominator semi-strong color partition
of G. Therefore x¥(G) <1+2k+1=2k+2=[2] +2=x%C,) + 1.
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There are at least 2k singletons and no single element can dominate a 2 element
set whose elements are at distance 2. Also for the pendent vertex either it appears
as a singleton or its support appears as a singleton. Therefore X?(G) > [%1 + 2.
Therefore x3(G) = [2] +2 = x%(Cy) + 1.

Case 2: Let n =4k + 1.

Let II = {{U4k+2, U3, Ug, U7, Uy -« - y Udk—1, U4k}, {ul}, {UQ}, {U5}, {UG}, ey {U4k+1}}.
Then IT is a dominator semi-strong color partition of G. Therefore x¢(G) < 1+k+
1+k=2k+2=[2]4+1=x%C,).

If x4(G) < [2] + 1, then removing the pendent vertex we get that x?(C,) <
[2] 41, a contradiction. Therefore x4(G) = [2] +1 = x4(Ch).

Case 3: Let n =4k + 2.

Let IT = {{uap+3, us, ua, Uz, Us, . . . , Usk—5, Udk—4, Usk—1, Uak }, {u1 }, {u}, {us}, {us},
cooy {uag—3s}, {uak—2}, {vak+1}, {tak+2}}. Then IT is a dominator semi-strong color
partition of G. Therefore x4(G) < [%2] +2 = x4(C,) + 1.

Arguing as in case 1, we get that x?(G) > [Z] + 2.

Therefore x3(G) = [2] +2 = x%(Cn) + 1.

Case 4: Let n =4k + 3.

Let IT = {{uwar+4, us, ua, Uz, us, . .., Uap—1, Uar }, {u1 }, {ua}, {us}, {us}, ..., {vans1},
{ugr+2}, {ttak+3}}. Then II is a dominator semi-strong color partition of G. There-
fore Y}(G) <M =1+k+1+k+2=2k+4=[2]+2=x%Cy) + 1.

Arguing as in case 1, we get that x?(G) > [Z] + 2.

Therefore x2(G) = [2] +2 = x%4(Cy) + 1. O

Proposition 1. If diam(G) < 2, then x2(G) > [%], where |V(G)| = n.

Proof. Let G be a connected graph and diam(G) < 2. If diam(G) = 1, then
G = K, and x¥(G) = n > [%]. Suppose diam(G) = 2. Then x4(G) > x,(G) >

(51 [7]. 0

Remark 7. The converse of the above proposition need not be true.
For: x4(Cy) = [2] 41> [Z] for alln > 3. When n > 6, diam(C,) > 3.

Definition 4. C,,(a1,as,...,ay) is the graph obtained from the cycle C,, by at-
taching a; (> 1) pendent vertices at the vertex u; of Cp,, 1 <i < m.

Proposition 2. x4(C,,(ayi,az,...,an)) =m+mazr{a,az,...,amnm}.
Proof. The proof follows on the same line as the proof of the Theorem [ (|

Theorem 12. Let G be a connected graph. Then x4(G) = n—1, where |V (G)| =n
if and only if n > 4. Whenn =4, G = Py or Cy. Whenn =5, G is one of
the ten graphs Ps, Cs, D12 or G, (1 < i < 7) given in Figure 5. When n > 6,
there exist two vertices say w1, us such that u; and us may be either adjacent or
independent and there exist u;, (3 <1i < n) adjacent with u; and not with us, there
exist uj, (j # 1), (3 <k < n) such that u, and us are adjacent with uj, and uy may
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G 5 G(, G7

FIGURE 5. A set of graphs Gy, G2, G3, Gy, G5, G5, G with n =5
and xY4(G) =n—1

be adjacent with any uk, (k # j), us may be adjacent with any vy, (k # i) but uq
and ug are not together adjacent with any ug.

Proof. Let G be a connected graph. Let x4(G) =n — 1. Let IT = {{uy,u2}, {us},
{us},...,{un}} be a xd-partition of G.

Case 1: u; and uy are adjacent.

Let u;, 3 < i < n, be such that u; is not adjacent with both u; and uy. That
is, either u; is adjacent with w; and not with us or u; is adjacent with us and not
with w1 or u; is not adjacent with both w; and us. Since IT is a X‘Si—partition, there
exist some u;, 3 < i < n adjacent with u; and some u;, j # i, 3 < j < n, adjacent
with us. Then wu;, up have a common vertex u; and u;, u; have a common vertex
ug. Any two of the vertices ug, . . .,u, have a common vertex that is, d(u,,us) < 2.
Let n > 6. Suppose u, and us are adjacent, r # s, r,s ¢ {1,2}, 3 < r,s < n.
Then there exist u, 3 < k < n, k # {r, s} such that u;,u;, u; form a triangle. If
u, and ug are independent, then there exist ug, 3 < k < n, k # {i,j} such that
Uy, Us, Ug, form a path of length 2. If n = 5, then only one vertex is left other than
U1, Uz, Us, Uj, and the graph is either Ps or Dy 2 or Cs, a contradiction.

Subcase 1: n =3

Then G = P or K3. Then x4(G) = 3, a contradiction. Therefore n > 4.
Subcase 2: n =14

Then G = ]347 04, K4, K1,3, K4 — {6} When G = K4,K173,K4 — {6}, G has a
full degree vertex. Therefore x¢(G) = 4, a contradiction. Hence G = P, or Cj.
Subcase 3: n =5

Then G = P5, 057 K5, 1(1747 K5 - {6}, K5 - {61,62} or one of the following
graphs shown in Figure 6:

Therefore x4(G) = 4 if G = Ps, Cs, D1 2 or one of the following graphs shown in
Figure 7:
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—< AN AN

<]

FIGURE 6. A set of graphs G1,G2,G3,Gy,Gs5,Gs5,G7 withn =5

Case 2: u; and u; are independent.

Let u;, 3 < i < n, be not adjacent with both u; and us. That is, either w; is
adjacent with u; and not with us or u; is adjacent with us and not with u; or u;
is not adjacent with both u; and uy. Then II is a y%-partition, there exist some w;,
3 <i < n adjacent with u; and some u;, j # ¢, 3 < j < n, adjacent with us. Then
U;, Uz have a common vertex u; and u;, u; have a common vertex us. Any two
of the vertices ug, ..., u, have a common vertex that is, d(u,,us) < 2. Let n > 6.
Suppose u, and ug are adjacent, r # s, r,s ¢ {1,2}, 3 <r,s < n. Then there exist
ug, 3 < k <mn, k # {r,s} such that u,,us,ur form a triangle. If u, and u, are
independent, then there exist ug, 3 < k < n, k # {r, s} such that u,,us,u; form a
path of length 2. If n = 5, then only one vertex is left other than uy, ug,u;,u;, and

the graph is either P5 or a contraction.
O

4. CONCLUSION

In this paper, a study of dominator semi-strong partition and the parameter
x4(Q) is initiated. Further study can be made on the complexity of the parameter

and Nordhaus-Gaddum type results for x¢(G).

Author Contribution Statements The authors have made equal contributions
in this work.

Declaration of Competing Interests The author declares that there are no
conflicts of interest about the publication of this paper.



942

P. VENKATRENGAN, S. VENKATASUBRAMANIAN, R. SUNDARESWARAN

N

FIGURE 7. A set of graphs G1,G2,G3,Gy,Gs5,Gs5,G7 withn =5
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ABSTRACT. In this paper, we investigate the diameters, Chebyshev radii, Che-
byshev self-radii and inner radii of a sequence of sets in the normed spaces.
We prove that if a sequence of sets is Z-Hausdorff convergent to a set, the
sequence of Chebyshev radii of that sequence is Z-convergent. Similar relations
are showed for the sequence of diameters, Chebyshev self-radii and inner radii
of that sequence.

1. INTRODUCTION

The concept of statistical convergence, which is a generalization of the ordinary
convergence of sequences, was first introduced by Fast [3] and Stainhaus [13], in-
dependently. Fridy [4,[5] contributed greatly to the development of the theory of
statistical convergence. In 2000, Kostyrko et al [7] introduced ideal convergence,
which is a generalization of statistical convergence. Recently the ideal convergence
theory continues to be popularly studied (see |9/10]). On the other hand, Hausdorff
convergence of a sequence of sets, which is defined by the Hausdorff distance, cor-
responds to the uniform convergence of the sequence of distance (see [2,/6,8]). The
theory of statistical convergence and the theory of ideal convergence were combined
with the theory of convergence of sequences of sets by Nuray and Rhoades |11] and
by Talo and Sever [14], respectively.

In |12], Papini and Wu examined Kuratowski convergence and Hausdorff convergen-
ce of sequences of sets in Banach spaces. They showed that if a sequence of sets is
Hausdorff convergent then the sequences of diameters, Chebyshev radii, Chebyshev
self-radii, and inner radii, respectively, of this sequence are convergent.
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In this study, by generalizing some of the results in [12], we show that if a
sequence (Ay), oy of sets is Z-Hausdorff convergent to a set A then the sequence
of Chebyshev radii of A,,’s is Z-convergent to the Chebyshev radius of A. We give
similar relations for diameter, relative Chebyshev radius, Chebyshev self-radius and
inner radius.

2. PRELIMINARIES

Let (X, |‘]]) be normed space. We denote the family of all nonempty closed
subsets, the family of all nonempty closed and bounded subsets and the family of
all nonempty closed, convex and bounded subsets of X by C1(X), B(X) and C (X),
respectively.

The distance d(z, A) from a point € X to a subset A of X is defined to be

d(z,A) = inf [|lz —af .

The set A is said to be bounded if diam(A) < oo, where diameter diam(A) of a
nonempty set A in a normed space (X, ||-||) is defined by

diam(A) = sup |la; — asol-
a1,az€
The open ball with centre € X and radius § > 0 is the set
S(z,8) = {y € X : | — y|| < 5}.
HausdorfT distance of sets A, B C X is defined as
H (A, B)=max{h(A,B),h(B,A)}
where h (A, B) = sup,c4 d (a, B), or equivalently
H(A,B)=inf{e¢>0: AC B° and B C A%}

where A° = J 4{z€X:||lz—al] <e} ={zr e X :d(z,A) < e} is the e-enlarge-
ment of A.

Briefly, we recall some of basic notations in the theory of Z—convergence and we
refer readers to |7}[8] for more details. A family Z C 2" of subsets of N is said to be
an ideal in Nif ) € Z, and AUB € 7 for each A,B€ T, and Be€ T foreach AcZ
such that B C A (see [8]). An ideal is called proper if N ¢ Z, and a proper ideal is
called admissible if {n} € T for each n € N. Obviously, an admissible ideal includes
all finite subset of N (see |7]).

The definition of ideal convergence for real numbers is as follows: Let (z,,)

be a sequence in R and zo € R. Let Z be any ideal on N. If for every € > 0
{neN:|z, —x9| >} el

a€cA

neN

then (z,,) is said to be ideal convergent (briefly, Z-convergent) to xo. Then we write
T —limz, = zg (see [7]).
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Define Zy = {A C N : the set A has finite number of elements}. Then Zy-conver-
gence and classical convergence is equivalent to each other. Similarly, if we denote
Zq = {A C N: the set A has natural density zero} , then Z;-convergence and statis-
tical convergence is equivalent to each other. We note that the ideals 7y and Zg are
admissible.

Let Z C 2" be a proper ideal in N. We say that the sequence (4,,) is Z- Hausdor{f
convergent to the set A if

{n € N: sup |d(z, A,) — d(z, A)| > 5} ez
reX
for every e > 0, or if Z — lim H (4,,, A) = 0, i.e., for every € > 0
{neN:H(A,,A)>¢c} el
or equivalently

{neN:h(4,,A) >cor h(A/A,)>c} e

In this case, we write 4, ~ A (see |14]).

Now, we list some definitions of radii and centers associated with these radii
(see |1L[12|15]). Let A be a bounded subset of X and Y C X.

R(z,A) = supgeq [la —z] (2 € X)

Ry (A) =infyey R(y, A) : Relative Chebyshev radius of A in Y
— infcy sup,c. la — yl

R(A) = Rx (4) : Chebyshev radius of A

R4 (A) : Chebyshev self-radius of A

R'(A) = sup,c 4 infyg 4 ||z — a|| : Inner radius of A

Zy (A)={y€Y :R(y,A) = Ry (A)} : Relative Chebyshev center set of A in Y’
Z(A)={zreX:R(z,A) = ( )} : Chebyshev center set of A
Zs(A)={a€ A:R(a,A) = Ra(A)} : Chebyshev self center set of A
Z'(A)={a€ A:R(a,A) =R (A)} : Inner center set of A

Example 1. Consider the normed space (R?, ||||,) where ||-||; is the {1 norm (aka
the tazicab norm). Let A be a square whose vertices are on the points (—1,—1),
(-1,1), (1,-1) and (1,1), and let Y = {(z,y) € R* : & = 3}. We have the following
results:

R(A) =2 Z(4) =1(0,0)}

Ra(A) =3 Za(4) ={(-1,0),(1,0),(0,-1),(0,1)}
R'(A) =0 7' (4) =0

Ry (4) =5 Zy (4) ={B,0)}

Lemma 1. Let A€ B(X),Y C X and e > 0. Then the following is provided:
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(i) diam (A%) < diam (A) + 2¢
(i) R(x,A®) < R(z,A)+¢ for every x € X
(iii) Ry (A®) < Ry (A)+¢
(iv) R(A*) < R(A)+e

(v) Rac (A°) < Rs(A)+e¢
Proof. (i)
a1, 02 € A* = Jay, a2 € A such that ||a; —a1]] < e and |az —az| <€
Then, for every ai,as € A° we have
lar —azll <llea —ax| + [lax — azl + [loz — as|

< |lay — azl| + 2¢
< sup |lap —aql| +2¢

ai,az€A

= diam (A) + 2¢
and so

diam (A%) = sup |ja; — az|] < diam (A) + 2e.

aq,a€AE
(i)
a € A* = Ja € A such that ||a —al <e
Let x € X. For every a € A® we have
loe = 2| <l —all + [la — ]|
<|la—z||+¢
<suplla -zl +e
acA
=R(z,A)+e¢
and so
R(xz,A%) = sup ||a —z|| < R(xz,A) + .
a€A®
(iii) From (ii), we have R (y, A°) < R(y, A) + ¢ for every y € Y. Then we get
inf R(y,A%) < inf R(y,A
inf R(y, A7) = WfR(yA)+e
Ry (A®°) < Ry (A)+e.

(iv) Tt is easily obtained by taking Y = X in (iii).
(v) From (ii), we have

R(a,A®) < R(a,A)+¢
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for every a € A, and so

inf R (a,A®) < inf R(a,A) +¢.
acA acA

From the fact that

inf R(a,A%) < inf R (a, A%),
acAs a€A

we get
inf R(a,A%) < irelgR(a,A)—l-a

a€As
R (A°) Ra(A) +e.

A

We cannot give similar results above for the inner radius, i.e., the inequality
R (A®) < R'(A) 4 £ may not be satisfied. Such as, if we take £ = 3 in Example
we get

R’(AE):ggR’(A)Jrs:OJr;

Also, we cannot say a general upper bound for the difference R’ (4%) — R’ (A).
For example, in the Euclidean space R?, let the set A be a spiral with r = 6
(0 < 0 < 2nm, n € N) polar equation. Let’s take ¢ > 7. Then we have R’ (4) =0
and R’ (A°) > (2n — 1) 7. Thus the difference R’ (4°) — R’ (A) depends not only

on € but also on n.

3. MAIN RESULTS

For a sequence of closed and bounded sets, we show that Z-Hausdorff conver-
gence implies Z-convergence of the sequence of Chebyshev radii (diameters, relative
Chebyshev radii and Chebyshev self-radii, respectively) of this sequence. If the sets
are convex as an additional condition, this proposition is also true for the sequence
of inner radii.

Proposition 1. Let A, A, € B(X) meN)andY C X. If A, T2 A then the
following hold:
(i) T — limdiam (A,) = diam (A)
(1) T —lim Ry (A4,) = Ry (4)
(iii) T —lim R (A,) = R(A
(Z"U) 7 —lim RAn (An) RA (A)
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(i) Let € > 0. From A, =4 A we have
€
= N ny 2 - .
L) {neN H(A,, A) 3}ez
For every n € N\ L (¢) we have
A C A3 and A, C A°/3,

Then
A C AP = diam (4) < diam (47°) < diam (4,) + %
= diam (A) — diam (4,) < 2;
A, C A% — diam(A,) < diam (A%/3) < diam (A) + %5
= diam (A4,,) — diam (A) < 235

for every n € N\ L (¢). Hence we get
{n e N:|diam (A,) —diam (A)| >e} C L(e)eZ
{n e N:|diam (A,) —diam (A)| > e} € Z
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for every e > 0. Consequently, we obtain Z — lim diam (A,,) = diam (A).

(ii) Let Y be any subset of X. From the triangle inequality, we have

lan =yl =lla=yll < llan —all
la =yl = llan =yl < llan —all
where y € Y, a,, € A, and a € A. Then, from
. ol < inf _
inf (llan —yll = lla=yl) < infflan —af
llan =yl =supfla -yl < it a, —af
acA ac
sup la, —yl—swplla—yl < sup inf |a, —a
an€A, a€cA a, €A, €
Ry (A,) — Ry (A) = inf sup l|la, — vyl — mf sup le =yl
yey A
< sup mf lan, —al = h(An,A)

an€A,
and similarly, from
Ry (4) = Ry (An) = inf sup la—y| — inf sup [a, -yl
YeEY g, €A

< sup 1nf lan — al] = h (A, 4,,).
a€Aan€A,

Take € > 0. From A4,, g A, we have
L():={neN:h(A,,A) >corh(A A,) >c} el

(1)
(2)
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From (3) and (4)), we get
Ry (An) — Ry (4) <h(An, 4) <e,
Ry (A) — Ry (A,) <h(A,A,) <ce
and so
|Ry (A,) — Ry (A)| <e
for every n € N\ L (¢). Hence we get
{neN:|Ry(A,) — Ry (A)|>e} C L(g)eZ

{nEN‘Ry(An)—Ry(A)‘ZE} e I
for every € > 0. This means that Z — lim Ry (4,) = Ry (4).
(iii) It is the special case of (ii), with ¥ = X.

(iv) Let € > 0. From A, 24 A we have
L(e):= {neN:h(An,A) > g or h(A,A,) > g} el
Ifag € Z4 (A) then q¢p € A and

R(ap, A) = sup lla —aol = Ra (4).
ac

Take n € N\ L (¢). From h (A, A,) < § we have
supd (a, A,) < =
acA 2

From the closeness of A,, there exists an ag) € A,, such that

3
oo =] < 5

Also, there exists an ag) € A,, such that

oup. an — a0 = a2 — )]

an€An,

From h (A, A) < § we get

d(af%A) < sup d(ap,A) < =
an€A, 2

and so

Hao — ag) ‘ < Ra(A)+ %

From @ and we obtain

Ra, (4n) < Hag) - aﬁf)H < Hag) - aoH + Hao —a
< Ryx (A) + €
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for every n € N\ L (e).
Similarly, it can be shown that

Ra(A) <Ra, (An) +¢

for every n € N\ L (¢).
Consequently, we get

for every € > 0, and so Z —lim R4, (A,) = Ra (A).
O

Lemma 2. (see [12, Lemma 1]) Let A,B € C(X). If R'(A) >0 and H (A,B) <

/
# then

R (B) > R (A) — H (A, B) > 0.

As a result of the above lemma we can give the following corollary.

Corollary 1. Let A€ C(X) and e > 0. If R' (A®) > 2¢ then
R'(A) > R (A%) —¢

(That is, R' (A®) < R' (A) +¢). Of course, for the condition here to be satisfied,
R’ (A) > € must be.

Proposition 2. Let A, A, €C(X) (meN). If A, =8 A then
Z-1lmR (A,) =R (4).

Proof. First let’s assume that R’ (4) = 0. Suppose that Z —lim R’ (4,) # 0. Then
there is an g > 0 such that

K(g)={neN:R (A,) >¢eo} ¢ L.
From A, =4 4 we have
L(gg) := {n eN:H(A,, A) >

Then (N\ L (g9)) N K (g9) # () and so we have
€0
2
for every n € (N\ L (g0)) N K (£0). From Lemma [2] we get

R'(A) >0

H(A, A) < 2 < %R’ (An)
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and this is a contradiction. Therefore, Z — lim R’ (A,,) = 0 = R’ (A) holds.
/
A .
R'(4) . From A,, =X 4 we have

L(e):={neN:H(A,,A) >} el

Now let’s assume that R’ (A) > 0. Let 0 < e <

Then we have

R(A) _ R (A)

H (A, A)<e< 3 5
for every n € N\ L (¢). From Lemma [2] we get
R'(A,) >R (A) — H (An,A) > R (A) —¢ (11)
for every n € N\ L (). We also have
R (An)

H(A,,A)<e< = (R’(A)—s)< 5

for every n € N\ L (¢). Again from Lemma we get
R (A) >R (A,) — H (A A,) >R (A,) —¢ (12)
for every n € N\ L (g). From and we obtain
{neN:|R (A,) - R (A)|>e} C L()el
{neN:|R (A,)— R (A)|>e} € T
for every € > 0, and so Z — lim R’ (4,,) = R’ (A). O
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ABSTRACT. The work handles a Fredholm integro-differential equation involv-
ing boundary layers. A fitted second-order difference scheme has been created
on a uniform mesh utilizing interpolating quadrature rules and exponential
basis functions. The stability and convergence of the proposed discretization
technique are analyzed and one example is solved to display the advantages of
the presented technique.

1. INTRODUCTION

In the study, we deal with singularly perturbed Fredholm integro-differential
equation (SPFIDE) in the form:

1
Lv:= L1v+/\/M(x,<)v(C)dC:f(x), 0<z<l, (1)
0
v(0)=A, wv()=1B, (2)
where Liv = —ev” (x)+a(x)v (x), 0 < e < 1is a singular perturbation parameter, A

is a given parameter. The functions a(z) > « > 0, f(x) and M(x, () are considered
to be sufficiently smooth and satisfy certain regularity criteria. The solution v(z)
of — has in general boundary layers near x = 0 and = = [.
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Singularly perturbed problems (SPPs) are defined by a small parameter ¢ mul-
tiplying the highest order derivative term. The solution to them generally involves
boundary or initial layers. To quote a few, the exact solutions of SPPs and their
applications may be found in [15/18,[21]. SPPs have a wide range of applications
in the fields of population dynamics, nanofluid, neurobiology, fluid dynamics, vis-
coelasticity, heat transfer problems, simultaneous control systems and mathematical
biology etc. It is worth noting that when a small € parameter is multiplied with the
derivative, the great majority of classic numerical techniques on uniform meshes
are ineffective at solving issues unless the step-size of discretization is drastically
reduced. Thus, as the perturbation parameter € goes smaller, the truncation error
becomes boundless. To solve SPPs numerically, general approaches are done with
the fitted finite difference method and are widely utilized [9}/124{19}/20].

Most engineering applications and scientific disciplines have been expressed by
Fredholm integro-differential equations (FIDEs). Plasma physics, biomechanics,
financial mathematics, artificial neural networks, oceanopraphy, epidemic models,
electromagnetic theory, fluid mechanics, biological and population dynamics pro-
cesses are amongst these (see, e.g., |5,[7,/13]). For this reason, several studies have
been conducted on FIDEs. Solving problems of this type is quite difficult. There-
fore, we require robust and consistent numerical methods [6,8/14}16}[23}[26] (see, as
well as the references therein).

These investigations in relation to FIDEs are just in relation to regular situations.
Numerical examination of SPFIDEs has not been widespread till recently. Finite
difference schemes for solving linear SPFIDEs are constructed in [1}2]. A second
order numerical tecnique for solving FIDE with boundary layer is developed in
[10,11].

The goal of this work is to propose a uniform convergence numerical technique
to solve linear second-order FIDEs with boundary layers. A numerical technique
that uses suitable interpolating quadrature rules and exponential basis functions is
proposed on a uniform mesh. Error estimates are acquired in the discrete maxi-
mum norm with regard to the perturbation parameter. To corroborate theoretical
estimates, numerical experiments are conducted and the results are presented.

The rest of the contents is organized kind of following. In Section 2, some
properties of solutions (1)—(3) are presented, as well as a finite difference scheme.
In Section 3, the stability and convergence analysis of this scheme are shown. In
Section 4, the numerical results of an example to verify the theoretical estimates
are presented. Finally, the work ends with a summary of the conclusions in Section
5.

2. DISCRETIZATION TECHNIQUES

We have mentioned certain analytical bounds here, which we will use later in
our error analysis.
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Lemma 1. Let a, f € C?[0,1], 2°M ¢ C0,1), (m = 0,1,2) and

) Hxm
(0%

|A] < l .

max [ [M(x.C)|d¢
/

0<z<

Then the solution u(x) of the problem -@) satisfies the following estimates:
[v]lo < C, (3)

Jas Va(l—a)
‘v(k)(:v)‘SC{l—l—E_g(e_ﬁ—&-e_ vz )} (k=1,2), 0<z<1. (4)

Proof. The proof of Lemmal[i]is by like approach as in [2,[10,[17]. O
Let wy be an equidistant mesh on [0, {]:
WN = {{L‘i =1th,i=1,2,... N—1, h= lN_l}, WN :UJNU{Z‘O =0,zy = l}

We utilize the following difference approximations for any mesh function g(x) de-
fined on Wy

 Giv1 — G G — gi—1 4 T s
qm,i - h ’ q:E,i - h ’ q'77‘7 - h :
For the equation 7 we begin with the following integral identity:
Tit1 Ti+1
1 1
= [ @i = = [ j@uea 1<isn-1L @)
Ti—1 Ti—1

with the basis functions

$0(z) = Bz z € (2im1,;),

sinhy;h
P(x) = 1/11(2) (z) = 7smh;,f%+ﬁ_x)a x € (x5, Ti41),
0, & (Tim1,Tig1),
where
Ti41
~ Ja(xy) 1 _ 2tanh(y;h/2)
Vi = P Xi =g / Y;(v)dr = T
Ti—1

We should remark that the functions wgl) and 1/)52) are the solutions to the following
problems:

—ep"+ap =0, xio <z<z Ylzim) =0, P(z;) =1,
—e" +anp =0, x;<x<wip1 Y(w)=1, P(wie1)=0.
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By using the technique of the exact difference approximations [3}4L|{11}241[25] (see
also [22], pp. 207-214), it follows that

Tit1 Tit+1
e @yt Sa [ w _
= [ v @i+ S [ @

_ £ 1+ aia_l / wgl)(m)(x - xl)dx Vzz,i
i—1

Xi
T Ti41
+ & Bt / ¢§1)d:c +ht / ng)d:c v; = —0ivz, ; + a;v;
Xi ’
Ti—1 T
where
2
a;p h
0= —————, =—]. 6
1sinh? (\/a; 2) (” ﬁ) (6)
Thus
Tit1 Ti41
7 / ev” (x) 1, (x) dx + o a(x)v(x) P, (v)de = —0;vz, ; + a;v;
Ti_1 Ti—1
+ R, (7)
with remainder term
Ti41
m _ 1
R, = s la(z) — a(z:)] v(z)y; (z)dz. (8)
! Ti—1
Furthermore, for the right-side in we get
1 Tit1
F@),(@)de = f; + R, 9)
Xih
with remainder term
Tit1
r? -1 d 1
P == | @ - fees, (10)
Ti—1

For integral term that include the kernel function, from , we have
Tit1

! l
A
Xihw’_/ dx?ﬁi(x)O/M(x,C)v(g)dg: )‘O/M(xi’C)U(C)dC

-1
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] e / / EUEo0ac | a0

Xih

where
My (2,€) =Ty (x — &) — Ty (w — &) + (2h) " (wig1 — &) (s — 2),
(N =X A>0; Ti(AN)=0 XA<O.

We computed by using composite trapezoidal integration with the remainder term
in integral form for the second integral term in the left side of the identity of (5):

! N | X v ,
/ M (@i, Qu(Q)d¢ = Y hyMijvj + 53 / (w5 =€) (w1 = &) (M (2:,€) v (€) )" dg,
j=0 i=1g7

where L
ho hN—§, h; = h, 1<i<N-1
Thus we get
\ Tiq1 l
/ daipy(x /M ¢)d¢ = )\Zh M;jv; + R®, (11)
Xz - 5 =0
with remainder term
A\ Ti41 Ti41 l 82M (5 C)
(3) _ )
R = — dz,;(x ————v(()d( | M; (z,&)d
W= [ [ | [T @dc) o
Ti—1 Ti—1 0
" AZ / ) (@1 — ) (M (0, ) v (€))de. (12)

ZIJJ1

Combining (7)), (9) and in (5) we obtain the following difference scheme:

N
Lyv; := —E@ivix,i + a;v; + )\Z h]‘Mij’l}j + R; = fi, 1<i<N-1, (13)
=0
with remainder term ,
Re = RO 4 RO 1 R, (14)

where the remainder terms RE”,REQ) and REB) are defined by , and
respectively.
Based on we achieve the following difference approximate for approximating

@-@:

Ly = =e0iyzp s + iy + A Y _hMijy; = fi,  1<i<N -1, (15)
j=0
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Yo=A4, yn=D0, (16)
where 0; is defined by @

3. ERROR ANALYSIS

For the error function z; = y; —v; (i = 0,1, ..., N) considering and , we
get

LNZi = Ri, 1 SiSN—l, (17)
20 = 07 AN = 07 (18)
where the remainder term R; is defined by .

Theorem 1. Let %mmf,\f[ € C? [0,1]2, (m =0,1,2), M(x,0) = M(x,l) =0; a, f €
C?10,1], a’(0) = d'(l) =0, and
a

|A] < ~ :

@ag%;)hﬂMijl
o

Then for the error of the scheme —(@, we have
ly = vllocwn < Ch2.

Proof. Applying the discrete maximum principle to discrete problem and ,
we get

N
S Oéil R - )\Z thiij

=0

||Z||oo,LZJN
00,WwN
N
—1
seann TN s, 2 By IV o
j=

<o 'R

Hence
a MR

00,WN
[2lloon < : :
c0,WN — N

1—a-1[\ Zh, M.
« ||1r§nizz\/_ojl ijl
]:

which leads to

12lloe zn < ClIBlloo oy - (19)

Now we estimate the remainder terms R§1)7 Rz(-z) and RE—S) separately.
First we will show that, for Rz(l) the estimate

‘RED‘ <on, (20)
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holds. Using relations

(@) = v(:) + (@ —2:)v' (), M € (@i, ),

a(@) =ale) + (@ —z)d @)+ ET 06, € € (@)

2
and v
(@ — i) ¥; (z) do = 0,
we take -
R == [ lalo) - atelwteyita)ds = LD [ (o, @) da
+ X(h (2 — 2)* ' (0, (2)) ¥ (2) do
1 v 2 n d
s | @ @@ @ e
B a (,1'z A ,
=t (= 222’ (0, (2)) ¥, (2) da
o / (z = 2:)° " (€, (x)) v (x) ¥, (x) da. (21)

Since a € C%10,1], |v(x)] < C and |z — 2;] < h for the second term in the right side

of (21, we have

1 Titl ) . Ch2 Ti41
o / (o= ) (€ (@) v (@) v () o] < / b () di
=0 (h?). (22)

Next, according to Lemmall] we take the following inequality

, 1 _ Van, _Va(l=n;)
W' (ny)| < C 1+% e Vi t+e VF

1 _ Vami_y _ Va(l-wigy)
<Cql+—[e V= +e Ve , 1<i<N-—-1.
NG
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Hence, for the first term in the right side of (21]), we have

Tit1

1 / , C / Ti+1

b | () / (2= 2”0/ (1; (2)) ¥ (@) da| < = o’ (@) / (x = 2:)" o (x) do
C ) Ti+1 7\/&”71
¢ b | vEei

+\/5X4h la" ()| / (z —z:)° ¥, (x) e = d (23)

We can easily view that the first term in the right side of is that O(h?).
From a’(0) = 0 and ze™® < e~%, (z > 0) for the second term of (21)), we have

Ti+1

La'(x') / (x—2)° 0 (iv)e_ﬁjg_ldx
ex;h ! VT
Vex o
C \/7 Ti41
" (& Yol 2
vE (x —2)" ¢, (z) dx
C @l Z
VEX; )
< op2 8L T
Veawi_
< Ch? i xz_lef v
Ti—1 g

<Ch%i(i—1) e 27

< Ch?, i>1.

The same evaluation is achieved for the third term in the right side of from
a'(l) =0, for i < N — 1. Thus, identity is proved for i = 2,3,..., N — 2.
Also for i = 1, using relations

a@) = ale) + (@ — o) d(a) + E (6), € € (@)

2
and .
ola) = vlan) + [ v/ (€)de
we get "
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x2

[@-a)a’ € @)oo, @ de. (29

Zo

L
2x1h

From (22)), the second term in the right side of will be O(h?). From a’ (0) and
Lemma [I} we can evaluate the first as following

a’)ﬁl) / (2 — 21) [/ o (€) d&] ¥y (@) de| < Ja (a1)| b / V' (@) de

Zo

0 Zo

"o 7 1 _ Jaz _ Vea(l-—=z)
< Cxihla” ()] 1+ —e V& +e V& dx
€
Zo

7

T2
< Cn? {h+ }/e@md:c}
I3
xo

< cn? {h+ Va (1 - e\/\/§>} —0 ().

Thus,
RY]=002)

are proved. The proof of ‘Rg\})_ll =0 (h2) is similar. So, the inequality is
proved.
Next, it is not difficult to see that, for f € C?[0, 1]

’RZ@)’:O(hQ), 1<i<N-1. (25)

Finally, for RES) we have

@i Tig1 /1
7 <| 2 [ vt [ ( / Wv(C)dc) My (2,) dg

Tj—1 Tj—1

1 X ’
HPAY [ @ 9€ ) (@6 v(©) "t (26)

By virtue of boundedness of %211\24, v (z) and |M;(z, )| < Ch the first term in the

right side of will be O(h?).
Rearranging the second term in the right side of gives

SN [ = (€~ ) | (w0 €))]"a
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IC A
<Y [ @ -9 ) I @O o (©)]de
=17
N T
FINY [ =€ amn) M @)l ()]
1 v
F W [ @m0 -a) M@l @ e
=17

Hence, from |v (z)| < C and ‘?;;‘f € C?[0,1] for the first term on the right side
will be O(h2).

For the second term in the right side , we have the estimate

N Y l
ANy / (2 — €) (€ — 1) M (20, €)| |0/ (€)|dE < |\| W2 / M (21, €)| |V (€)] de
jzla:j_l 0

l
< I/\IhQ/{IM’ (@i, v ()] + [M (a3, )| [v' (§)[} de.
0

From here using Lemma [T it is obtained the estimate

N Y
NS [ =€ (€= im) I () (9] de
-1 l

< C|/\\h2/ (1+ 1/Vz <e“ff +eﬁ3€o>> de

0
< Ch2.

(28)
For the third term in the right side , by virtue of @D for k = 2, we have

.
LD [ @ =901 (@)l 10" ©)] de

=y

N Ti
SCZ / (mj_f)(f_xj—lﬂM(xi,fH{ 1 _vee 1 w}dg
i,

1+-e v= +-—e
€ €

N Zj

1 _ e 1 _vat-9

< Ch? 1+Z/|M(wi7§)|(e Vet —e T VE )
=1y,

9 3
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Taking into account the relations (the partial derivatives are estimated at interme-
diate points, as required by the mean value theorem, as indicated by the bar.)

M(z;, &) = M(z, 0)+7§§7 M(z,0) =0,

we get

1 _ vag
ChQZ/\MxZ, 2o F e = ChQZ/’Mx“ Lo 5 E

gc;ﬁ S e,
13
0

from which after taking into consideration xe ™" < e~

N Zj l
1 _vae 1 1 Vag
Ch? M(z;,€)| =e V= d <Ch2—/— T2ve
> [ ez Faeson o [ e
=17 J

Analogously, after using the relation

it is not difficult to confirm that
NI
C’hQZ / | M (24, € |fe Ve

Therefore, we obtain

X
§|MZ / (x5 =€) (€ = xj1) M (23, 6)| [v" (€)] € < OR®. (29)

Thus, it can be easily seen that the first term in the right side of is that O(h?).
In addition, after taking into account and we obtain

‘R§3)‘ < Ch2. (30)
From ([20)), and (30]), we have

|R;| < Ch2. (31)
The bound together with finish the proof. O
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4. NUMERICAL CALCULATES

In this section, theoretical calculates are tested on one sample.
Our particular example is

Lv = —ev” () + (2 — cos® (7z)) v (z) +

DN | =

1
[ (=9 1) o0rdc = (14 0)7,
0

0<z<1),
v(0) =1, v(1) = 0.

The exact solution to this problem is unknown. For this reason, we estimate errors
and calculate solutions using the double-mesh method, which compares the obtained
solution to a solution computed on a mesh that is twice as fine. We introduce
the maximum point-wise errors and the computed e-uniform maximum point-wise
errors as

~e,2N

N _ e,N N _ N
e =max|y;" — g feomy, € =maxe;,

where g;f” is the approximate solution of the related method on the mesh
Ti+ Tit1
2
We also describe the computed e-uniform the rates of convergence and the rates of
convergence as follows
N N
GO )
Pe =7 0 P T T

The rate of convergence of the difference approximation is significantly in agreement
with the theoretical analysis, as shown in the Table 1.

a)QN:{I%:i:(),l,...,2N}, Tipl = for 0<i<N-1.

5. CONCLUSION

In this paper, we described a new second-order difference scheme, which was
constructed on the uniform mesh by using composite trapezoidal rule for integral
term involving kernel function to solve linear FIDEs with singular perturbation. We
tested the technique on one example with various values of € and N to demonstrate
the appropriateness of the method. Numerical investigations can be sustained for
more sophisticated types such as partial integro-differential equations, nonlinear,
delay form, higher dimensional, etc.

Author Contribution Statements The authors contributed equally to this work.
All authors read and approved the final copy of this paper.
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B N =26 N =27 N =28 N =29 N =210

1 0,00873286 | 0,00220145 | 0,00055304 | 0,00013874 | 0,00003471
1,988 1,993 1,995 1,999

1072 | 0,01038533 | 0,00262165 | 0,00065997 | 0,00016591 | 0,00004165
1,986 1,99 1,992 1,994

10~* | 0,01110798 | 0,00281381 | 0,00071081 | 0,00017931 | 0,00004514
1,981 1,985 1,987 1,99

107 | 0,01173901 | 0,00297572 | 0,00075327 | 0,00019055 | 0,00004817
1,98 1,982 1,983 1,984

107% | 0,01168824 | 0,00296902 | 0,00075366 | 0,00019131 | 0,00004853
1,977 1,978 1,978 1,979

eV 10,01173901 | 0,00297572 | 0,00075366 | 0,00019131 | 0,00004853

V] 1,98 1,982 1,978 1,979

TABLE 1. Maximum point-wise errors and convergence rates for
various € and N values.

Declaration of Competing Interests The authors declare that they have no
known competing financial interests or personal relationships that could have ap-
peared to influence the work reported in this paper.

(1
2]

[6]

(7]

(8]

REFERENCES

Amiraliyev, G. M., Durmaz, M. E., Kudu, M., Uniform convergence results for singularly
perturbed Fredholm integro-differential equation, J. Math. Anal., 9(6) (2018), 55-64.
Amiraliyev, G. M., Durmaz, M. E., Kudu, M., Fitted second order numerical method for
a singularly perturbed Fredholm integro-differential equation, Bull. Belg. Math. Soc. Simon
Steven., 27(1) (2020), 71-88. https://doi.org/10.36045/bbms/1590199305

Amiraliyev, G. M., Durmaz, M. E., Kudu, M., A numerical method for a second order singu-
larly perturbed Fredholm integro-differential equation, Miskolc Math. Notes., 22(1) (2021),
37-48. https://doi.org/10.18514/MMN.2021.2930

Amiraliyev, G. M., Mamedov, Y. D., Difference schemes on the uniform mesh for singularly
perturbed pseudo-parabolic equations, Turk. J. Math., 19 (1995), 207-222

Brunner, H., Numerical Analysis and Computational Solution of Integro-Differential Equa-
tions, Contemporary Computational Mathematics-A Celebration of the 80th Birthday of Ian
Sloan (J. Dick et al., eds.), Springer, Cham, 2018, 205-231. https://doi.org 10.1007/978-3-
319-72456-0_11

Chen, J., He, M., Zeng, T., A multiscale Galerkin method for second-order bound-
ary value problems of Fredholm integro differential equation II: Efficient algorithm
for the discrete linear system, J. Vis. Commun. Image R., 58 (2019), 112-118.
https://doi.org/10.1016/j.jvcir.2018.11.027

Chen, J., He, M., Huang, Y., A fast multiscale Galerkin method for solving second order
linear Fredholm integro-differential equation with Dirichlet boundary conditions, J. Comput.
Appl. Math., 364 (2020), 112352. https://doi.org/10.1016/j.cam.2019.112352

Dehghan, M., Chebyshev finite difference for Fredholm integro-differential equation, Int. J.
Comput. Math., 85 (1) (2008), 123-130. https://doi.org/10.1080,/00207160701405436



[9]

[10]

(11]

(12]

(13]

(14]

(15]

[16]

(17)

18]

[19]
[20]

(21]
[22]
23]

24]

[25]

[26]

A UNIFORM SECOND-ORDER NUMERICAL APPROXIMATION 967

Doolan, E. R., Miller, J. J. H., Schilders, W. H. A., Uniform Numerical Methods for Problems
with Initial and Boundary Layers, Boole Press, Dublin, 1980.

Durmaz, M. E., Amiraliyev, G. M., A robust numerical method for a singularly per-
turbed Fredholm integro-differential equation, Mediterr. J. Math., 18(24) (2021), 1-17.
https://doi.org/10.1007 /s00009-020-01693-2

Durmaz, M. E., Amiraliyev, G. M., Kudu, M., Numerical solution of a singularly perturbed
Fredholm integro differential equation with Robin boundary condition, Turk. J. Math., 46(1)
(2022), 207-224. https://doi.org/10.3906 /mat-2109-11

Farrell, P. A., Hegarty, A. F., Miller, J. J. H., O’Riordan, E., Shishkin, G. I., Robust
Computational Techniques for Boundary Layers, Chapman Hall/CRC, New York, 2000.
https://doi.org/10.1201/9781482285727

Jalilian, R., Tahernezhad, T., Exponential spline method for approximation solution of
Fredholm integro-differential equation, Int. J. Comput. Math., 97(4) (2020), 791-801.
https://doi.org/10.1080,/00207160.2019.1586891

Jalius, C., Majid, Z. A., Numerical solution of second-order Fredholm integrodifferential
equations with boundary conditions by quadrature-difference method, J. Appl. Math., (2017).
https://doi.org/10.1155/2017/2645097

Kadalbajoo, M. K., Gupta, V., A brief survey on numerical methods for solv-
ing singularly perturbed problems, Appl. Math. Comput., 217 (2010), 3641-3716.
https://doi.org/10.1016/j.amc.2010.09.059

Karim, M. F.; Mohamad, M., Rusiman, M. S., Che-him, N., Roslan, R., Khalid, K., ADM
for solving linear second-order Fredholm integro-differential equations, Journal of Physics,
(2018), 995. https://doi.org/10.1088/1742-6596/995/1/012009

Kudu, M., Amirali, I., Amiraliyev, G. M., A finite-difference method for a singularly per-
turbed delay integro-differential equation, J. Comput. Appl. Math., 308 (2016), 379-390.
https://doi.org/10.1016/j.cam.2016.06.018

Miller, J. J. H., O’Riordan, E., Shishkin, G. I., Fitted Numerical Methods for Singular
Perturbation Problems, World Scientific, Singapore, 1996.

Nayfeh, A. H., Introduction to Perturbation Techniques, Wiley, New York, 1993.

O’Malley, R. E., Singular Perturbations Methods for Ordinary Differential Equations,
Springer, New York, 1991. https://doi.org/10.1007/978-1-4612-0977-5

Roos, H. G., Stynes, M., Tobiska, L., Numerical Methods for Singularly Perturbed Differential
Equations, Springer-Verlaq, Berlin, 1996. https://doi.org/10.1007/978-3-662-03206-0
Samarskii, A. A., The Theory of Difference Schemes(1lst ed.), CRC Press, 2001.
https://doi.org/10.1201/9780203908518

Shahsavaran, A., On the convergence of Lagrange interpolation to solve special type of second
kind Fredholm integro differential equations, Appl. Math. Sci., 6(7) (2012), 343—-348.
Yapman, O., Amiraliyev, G. M., Amirali, I., Convergence analysis of fitted numerical method
for a singularly perturbed nonlinear Volterra integro-differential equation with delay, J. Com-
put. Appl. Math., 355(2019), 301309. https://doi.org/10.1016/j.cam.2019.01.026

Yapman, O., Amiraliyev, G. M., A novel second—order fitted computational method for a sin-
gularly perturbed Volterra integro-differential equation, Int. J. Comput. Math., 97(6) (2020),
1293-1302. https://doi.org/10.1080/00207160.2019.1614565

Xue, Q., Niu, J., Yu, D., Ran, C., An improved reproducing kernel method for Fredholm
integro-differential type two-point boundary value problems, Int. J. Comput. Math., 95(5)
(2018), 1015-1023. https://doi.org/10.1080/00207160.2017.1322201



http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 71, Number 4, Pages 968-[977] (2022)
DOI:10.31801 /cfsuasmas.1061084

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: January 21, 2022; Accepted: May 16, 2022 SERIES Al

ON F-COSMALL MORPHISMS

Berke KALEBOGAZ and Derya KESKIN TUTUNCU

Department of Mathematics, Hacettepe University, Ankara, TURKEY

ABSTRACT. In this paper, we first define the notion of F-cosmall quotients
for an additive exact substructure F of an exact structure £ in an additive
category A. We show that every F-cosmall quotient is right minimal in some
cases. We also give the definition of F-superfluous quotients and we relate it
the approximation of modules. As an application, we investigate our results
in a pure-exact substructure F.

1. INTRODUCTION

In [12], Ziegler introduced the partial morphisms by using model theory of mod-
ules. Then in [9], the partial morphisms was investigated by Monari Martinez
in terms of systems of linear equations. But this algebraic definition of partial
morphisms was not useful in the categorical studies of purity. Then in [4] Cortés-
Izurdiaga, Guil Asensio, Kalebogaz and Srivastava studied partial morphisms by us-
ing category theory. In 4], the authors defined partial morphisms by using pushout
with respect to an additive exact substructure F of an exact structure £ in an ad-
ditive category A and they call them F-partial morphisms. They showed that the
definition of F-partial morphisms with the pure-exact substructure F in the cat-
egory of right R-modules are coincide with the partial morphisms that defined by
Ziegler in [12]. By using F-partial morphisms they also define F-small extension
and gave an application of this definition to the pure-exact substructure F in the
category of right modules over a ring and called it Ziegler small extension. As a
dual notion of F-partial morphisms, in [6] F-copartial morphisms was defined by
Kalebogaz: a morphism f : X — U is F-copartial morphism with respect to a
quotient map p: Y — U if and only if Extl( f,—) transforms p in an F-deflation.
She studied the properties of F-copartial morphisms and investigated the applica-
tions of F-copartial morphisms to some exact substructures of £ in the category of
right R-modules.

Keywords. F-cosmall quotients, right minimal morphisms, F-superfluous quotients.
“bkuru@hacettepe.edu.tr-Corresponding author; “20000-0002-4903-2244
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In this paper, by using F-copartial morphisms, we first introduce F-cosmall quo-
tients for any additive exact substructure F of an exact structure £ in an additive
category A (see Definition [2). We also give a new characterization of F-cosmall
quotients (see Proposition [I). As an application to a pure-exact structure F, we
give the definition of pure-cosmall quotients and we say that pure-cosmall quotients
are dual of Ziegler small extensions.

A morphism p : M — N is called right minimal if any endomorphism g : M —
M with pg = p is an isomorphism (see |1, page 6]). In [8], right minimal morphisms
are studied by Keskin Titiincti. In [8] the author dualizes some results in 3] and
gets several useful results by investigating the relationship between Endg(N) and
Endg (M) when there is a right minimal epimorphism p : M — N. The author also
proves that there is an isomorphism between two rings EN DY (N)/J(ENDM (N))
and ENDY(M)/J(ENDY(M)) if there exists a right minimal epimorphism p :
M — N in [8| Theorem 2.6 (1)]. As a consequence of this result the structure
of the endomorphism ring of a quasi-projective module and an automorphism-
coinvariant module are explained. One of the main purposes of this paper is to
give an example of right minimal morphisms. In Theorem [I| we prove that every
F-cosmall quotient f: P — M with P an F-projective object (projective objects
with respect to F-deflations) is right minimal. An application of this theorem to
the pure-exact structure gives us the dual version of |3, Proposition 1.6]. Moreover,
we give the definitions of F-superfluous quotient and weakly F-superfluous quotient
(see Deﬁnition. Then we investigate the relation between F-cosmall quotient and
F-superfluous quotient (see Proposition . And finally we relate to the existence
of approximations of modules. In Theorem [2] we show that a weakly F-superfluous
quotient p : Y — U with F-projective Y is an F-Proj-cover when F-Proj is the
class of F-projective objects of A.

2. REsSuULTS

Let A be an additive category and (i,p) be a pair of composable morphisms in

A:
A—'s>p-LsC

If 7 is a kernel of p and p is a cokernel of i then (i, p) is called kernel-cokernel pair
i A. Let £ be the class of kernel-cokernel pairs on A. i is called an admissible
monomorphism if there exists a morphism p such that (i,p) € £. Similarly, p is
called an admissible epimorphism if there exists a morphism 7 such that (i,p) € £.

The class of kernel-cokernel pairs £ is said to be an ezact structure on A if it is
closed under isomorphisms and satisfies the following conditions;

[EO | For every object A € A, the identity morphism 14 is an admissible
monomorphism.
[E0°P ] For every object A € A, the identity morphism 14 is an admissible epi-
morphism.
[E1 ] The classes of admissible monomorphisms are closed under compositions.



970 B. KALEBOGAZ, D. KESKIN TUTUNCU

[E1°P ] The classes of admissible epimorphisms are closed under compositions.
[E2 ] The pushout of an admissible monomorphism along an arbitrary morphism
exists and yields an admissible monomorphism, that is, for any admissible
monomorphism 7 : A — B and any morphism f : A — B’, there is a
pushout diagram;

A—"->B

fl !

B —“.p

with ¢/ an admissible monomorphism.

[E2°P ] The pullback of an admissible epimorphism along an arbitrary morphism
exists and yields an admissible epimorphism, that is, for any admissible
epimorphism p : B — C and any morphism g : B’ — C there is a
pullback diagram:;

’
P
— s B’

f

An ezact category is a pair (A,€) with an additive category A and an exact
structure £ on A. Elements of £ are called short exact sequences. Keller |7] uses
conflation, inflation and deflation for what we call short exact sequence, admissible
monomorphism and admissible epimorphism, respectively. Throughout the paper
we also use this terminology. Let A be an object of A. An admissible quotient
of A is a quotient object U of an object A such that one (and any) quotient map
p: A— U is a deflation.

An exact substructure F of £ is just an exact structure on A such that each
conflation in F (that we shall call F-conflation) is also a conflation in £. Infla-
tions, deflations and admissible quotient objects with respect to F will be called
F-inflations, F-deflations and F-admissible quotient objects, respectively.

We shall start with giving the definition of F-copartial morphisms (respectively,
F-copartial isomorphisms) for an additive substructure F of an exact structure £
in an additive category A. F-copartial morphisms first introduced and investigated
in [6] by Kalebogaz as the dual notion of F-partial morphism that are studied in [4].

For the rest of the paper, we fix an exact category of (A,€) and an additive
exact substructure F of €.

Q
$
B

with p’ an admissible epimorphism.

p
e

Definition 1. Let X, Y be objects of A and U an admissible quotient of Y with
the quotient map p: Y — U.



ON F-COSMALL MORPHISMS 971

Let f : X — U be a morphism and consider the pullback of f along the quotient
map p:
Q—=X
1)

Y U

Then:
(1) f is called an F-copartial morphism from X to Y with codomain U if P is
an F-deflation.

(2) f is called an F-copartial isomorphism from X to Y with codomain U if
both p and f are F-deflations.

p
—_—

Now we recall two lemmas from [6], without proofs, that we will use in the rest
of the paper. The first lemma given below is a special case of the dual of Obscure
Axiom in |2, Proposition 2.16] (see [6, Proposition 2.3]). The other one is one of
the main properties of F-copartial morphisms (see 6, Proposition 2.5(1)]).

Lemma 1. Let X, Y, Z be objects of A. If an F-deflation f : Z — Y factors
through an deflation p: X — 'Y as follows;

A
al
X—2sv
then p is an F-deflation too.

Lemma 2. Let X, Y be objects of A and U, an admissible quotient of Y with the
quotient morphism p : Y — U. Suppose that p is an F-deflation. A morphism
f: X — U is an F-deflation if and only if f is an F-copartial isomorphism from
X toY with codomain U.

As a consequence of this lemma, we can give the following corollary:

Corollary 1. LetY be an object of A and g : Z — Y be any morphism with any
object Z in A. g is an F-deflation if and only if g is an F-copartial isomorphism
from Z to'Y with codomain Y .

Proof. Let us take the pullback of g along 1ly. Since 1y is an F-deflation, g is
an F-deflation if and only if g is an F-copartial isomorphism from Z to Y with
codomain Y by Lemma [2} O

One of the aims of this paper is to give an example of right minimal morphisms.
To attain our goal we shall first give the definition of F-cosmall quotient morphisms.
These morphisms are dual of F-small extensions that are defined in |4, Definition
3.4].
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Definition 2. Let the object Y of A be an admissible quotient of any object X with
the quotient map p’ : X — Y, U be an admissible quotient of X and p:Y — U
be a deflation.

(1) We shall say that Y is F-cosmall in U over X if for any F-copartial mor-
phism g : Z — Y from any object Z to X with codomain Y, the following
holds:

pg is an F-copartial isomorphism from Z to X with codomain U implies
that g is an F-copartial isomorphism from Z to X with codomain Y.

(2) We shall say that Y is F-cosmall in U if Y is F-cosmall in U over Y.

Namely, the deflation p’ is the identity morphism of Y.

With the notion of F-cosmall object which is defined above, now we can define
F-cosmall quotient morphisms as in the following:

Definition 3. Let p : Y — U be a deflation. If Y is F-cosmall in U then the
deflation p: Y — U is called an F-cosmall quotient.
Namely, if YV is F-cosmall in U over Y then p is an F-cosmall quotient.

Here we will give a characterization of F-cosmall quotient which will be used in
the rest of the paper.

Proposition 1. Let p : Y — U be a deflation. p is an F-cosmall quotient if
and only if for any morphism g : Z — Y for any object Z such that pg is an
F-copartial isomorphism from Z to'Y with codomain U, g is an F-deflation.

Proof. Let Z be an object of A and g : Z — Y be a morphism such that pg is
an JF-copartial isomorphism from Z to Y with codomain U. We will show that
g is an F-deflation. If we take pullback of g along 1y, then we get the following
commutative diagram:

Q=7
gi J{g
y 2oy

Since ly is an F-deflation, h is an F-deflation. Therefore, g is an F-copartial
morphism from Z to Y with codomain Y. As p is an F-cosmall quotient, g is also
an JF-copartial isomorphism from Z to Y with codomain Y. Then, by Corollary
g is an F-deflation.

For the converse, to show that p is an F-cosmall quotient, let us take an F-
copartial morphism g : Z — Y from Z to Y with codomain Y such that pg is an
F-copartial isomorphism from Z to Y with codomain U. By assumption, ¢ is an
F-deflation. By Corollary [1} ¢ is an F-copartial isomorphism from Z to Y with
codomain Y. Therefore, p is an F-cosmall quotient. O

Let R be a ring, Y and Z be right R-modules and f : Y — Z be an epimor-
phism. Recall that, f is called pure epimorphismif Homg(M, f) : Homg(M,Y) —
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Hompg (M, Z) is an epimorphism for all finitely presented right R-modules M. Let
X be the kernel of f with the inclusion v : X — Y. Then by the theorem of
Fieldhouse [5] and Warfield [10], f is pure epimorphism if and only if X is pure
in Y (u is a pure monomorphism) in the sense that the natural homomorphism
X ®r N — Y ®g N derived from the inclusion map u : X — Y is a monomor-
phism for all left R-modules V. Then, the conflation X — Y — Z is said to be
a pure conflation if f is a pure epimorphism (or w is a pure monomorphism). The
class of all pure conflations is exact substructure of exact structure of the class of all
conflations from |2, Exercise 5.6]. F-copartial morphisms (respectively, F-copartial
isomorphisms) with respect to a pure-exact substructure F in the category of right
R-modules are called copartial morphisms (respectively, copartial isomorphisms),
(see |6]). Here we will define pure-cosmall quotient morphisms as an application of
F-cosmall quotient with respect to a pure-exact substructure F in the category of
right R-modules.

Definition 4. Let Y and U be right R-modules. An epimorphism p: Y — U is
called a pure-cosmall quotient if Y is pure-cosmall in U, that means, for any right
R-module Z, any copartial morphism g : Z — Y from Z to Y with codomain Y,
the following holds:

If pg is a copartial isomorphism from Z to Y with codomain U then g is a
copartial isomorphism from Z to Y with codomain Y.

Corollary 2. Let Y and U be right R-modules, p : Y — U be a deflation. p
is a pure-cosmall quotient if and only if for any right R-module Z, any morphism
g:Z — Y such that pg is a copartial isomorphism from Z to'Y with codomain U
is a pure epimorphism.

Pure-cosmall quotients are the dual of Ziegler small extensions that are intro-
duced in [4] and are studied in |3]. In |3], the authors proved that every Ziegler small
extension v : M — FE with E being pure-injective is a left minimal morphism.
Now we proceed to extend dual of this result to any exact substructure F. We will
show that F-cosmall quotient morphisms are right minimal under a condition. So
the following theorem gives us an example of right minimal morphisms.

Let P be an object of Aand p: Y — Z be a deflation. Recall that, P is said to
be p-projective (or projective with respect to p) if for each morphism f: P — Z
there exist a morphism g : P — Y with pg = f. P is said to be a projective
object in A if it is projective with respect to each deflation. Projective objects with
respect to F-deflations will be called F-projective objects.

Theorem 1. Every F-cosmall quotient f : P — M with P being an F-projective
object is right minimal.

Proof. Let g : P — P be a morphism such that fg = f. Now we will show that g
is an isomorphism. If we consider the pullback of f along fg we get the following
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commutative diagram;

h
2. p

Q
hi1 \L ifg
f
P—sM
Since fg = f, the identity map 1p satisfies that fglp = f1p. Then by the universal
property of pullback, there exist o : P — @ such that hia = 1p and hoa = 1p.
By Lemma |1} h; and hy are both F-deflations. Therefore, fg is an F-copartial
isomorphism from P to P with codomain M. Since f is an F-cosmall quotient, g
is an F-deflation by Proposition [} So it is an epimorphism.

Now, using that P is an F-projective, we get that there exists h : P — P such
that gh = 1p. Then f = flp = fgh = fh. By using the previous argument we
conclude that h is an epimorphism. Then as hgh = h = 1,h, we get that hg = 1,,.
Therefore, g is a monomorphism. So ¢ is an isomorphism. O

Corollary 3. FEvery pure-cosmall quotient f : P — M with P being a pure-
projective right R-module is right minimal.

Now we will give the definition of F-superfluous and weakly F-superfluous quo-
tients.

Definition 5. Let X and Y be objects of A.

(1) An F-superfluous quotient is an F-deflation p : X — Y such that for any
object of Z in A and any morphism « : Z — X the following holds:

pa is an F-deflation implies that « is an F-deflation.

(2) A weakly F-superfluous quotient is an F-deflation p : X — Y such that
for any object of Z in A and any morphism « : Z — X the following
holds:

pa is an F-deflation implies that « is a deflation.

Remark 1. (1) If A is the category of right R-modules and £ is the abelian
exact structure, then £-superfluous quotient morphism is coincide with the
small epimorphism that is recalled in |8, Example 2.2(2)].

(2) If A is the category of right R-modules and F is the pure-exact structure,
then F-superfluous quotient morphism is coincide with the S-superfluous
epimorphism for S being the class of finitely presented modules that is
introduced in [11].

Now we give the relation between F-cosmall quotient and F-superfluous quo-
tient.

Proposition 2. Let p: Y — U be a deflation. p is an F-superfluous quotient if
and only if p is an F-deflation and F-cosmall quotient.
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Proof. Suppose that p is an F-superfluous quotient. So p is an F-deflation. Now we
will show that p is an F-cosmall quotient. Let us take an object Z and a morphism
g : Z — Y such that pg is an F-copartial isomorphism from Z to Y with codomain
U. Now if we take the pullback of pg along p we get the following commutative
diagram:

Q"=

h pg

=N

y 2~

By Lemma [2| pg is an F-deflation. Then g is an F-deflation by the definition of
F-superfluous quotient. Therefore, by Proposition[I} p is an F-cosmall quotient.

For the converse, assume that p is an F-deflation and F-cosmall quotient. To
show that p is an F-superfluous quotient let us take a morphism a : Z — Y such
that pa is an F-deflation. Now take the pullback of pa along p we get the following
commutative diagram:
P

Q A
y 2-U
By Lemma pa is an JF-copartial isomorphism from Z to Y with codomain

U. Since p is an F-cosmall quotient, o is an F-deflation. Therefore p is an F-
superfluous quotient. O

|

Let A be any category and X be a class of objects in A. Recall that, a morphism
¢: X — Y in Ais a X-precover of Y if X € X and for any morphism f: Z — Y
with Z € X, there is a morphism ¢ : Z — X such that ¢g = f. A X-precover
¢ : X — Y is said to be a X-cover if every morphism g : X — X such that
¢g = ¢ is an isomorphism. It is clear that, an X-cover is an X'-precover which is a
right minimal morphism.

In the next result we will show that, under certain circumstances, a weakly
F-superfluous quotient p : ¥ — U with Y being F-projective is actually an F-
Proj-cover for F-Proj being the class of F-projective objects of A.

Theorem 2. Let p:Y — U be a deflation. Consider the following assertions:

(1) p is an F-superfluous quotient and Y is an F-projective object.

(2) p is an F-deflation, Y is an F-projective and p is an F-cosmall quotient.

(3) p is an F-deflation, Y is an F-projective and for any object X, each mor-
phism f : X — Y satisfying that pf is an F-deflation, is a split epimor-
phism.

(4) p is an F-Proj-cover for F-Proj being the class of F-projective objects of
A.

(5) p is a weakly F-superfluous quotient with Y being F-projective object.
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We have (1) & (2) < (3), (2) = (4), (1) = (5).

If there exists an F-deflation o : P — U with P being an F-projective object
then (4) = (3).

If there exists an F-superfluous quotient « : P — U with P being an F-
projective object then (5) = (1).

Proof. (1) < (2) Obvious from Proposition [2]

(1) = (3) Let f : X — Y be a morphism with pf being an F-deflation. Since p
is an F-superfluous quotient, f is an F-deflation. As Y is an F-projective module,
f is a split epimorphism.

(3) = (1) It is clear since split epimorphisms are F-deflations.

(2) = (4) Since p is an F-deflation, it is an F-Proj-precover for F-Proj being
the class of F-projective objects of A. As p is an F-cosmall quotient, p is right
minimal by Theorem [1] Therefore, p is an F-Proj-cover for F-Proj being the class
of F-projective objects of A.

(1) = (5) It is clear, since every F-superfluous quotient is weakly F-superfluous
quotient.

(4) = (3) Assume that there exists an F-deflation a : P — U with P being
an F-projective object. Since p is an F-Proj-precover for F-Proj being the class of
F-projective objects of A, there exists g : P — Y such that pg = «. Since « is an
F-deflation, then p is also an F-deflation by Lemmal[l} Now let f: X — Y be a
morphism such that pf is an F-deflation. Since Y is an F-projective object then
there exists h : Y — X such that pfh = p. As p is an F-Proj-cover then fh is an
isomorphism. Therefore, f is split.

(5) = (1) There exists an F-superfluous quotient o : P — U with P is an
F-projective object. Since Y is F-projective, there exists a morphism w:Y — P
such that cw = p. Since p is an F-deflation and « is an F-superfluous then w
is an F-deflation. And « is an F-deflation too by Lemma [I As P is an F-
projective object then there exists h : P — Y such that wh = 1p. So w is an
epimorphism. We get ph = awh = alp = a. Then h is an F-deflation as p is
a weakly F-superfluous. Then hwh = hlp = 1ph. Since h is epic hw = 1p. So
w is a monomorphism. Therefore, w is an isomorphism. By aw = p and « is an
F-superfluous quotient then p is an F-superfluous quotient. ([l

Remark 2. Let p: Y — U be a deflation with Y an F-projective object of A.
From Theorem (4)=(2), we can say that if p is an F-Proj-cover of U for F-Proj
being the class of F-projective objects of A, then p is an F-cosmall quotient. But
Theorem [I] shows that p can be an F-cosmall quotient map which is not an F-Proj-
cover (since here p need not be an F-deflation). But p is always right minimal.
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ABSTRACT. The purpose of the present paper is to examine the zeros of R-
Bonacci polynomials and their derivatives. We obtain new characterizations
for the zeros of these polynomials. Our results generalize the ones obtained
for the special case r = 2. Furthermore, we find explicit formulas of the roots
of derivatives of R-Bonacci polynomials in some special cases. Our formulas
are substantially simple and useful.

1. INTRODUCTION

The problem finding a convenient method to determine the zeros of a polynomial
has a long history that dates back to the work of Cauchy [14]. Zeros of polynomials,
which can be real or complex conjugate, have been perhaps among the most popular
topics of study for centuries. When the historical development of polynomial studies
have been examined, in 2000 BC, the ancient Babylon Tribe living in Mesopotamia
stands out. This tribe knowing how to calculate positive roots is perhaps the best
example. Some recent applications of the theory of polynomials with symmetric
zeros can be found in [21]. This is a short review on the polynomials whose zeros
are symmetric either to the real line or to the unit circle. These kind polynomials
are very important in mathematics and physics (for more details see [21] and the
references therein). On the other hand, the open problem of determining the exact
number of zeros of a given polynomial on the unit circle was studied in [22]. Several
classes of polynomials with symmetric zeros are also discussed in detail.
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Fibonacci polynomials, a broad class of polynomials, were first described by Bel-
gian mathematician Eugene Charles Catalan (1814-1894), German mathematician
E. Jacobsthal and Lucas polynomials in 1970 by M. Bicknell. The starting point of
this polynomial class is based on well-known Golden Ratio and Fibonacci numbers,
which are still of great interest in the world of modern applied sciences and whose
new applications are still found (see, for instance, [1]- [16] and [18]- |20]). For any
positive real number x, the Fibonacci polynomials are defined by

Fopo (2) = aFny (z) + F (2),

with initial values Fy(z) = 0, Fi(z) = 1. In [10], V. E. Hoggat and M. Bicknell
are found explicitly the zeros of these polynomials using hyperbolic trigonometric
functions. The symmetric polynomials of the zeros of Fibonacci polynomials were
found by M. X. He, D. Simon and P. E. Ricci in [7]. Furthermore, in [§], the
location and distribution of the zeros of the Fibonacci polynomials were determined.
Fibonacci polynomials and their different properties have been examined (see, for
example, 3], |24], [25], and the references therein).

In this paper our aim is to examine the zeros of R-Bonacci polynomials and their
derivatives. R-Bonacci polynomials R, (z) are defined by the following recursive
equation in [9] for any integer n and r > 2 :

Rpyr(z) = xr_an-i-r—l (z) + xT_QRn+T—2 (z) + -+ Ry (v), (1)

with the initial values R_y(z) =0, k=0,1,--- ,;r —2, Ry(x) =1. Forr =2,3 in
the recurrence relation , R-Bonacci polynomials become the so called Fibonacci
and Tribonacci polynomials, respectively. Although, there are a large number of
publications regarding to Fibonacci polynomials and their generalizations (see [7]-
[9], [11] and [13]), the open expressions have not been found for the zeros of Tri-
bonacci polynomials and their derivatives yet. Instead, numerical studies have been
done more intensively in recent years. Zero attractors of these polynomials were
obtained by W. Goh, M. X. He and P. E. Ricci in [6]. In [15], the number of the real
roots of Tribonacci-coefficient polynomials were found. Recently, the smallest disc
or annulus containing the zeros of Tribonacci polynomials have been examined by
0. Oztun(; Kaymak and an algorithm has given to use in other boundary problems
in [12).

In this study, in order to determine the distribution of the zeros of R-Bonacci
polynomials, we examine some properties of R-bonacci polynomials, a more gen-
eral class of Fibonacci and Tribonacci polynomials. In Section [2] we consider some
classes of R-Bonacci polynomials. We find the symmetric polynomials which are
made up of the 7" order of the zeros of R-Bonacci polynomials. Using these sym-
metric polynomials, we determine the reference roots for the polynomials R4, ()
for p=0,1 and n = 1. So, we have generalized the results obtained for the special
case r = 2 in |10].

On the other hand, there are several papers on the derivatives of the Fibonacci
polynomials (see |4], [5], [17], |23] and the references therein). In Section [3| we
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study the roots of the derivatives of R-Bonacci polynomials. We obtain the most
general symmetric polynomials which are made up of the r** order of the zeros
of derivatives of R-Bonacci polynomials. Using these symmetric polynomials, we
find some formulas for the zeros of derivatives of R-Bonacci polynomials for some
special values of t.

2. ZEROS OF SOME CLASSES OF R-BONACCI POLYNOMIALS
The general representations for R-Bonacci polynomials was given in [9] as

[e=0m=n)

Rur)= (”_‘7: _1)rx<”><n1>rj. 2)

j=0 J

Here ry, ; = (?) . denotes the r-nomial coefficient and [.] denotes the greatest integer
function. In this section, we obtain the symmetric polynomials including the zeros
of R-Bonacci polynomials. Before finding symmetric polynomial of the zeros of
R-Bonacci polynomials, the following observation based on [2}

Observation 1. The zeros of Ry(z) and R, (ze* ") are identical.

To see the above observation, the following result is obtained by writing ze
instead of z in 2

[(r71)7§n71)]

Ru(we®) = Y 1y (erT)(H)("*l)*’"j . 3)

=0

=\ (r—D(n=1)
Then, the desired result is easily seen by taking a parenthesis (627>

and we have

.
S~—"
I

ari\ (r=D(=1) [ 1, o DO g gD (n=1) =
(e ) +--~+rny[w]x

(e¥> (=D R, (x).

By this observation, we can simply state that the zeros of R-Bonacci polynomials
can be created by rotating the angle of 27” degrees in the complex plane. The zeros

of R,(z) are same as R, (ze’r"), as they are with R, (ze~ %" ). Thus, the zeros of

27

R, (z) can be divided into r sets: {x;}, {xie v } RN {xie@} . Here we refer to

this set {z;} as a set of reference zeros. The zeros of the 20" Tribonacci polynomial
are seen in Figure [1l Notice that the zeros of this polynomial can be generated at
an angle of 120 degrees with reference to the set {z;}.
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15— T—T—T—T—T—T " T T T T -
. J
. J
L4 4
° o]
1.0 o %l
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°
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FIGURE 1. The zeros of Ty ()

Our theorems are coincide with the ones obtained in [7] for R = 2,3. Actually,
Theorem (1| and Theorem [2| are the most generalized versions of the results ob-
tained for Tribonacci and Fibonacci polynomials. For the definition of a symmetric
polynomial one can see [7].

Theorem 1. The most general form of the j"symmetric polynomials consisting of
over the ' zeros of R, (x) is as follows:

r T j Tn_j_]-
] GO AN E I (e (@)

Proof. 1t is known that the zeros of R-Bonacci polynomials lie in the argument 27”
and hence the polynomial R, (z) can be factorized as

(r—1)n—1

Rop(x)=2 H (x — xg) (m—xkezfi) ~-~($—Z‘k€_2:i).

k=1

If we rearrange this equation, we obtain
2 -_— —
an (z) — :E{x'f' n—rn—r __
(r—1)n—1
2 2
L norn 27 § : .’E}; +$r n—rn 3r§ :.’E;.TZ
k=1 j#k
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(r—1)n—1

2
rn—rn—4r T r
—x g riapry 4 — Il xy}

J£k#l k=1
(r—1)n—1 j
_ Z (_1)jx(r—1)(rn—1)—r] Z Hxa
7=0 1=ll<12<"‘<lji:1
(r—=1)n—1

§=0
On the other hand by we can write
(r—1)n—1

— i1 )
an(m) = Z <Tn ] > ‘T(Til)(rnil)ir%

7=0 J
Since the equations and @ are equal, we obtain the desired result (@).

Corollary 1. The following equations are satisfied by the zeros of Ryp (x) :

Z* . _(rnl— 2);

Proof. By setting j = 1 in the equation @ desired result is obtained.

Z (_1)jgj ((EI, x;, T 7x?r—1)n—1) x(Til)(Tnil)iTj'

(7)

O

Theorem 2. The most general form of the j** symmetric polynomials consisting

of the r*" zeros of Ryni1 () is as follows :

r r j rnij
gj <zlv"' 7x(r—1)n> (1)j( j ) :

Proof. By a similar way used in the proof of Theorem (1} we can write

(r—=1)n
2mi 2mi
Ropyi1(x)= H (x — ) (w—xke 3 ) (x—xke_ a )
k=1
Then we get
Ryni1 (l‘) _ {xﬁn—rn .
(r—=1)n
xr2n—rn—r Z xz + xrzn—rn—%‘z‘r;xz
k=1 ik

(r—=1)n

2
g n—rn=3r Z JI;CIL‘ZQZ{—F _ H .%‘};}
ey k=1
(r=1)n

= Z (=1)7gm(r=D-ri Z ﬁx;

=0 1=l <lp<--<lji=1

(®)
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(r—1)n

= 3 W oy (b ey, ) VT (9)

j=0
By putting rn + 1 instead of n in , we find

n(r—1)

™m—j j
Rrsr ()= 3 (") atrir, (10

=0 7

It follows from the comparison @D and , it is possible to write the desired
result (). O

Corollary 2. The following equations are satisfied by the zeros of Rynt1 () :

rn rn —1
> = ( ) . (11)
’ 1
k=1 T
Proof. If we set j = 1 in the equation then we get the equation . O

Now, using these symmetric polynomials, we obtain the reference roots of Ryp4p(2)
for p=10,1.

Theorem 3. Forp = 0,1 and n =1, let z;j(1 < j <) be the reference zeros of
Rypip (z). Then we have

x;" = —1. (12)

Proof. Let p = 0 or p = 1 and let the set of the reference zeros of R,,+, (x) be
{z1,--+ ,z,}. The other zeros of the polynomial R, (x) will be generated by the
argument 27“ except the root = 0. For a fixed j, using the equations and @,
we have

i\ " xi\ " 2(r—2)7i \ T
:332—&- (xj€2T ) + (xje4r ) + -+ (xjef) = _(7«_ 1)

and

i\ " i\ 7T 2(r—3)mi \ T
e 1:; + (xj 6ZT> + (zj e4v~ ) + -4 (xjef) = —(r — 2),

respectively. Rearranging the above equations, it can be easily seen that the refer-
ence roots of Rypnip () as in the equation (12). O
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FIGURE 2. The zeros of Bg (x)

Example 1. Let us consider the following 5-Bonacci polynomial
Bg (z) = (2 + 1)*.

Using [I3), if we solve the equation x? = —1(1 < j <5), the reference roots of the

polynomial Bg (x) are found as follows (see Figm"e@ :

1 2 3 4
v =(=1), 22 = (=1)° ;23 = — (=1)% ;24 = (=1)% 25 = — (=1)°.
3. ZEROS OF DERIVATIVES OF R-BONACCI POLYNOMIALS

Before we find the symmetric polynomials which are made up of the r** order of
the zeros of the derivatives of R-Bonacci polynomials Rgf ) (z), we write the algebraic
representations of them. For any fixed n, using the equation (), the algebraic

representation of the derivative polynomial Rgf )(ac) is obtained as follows:
RO @) =
[=1n=)]

. n—j—1 ’ - (r=1)(n—1)—rj—t
> , (r=1)(n—1)=r7)...((r=1)(n—1)—rj—t+1)z it
i=0 I

(13)

®) (x) for special values

Now, we determine the symmetric polynomials for R, ,

of t. We give the following theorem.
Theorem 4. Let k € Nt pe {0,1,--- ,r —1}. If we consider
t=rk—(1-p)(r—1), (14)



ON THE ZEROS OF R-BONACCI POLYNOMIALS 985

p=(r=Dln+p=-1)---(rn(r-1) —t+@-Jr+2-p)  (15)

and

t+(1—p)(r—1)); (16)

r

77=(7“—1)n—(

then the most general form of the symmetric polynomials consisting of the zeros of

RSQ_H) (x) s as follows:
a(x{,...,xg): (17)

(=) ((r=1)(m+p—1)—rj)..((r=D(n+p—1)—rj—t+1) (rn +p—j— 1)
I J .

Proof. It can be easily seen that

R’E‘2+p (z) :Mﬁ (x — k) (m — xkeQ:i> .. (m — xke‘@) ,
k=1

where p is a constant. Then we have

2 rm— — —
Riﬁfﬂ, () = pfa" " (t+(1-p)(r-1)) _
x7-2n—rn—(t+(1—p)(r—1))—rzx2 + $r2n—7‘n—(t+(1—17)(T—l))_Qrzx; ),
k=1 j#k
7
_ prin—rn—(t+(1-p)(r—1))=3r Z R Hx;}
J#k#L k=1

= u i(71)jx'rQn—'rnf(i%F(l*p)(Tfl))f'rj Z ﬁxz

§=0 1=l <la < <lyi=1
n
= B3 (1o (2@ al) alr D) it (18)
§=0

By using the equation and taking rn + p instead of n we can write

[(c=nrntp=1)

rt _ _1
RY, (x) = 3 (rn—i—p. J ) "
J r

j=0
((r=1)(rn+p—1)=75).((r—1)(rn+p—1) —rj —t + 1) Drntp=l=ri=t = (19)
Since the equations and are equal, then the proof follows. (I

Corollary 3. Let t and n be as in the equations and , respectively. For
ke Nt andp € {0,1,--- ,r — 1}, the following equations are satisfied by the zeros
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@) =i = (20)

(=)t (t—1)...(1) (rn —i—p—n—l)
(r—=1D(n+p—1))...rn(r—1)—t+(p—1)r+(2—-p)) n -
and

(i)Y _wj, = (21)

(r=D(ntp-1) —r)((r=D(rn+p-—1)—r—t+1) <7°n+p—2)
(r=D(n+p—1)...rn(r—1)—t+(p—1)r+ (2 —p)) 1 ;

Proof. In the equation , if we put j = n and j = 1 we obtain the desired results,

respectively. O
Let
Un = (22)
(=) (t—1)---(1) <rn+p7}1)
((7;1—1)(rn+p—1))---(m(r—1)—t+(p—1)7"+(2—p)) " ,
Yy = (23)

(r=Dlmn+p-1)—r)--((r=Dn+p—-1)—r—t+1) (rn—|—p—2)
((r=D(rn+p=1))---(rn(r—1) =t +(p—1r+(2-p)) 1 -
Then we can give the following theorem.

Theorem 5. Fort=r(r—1)n—2r— (1 —p)(r —1), R7(“2+p

T ((r —1)n— (%)) roots and these roots are

1
Gy £ JUR —dvs\ L
2 2 e (k=0,1,--,r— 1), (24)

2

(x) has

T =

where va and Y, are defined by the equations @ and @, respectively.

Proof. Since Rf;ﬁ;l)”dr*(l*p)(rfl)) (x) is a polynomial of

r ((r —1)n— (W))—th degree then by using the equations and we
have

2
H$’,; = zixl = v (25)
k=1
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and

2
D wp=al b=y (26)

k=1
Since we know that z] = 22 it can be easily seen that
2

2r T
Ty — 1y Ty +v2 = 0.

Solving this last equation of the second degree, the roots can be easily found. So

the roots of RSEH, () must be as in the equation . (]
Since we have Fibonacci and Tribonacci polynomials for r = 2 and r = 3,

respectively, we can give the following corollaries.

Corollary 4. Let p € {0,1} and t = 2n — 5+ p. The zeros of the polynomial

FQ(;) +p () can be formulized as follows:

1
3
Yy £ \V 1/)2 —4vs .
Tp = 2 2 ek, (k=0,1)

2

where va and Y, are defined by the equations @ and @, respectively.
In 23], J. Wang proved the following equation for any fixed n
L, (z) =nF{Y (z),n>1, (27)
(z) and jol) (z) are

®
n
where L,, () are Lucas polynomials. Hence the zeros of LSH)
identical.

Corollary 5. Let p € {0,1,2} and t = 6n — 8 + 2p. The zeros of the polynomial

TB‘(fL)-i-p (z) are
1#2 + \/ 1/13 —4vy i 2kmi
e s (k=0,1,2), (28)

€T =
k 2

where va and YV, are defined by the equations @ and @, respectively.
Now we give some examples.
Example 2. Consider the zeros of the polynomial
T () = 504028 + 336027 + 144.

In the equation , writing ¥, = 2/3, vo = 1/35, we find the zeros of this poly-
nomaial as

31 2/3+1/(2/3)° —4/35 .
e 3
2

T = J(k=0,1,2)

(see Figure[3).
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F1GURE 3. The roots of Téw) (x).
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0.0r

-01r

—0.2}

—03F
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-03 -02 -0.1 0.0 0.1 0.2 03

FIGURE 4. The roots of Qélg)(:v)

Example 3. Forp=0, n =2 and r = 4, let us consider the polynomial

QL) () = 93405312000 + 889218570240002* + 12671364625920002°.
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Using the equations @ and @ we have

and

Then the roots of Qélg) (z) are generated by xy, (k=0,1,2,3). By , the roots
of the polynomial Qélg) (z) are obtained as

J -4 4 (7i)2 _ 4
2=\ —2 T T 0.127788 + 0.127788i,
and
i —2 — [ (—2)2 - i
oy = | — 257 % 0.36255 + 0.36255i
for k=0,
M —A 4 ( 4 )2 — _4
oy = \| — 257 % 0% — —0.36255 + 0.362554
and
=5 (-5~ me .
ry = 5 e = —0.127788 + 0.127788i
for k=1,
a = b J(—E)2 - A
oy = \| — 257 0 emi = —0.127788 — 0.127788i
and
3| =5 — /(-5 — 35e
w6 = 5 emi = —0.36255 — 0.36255(,
for k=2,
4 4 4
4=z /(05— e
Ty =

5 e’ = 0.127788 — 0.127788i
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FIGURE 5. The roots of Béls) (z)

and

57— V(o5 — 6 aw
T D0t~ 0.36255 — 0.362554,

rg = 9

for k =3 (see Figure|{]).

Example 4. Let us consider the 5-Bonacci polynomials Bi®(z). In this case, we
have p=3, n =1, r =5 and we obtain

Bi¥(x) = 96035605585920000 + 1292600836944248832000.°

+84019054401376174080000z ™.
The roots of this polynomial are found as follows (see Figure@ :

4. CONCLUSION AND FUTURE WORK

In this paper, in order to obtain new formulas for the zeros of R-Bonacci polyno-
mials and their derivatives, the most general form of the j**symmetric polynomials
consisting of over the 7" zeros of R, (x) and R£2 +p (z) are given. Using some con-
sequences of these symmetric polynomials, some explicit formulas for the zeros of
these polynomials, which have been given in and , are found. Although

these formulas are simple, they are valuable because they formulate the zero values
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of many R-Bonacci polynomials, which is the most general form of the Fibonacci
polynomials, and their derivatives.

Given the future studies on this topic, the zeros of the remaining R-Bonacci poly-
nomials can be formulated using different methods. For this reason, it is thought
that formulating the zeros of a R-Bonacci polynomial will increase the applicability
of this problem in different engineering applications. In addition, this study is also
thought to be a guide for formulating the zero locations of polynomials with un-
known zero locations. Because this method is applicable for all polynomial classes.
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ABSTRACT. This paper focuses on the set-oriented operations and set-oriented
algebraic structures of soft sets. Relatedly, in this paper, firstly some essential
properties of a-intersection of soft set are investigated, where « is a non-empty
subset of the universal set. Later, by using a-intersection of soft set, the notion
of set-generated soft subring of a ring is introduced. The generators of soft
intersections and products of soft subrings are given. Some related properties
about generators of soft subrings are investigated and illustrated by several
examples.

1. INTRODUCTION

Since the modeling of uncertain data in medical science, economics, sociology,
environmental science, engineering and many other fields is very complex, it is diffi-
cult to successfully deal with them by classical methods. In the last century, many
approaches that are useful in modeling uncertainties have been proposed. The fuzzy
set theory [1,[2], the interval mathematics [3], vague set theory [4] and rough set
theory [5,/6] and are favorable approaches to describing uncertain data, but each
of these theories has its own difficulties in classifying data parametrically. To fill
this gap, Molodtsov |7] proposed a completely new approach named soft set theory.
This approach allowed the uncertain data frequently encountered in many areas to
be classified parametrically, thereby providing a better representation of them. In
the years following the budding of soft sets, the theoretical and practical aspects
of these sets were discussed. Mayji et al. conceptualized the some set operations
of soft sets [8] and made further efforts to show the implementation of soft sets in
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decision making [9]. Ali et al. [10] introduced some new soft set operations such as
the restricted difference, the restricted intersection, the extended intersection and
the restricted union. Cagman and Enginoglu [11] revisited some basic operations
of soft sets to make them more efficient in some cases. In [12H14], the authors
studied the operations of difference and symmetric difference of soft sets. Aygiin
and Kamaci |15] developed some functional operations of soft sets and then demon-
strated their efficiency in handling decision making problems. Also, they defined
XOR and XNOR products of soft sets and derived new soft algebraic structures by
using these soft set products [16]. Cagman and Enginoglu [17] introduced the soft
matrices representing soft sets and their handy operations to create a soft max-
min decision making procedure which can be successfully applied to the problems
containing uncertainties. In |18H21], the researchers discussed specific kinds of soft
matrices and construct new improved types of soft max-min decision making pro-
cedure. Moreover, the inverse types of soft matrices were investigated and their
applications to decision making were presented |22}|23]. Recently, the works on the
operations of soft sets and soft matrices are progressing rapidly.

On the other hand, many algebraic structures based on the basic principles and
operations of soft sets have been proposed. In 2007, Aktag and Cagman [24] in-
troduced the rudiments of soft groups and studied their basic properties. Ulucay
et al. [25] studied soft representation of soft groups. Feng et al. [26] defined the
concepts of soft subsemirings, soft semirings, soft semiring homomorphisms, soft
ideals and idealistic soft semirings. In , the authors [27,/28] introduced the funda-
mentals of soft rings and soft normed rings. In [29], Atagiin and Sezgin discussed
the algebraic soft substructures of rings and defined soft subring of a ring, soft ideal
of a ring, soft submodule of a module and soft subfield of a field. Sezgin et al. |30]
expanded the study of soft near-rings, especially according to the idealistic soft
near-rings. Ostadhadi-Dehkordi and Shum [31] investigated regular and strongly
regular relations on the soft hyperrings. Tahat et al. [32] discussed the character-
izations of soft topological soft groups and soft rings. Karaaslan |33] investigated
some outstanding properties of collection of soft sets over AG-groupoid, AG-band
and AG*-groupoid. In [34], Yousafzai et al. introduced the notion of soft sets in an
ordered AG-groupoid and they studied different type ideals and strongly regular
elements. Zhan et al. [35] defined some new soft algebraic structures such as (M,N)-
soft union hemiring and (M,N)-soft union h-ideal, which are generalisations of soft
union hemiring and soft union h-ideal to tackle many uncertainty problems. Atagiin
and Sezgin |36] described the notions of soft N-subgroups, soft subnear-rings and
soft ideals of near-rings and also derived the product operation and bi-intersection
of soft N-groups, soft subnear-rings and soft ideals of near-rings. On the other
hand, some authors developed soft topology in various aspects and discussed real
life examples [37139].

In [40|, Sezer et al. argued that the set-oriented approaches based on inclusion of
soft set can be extended the range of operations, algebraic structures, topological
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structures, application aspects of soft sets. Thus, they defined the lower a-inclusion
and upper a-inclusion of a soft set over the universal set U, where o C U. More-
over, by using the upper a-inclusion of a soft set, they proposed the idea of upper
a-semigroups for the soft sets. In [41], the authors made some analyzes with re-
spect to group theory and showed that some subgroups of a group can be achieved
easily by means of the notions of upper and lower a-inclusions of soft sets. They
also demonstrated that a soft uni-group and a soft int-group can be derived by
its lower a-subgroup and upper a-subgroup, respectively. In [40}/41], the authors
focused on the a-oriented subgroup structures of soft sets. However, the a-oriented
subring structure of soft sets is a gap in the literature. By filling this gap, both
the theoretical aspects and practical aspects of the soft sets will be contributed.
Relatedly, this paper aims to introduce soft subrings of a ring generated by the set
«a and to investigate their fundamental properties.

This paper is organized as follows. Section 2 recalls the rudiments of soft sets.
Section 3 presents a detailed theoretical study for the a-intersection of a soft set.
Section 4 introduces a new concept namely a soft subring of a ring generated by
a set and gives many remarkable properties of this concept. Also, this section in-
cludes our main theorems, in which we examine generator sets under operations
soft intersection and product. Some theoretical results are illustrated by several
examples. Section 5 consists of the conclusions of the paper and the direction for
future studies.

2. PRELIMINARIES

In this section, we recall the rudiments of rings, soft sets and soft subrings.

By a ring, we mean an algebraic system (R, +,.), where (the multiplication . will
be omitted in formulas)
i) (R, +) is a abelian group,
ii) (R,.) is a semi-group,
iii) a.(b+ ¢) = ab+ ac and (a + b)c = ac + be for all a,b,c € R (i.e., left and
right distributive rules hold)

Throughout this paper, &t denotes a ring and the zero of R is symbolized by Og.

A subgroup S of (R,4) with SS C S is named a subring of ® and symbolized
by S < R. Therefore, S < R if and only if
i) SCHR,
ii) O € 5,
iii) a—be Sforallabels,
iv) ab€ S for all a,b € S.

Molodtsov [7] described the soft set in the following manner:
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Let U be a universal set and its power set be P(U), T be a set of parameters
and X C T.

Definition 1. ( [1]) A pair (U, X) (or simply ©x ) is termed to be a soft set over
U, where U is a mapping described by

U X - P(U).

Stated in other words, a soft set over the universal set U can be considered as a
parameterized family of the subsets of universal set U. For t € X, ¥(¢) is the set of
t-elements of the soft set (¥, X'), or simplistically the set of t-approximate elements
of this soft set. To support this idea, Molodtsov presented various examples (see [7]).
Indeed, there is a mutual correspondence among soft sets and binary relations as
given in [42,/43]. Namely, let 7 and U be non-empty sets and suppose that o refers
to an arbitral binary relation between an element of 7 and an element of U. A
set-valued function ¥ : T — P(U) can be described as U(t) = {u € U | (t,u) € o}
for all ¢t € T. Hence, the pair (¥, 7) is a soft set over U, which is derived from the
relation o.

Definition 2. ( [§]) A soft set (¥, X) over U is termed to be a null soft set sym-
bolized by @, if for allt € X, U(t) =0 (null set).

Definition 3. ( [§/) A soft set (¥, X) over U is termed to be an absolute soft set,
if forallt € X, U(t) =U.

Note that we denote the absolute soft set (¥, X') over U by Uy throughout this
paper.

Definition 4. ( [1(]) The relative complement of a soft set (¥, X) is symbolized by
(U, X)¢ and is defined as (¥, X)° = (U, X), where ¢ : X — P(U) is a mapping
given by Ue(t) = U \ U(t) for allt € X.

Definition 5. ( [8,[10]) Let (¥, X) and (T,Y) be two soft sets over the universal
set U.

a): The restricted intersection of (U, X) and (Y,)) is denoted and defined as
(T, X)m (Y, Y) =(0,2), where Z =X NY # 0 and O(t) = ¥(t) N Y(¢)
forallt € Z.

b): The extended intersection of (¥, X) and (Y,)) is denoted and defined as
(T, X)) (1,Y)=(0,2), where Z=XUY and for allt € Z

U(t), ifte X\Y
o) ={ T(t), ifte Y\ X
THNT(E), f te XNy

c): The union intersection of (V,X) and (Y,)) is denoted and defined as
(T, X)U(T,Y) =(0,2), where Z =X NY # 0 and O(t) = ¥(t) U P (¢)
forallt e 2.
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d): The extended union of (¥, X) and (T,D) is denoted and defined as (¥, X )U
(T,)) =(0,2), where Z=XUY and for allt € Z
U(t), if teX\Y
O)=< T@), iftey\X
UYUT(®), iftexrny
In 2010, Cagman and Enginoglu [11] redescribed the approximate function ¥ of

soft set (¥, X) from T to P(U) such that ¥(t) = 0 if ¢ ¢ X. Thus, they revisited
the operations of intersection and union of soft sets as follows:

Definition 6. ([11]) Let ¥y and Yy be soft sets over U. Then,
a): the soft union of Wy and Yy, denoted by Oz = WrUYy, is defined as
O(t) =T (t)UY(t) forallt € T.
b): the soft intersection of Uy and Yy, denoted by Oz = VxNYy, is defined
as O(t) = V() NW(t) for allt € T.

For more details, it can be reviewed the concepts in [11].

The following definition first introduced the soft substructures of an algebraic struc-
ture to the literature.

Definition 7. ( [29]) Let S be a subring of ® and (¥, S) be a soft set over R. If
forallt,v e S,

sl) U(t—v) DU()NT(v),

s2) U(tv) D U (t) NY(v),
then it is said to be a soft subring of R and symbolized by (U, S)<R or simplistically
V<R
Proposition 1. ( [29]) If Us<R, then ¥(0) D U(t) for allt € S.
Theorem 1. ([29]) If Vg, <R and Ys,<R, then Vg, @ Yg,<R.

Definition 8. (;26]) Let (U, X) be soft set over U. Then, the set

supp(W, X) = {t € X| (1) £ 0}
is said to be the support of the soft set (U, X). A soft set (¥, X) is called non-null
if supp(¥, X) # 0.

3. SOME ASPECTS ON «a-INTERSECTION OF SOFT SETS

In this section, we present some theoretical findings for the a-intersection of soft
sets.

Definition 9. ( [{4l]) Let (¥,X) be a soft set over U and O # o C U. Then, the
subset of X given by

(T, X0)" ={teX| V(t)Na#D}
is called the a-intersection of (U, X).
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It seen that if a = U and ¥(t) # ) for all t € X, then (¥, X)"V = X.

Proposition 2. Let (U, X) be a soft set over U and let ) # o C U.Then
i) (9, X)7 C supp(¥, X),
i) If « CU(t) for allt € X, then (¥, X)"* = supp(¥,X) = X.
i) If U(t) #0 and ¥(t) C « for allt € X, (U, X)"* = supp(¥, X) = X.
iv) If (U, X) = Ux, then (U, X)"* = supp(¥,X) = X.
v) If (U, X) = ®x or supp(¥,X) =0, then (¥, X)) = 0.

Proof. The proof of (i) is seen from the Definitions [8] and [9]

(i1) Since o« C W(t) for all ¢ € X and O # o C U, then ¥(t) # 0 for all t € X
and supp(¥,X) = X. Under the assumption ¥(t) Na # () for all ¢ € X, then
supp(¥, X) C (¥, X)"™. Hence the equality obtained from (7).

The proof of (i) is similar to proof of (#i). The rest of the proof is easily seen. O

Proposition 3. Let (U, X) be a soft set over U and ) # o C U.Then
i) If a C B, then (¥, X)) C (¥, X)),
i) (T, X)"={teX|a\V(t) #0}.
i) (U, X) U\ = {t € X| U(t)\ o # 0}.
iv) (T, X)) =Lt e X| U\ (T(t)Ua) £ 0}

Proof. If o C 3, then W(t) N« # O implies ¥(¢) N B # 0. Hence the proof of (i) is
done. The rest of proof is obtained using algebraic operations, easily. O

Proposition 4. Let (U, X) be a soft set over U and ) # o C U. If (¢, X)W(U\a) —
0 then (U, X) U (¥, X)) U (T, X)) = x,

Proof. Let (¥, X) be asoft set over U and §) # a C U. We assume that (¥¢, X)"(U\) =
(). Then, by Proposition [3| (iv), we have ¥(¢t) Ua = U for all ¢t € X. Hence, the
proof is obvious from Definition [9] and Proposition [3] (ii) and (iii). O

Proposition 5. Let (¥, X) be a soft set over U and let ) # o G U. If ¥(t)Ua # U
forallt € X, then

i) supp(¥, X) C (¥°, X))V,

i) (T, X)"e C (ve, X))

Proof. (i) Let t € supp(¥, X). Since ¥(t)Ua # U for allt € X, then U\ (¥ (¢)Ua) #
@, which implies ¢ € (¥, X)) by Proposition (iv).
(ii) 1t is seen from the assertion (i) and Proposition [2] (). O

Proposition 6. Let (U, X) be a soft set over U and O # a, 3 CU. Then

i) (U, X)" N (U, X)"8 C (0, X)) Here the equality does not hold in
general, even if aN B = (.
i) (U, X)"U (¥, X)) = (¥, x)" (8,
i) (W, xX)N@08) C (U, )" N (T, x)"8,
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Proof. (i) Let t € (¥, X)"*N (¥, X)"8. Then ¥(t)Na # @ and ¥(t)N A3 # B, which
implies U (¢) N (U B) # 0. For the rest of the proof, we have the Example
(i) O

(U, )" U (T, X)) = {tesupp(V,X)| (¥
{t € supp(¥, X)| ¥(
(q/’X)ﬁ(aUﬁ)

)Na#0)

(t v (
t)N(aUp)#0)}

(iii) Let t € (¥, X)"@M8) Then ¥(t) N (a N B) # 0, which implies () Na # 0
and W(t) N 3 # 0. Therefore t € (¥, X)">N (¥, x)"5.

Example 1. Let the universe U = {uy,us, u3, ug, us, ug}, the parameter set T =
{tl, tg, t3, t4, t5, tG, t7}, and X = {tl, t3, t4, t5} and y = {tl, tg, t3, t4} be two subsets
of T . Suppose that corresponding soft sets of X and Y are

(\117 X) = {(tlv {ula UQ})’ (t37 {u17u47u5})7 (t47 {UG})’ (t5a @)}

and

(T’y) = {(tlu {US7U4}), (t27 {ula u2,u5})7 (t37 {U37U5}), (t47 {uh u57u6})}'

If o = {ug,ug} and B = {u1}, then it is seen that (¥, X)) = {t35,t4}, (¥, X)) =
{t1,t3} and (U, X))"@YB) = {t; t5,t4}. (Because, it is obtained that U(t3) N«
{udd # 0, U(tg) N = {ue} # 0, Y(t) N B ={w} #0, U(tz) NS = {w} #
U(t) N(aUPB) ={ur} #0, T(t3) N (aUPB) = {ur,us} #0 and ¥(t3) N (U P)
{us} # 0). Thus, the proof of Proposition[d (i) is completed. Since a N B =0, we
have (U, X)(@N8) — ¢,

If o = {us,us} and B = {us,ue} (i.e., a N B = {ug}), then it is seen that
(T,y)”"‘ = {tl,t3,t4}, (T,y)”ﬁ = {ng,tg,t4} and (T,y)”(‘mﬁ) = {t4}. SO, we
have (Y, Y)N@08) C (T, )" N (T, P)"8.

=

7

4. SET-GENERATED SOFT SUBRINGS OF RINGS

In this section, we propose the set-generated soft subrings of a ring by employ-
ing the a-intersection of soft sets. We also discuss some of the main properties and
theoretical implications of this newly emerging soft algebraic structure.

Throughout this section, R is a ring and (¥, R) is a soft set over R. A subring
S of R denoted by S < R.

Definition 10. Let R be a ring, 0 # o C R and (¥, R) be a soft set over R. If the
soft set (U, (U, R)*) is a soft subring of R, then this soft set is said to be a soft
subring of R generated by the set o and denoted by (V")g. If the set o = {t},
(UNq is a soft subring of R generated by the element t € R.
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As can be seen Definition [10], (U7¥)x<R if and only if there exists at least an
) # o C R such that (¥, §R)m°‘ is a subring of R and the conditions s1, s2 of the
Definition [7] are satisfied for S = (¥, %)™,

Example 2. Given the ring ® = (Zg,+,.), a soft set (¥, R) over R, where ¥ :
R — P(R) is a set-valued function defined by ¥(0) = {0,1,4,5}, ¥(1) = {3}, ¥(2) =
{2},9(3) = {0,4,5},¥(4) = {1,2} and ¥(5) = {3}. Let o = {4,5} C R. Then,
(U, %)™ ={0,3} is a subring of R and the soft set (¥, (¥, R)"*) = {(0,{0,1,4,5}),
(3,{0,4,5})} satisfies the conditions s1,s2 of the Definition E (That is, $"(t —

v) 2 U N U (v) and (tv) D W (t) N U*(v) for all t,v € R). Hence
(P, (7, 3?)0“) = (UNMp<R. If B = {4} a single point set, then it is seen that

(U, R)" = (U, %) and then (V") g = (8"P)n. Therefore, the soft set {(0,{0,1,4,5},

(3,{0,4,5})} is a soft subring of R, generated by the element 4 € R.

Let (¥, R) be a soft set over R. Since {On} is a subring of R, it is easily seen
that (¥, {Op})<R.

Definition 11. The soft subring (V,{0x}) of R is called a trivial soft subring of
R and denoted by (On)w.

It is important to note that the soft sets (Ox)y and (¥, (¥, R)™MO%}) are dif-
ferent, in general. In Example [2, (Ox)s = (¥,{0x}) = {(0,{0,1,4,5})} and
(0, (w, ®)MO0n}) = {(0,{0,1,4,5}),(3,{0,4,5})}. Furthermore, (W, (¥,R)"0})
does not have to be a soft subring of R.

Proposition 7. If (V")x<R, then the generator o doesn’t have to be unique.
Furthermore, if (W7{thn = (Mg for t,v € R, then (T g = (U0{th) g5,

Proof. In the example [2| if we take n = {5} C R, then it is seen that (¥,R)" =
(U, ®)" and then (¥")p = (¥M8)n. Hence the generator doesn’t have to be
unique, even if it is a single point set. Now, let (It g = (F™MH g for t,0 € R.
Consider the sets X = {t e R: ()N {t} 0} = {t € R: ¥(¢t) N {v} # 0} and
Y={teR:¥(@t)N{t v} #0}. Obviously X CY. Let t € Y. Then,
U)yn{t,v} #0 = TE)N{t}#0 or V(t)N{v}#0
= teX orteX
= tekX

Hence ) € X. Therefore, (¥, %)Mt = (¥, ®)Mv} = (¥, ®)"M4} | which implies
that (WU g = (@Mt g, O

Proposition 8. If (U7 <R, then ¥(0x) Na # (). But the reverse implication is
not true, in general.

Proof. Let (¥"*)z<R. Then the set (¥, R)"* = {t € R : U(t)Na # 0} is a subring
of R. Then ¥(0x) 2 W(t) for all t € (¥, R)™™ by Proposition[I] Since (t) Nea # 0
and ¥(0g) 2 U(¢) for all ¢ € (U, R)"*, then ¥(0p) Na # 0. For the rest of the
proof, let A = {0,1,5} C R in Example[2] Then it is seen that ¥(0x) N A # 0, but
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(U, R)™ = {0,3,4} is not a subring of R. Therefore, (¥, (¥, N)™) is not a soft
subring of R. (]

Proposition 9. Let (U"*)p<R and (I g<R. Ifa C B, then (¥ g C (WM)g.

Proof. Let t € (¥,R)"*. Then ¥(¢) N # 0. Since a C B, ¥(¢) N3 # 0. Hence
(U, R)"™ C (¥, R)"P. Therefore (¥, (¥, R)"*) C (¥, (¥, R)"?), which completes
the proof. ([

The following Theorem shows that Theorem [I]is also true for the operation soft
intersection instead of restricted intersection when taking the soft set (¥, R) instead

of (¥,5).
Theorem 2. If (¥, R)<R and (T, R)<RN, then (¥, R)N(T, N)<R.

Proof. By Deﬁnition@ (U, R)N(T,R) = (6,R), where O(t) = ¥(t) N Y(t) for all
t € R. Then for all t,v € R,

Ot—v) = Y{t—v)NT(t—v)

2 (W) NW(w) N (T NT(v
(W) NT(E) N (Y(v) N T(v)

= 6()N6(v),

O(tv) = Y(tv) N Y (tv)

2 (W) NW(w) N (T NT(v

= (Y@ NT#)N(¥(w)NT(v)

= O@)NO(v)

Therefore (¥, R)N(T, R)<R. O

Now, some problems arise such that: Is the soft intersection of two set-generated
soft subrings of R, again a set-generated soft subring of R? And, if (¥")r<R,
(UMY <R such that (PN)pN(TP) = (UM¢)g, then can the subset ¢ be ex-
pressed using « and 87 The answer of the first problem is "No”, we have the
following example:

Example 3. Given the ring ® = (Z12,+,.), a soft set (V,R) over R, where U :
R — PR) is a set-valued function defined by ¥(0) = {1,3,5,6,7,9,11}, ¥(1) =
(2,4}, U(2) = {3,6,7,11}, U(3) = {1,5,9}, T(4) = {3,6,7,11}, T(5) = {8, 10},
U(6) = {1,3,5,6,7,9,11}, W(7) = {2,10}, ¥(8) = {3,6,7,11}, ¥(9) = {1,5,9},
¥(10) = {3,6,7,11} and ¥(11) = {2,8}. Let a = {11} and B = {5}. Then,
(U, ®)"* = {0,2,4,6,8,10} and (¥,R)"? = {0,3,6,9} are subrings of R and the
soft sets

(T, (W, R)") :{ 227 ; 1}), (4,{3,6,7,11}), }

,11}),(10,43,6,7,11})
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and
By ((),{1,3,5,6,7,9,11}),(3,{1,5,9})7
(¥, (T, R) B)—{ (6.{1.3.5.6.7.9.11}). (9. {1.5.9}) }

satisfy the conditions sl,s2 of Definition Ij Hence (U)o <R and (TP)p<R.
Then,

()N ()5 = {(0,{1,3,5,6,7,9,11}), (6,{1,3,5,6,7,9,11})} = (¥, §)<R.
But, there is no subset & of R such that (¥, S) = (¥")g.

Corollary 1. The soft intersection of two set-generated soft subrings of R is not
a set-generated soft subring of R, in general.

But, we have the following:

Theorem 3. Let (UV")p<R and (VP)p<R. Then, either (¥"*)pn (M) g =
(Ox)y trivial soft subring or if (F"*)eN(U P = (W), then there ewists € C RN
such that ) # & C a U B.

Proof. If (T"*) N (TM8) % = (Ox)w, it is obvious. Assume that
(Op)w # (T7)RO(EP)p = (I7) 5.

Then (U7¢)xr<R by Theorem Since (U uA(TMF) g = (U7€) 5, then we have
UNa#0AUNB#ADSUNEAD

for (t,U) € (U"¢)5. The requirement (1) holds for:
) aCpB=¢=5,
i) Ca=¢=q,
iii) anB=0=¢=aUp,
iv) aZfandanNB#£0=E=aUp.
Although the requirement (1) also holds for £ 2 aUf, it is enough to show existing
¢ C R such that ) # ¢ C aU 3 to complete the proof. O

Definition 12. ([29]) Let Ry and Ry be two rings, and (¥, S1) and (T, Ss) be two
soft subrings of R and R, respectively. The product of soft subrings (V,S1) and
(Y, S2) is defined as (¥, S1) x (Y,S52) = (2,51 x Sz), where Q(t,v) = ¥(t) x T(v)
for all (t,v) € S1 x Ss.

Theorem 4. ( [29]) If Us, <R and Y5, <Ra, then Ug, x Tg,<RN1 X RNy.

Theorem[d]leads to the problem: Is the product of two set-generated soft subrings
of two rings, again a set-generated soft subring of the ring of product of rings? The
answer is " Yes”, we have the following:
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Theorem 5. Let Ry and Ro be two rings and let (¥, Ry), (T, RN2) be two soft
sets over N1 and Ro, respectively. If there exist a C N1 and 8 C Ry such that
(U <Ry and (YP) g, <Ry, then

<\I]na>%1 X <Tmﬁ>§R2 = <®n(a><,8)>%1><%2'

Proof. Let (I7%)n <Ry and (Y7P)g, <RNy. Then (¥, R;)"* is a subring of R; and
(T,R3)"% is a subring of Ry. So (¥, R;)" x (T,R2)7F is a subring of N; x Ry.
Therefore, (TN g, x (Y¥)x, <R1 xRy by Theorem Now, let (¢, (1)) € (I")g,
and (v, T(v)) € (Y¥)g,. Then ¥(t) N # () and Y(v) N B # (. Since

V() Na#DAT)NE A0 (U(E) x T(0)N (ax B) £ 0,
then we have
(£, () € (T ), A (0, T(v) € (XP)p, & ((1,0),T(t) x T(v)) € (O D)g 1,

(0,11 xRy) is a soft set over R xRN, where O : R xRy — P(Ry xN2) is a set-valued
function defined by ©(t,v) = ¥(t) x T(v). Hence, the proof is completed. O

Example 4. Ouver the ring Ry = (Z4,+,.), a soft set (U, Ry) given by ¥(0) =
{1,2,3}, ¥(1) = {0}, ¥(2) = {1,3}, ¥(3) = {2}. For a= {3}, (¥,R)"™ ={0,2}
and (I g, = {(0,{1,2,3}),(2,{1,3})}<R1. Given the ring Ry = (Zg,+,.), a
soft set (Y, Rq) over R, defined by Y(0) = {0,1,2,5}, T(1) = {3,4}, T(2) = {4},

T(3) = {0,2}, T(4) = {3} and Y(5) = {4}. For 5 = {2}, (T, R2)™8 = {0,3} and
éTmB>§Rz ={(0,{0,1,2,5}),(3,{0,2})}<Ra. (¥ ), x (Y BV, is a soft set given
Y

((0,0),{(1,0), (1,1),(1,2),(1,5),(2,0),(2,1),(2,2),(2,5), (3,0), (3,1),(3,2), (3,5)}),
((2,0),{(1,0), (1,1),(1,2),(1,5),(3,0),(3,1), (3,2), (3,5)}),
((0,3),{(1,0),(1,2),(2,0), (2,2), (3,0), (3,2)}),
((2,3),{(1,0),(1,2),(3,0),(3,2)})

(

a set-valued function defined by O(t,v) = U(t) x Y(v). Then, for a x 8 =1{(3,2)},
it is easily seen that (©7(XP)yq n = (T g x (TP)g,.

5. CONCLUSIONS

In this paper, we are interested in the algebraic soft substructures of rings given
in the article [29]. We introduced set-generated soft subrings of rings using non-
empty subsets of rings. By theoretical directions, we applied some of the operations
derived on soft sets to set-generated soft subrings. Moreover, we gave some rela-
tionships between the generators of soft subrings and studied their related various
properties with assorted examples. To further this work, one could study the set-
generated soft substructures of other algebraic structures such as fields, modules,
vector spaces and algebras. Our future work will be based on the derivation of
these algebraic structures and the investigation their application aspects.
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ABSTRACT. In this paper, an optimal inequality involving the delta curvature
is exposed. With the help of this inequality some characterizations about the
vertical motion and the horizontal divergence are obtained.

1. INTRODUCTION

The celebrated divergence theorem states that divergence of a vector field indi-
cates how much the vector spreads out from the certain point. In fluid kinematics,
if a vector field X is considered as velocity of a fluid or a gas, then sign of div(X)
describes the expansion or compression of flow. Therefore, the total expansion or
compression of flow can be calculated by the help of divergence theorem so diver-
gence is a useful tool to measuring the net flow of fluid diverging from a point or
approaching a point. The first phenomenon is called as horizontal divergence and
the other is called as horizontal convergence.

The continuity equation simple states that any matter can either be created or
destroyed and implies for the atmosphere that its mass may be redistributed but
can never be disappeared. Therefore, this equation gives us that

div(U) =0 (1)
for any vector field U = (u!,u?,u?) on E3. It can be written from that
) ou’
leH(U) E = 0, (2)
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where divy (U) is the horizontal divergence of U defined by
ou'  ou?
=— 4+ —. 3
Or + Jy (3)
The equation given is also known as the continuity equation in literature. Inte-
grating (2)), we have
P1 aul 3U2

w(p1,po) = 1’ (p1) — u’(po) = 7/ (E + oy

where p; and pg is some pressure levels on the atmosphere. If we assume that pg is
the surface pressure then u?(pg) = 0 and thus we get

o) = = [ G+ G 6

0

)dz, (4)

0

This formula tells us that w at a given pressure level is proportional to the integral
of the horizontal divergence. Here, w(p;) is called the wvertical motion at p;. If
w(p) < 0 at every point p then this statement is called rising motion, w(p) > 0
at every point p then this statement is called descending motion, (in this case,
divergence is called convergence) in meteorology. There is no divergence and it is
clear that there is a local maximum or minimum of w.

Beside these facts , B.-Y. Chen [7] initially introduced a new invariant the so-
called delta curvature ¢ for an n-dimensional Riemannian manifold M by

8" (p) = 7(p) — (infr (II1)) (p), (6)
where 2 < k <n —1, 7(p) is the scalar curvature at p € M and
(inf7 (IIx)) (p) = inf{7(IIx) | II; is a k-plane section C T,M}.

Furthermore, he gave a relation involving the delta curvature, the main intrinsic
and extrinsic invariants of submanifolds in a real space form (cf. Lemma 3.2 in [7]).
Then, this curvature drew attention of many authors and the notion of discovering
simple basic relationships between intrinsic and extrinsic invariants of a submanifold
becomes one of the most fundamental problems in submanifold theory (cf. |1}3,[8)
10}11}19;/23,/24], etc.). Furthermore, various inequalities and their applications on
Riemannian submersions were studied recently in [4}/12}15]22].

Apart from isometric immersions and submanifolds theory, Riemannian sub-
mersions have played a substantial role in differential geometry since this frame
of maps also makes possible to compare geometrical properties between smooth
manifolds. Besides the mathematical significance, Riemannian submersions have
important physical and engineering aspects. There exist very nice applications
of these mappings in the Kaluza-Klein theory [13}/16}25], in the statical machine
learning process [26], in the medical imaging 18], in the statical analysis [6], in the
robotic theory [2,/20,21].

Motivated by these facts, we firstly establish an optimal inequality involving the
delta curvature for Riemannian manifolds admitting a Riemannian submersion.
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Then, we investigate this inequality for some special cases. Finally, we obtain some
results dealing the vertical motion and horizontal divergence.

2. PRELIMINARIES

Let (M, g) be and n dimensional Riemannian manifold with Riemannian metric
g. The sectional curvature, denoted Kys(e; A e;), of the plane section spanned by
orthogonal unit vectors e; and e; at p € M is

K(ei/\ej)ER(eiaejvej7ei):R(ejaeiaehej)’ (7)
where R is the Riemann curvature tensor. Usually the sectional curvature K (e; Ae;)
is denoted by Kj;.

Let {e1,...,e,} be any orthonormal basis for T,,M. In particular, the Ricci
curvature Ric is defined by

n

Ric(X) =Y K (X Aej). (8)

j=1

for each fixed e;, i € {1,...,n} we have

Ric(e;) = Y K(ei Aej).
J#i
The scalar curvature 7 (p) at p is defined by
T(p)= Y KleNey). (9)
1<i<j<n

In particular, for a 2-dimensional Riemannian manifold, the scalar curvature is its
Gaussian curvature.

Let II, be a k-plane section of T,M and X a unit vector in II;. If &k = n
then II,, = T, M; and if k = 2 then Il is a plane section of T,,M. We choose an

orthonormal basis {e1,...,ex} of IIx such that e; = X. The k-Ricci curvature of
II; at X, denoted Ricyy, (X), is defined by [9]
Ricp, (X) = K(ex Aea) + K(eg Aeg) + -+ + K(er Aeg). (10)

Thus for each fixed e;, i € {1,...,k} we get

k k
RiCHk (61) = Z K(ei A ej) = ZKij. (11)

J#i JFi
We note that an n-Ricci curvature Ricr, ar(e;) is the usual Ricci curvature of e;,
denoted Ric (e;). Thus for any orthonormal basis {e1,...,e,} for T,M and for a

fixed i € {1,...,n}, we have

RichM(ei) = Ric (ei) = ZK”
J#i
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The scalar curvature 7 (Hk) of the k-plane section IIj is given by

Z K 62 /\ej Z K’LJ? (12)

1<i<j<k 1<i<j<k

where {eq, ..., ex } is any orthonormal basis of the k—plane section II,. We note that

ZZK eiNej) = ZRICHk (13)

i=1 j#i

Given an orthonormal basis {e1, ..., e, } for T, M, 71..., will denote the scalar cur-
vature of the k-plane section spanned by e, ..., €.

The scalar curvature 7(p) of M at p is identical with the scalar curvature of the
tangent space T, M of M at p, that is,

T(p)=7(Tp,M).

Let (M, g) and (B,g) be m and n dimensional Riemannian manifolds with Rie-
mannian metrics g and g, respectively. A smooth map 7 : (M, g) — (B,7) is called
a Riemannian submersion if

i) m has maximal rank.
it) The differential 7, preserves the lengths of horizontal vectors.

Now, let @ : (M,g) — (B,g) be a Riemannian submersion. For any b € B,

7n=1(b) is closed r-dimensional submanifold of M. The submanifolds 7=1(b) are

called fibers. A vector field tangent to fibers is called wertical and a vector field
orthogonal to fibers is called horizontal. If we put

V, = kernel(n) (14)

at a point p € M, then it can be obtained an integrable distribution V corresponding
to the foliation of M determined by the fibres of 7. The distribution V), is called
vertical space at p € M.

Let H be a complementary distribution of V determined by the Riemannian
metric g. For any p € M, the distribution H, = (V,)* is called horizontal space
on M |17]. Thus, we have the following orthogonal decomposition:

TM =V ®H. (15)

A vector field E on M is called basic if it is horizontal and m— related to a vector
field B on B ie., m.E), = E, () for all p € M. Furthermore, it is known that if £
and F' are the basic vector fields respectively m—related to F, and F, one has

g(E.F) = g(E.F)orm. (16)

Let h and v are the projections of I'(T'M) onto I'(H) and I'(V), respectively.
The fundamental tensor fields of w, denoted by A and T, are defined respectively
by

AgF = hV,gvF + vV ghF, (17)
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TgF = hV,gvF + oV ghF (18)

for any E, F € T(T'M), where V is the Levi-Civita connection on M.
Now, let us define the following mappings:

T" . T(V)xT(V) — T(H),
(U, V) — T™UV)=hVyV,

TV :T(V)xT(H) — T(V),
(U,X)

!
~
=
S
s
]
<
4
G
I

and
A" T(H) xT(V) I'(H),
(X,U) — A®(X,U)=hVxU,

1

AV T(H)xT(H) — T(V),
(X,Y) — AY(X,Y)=0VyY,
Then, it is clear from ([17)) and that T is a symmetric operator on I'(V) xI'(V)

and AY is an anti-symmetric operator on I'(#) x T'(#). If (17) and are taken
into account in (L5)), we can write

VoV =THU, V) +0VyV, (19)
VyX =hVy X +TY(V, X), (20)
VxU = A"(X,U) +vVxU, (21)
VxY = hVxY + AY(X,Y) (22)

for any U,V € T'(V) and X,Y € T'(H).

Let {Ui,...,U;, X1,...,X,} be an orthonormal basis on T,M, where
VY = Span{Uy,...,U,} and H = Span{X;,...,X,,}. The mean curvature vector
field Ai(p) of any fibre is defined by

Np) =+ ST, Uj). (23

j=1
Note that each fiber is a minimal submanifold of M if and only if %i(p) = 0 for all
p € M. Furthermore, each fiber is called totally geodesic if both T* and TV vanish
identically and it is called totally umbilical if
THU,V) =g (U, V)h
for all U,V e T'(V).
Now we recall the following Theorem [14]:

Theorem 1. Let 7 : (M,g) — (B,g) be a Riemann submersion. Then the hori-
zontal space H is an integrable distribution if and only if A vanishes identically.



1012 M. GULBAHAR, S. EKEN MERIC, E. KILIC

Remark 1. As a consequence of Theorem |1, we see that both A™ and AY are
related to integrability of H, that is, they are identically zero if and only if H is
integrable.

Let R, R and R are the curvature tensors on M ,VB and be the collection of all
curvature tensors on fibers 71 (b) respectively, and R(X,Y)Z be the horizontal lift

of ﬁw(b) (T 4p X, TapYs) Zp at any point b € M satisfying

m(R(X,Y)Z) = R(m X, 1. Y )7, Z.

Then, there exist the following relations between these tensors:

R(U,V,W,G) = R(UV,W,G)+g((T™U,G), T"(V,W))
—g (T"(V,G), T*"(U,W)),, (24)
R(X,Y,Z,H) = R(X,Y,Z,H)-29(AY(X,Y),AY(Z, H))

+9 (AV(Y, 2), AV (X, H)) — g (AV(X,Z), AY(Y,H)), (25)
—g (TY(V,X), TY(W,Y))

+g (AM(X, V), A (Y, W), (26)
forany U, V,W,G € T'(V) and X,Y, Z, H € T'(H). Note that the above equalities are
known as Gauss—Codazzi equations for a Riemannian submersion. With the help

of Gauss—Codazzi equations, we get the following relations between the sectional
curvatures as follows:

R(X,V.Y,W)

K@UAV) = K@UAV)-||T*U, V)|

+g (T™U,U), T"(V,V)), (27)
K(XAY) = K(XAY)+3|AY(X,Y)|?, (28)
K(XAV) = —g((VxT)(V,V),X)+ [TV (V. X)|’

— |l a*x, V)|, (29)

where K, K and K denote the sectional curvatures in M, any fiber 7 1(b) and the
horizontal distribution H, respectively. The scalar curvatures of the vertical and
horizontal spaces at a point p € M are given respectively by

Ho) = Y KWLy (30)
and -
o= Y KX, (1)

Now, we recall the following definition of [5].
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Definition 1. Let m : (M,g9) — (B,q) be a Riemann submersion and X be a
horizontal vector field on w. Then, horizontal divergence of X is defined by

divy (X) = ZQ(V)QX, Xi). (32)

Lemma 1. [14] Let w: (M, g) — (B, ) be a Riemann submersion and
{U1,...,U.} be any orthonormal basis of T'(V). For any E € T(TM) and X €
I'(H), we have

9(VeN,X) = Zg (VeT) (U;,Uj), X). (33)

As a consequence of Lemma [I] we obtain that
divy (N Z Zg (Vx,T) (U;,U;), X;) . (34)
=1 j=1
3. AN OPTIMAL INEQUALITY FOR RIEMANNIAN SUBMERSIONS
We begin this section with the following algebraic lemma:

Lemma 2. Ifn >k >2 and aq,...,an,a are real numbers such that

(Zaz> (n—k+1 (ia?-ﬁ-a) ) (35)
i=1
2 Z a;a; > a,

1<i<j<k
with equality holding if and only if

then

ar+az+ -+ ap = g1 =0 = Ay

Proof. By the Cauchy-Schwartz inequality, we have
2
( al> (n—k+1)((@1+az+--+ap’+ai ,+ - +a2). (36)

From and (6], we get

Yoalta<(amtart o tap)’ +aiy, o tal
i=1
The above equation is equivalent to
2 Z a;a; > a.
1<i<j<k

The equality holds if and only if a1 +ag + -+ ax = agy1 = -+ = an,. O
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Let # : (M,g9) — (B,g) be a Riemannian submersion between Riemannian
manifolds (M, g) and (B,g). Suppose {Ui,...,U,, X1,...,X,} be an orthonormal
basis on T,M, where V = Span{Uy,...,U,} and H = Span{X;,...,X,}. Then,

we have

T

|TH|? = Zﬂg (T™(U;, U;), T (U, Uy)) (37)

IV = lejlg Ui, X;), TV (Us, X;)) (38)

| A% = ZZQ X5, U0, AM(X;,U), (39)
=1 =1

1AV = ‘Zn_:lg (AY(X3, X;5), AY (X, X5)) - (40)

Putting (27) — [9), (2 and §7) — @) in

Tp)= Y. [KU,Uj)+K(X:,U;) + K(Xi, X;)],

1<i<j<n
we obtain the following lemma:

Lemma 3. Let (M,g) and (B,g) be a Riemannian manifolds admitting a Rie-
mannian submersion 7 : (M, g) — (B,q). For any point p € M, we have

27 (p) = 27 (p)+2¢(p) + P2 IR — || + 3]|4¥|
—r divn(h(p)) + [TV |% — || A%, (41)

Now, we are going to give an optimal inequality involving the d—curvature for
Riemannian manifolds admitting a Riemannian submersion.

Theorem 2. Let 7 : (M,g) — (B,q) be a Riemannian submersion. Then, for each
point p € M and each k-plane section Ly, CV, (r >k > 2), we have

() < +lp) = {La) + 7lp) + 52 — i (i)

3 1
LAV + STV (42)
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The equality of holds at p € M if and only if A™ vanishes identically and the

shape operators Sx,,...,Sx, of Vp take forms as follows:
T, 0 -~ 0
0 T212 0
. . ) 0
ss=| o o .1 , (43)
k
0 (Z Té) I_»
i=1
17 Tf2 17,
17, 13 T3,
; 0
Sx, = ko1 , s€{2,...,n} (44)
7, T - _ZTZ'
i=1
0 On—k

Proof. Let Lj, be a k-plane section of V,. We choose an orthonormal basis
{Uy,...,U;, Xq,...,X,} on T,M such that V = Span{Us,...,U,} and
H = Span{X;,..., X, }. We write

T = g(T™(Us, Uj), Xs) (45)

foranyi,j € {1,...,r} and s € {1,...,n}. Suppose that the mean curvature vector
h(p) is in the direction of X; and Xj, ..., X,, diagonalize the shape operator Sy, . If
we put

. 5 r2(r — k) 9 .
n = 27(p) —27(p) — 27(p) - m”hﬂ + 1 divy (R(p))
2
=3[l AT = TV + 1A (46)
in , it follows that
PRI = (n =k + 1) (0 + |T™]?). (47)
The equation is equivalent to
T 2 T 9 n T 9
(ZT&) =(—k+1) (n+d (Ta) +3 > (T5) | (49
i=1 i=1 s=21i,j=1

Applying Lemma [2] to equation ([48)), we get

2 Y mTzae Y Y () ()

1<i<j<k s=214,j=1
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On the other hand, we have from that

i) =r s Y TE Y Y (mm- ). e

1<i<j<k s=21<i<j<k
From and , we get
7 (L) > 2’7+ZZ{ Ti)? + (T5;)* + -+ (T3))%}
s=2j>k
1 n
§ZT11 + T+ -+ T Z Z o) (1)
s=2 s=214,7>k
In view of , we see that
~ 1
T (M) > 7 () + o, (52)

From and ., we obtain

If the equality case of (4 . holds then we have A’ vanishes identically and

le TQJ—TkJ—O j=k+1,...,r,
T =0, Lji=k+1,....m, (53)
T{1+T2TQ+"'+TI:k:O

for s =2,...,n. Applying Lemma [2| we also have
Th+ T+ 4+ Ty, =Ty,  l=k+1...,n (54)

Thus, with respect to a suitable orthonormal basis {X,...,X,,} on H,, the shape
operator of V, becomes of the form given by and . The proof of the
converse part is straightforward. ([

In particular case of k = 2, we have the following:

Corollary 1. Let 7w : (M,g) — (B,g) be a Riemannian submersion. Then, for
each point p € M and each plane section L C V,, we have

5@ < ) - K+ 70 + 5 2B Faivn(r)

3 1
LAV + STV (55)
The equality of holds at p € M if and only if A™ vanishes identically and the
shape operators Sx,,...,Sx, of Vp take forms

0 0
b 0 , (56)
0 (CL —|— b) IT_2

n

a
Sx, = 0
0
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cs ds 0
Sx, = ds —¢cs O , se€{2,...,n}. (57)
0 0 0r-2

In particular case of k = r — 1, we have the following

Corollary 2. Let  : (M,g) — (B,g) be a Riemannian submersion. For each
vertical unit vector U, we have

) - B r? o 3 1
Ricy (U) < Rie(U) +7(p) + -0 = Ldivga(h) + S| AY12 + STV (58)

The equality case of holds for all unit vectors U € V, if and only if A™ vanishes

identically and we have either

(i) if r =2, m has totally umbilical fibers at p € M,
(i) if r # 2, 7 has totally geodesic fibers at p € M.

Proof. Let L,_1 be a (r — 1)-plane section of V,,. We get from Theorem that

. . 3 r? T
o(r—1) < 7(p) —7(Lr—1) +7(p) + ZHHHQ - §dwﬂ(h)
3 1
+§||AV||2 + §||TV||2- (59)

Now, let U be a unit vertical vector field such that U = U,.. By a straightforward
computation, we obtain .

The equality of holds if and only if the forms of shape operators Sx,,
s=1,...,n, become

TL 0 0 0
0 Tk - 0 0
Sxsio=1 o o .. TL o 0 ’ (60)
r—1
0 0 - 0 (Z T1>
=1
17 TP T TlT(r—l) 0
17, T3y - T5,_q O
Sx, = r—.2 R TG{Q,...,’R}. (61)
5oy Topoyy - — Z ;0
i=1

0 0 0 0
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From and (61), we see that the equality in is valid for a unit vertical
vector field U = U, if and only if
Trsr = Tlsl + T282 +ot T(Srfl)(rfl) (62)
Tf =T5, = =Tj_,), =0.
for s € {1,...,n}.
Assuming the equality case of holds for all unit vertical vector fields, in view
of , for each s € {1,...,n}, we have

25 =10 + T + -+ 17,
{ngo, i (63)
for all i € {1,...,7} and s € {1,...,n}. Thus, we have two cases, namely either

r =2 or r # 2. In the first case we see that 7w has totally umbilical fibers, while
in the second case m has totally geodesic fibers. The proof of converse part is
straightforward. O

Remark 2. We note that (58) was also proved in [15] (see Theorem 4.1 in [15]).
In Theorem[3, we gave a new proof for this inequality.

4. MAIN CONCLUSIONS

In this section, we shall present a solution way with the help of differential
geometry tools for the following natural problem:

”Which conditions should provide to the horizontal divergence or the convergence
receives to the maximum value or minimum value?”

To obtain minimum or maximum values of the vertical motion (or horizontal
divergence) it can be considered a Riemannian submersion on E3 to E2. Moreover,
we can regard to different Riemannian submersions such as a Riemannian submer-
sion on a three dimensional Riemannian manifold to two dimensional Riemannian
manifold as

7 M3 — N2 (64)

It can also be considered globally in high dimensional Riemannian manifolds with
taking a Riemannian submersion on m-dimensional Riemannian manifold to n-
dimensional Riemannian manifold.

Taking into account of the continuity equation and , and inequal-
ities, we get some result dealing minimum or maximum values of vertical motion
for a manifold admitting a Riemannain submersion.

As a consequence of , we obtain the following;:

Corollary 3. Let 7 : E"™" — E" be a Riemannian submersion. Then we have

r 7"2(7”—k) o By vz Lypvge
- > - - = - = .
3e0) 2 8(k) = 5ot S IP = SIAVIP - ST (65)
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The vertical motion at a point p takes the minimum value if and only if A" vanishes
identically and the matrizes of shape operators of the vertical space of M take the

form as and .
As a consequence of , we obtain the followings:

Corollary 4. Let m : E"™ — E™ be a Riemannian submersion with integrable
horizontal distribution. Then we have
r r2(r —2)

Feln) = 6@) = = WP - STV (66)

2

The vertical motion takes the minimum value if and only if the matrixzes of shape
operators Sy, , ..., Sz, of the vertical space of M take the form as and .

Corollary 5. Let 7w : E*™" — E™ be a Riemannian submersion with totally geodesic
leaves and integrable horizontal distribution. Then we have

r
Tl = 6(2). (67)
From , we get the followings:

Corollary 6. Let w: E*"™" — E™ be a Riemannian submersion. For each vertical
unit vector U, we have

" op) > Ricy (U) = JJA2 = SJaV)2 = Ty (68)
QW\P) = ety 1 2 2 '

The equality case of holds for all unit vectors U € V, if and only if AM vanishes
identically and we have either

(i) if r =2, w has totally umbilical fibers at p € M,
(ii) if r # 2, © has totally geodesic fibers at p € M.

Corollary 7. Let 7w : E*™" — E™ be a Riemannian submersion with totally geodesic

fibers. For each vertical unit vector U, we have
r ) 3
~w(p) = Riey (U) - 5|4V, (69)

Now we shall mention some examples:

Example 1. Consider the mapping m : E® — E? which is defined by

1 1
(21, T, T3, T4, T5) = \ﬁ(x1+xz),ﬁ(az3+x4) -

Then, it is clear that 7 is a Riemannian submersion and the Jacobian of 7 is equal

to
1 1
%5 5 0 00
00%%0'
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The horizontal space and the vertical space are given by

1 0 1 0 1 9 1 0
H =25 Xi=—— 4+ ——-"Xo=—— 4+ —
pan{X V20x1 /2012 2 V20xs  \/20x4
and
1 9 1 9 1 9 1 9 d
Ve Spanfty = -2 1L 9y 1010y 0,
PO = = oy T B on 2T T s oms T aoms T ory)

respectively. By a straightforward computation, we get the tensor fields A, T, Ricy
vanish and w(p) = divy (k) = 0 from . Therefore, 7 is a trivial example satisfying
Corollary B} Corollary[7.

Example 2. (Example 5.1 in [15])
Let us consider the Remannian submesion 7 : M — E? defined by

m(x1, T, X3, 24, T5) = (T COST3 + ToSin T3, T4, T5) ,

where M is a non-flat submanifold of E® such that cot x3 = %, To # 0 and x3 €

(0, g) Here, the horizontal space and the vertical space of M are given by

0 0

’H:Span{Xl:Sinxgi—i—cosmgi,Xg: ,Xg,:a—}
Ts5

Oxy 0o Oy
and

V = Span{U; = —cosacgaigc1 +Sinx38ix2’U2 = Gixg}’

respectively. By straightforward computations, we have TV (Ua, X1) = —Uy,
TH(Uy,Usy) = X and the other components of operators T™, TV, A", AV vanish
identically. Moreover, we have Ric(Uy) = 1, Ricy (U1) = Ricy (Uz) = 0 and w(p) =
0 from . Considering these facts, we obtain the left hand side of is equal to
0 and the right hand side of s equal to —1 for U = Uy. This inequality also
satisfies for U = Us. This shows that the correctness of and T is an example
of Corollary 6]
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PARITY OF AN ODD DOMINATING SET

Ahmet BATAL

Department of Mathematics, Izmir Institute of Technology, 35430, Urla, Izmir, TURKEY

ABSTRACT. For a simple graph G with vertex set V(G) = {v1,...,vn}, we de-
fine the closed neighborhood set of a vertex u as N[u] = {v € V(Q) | v is adja-
cent to u or v = u} and the closed neighborhood matrix N(G) as the matrix
obtained by setting to 1 all the diagonal entries of the adjacency matrix of G.
We say a set S is odd dominating if N[u] NS is odd for all u € V(G). We
prove that the parity of an odd dominating set of G is equal to the parity of
the rank of G, where the rank of G is defined as the dimension of the column
space of N(G). Using this result we prove several corollaries in one of which
we obtain a general formula for the nullity of the join of graphs.

1. INTRODUCTION

Let N[u] denote the closed neighborhood set of a vertex u in a simple graph G,
ie;
N[u] = {v € V(G) |v is adjacent to u or v = u}.

Then, we say a subset S of vertices is odd (even) dominating if Nu] NS is odd
(even) for all u € V(G). In general, for an arbitrary subset C' of vertices, we say a
set S is a C-parity set if N[u] NS is odd for all w € C' and even otherwise [2]. If
there is a C-parity set for a given set C, we say that C' is solvable. If there exists
a C-parity set for every set C' of vertices in a graph G, then we say G is always
solvable.

Let n be the order of G, V(G) = {v1,...,v,} and W be a subset of V(G). The
column vector xy = (x1, ..., T,)", which is defined as z; = 1 if v; € W and z; = 0
otherwise, is called the characteristic vector of W. The closed neighbourhood
matrix N = N(G) of a graph G is obtained by setting to 1 all the diagonal entries
of the adjacency matrix of G. Equivalently, N(G) is the matrix whose ith column
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is equal to Xn7y,)- It is easy to observe that S is a C-parity set if and only if
N(G)xg = x¢ (1)

over the field Z, |9], [10].

Let us denote the vectors whose components are all 0 and all 1 by 0 and 1,
respectively. Then the following are equivalent. (al) S is an odd dominating set,
(a2) S is a V(G)-parity set, (a3) N(G)xs = 1. Similarly, (b1) S is an even dom-
inating set, (b2) S is a (-parity set, (b3) N(G)xgs = 0, are equivalent statements.
Note that every graph has an even dominating set, which is #. On the other hand,
it is proved by Sutner that every graph has an odd dominating set as well [9] (see
also (6], [, B).

Let Ker(N) and Col(N) denote the kernel and column space of N, respectively.
Let v(G) = dim(Ker(N(G)) and p(G) := dim(Col(N(G)). We call v(G), the
nullity of G (Amin et al. [3] call it the parity dimension of G) and p(G), the rank
of G. We have v(G) + p(G) = n by the rank nullity theorem.

From the matrix equation , we see that G is always solvable if and only if
v(G) = 0. Moreover, v(G) > 0 if and only if G has a nonempty even dominating
set.

We write pr(a) to denote the parity function of a number q, i.e.; pr(a) =0 if a
is even and pr(a) = 1 if a is odd. In the case where A is a matrix, pr(A) is the
parity function of the sum of its entries. For a set S, we write pr(S) to denote
the parity function of the cardinality of S and say the parity of S instead of the
parity of the cardinality of S. Note that pr(S) = pr(xs). It was first noticed by
Amin et al. [ |1}, Lemma 3], and follows immediately from Sutner’s theorem, that
for a given graph, the parity of all odd dominating sets are the same. Hence, the
value of pr(S), where S is an odd dominating set of a graph is independent of the
particular odd dominating set S taken into account.

Our main result Theorem [1| states that the parity of an odd dominating set is
equal to the parity of the rank of the graph.

2. MAIN RESULT

Lemma 1. Let A be a n X n, symmetric, invertible matrixz over the field Zo with
diagonal entries equal to 1. Then pr(A=1) = pr(A) = pr(n).

Proof. In the proof, all algebraic operations are considered over the field Zy. First
of all, note that since A is a symmetric matrix with nonzero diagonal entries, we

have
pr(A) = ZA” = ZA“ = Z 1 =pr(n).
i i i

Similarly,

On the other hand,
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pr(n) =Tr(I) = Tr(AA™Y)
= ZAij(Ail)ij
= ZAii(Ail)ii
= Z(Ail)m‘-

O

We call a vertex a null vertex of a graph G if it belongs to an even dominating
set of G. Since the set of all characteristic vectors for even dominating sets of G is
a subspace of the vector space of all binary n-tuples, if v is a null vertex of G, then
precisely half of the even dominating sets of G' contain v.

Lemma 2. Let G be a graph and v be a null vertex of G. Then there exists an odd
dominating set of G which does not contain v.

Proof. Let R be an even dominating set containing v and S; be an odd dominating
set of G. Assume S; contains v, otherwise we are done. Let Sy be the symmetric
difference of S7 and R. Clearly S5 is an odd dominating set which does not contain
. ([

Let G — v denote the graph obtained by removing a vertex v and all its incident
edges from a graph G. The number nd(v) := v(G — v) — v(G) is called the null
difference number. It turns out that nd(v) can be either —1, 0, or 1. Moreover,
Ballard et al. proved the following lemma in [ [5], Proposition 2.4.].

Lemma 3 ( [5]). Let v be a vertex of a graph G. Then v is a null vertex if and
only if nd(v) = —1.

Now we are ready to state our main result.

Theorem 1. Let G be a graph and S be an odd dominating set of G. Then pr(S) =
pr(p(G)). Equivalently, pr(V(G)\S) = pr(v(G)).

Proof. We prove the claim by applying induction on the nullity of the graph. Let n
be the order of G. In the case where v(G) = 0, there exists a unique odd dominating
set S such that Nxg = 1. Note that NNV satisfies the conditions of Lemmal[l} Hence,
together with the rank nullity theorem, we have

pr(S) = pr(xs) = pr(N~'1) = pr(N ') = pr(N) = pr(n) = pr(p(G)).

Now assume that v(G) > 0 and the claim holds true for all graphs with nullity
less than v(G). Since v(G) is nonzero, there exists a non-empty even dominating
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set. Hence, there exists a null vertex v of G. By Lemma [2| there is an odd
dominating set S of G which does not contain v. Since S does not contain v, it is
also an odd dominating set of the graph G—v. Moreover, by Lemma nd(v) = —1.
Hence, v(G — v) = v(G) + nd(v) = v(G) — 1 < v(G). By the induction hypothesis
pr(S) = pr(p(G—wv)). On the other hand, using the rank nullity theorem we obtain
p(G=v)=n—-1-v(G—v)=n—-1-—v(G)+1=n—-v(G) = p(G). We complete
the proof by noting that all odd dominating sets in G have the same parity. O

3. SOME COROLLARIES

Corollary 1. Let G be an always solvable graph of order n. Then the odd domi-
nating set of G has odd (even) cardinality if n is odd (even).

Note that if every vertex of a graph G has even degree, then V(G) itself is an
odd dominating set. This, together with Theorem [I] gives the following.

Corollary 2. If every vertex of a graph G has even degree, then v(G) is even.

Corollary 3. If the number of even degree vertices of a tree T is at most one, then
every odd dominating set of T' has odd cardinality.

Proof. Let n be the order of T'. By [ 3], Theorem 3] if every vertex of T' has odd
degree, then v(7T') = 1. By the handshaking lemma, n must be even, hence p(T) is
odd. By [ |3], Theorem 4], if exactly one vertex of T' has even degree, then v(T') = 0.
Since n must be odd, p(T) is also odd. Hence in either case, every odd dominating
set has odd cardinality by Theorem [f} O

Corollary 4. FEvery odd dominating set of a graph G has an odd (even) num-
ber of vertices of odd degree if and only if v(G) is odd (even). In particular, the
odd dominating set of an always solvable graph has an even number of odd degree
vertices.

Proof. Observe that for any subsets A, B of V(G), pr(ANB) = x!yxp. In particular,
pr(A4) = x4 1. Let A¢ be the complement of A in V(G). Then we have x4c = x4+1.
Now let S be an odd dominating set of G and D be the set of vertices with odd
degree. Observe that N1 = xpc. Therefore Nxge = N(xg + 1) = 1+ xpe = Xp.
Then, pr(DNS) = xhxs = (Nxge)'xs = x5 Nxg = x5.1 = pr(S¢). On the other
hand, pr(S¢) = pr(v(G)) by Theorem [} Hence, the result follows. O

We define the join G1 & ... ® G, of m pairwise disjoint graphs Gy, ...,G,, as
follows. We take the vertex set as V(G1 @ ... ® G,,,) = U, V(G;) and the edge
set as E(G1 @ ... ® Gp,) = U™, E(G;) U{(u,v) | u € V(Gk), v € V(Gy) k,l €
{1,...,m} such that k # [}. Then Amin et al. prove the following proposition in
[ [4], Corollary 6].

Proposition 1 ( [4]). v(G1 ® G2) = v(G1) + v(G2) if either Gy or Ga has an odd
dominating set of even cardinality, and v(G1® G2) = v(G1)+v(G2)+ 1, otherwise.
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Together with Theorem [I} the above proposition implies the following.
v(G1 @ G2) =v(G1) + v(G2) + pr(p(G1)p(Ga)). (2)
Equivalently,

p(G1 @ G2) = p(G1) + p(G2) — pr(p(G1)p(Ga)). (3)

Equivalence of and follows from the rank nullity theorem.

Expressing the nullity /rank of G; @& G5 as a single formula involving nulli-
ties/ranks of G; and G2 as above enables us to extend this result and to write
a formula for the nullity /rank of the join of arbitrary number of graphs as follows.

Proposition 2. Let {G1,...,G,} be a collection of pairwise disjoint graphs. Let j
be the number of graphs in {G1,...,Gn} with odd rank. Then

V(G @ ... ® Gry) = { ngjéf)(f]) —1 th";iuie } ‘ @

FEquivalently,

e if j=0

PGLE . & Cm) = { Z’lep(éz)(—j) +1  otherwise } ' (5)

Proof. We prove , then follows from the rank nullity theorem. If j = 0,
then all graphs have even rank and the result follows applying successively.
Now let j # 0. Without loss of generality, we can assume that the first j graphs
have odd rank. Then, by (3), p(G1® G2) = p(G1) + p(G2)-1, which is odd. Hence,
p(G18G28G3) = p(G1)+p(G2) —14p(G3)-1 = p(G1) +p(G2) +p(G3)-2, which is
odd, and so on, yielding p(G1 ®G2®---®G;) = p(G1)+p(G2)+---+p(G;)—(5—1),
which is odd. Since the rank of the joins of the m — j even ones is the sum of the
ranks (which is even), the join of all m of them is the sum of the ranks minus (j—1).
([l
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ABSTRACT. Fixed points of matrices have many applications in various areas
of science and mathematics. The extended modular group T is the group of
2 X 2 matrices with integer entries and determinant £1. There are strong
connections between the extended modular group, continued fractions and
Farey graph. The Farey graph is a graph with vertex set Qoo = QU {o0}. In
this study we consider the elements in T that fix rationals. For a given rational
number, we use its Farey neighbours to obtain the matrix representation of
the element in T that fixes the given rational. Then we express such elements
as words in terms of generators using the relations between the Farey graph
and continued fractions. Finally we give the new block reduced form of these
words which all blocks have Fibonacci numbers entries.

1. INTRODUCTION

The modular group I' = PSL(2,7) is the projective special linear group of 2 x 2
matrices over the ring of integers with determinant one. This group is the quotient

group SL(2,7Z)/+I, hence each matrix (CCL Z) represents the same element with
—b

—d
linear fractional transformations z — ‘Cfis These transformations are orientation

preserving isometries of H. Modular group is generated by two elements;
0 -1 11
() o)
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The presentation of I is;
D=<T,8:T?*=8%=1>xZy+7Zs,

0 -1

the free product of Zy and Zgz where S = TU = (1 1

). Let us denote the set

d
of elements in G are anti-automorphisms. Thus the extended modular group can be
defined as T' = PSL(2,Z)UG. Hence, the extended modular group is the projective
linear group PGL(2,Z) and isomorphic to the free product of two dihedral groups
of order four and six amalgamated with the cyclic group of order 2 i.e.

G = { Z b ta,b,c,d € Z,ad —bc = —1}. The corresponding transformations

T=<T,8R:T?=8%=R?=(TR)” = (SR)’ = I >~ D, %z, D3

where R = ((1) é) as a reflection map. So the modular group is normal in the
extended modular group with index 2.

For each V € T'; the number z € CU{oo} is called a fixed point of V if V (2) = 2
where V' (z) is the corresponding transformation. There is a relation between the
number fixed points and trace of V. Elements of I are classified according to the
number of fixed points. There are five types of elements in I. Now we list the
certain types of elements.

If V €T then V has at most two fixed points. Also if;

o |trV| > 2, then there are two fixed points in R U {oco} and V is called a
hyperbolic element.

e [trV| = 2, then there is one fixed point in R U {oco} and V is called a
parabolic element.

e |trV| < 2, then there are two conjugate fixed points in C U {oo} and V is
called an elliptic element.

If V € G then it has either two fixed points in the real line or the fixed point set is
a circle perpendicular to real line. Also if;

e |trV| # 0, then there is one fixed point in R U {oo} and V is called a glide
reflection.

e |trV] = 0, then the set of fixed points is a circle perpendecular to the real
line and V is called a reflection.

For more information see [1}2}/11].
There are impressive relations between the modular group and continued frac-
tions. In [25], Rosen defined A continued fractions for A € R;

[FoX; 1A, ooy TR A] = oA —

T Tra
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In this expansion, for i < n, C; = % = [roA; 71, ..., 7;A] is called ith convergent of
the expansion. And it can be seen by calculation p;.q;—1 — ¢;.p;i—1 = £1. Owing to
this viewpoint, Rosen revealed a criteria for membership problem for Hecke groups

d

H()) if and only if ¢ has a finite A continued fraction expansion. For A = 1 this
expression is called integer continued fraction and related to the modular group,
on the contrary the membership problem for the modular group is obvious because
I' = PSL(2,Z). On the other hand, for A = 1 it is possible to make connections
between Rosen’s fractions and the Farey sequence.

The Farey sequence of order n is a complete and ordered set of reduced rational
numbers in the interval [0, 1] which have the denominators not exceeding n.

01
FF{m}
m_f011
2711271
poJor121
S71173°2°37 1
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H()), a general class of modular group. He proved that an element (CCL b) €

174’372’3741
It can be seen that if ¢ and % appears one after another in some Fj, then ad — bc =

+1. We called such rationals Farey neighbours. All Farey neighbours of a rational
z is denoted by A (z). The Farey sum of ¢ and 4 defined as;

a b a+b

c@d_c—i—d

All Farey neigbours of a rational number can be obtained by Farey sum. More
precisely if a rational % first appears in F), by the Farey sum of £ and % in F,,_4

: a b _ atb _ p a b ; P a b
le. 2@ G =04=4 then £ and ; are Farey neighbours of e Here ¢ and ; are

called the Farey parents of 2, and conversely L is called the Farey child of ¢ and
%. If ¢ is a Farey neighbour of  then £ @ % is also a Farey neighbour of 2.
Observe that every F,, includes Fj,_; and new members are obtained by Farey
sum of its neighbours. For instance % € F5, is the Farey sum of % and % in F.
This rule is known as the mediant rule. It should be noted that if the denominator
of a Farey sum of two neighbours in F;,_; exceeds n then this will not be appear
in F,, since the definition of Farey sequence. Definition of Farey sequence can
be extended to Q. by assuming co = %. Hence for a given rational ¢; it is
known that % has finite integer continued fraction expansion. In addition 2 is

the penultimate convergent of the integer continued fraction expansion of £. This



1032 B. DEMIR, M. KARATAS

FIGURE 1. Farey graph

yields ad — bc = +1; in other words ¢ and g are Farey neighbours. As a result

(z Z) el.

The Farey graph is a graph with vertex set Q. And two reduced fractions 157
and % are adjacent if and only if ps — rq = %1, i.e they are Farey neighbours. An
edge between two vertices is drawn by a hyperbolic line in H. The edges between

% = oo and every integer a are vertical lines. To construct the graph, first join the

vertices %, % and % and obtain a big triangle. Then by induction if the endpoints of

a long edge are ¢ and %, the label of the third vertex of the triangle is ¢ @ & = 2££,
see Figure

ale

2. MOTIVATION

There are numerous studies about modular and extended modular group in the
literature, related to many branches of mathematics such as group theory, number
theory automorphic functions, etc. Algebric structures of subgroups of modular
and extended modular group and related topics are studied in
. In recent years, many studies have contributed the theory of continued
fractions related to the action of some subgroups of M&bius transformations. Series
studied the relations between geodesics on the quotient of the hyperbolic plane by
the modular group and continued fractions . In , integer continued fraction
expansions and geodesic expansions were studied from the perspective of graph
theory. Short and Walker represented Rosen continued fractions by path in a class
of graphs in hyperbolic geometry . Same authors defined even integer continued
fractions which all digits are even integers. And they studied connections between
even integer continued fractions and the Farey graph [29].

The fixed points of automorphisms and anti-automorphisms of the extended
complex plane have especially been of great interest in many fields of mathematics
such as number theory, functional analysis, theory of complex functions, geometry
and group theory . Also fixed points of elements in GL (2,R) in tropical
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algebra are discussed in [7]. In this study we focus on the fixed points of the

elements in extended modular group I'.

Fixed points of an element V = Lcl Z) € T can be calculated by solving the

aztb — , je.

equation cootd —

a—d=++/(a+d)? -4
z= (1)
2c
where ad — bc = 1 in other words the corresponding transformation V (z) is auto-

morphism. And similarly fixed points of an anti-automorphism are

a—d+\/(a+d)°®+4 )
z= 5 (2)

where ad — bc = —1. The action of extended modular group on extended rational
numbers Q is intriguing. This action is defined as;

(& 0)-()= ()

where (CCL 2) € T and the column vector (‘Z ) represents the rational number %.

Fixed points of an element in I' are rationals if and only if a + d = 2 or —2 for the
equation and a + d = 0 for the equation . This means that rational numbers
are fixed only by parabolic or reflection elements.

In this study we establish relations between the Farey graph and elements of T’
that fixes a given rational £. Firstly we obtain matrix representation of the element
fixing the rational 2 via the Farey neighbours of £. Then, we consider the relations
between paths in the Farey graph and integer continued fractions and obtain the
element as a word of the generators U and T'. Afterwards, we express this word in
block reduced forms and new block reduced forms, related to Fibonacci numbers.
Finally, we give some relevant examples of our results.

3. MATRIX REPRESENTATIONS OF THE PARABOLIC AND REFLECTION
ELEMENTS

In this section we obtain the parabolic and reflection elements in I' as matrices
that fix a given rational. To do this, we use Farey neighbours.

Theorem 1. Let z = g € Qo and £, 5t € N (2) then the element
_ (ps—mgq pm—pr
V_(qs—qk pk—w) ®)

fixes the rational z.
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Proof. Since =, 7 are Farey neighbours of z, the elements V; = <Z Z) and Vo =

k
V = Vo.V; ! is the desired element. g

(]; m) belong to I'. Furhermore V; and V5 both send oo to g. As a result

Let 2 and L are adjacent such that Z < 2 then ps — qr = 1 otherwise —1.
q s s q

The trace of the element mentioned in is ps — mq + pk — qr. By the fact that
T m

=, are Farey neighbours of % we have ps — gr = +1 and pk — mq = +1. Hence

tr (V) =0,+2 and we have proved the following corollary.
Corollary 1. Let z = % € Qo and L, € N'(2). If £ and §* are at the same side
0f§ then the element in (ﬁ) s parabolic otherwise a reflection.

We know that the fixed point set of a reflection map is a circle perpendicular to
real axis. If the element V mentioned in is a reflection then we know from [5]

that V fixes the circle centered at ( 22222 () with radius ——.
qgs—qk lgs—qk|

Example 1. For the rational %

Then, we have the parabolic element

—23 64
=5 %)
5
2

, (-7 48
V_<—6 17)
1

fixes not only % but also the circle centered at (%,0) with radius r = §.

one can choose Farey meighbours as g and 15—3

fixes %, And if one chooses the neighbours as 2 and % then the reflection element

Suppose a Farey neighbour of £ is Z. Then some other neighbours can be

obtained by the mediant rule. The follovs}ing two theorems based on this idea.

Theorem 2. Let 1;1 € Qo then the parabolic element that fixes % is

+1-pg  p°
V == 2
—q +1 4+ pq
Proof. Let % € Q and £ is a Farey neighbour of %. By the mediant rule we have

another Farey neighbour £ j: on the same side with 7. Using the same technique

in the proof of Theorem [T we have the element V as stated. Additionally the trace
of the element V' is +2 with determinant 1 which proves V' is parabolic in I'. [

Unlike the Theorem [T} Theorem [2] gives an algorithm to obtain a parabolic
element that fixes a given rational, without using anything but the rational. Here we
do similar things to obtain a reflection whose fixed circle includes a given rational.
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Theorem 3. Let % € Qoo and % is a Farey parent of% Then the reflection element

in T that fizes % 18

V:<ps—pq+qr p2—2p7'>
2qs —q*  —qr+qp—ps

Proof. Suppose % € Q and % is a Farey parent of %. Another Farey parent of Iqi

which is at the opposite side of ~ can be obtained by the madiant rule. So we have

this parent as 2==. The elements V; = <p r> and V5 = <p p= T) belong to I.
a=s q s q q4—Ss

Although one of them is automorphism, the other is anti-automorphism since the

Farey parents are at the opposite side of ’ql. Hence the element V = Vg.Vl_1 el

fixes %. Since trV = 0, V is a reflection that the fixed point set is a circle that
centered at ( 22—P4td" () with radius r = 5———; which proves the result. O
2gs—q [2g5—q?|

So far to this point, we have focused on Farey neighbours. Now observe all

the Farey neighbours of a given reduced rational %. Suppose ~ and 7' are Farey
parents of % such that £ < % < 7. Then g appears in [, via - © 7 = %. In

other words, the hyperbolic line segment joining = and 7 covers all the neighbours.
Consequently all neighbours of % can be obtained by the mediant rule;

2
r r p:p+r<p+r®p: p+r<m<g<mg®@:p+m m
s s q q+s qgq+s q 2q+s q q k q+k k

4. FAREY PATHS, INTEGER CONTINUED FRACTIONS AND BLOCKS IN
EXTENDED MODULAR GROUP I’

In this section, the relation between integer continued fractions and Farey paths
is used to obtain the word form of the element in T', which fixes a given rational
number, in terms of generators. A path in a graph consists of consequtive adjacent
vertices. So a Farey path < vy,vs,...,v, > is a path such that v; = % for i =
1,2, ...,n are reduced rationals and since the consequtive v;’s are adjacent p;.q;_1 —
qi-pi—1 = *1. The Farey graph is connected hence there is a natural distance
between two rationals v and w that is d(v,w), the minimum number of edges in
any path from v to w in F),. The distance of an integer to oo is d (00, z) = 1.

Lemma 1. [25] Let % = [ro;71,72, ..., Tn] be a reduced rational number then;

UNTUNTU™T.. U™ T <(1)) — <z>

Theorem 4. Let % be a reduced rational and have an integer continued fraction
expansion as [ro;r1,72, ..., T, then the parabolic element fixing % 18

vrrumToTnT. .U T.UTUT T TU T ..U Ty (4)
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Proof. Let % = [ro; 71,72, .oy 7). By Lemma we have

UTOTUNTU T, U T.UTU " TU "1 T.. U " T~ (Z)

vreronTonT.. . U™T.U (é)

= yrTunTUTT.U™T <1>

0
- (i)
q
Since conjugacy preserves the trace we have
tr (U”’TU’"1 TuTT.UT"T.U T Ty LU TU*”’)
=tr(U)=2
which proves the element given in is parabolic. (Il

We know from [9] that stabilizer of a point in I" is an infinite cyclic group. So
we can give the following corollary.

Corollary 2. Let l; = [ro;r1,72, ..., 7] € Q; then for all0 #£ k € Z;
UreTU™TU™T.. .UT.UN TU ™ TU "™ T.. U " TU "

is a parabolic element in I' whose fized point is %.

Now we obtain a reflection element as a word in generators of I' that fixes a
given rational g.

Theorem 5. Let % be a reduced rational and have an integer continued fraction

expansion as [ro;ri, 72, ..., T, then the reflection element in T fizing % 18

urrumTuTT..U™T.RIUTU ™TU ™ T. .U tTU™"

Proof. We have RTU = ((1) 11) as a reflection map. Furthermore RTU (é) =
(é) The rest of the proof follows similar to the proof of TheoremH O

Example 2. Choose the rational g, The integer continued fraction expansion of %

18 8 1
- =2-——0 =(23,2.
5 3-1 | ]

Then the parabolic element fizing % 18

UATUSTUPTUTU - 2TU—*TU 2 = (:gg Z;‘) .
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And the reflection element is

UTUSTUTRTUTU - 2TU *TU 2 = (‘89 104)
—55 89

Here we mention about relations between paths in the Farey graph and integer
continued fractions. The convergents of a certain continued fraction expansion of
a reduced rational % = [ro;71,...,7n), are defined as C; = % = [ro;r1,...,rs) for
0 < i < n, where Cy = 2—8 = 2 and C, = % = 2 Furthermore we know
that p;.q;—1 — ¢;.pi—1 = £1. Hence every consequtive pair C; and C;_; are Farey
neighbours. Also, since Cy = rg € Z and every integer is adjacent to infinity with
a vertical line, < oo, Cy,Ch,...,Cph—1,C, > is a path from oo to %. To sum up
every integer fraction expansion of a rational % is related to a path from oo to

g. Moreover the shortest integer continued fraction of % is related to a geodesic

path from oo to %. In Theorem EI and Theorem [5] the integer continued fraction

expansion of a given rational is related to an element in T’ that fixes the rational.
It is possible to make connections with Farey paths.

5. BLocKk REDUCED FORMS IN THE EXTENDED MODULAR GROUP I

Every element in T' can be expressed as a word of T,S and R denoted by
W (T, S, R). Consider the blocks

(11 > (10
TS—(O 1) and TS —(1 1)

Using these blocks every reduced word W (T, S, R) in T where the sum of exponents
of R is an even number can be expressed as;

SHTS)™ (TS*)"™ .. (TS)™ (TS*)™ 17,

and every reduced word W (T, S, R) in T where the sum of exponents of R is an
odd number can be expressed as;

SHTS)™ (T8*)"™ .. (TS)™ (TS?)"™ TR
Here i = 0,1,2, j = 0,1, mg and ni may be zero and other exponents are pos-

itive integers. This representetion is known as the block reduced form |13]. For
example, the block reduced form of the word W (T, S,R) = TSTSTSSTSST is

(TS)*. (T82)2 T. And the block reduced form of the word W (T, S, R) = RT'S*RTS*R
is (TS). (TS 2)2 R. Trace classes of the modular group and extended modular group
are studied in [6,/13] by using the block reduced form. In this section we give the
block reduced form of the element in I fixing a given rational %.

Theorem 6. Let g be a reduced rational number and have an integer continued
fraction expansion [ro;r1,...,my] then the block form of the parabolic element fizing

L s
q
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W (T,S,R) = (T8)° " (TS?) (TS)"**(TS?)...(TS)" 2 (TS?).
(TS)™ (T8~ (T8) "™ (TS?) (TS) ™" "2 (TS?).
e (T8) 2 (TS?) (T8) !
Proof. By Theorem [l we know that
U TUNTU™T.. U™ T.UTU " TU "™T..U " TU "
fixes 17;. Considering U = T'S we have
W (T,S,R) = (TS)™.T.(TS)™ T..(TS)™*.T.(TS)™.T
(TS).T.(TS)"™ . T.(TS)""™* T...(TS)"™ .T.(TS)™"
(T8)° ' TS.T.TS.(TS)" *TS.T.. TS (TS)" " *T8.
T.TS(TS)™ . T(TS).T.(TS)"™ ' TS.T.TS(TS) ™ 2.
TS.T...TS(TS) " *TST.TS(TS) !
Using the relations 72 = I and (TSz)f1 = ST,
W(T,S,R) = (TS)°'.(TS%) .(TS)" *.(TS?) ...(TS*) .(TS)" 2.
(TS?) .(TS)™ " (TS?) " (TS) ™' . (TS?) .(TS) ™.
(TS?) ... (TS?) .(TS) " 2. (TS?) .(Ts) ™!

O

Theorem 7. Let 2 be a reduced rational number and have an integer continued

fraction expansion [ro;r1,...,7y] then the block form of the reflection element fixing

D s
q

W(T,S,R) = (TS)°".(TS8%) .(TS)"* *.(TS?)....(TS)™ 7> .(TS?).
(TS)™ . (TS?) "2 (TS). (TS?) ™" 72 (TS)...
(TS).(TS?) "2 .(TS) (T5*) "R
Proof. From T heorem the reflection element fixing % is
U TUT TUTT. U™ T.RTU.TU " TU "™ T...U " TU ",
After substituting U = T'S in the word above, we have
W(T,S,R) = (TS)°T(TS)"T..(TS)" T (TS)™"T
RT(TS)T (TS) ™ T(TS) ™ *T..(TS) "™ T (TS) "
= (1S)° ' TSTTS(TS)" *TSTTS..TS(TS)"*TS
TTS(TS)™" ' TRST (TS)(TS) "™ *TSTTS (TS) ™2
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TST..TS(TS) " >TSTTS (TS) " "
Since (T'R)* = (SR)® = I we obtain TR = RT and SR = RS?. Hence,
W(T,S,R) = (TS)"° ' (TS*) (T8)" *(TS?) ...(TS)"~*(TS?)
(TS)™ (TS%) " 72(TS) (TS?) ™" 72(TS) ...
(TS) (T5%) "2 (T8) (TS?) 'R
O

We can obtain elements which fix a given rational % in terms of T'S and T'S? by
finding a path from oo to % in the Farey graph. We explain this with an example:
Example 3. Suppose the given rational is _Tlo. Then one may choose the path <

o0, —3, %B, %10 >, see Figure E We know the consequtive vertices in this path are

consequtive convergents of the integer continued fraction expansion of the rational
_Tlo r.e., Co=-3,C1 = —T13 and Cy = _Tlo. Hence, we obtain the integer continued

fraction expansion as
1

-1

1
Using the values ro = —3, 11 =4 and ro = 1 in Theorem@ we have the parabolic
element fixing 7710 in blocks T'S and T'S? as follows:

W(T,S,R) = (TS)™*(TS%) (TS)*(TS?)(TS)° (15%) " (TS)?
(152) (18)~°. (T5%) (TS)*
We can reduce this word by the presentation of T as;
W (T, S, R) = S2.(TS%)* . (TS)*. (Ts?)" . (1)
For the reflection element fizing _Tlo we use Theorem E,
W(T,S,R) = (TS)*(TS?) (TS)*(TS?)(TS)" (TS*) " (TS)
(T5?)~°(TS) (TS*)* R
The block reduced form of this word can be obtained by the relators of T';
W (T,S,R) = S2.(TS?)? .(TS)*. (TS?)° . (TS)* . (T5%)° .R

-3

= [-3,4,1]

6. FIBONACCI SEQUENCE AND NEW BLOCK REDUCED FORMS

Jones and Thornton obtained relations between elements of extended modular
group and Fibonacci numbers in [10]. Ozgiir defined two new sequences which are
generalizations of Fibonacci and Lucas sequences for the Hecke group H(,/q) where
q > 5 prime [32]. Also there are some results for Modular group and Pell Fibonacci
and Lucas numbers in |14H16,[23]. Koruoglu and Sahin used a generalized version
of Fibonacci sequence to get relations with extended Hecke groups H ()) in [12]. In
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—

-4 11 T 10 13 -3
3 2 3 4

FIGURE 2. The path < oo, -3, =12, =% >

same study they give an application to extended modular group I'. They considered
the following elements:

0 1 11
fRTS(1 1) and hTSR(1 O)

The k" power of f and h are;

e (fe—1 S k_ (fer1 S
f _(fk fk+1> and 07 = ( fr fk—l)

where f, denotes the kth Fibonacci number. Hence every element in extended
modular group can be expressed as a word in f and h. This reduced word called
New Block Reduced Form. The relations between block reduced forms and new
block reduced forms are;
TS=Rf=hR (5)
TS*>=Rh=fR (6)
It is proved that every block reduced word has a New Block Reduced Form. From
this viewpoint we can express the element given in Theorem [§ and Theorem [7] in
new block reduced form. We explain this with an example.
In example |3 the parabolic element fixing 7710 is;

S2(T5%)* (TS)* (T5?)* (TS5)°
Using the relations [5| and El and S? = TfR; we can write this word;
TfR.(Rh.fR).(Rf.hR).(Rh.fR.Rh.fR).(Rf.hR.Rf)



FIXED POINTS OF EXTENDED MODULAR GROUP 1041

Since R? = I we have the block reduced form:;
_ (0 =1\ (0 f fa2 i\ (f f\ (fs f
pneatsnrns =) (5)- G ) (6 5) G )

0 fi\(fe [N (/1 fo\(f2 AY[(0 f
Hh )\ 0)\fe f3)\1 0)J\f1 f2
It is stated in the same example that the reflection element fixing =22 is;

3
S2(15%)* (T5)* (T5?)° (T5)* (TS?)° R

Following the same procedure above we have the new block reduced form of this
word as;

oond . (0 =IN[O0 AN [(f2 A\[(f R\(Ff A\]'[O0 A
Tofoh- (f5R)f ‘(1 0><f1 f2> (f1 o)[(fz f3> <f1 fo)] <f1 fz)
7. CONCLUSION

In this article, elements in the extended modular group I' which fix rationals,
are considered. Matrix representations of parabolic and reflection elements which
fix a given rational are mentioned in Section [3] via Farey neighbours. In Section
relationship between Farey paths and elements of I' which have rational fixed
points, is established. And these elements obtained as words in generators U and
T. Then, block reduced form of these words are given in Section ol We use new
block reduced forms in Section [G] to establish relations with Fibonacci numbers. As
a summary of this work we give a final example, see Table [T}

Path <oo,0,%,% >

ICF 0;—2, 3]

W(U,T) for parabolic element TU2TU3TUT.U3T.U?T
BRF for parabolic element (T52)* .(T5)*. (T5%)" . (TS)*.T
NBRF for parabolic element FfRZ 2R fR2fT

W(U,T) for reflection element TU2T.U*T.RT.UT.U 3 T.UT
BRF for reflection element (TS2)2 (TS)*. (TS?). (TS)*. (TS2)2 T.R
NBRF for reflection element f.R2f.R3.f.R2.f.T

TABLE 1. Elements in I fixing %
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ABSTRACT. In this article, the M-projective and Weyl curvature tensors on
a normal paracontact metric manifold are discussed. For normal paracontact
metric manifolds, pseudosymmetric cases are investigated and some interest-
ing results are obtained. We show that a semisymmetric normal paracontact
manifold is of constant sectional curvature. We also obtain that a pseudosym-
metric normal paracontact metric manifold is an n—Einstein manifold. Finally,
we support our topic with an example.

1. INTRODUCTION

The notion of odd-dimensional manifolds with contact and almost contact struc-
tures was initiated by Boothby and Wang [1]. In [2], Sasaki and Hatakeyama
reinvestigated them using tensor calculus. Tanno in [3] classified connected almost
contact metric manifolds whose automorphism groups possess maximum dimen-
sion. For such manifolds, the sectional curvature of a plane section containing &
is a constant named c. He showed that it can be divided into the following three
classes.

e Class-1= Homogeneous normal contact Riemannian manifolds with ¢ > 0.

e Class-2=- Global Riemannian products of a line or a circle with a Ké&hler
manifold of constant holomorphic sectional curvature if ¢ = 0.
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e Class-3= A warped product space R x; C'if ¢ < 0.

It is well known that the manifolds of class-1 are characterized by admitting a
Sasakian structure. In [4], Kenmotsu investigated the differential geometric prop-
erties of the manifolds of class-3. In general, these structures are not Sasakian [5].

In [6], S. Zamkovoy and G. Nakova reviewed the decomposition of almost con-
tact metric manifolds in eleven classes. In addition to almost paracontact metric
manifolds, K. Mandal and U.C De in [7], N. Ozdemir, S. Aktay and M.solgun
in [§] examined paracontact metric manifolds and obtained their various geomet-
ric properties. Also, in [9], H. Pandey and A. Kumar examined the anti-invariant
submanifolds of almost paracontact manifolds. Similarly, J. Welyczko [10] studied
Legendre curves on 3-dimensional normal paracontact metric manifolds.

After then, in [11], Pokhariyal and Mishra have introduced an M-projective
curvature tensor on a Riemannian manifold. The properties of the M-projective
curvature tensor in Sasakian and Kéhler manifolds were developed by Ojha in [12].
He showed that it bridges the gap between conformal curvature tensor, conharmonic
curvature tensor, and concircular curvature tensor. M-projective curvature tensor
on different manifolds studied by many geometers such as Kenmotsu, Sasakian, and
generalized Sasakian space form.

In |14], by using some tensors, invariant submanifolds of an almost Kenmotsu
(k, p, v)-space are characterized. Similarly, many authors have presented important
work with various manifolds and some curvature tensors on them ( |13], [15]- [18]).

Motivated by these ideas, we have attempted to study properties of the Weyl-
conformal curvature tensor in a normal paracontact metric manifold. We think
that some interesting results contribute differential geometry.

The present paper is organized as follows.

In section 2, we give the notations and preliminary results of normal paracontact
metric manifolds that will be used later. In section 3, we show that a normal
paracontact metric manifold satisfying R(X,Y)-R = 0 if and only if it has constant
sectional curvature and R(X,Y’) - M = 0 implies that it n-Einstein manifold.

2. PRELIMINARIES

An almost paracontact structure on a n-dimensional smooth manifold M is given
by a (1, 1)-type tensor field ¢, a vector field £, and a 1-form 7 satisfying the following
condition

P?=I-n®¢ nE) =1 (1)

As an immediate consequent & = 0, n o ¢ = 0 and the tensor ¢ has constant
rank n — 1. If an almost paracontact manifold is endowed with a semi-Riemannian
metric g such that

g(pX,9Y) = —g(X,Y) +n(X)n(Y), g(X,§) =n(X), (2)
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for any X,Y € T'(TM), then M™(p,&,1n,g) is called an almost paracontact metric
manifold, where I'(T'M) is the set of the differentiable vector fields on M.
It follows that

9(eX,Y) = —g(X, ¢Y).
The fundamental 2-form of the almost paracontact metric manifold is given by
(I)(Xa Y) = g(SDX, Y)

If dn = ®, then n becomes a contact form, that is, n A (dn)™ # 0 and M™ (¢, £, n, g)
is said to be a paracontact metric manifold. Any such pseudo-Riemannian metric
n+l n—1

manifold is of signature (*3=, “5=) for n = 2m + 1. In this case, we have

(Vx@)Y = —g(X,Y)§ = n(Y)X + 2n(X)n(Y)g, 3)
for any X,Y € I'(T'M), where V denote the Levi-Civita connection on M. and
imply that

Vx&=pX.
An almost paracontact structure is said to be normal if the tensor N, —2dn®§ = 0
[13], where N, the Nijenhuis tensor of ¢ given by
No(X,Y) = ¢*[X, Y] + [pX, Y] = 0lpX, Y] — ¢[X, Y]

For the sake of brevity, a normal paracontact metric manifold is said to be para-
contact metric manifold [8].

A normal paracontact metric manifold M is of a constant sectional curvature c,
then its Riemannian curvature tensor R is given by

rxv)Z = S awox - gx v ()

c—1
4

— Y Z)(XE + g0V 2)eX — 90X, Z)pY — 2g(pX, Yw}

for any X,Y,Z € T'(TM) [§].

+

{n<X>n<Z>Y Y IN(Z)X + g(X, (Y )e

For a (0,k)-type tensor field T' and a (0,2)-type tensor field A on a semi-
Riemannian manifold (M, g), the Tachibana tensor Q(A,T') is defined as

Q(A,T)(Xl,XQ,...,Xk;X,Y) = —T((X/\AY)Xl,XQ,...Xk)
—T(‘le7 (X Na Y)XQ,Xk)

— T(Xh...Xk,h(X Na Y)Xk), (5)
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for all X1, Xs,.. X, X, Y € T(TM), where X A4 Y is an endomorphism defined by
(X AAY)Z = A(Y, Z2)X — A(X, Z)Y. (6)

A semi-Riemannian manifold (M, g) is pseudosymmetric if its the Riemannian
curvature tensor R satisfies

R-R=LQ(g,R), (7)

where L is a function on M. Particularly, if L = 0, it is called a semisymmetric
manifold.
On a normal paracontact metric manifold M™, the following relations hold;

R(X,Y)§ = n(X)Y —n(¥)X (8)
R(EX)Y = nY)X —g(X,Y)§ 9)
n(RX,Y)Z) = n(Y)g(X,Z) —n(X)g(Y,Z) (10)
S(X,8) = (1-nnX), Q= (1-n), (11)

for any X,Y,Z € T'(TM), where S and Q are, respectively, the Ricci tensor and
Ricci operatory of M given by ¢(QX,Y) = S(X,Y).

On the other hand, the Weyl-conformal curvature and M-projective curvature
tensors play an important role in differential geometry as well as in relativity. The
Weyl-conformal curvature tensor and M-projective curvature tensor of a Riemann-
ian manifold (M™, g), n > 2, are respectively, defined by

CXY)Z = RXY)Z = ——{g(V, 2)QX — 4(X, 2)QY

+ S(Y,2)X — S(X,Z)Y}
+ m{g(K 2)X —9(X,2)Y} (12)
and
MX,Y)Z = R(X,Y)Z- ﬁ{sm 2)X — S(X, 2)Y
+ g(K Z)QX —g(X, Z)QY}a (13)

for any X,Y,Z € T'(TM), where 7 denote the scalar curvature of M.
A normal paracontact metric manifold M is called n-Einstein if its Ricci tensor
S is of the form
S(X,Y) = ag(X,Y) + bn(X)n(Y), (14)

for any X,Y € I'(TM), where a and b are arbitrary constants. If b = 0, then
manifold is said to be Einstein.
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If a normal paracontact manifold M"(p,n,&, g) is an n-Einstein, from and
, we get 1 —n=a+b, 7 =na+ b, that is,

and b= —n— T

1+~
a — .
n—1 n—1

Thus takes form
S(X,Y) =g(X,Y)(1+

n(X)n(Y). (15)

Theorem 1. An n-dimensional M -projectively flat normal paracontact metric man-
ifold M™ is an Einstein manifold.

-
n—l)_(n+n—1

Proof. Let us assume that normal paracontact metric manifold M™ is M-projectively
flat, then from and , we obtain

R(X,Y)Z = ﬁ{S(Y,Z)X—S(X,Z)Y—i—g(Y,Z)QX—g(X,Z)QY}.

Here replacing Z = ¢ and using , we obtain
AX)Y = (V)X = L [n(¥)X —n(X)Y},
which implies that
QX =(1-n)X,
or
S(X,Y) = (1 -n)g(X,Y), (16)
for all X,Y € (T M). O

Proposition 1. If A normal paracontact metric manifold M™(p,n,&, g) is Weyl-
conformally flat, then it an n-FEinstein manifold.

Next, let us suppose that normal paracontact metric manifold M™ is Weyl-
conformal flat, then from 7 we have

RXZ = g 200X - g(X.2)QY + 5. 2)X

s(2)v ) - {o2x gz}, an

T
(n—1)(n-—
for any X,Y,Z € I'(T'M). Taking Z = ¢ and making use of and , we have

n(X)Y — n(¥V)X =

s {imex - axer + - yumx

= - DOV | - X —gX0Y). (18)
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This implies that
-

(1+ J((X)Y —n(Y)X) +n(Y)QX —n(X)QY = 0.

n—1
It follows for Y =&,

QX = ~(n+ —Im(X)E+ (14 ~

r
-1
that is, the Weyl- projectively flat normal paracontact metric manifold is an 7-
Einstein. Thus we have

S(X,Y)=(1+

)X,

—)9(X,Y) = (n+ ) n(X)n(Y). (19)

From and , we have the following Proposition.

Proposition 2. A normal paracontact metric manifold M™(p,n,&,9) is an n-
FEinstein manifold if it is Weyl-projectively flat.

3. PSEUDOSYMMETRIC NORMAL PARACONTACT METRIC MANIFOLDS

In this section, we consider pseudosymmetric normal paracontact metric mani-

folds.

Theorem 2. If a normal paracontact metric manifold M™(¢,&,n, g) is pseudosym-
metric provided L # —1, then it is an n-Finstein manifold. Furthermore, it is a
semisymmetric if and only if it has a constant sectional curvature 1.

Proof. We suppose that n-dimensional normal paracontact metric manifold M™ is
pseudosymmetric. Then from @, we have
(R(X,Y)-R)(U,V,Z) = LQ(9, R)(U,V, Z; X, Y),
for all X,Y,Z U,V € T(TM). Tt follows that
R(X,Y)R(U,V)Z - R(R(X,Y)UV)Z-R(U,RX,Y)YV)Z
- RWUV)R(X,Y)Z=—-L{R(X N, Y)U,V)Z
+ RU XN YIVVZ+RUVI XN Y)Z}. (20)
PuttingY = Z = ¢ in and by virtue of (9), we have
R(X,OR(U, V) — R(R(X,§U,V)E - R(U, R(X, V)¢
— R(U,V)R(X,§)¢ = —L{R(n(U)X — g(X,U)§, V)§
+ R(Un(V)X = g(X, V) + R(U,V)(X — n(X)8)}-
after necessary arrangements are made, we conclude
RUV)X +g(X,V)U — g¢g(X,U)V =L{g(X,U)V —g(X,V)U
+ 9(X,VmnU)E —g(X,Un(V)§ — R(U, V) X}.
if both sides of this expression are multiplied by W, we have
g(RU V)X, W) + g(X,V)g(U W) —g(X,U)g(V, W)
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= L{g(X,U)g(V,W) —g(X,V)g(U,W)
+  g(X, V)nU)n(W) — g(X,U)n(V)n(W)

- 9(RU V)X,

W)},

(21)

for all W € T'(T'M). Here replacing X =V =ej,e9,...,e-1,6, =& in for the
orthonormal basis of I'(T'M) and by means of Ricci tensor, we get

S(U, W)

+
_|_

(n = Dg(U,W) = L{(1 = n)g(U, W)
(n = Dn(U)n(W) = S(U, W)},

After the necessary arrangements are made, we conclude

S, Z)+(n—1)g9(U, Z) = L{(l —n)g(U, W) + (n = 1)n(U)n(W)

that is,

S(U,W)=(1-n)g(UW)+(n-1)

L+1

L@,

—S(U, W)},

If it is a semisymmetric, then L = 0 and takes form

R(U, V)X = g(X,U)V — g(X,V)U.

This tells us that M has a constant sectional curvature 1. Conversely, if it has a
constant sectional curvature 1, then we have

R(X,Y)R(U,V)Z — R(R(X,Y)U,V)Z — R(U,R(X,Y)V)Z

(R(X,Y)R)(U,V, 2)

= 9(Z,U{g(X, V)Y —g(Y,V)X} —g(V.Z){g(X,U)Y —g(Y,U)X}

9 X, UNRg(Y, 2)V —g(V, 2)Y} 4+ g(Y, UN{g(X, 2)V — g(V, Z) X}

= 9X,V){g(U, 2)Y —g(Y,Z2)U} + g(Y,V){g(U,2)X — g(X, Z)U}

9(X, Z2){g(U,Y)V —g(Y,V)U} + g(Y, Z2){g(U, X)V — g(V, X)U}

= 0.
This completes the proof. O
Now, we will calculate M (X,Y )¢ for later use. From — , we obtain

MXY)E = SX)Y =n(¥)X} + s (1(X)QY —n(Y)QX}. (23
MEY)Z = U2 —gV.2)6) - 5o (S0 2)6 = (2)QY) (24

R(U,V)R(X,Y)Z

R(X,Y){g(U,2)V —g(V, 2)U} = R(g(X, V)Y —g(Y,U)X,V)Z
RU,g(X, V)Y —g(Y,V)X)Z - R(U,V){g(X, 2)Y —g(Y, Z) X}
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and
IMXY)Z) = G n(V)S(X. 2) = n(X)S(V.2))
£ )X, 2) ~ n(X)g(¥. 2)}, (25)
MEX)Y = ZI0X = g(X.Y)e} + g ()X
- S(X,Y)¢} (26)

Theorem 3. A normal paracontact metric manifold M™ satisfying M - R = 0 is
an Finstein manifold.

Proof. We suppose that (M(X,Y)-R)(U,V,Z) =0, forany X, Y, Z, U,V € T(TM).
This implies that
MX, Y)R(UV)Z — RBRWMX,Y)U,V)Z—-RUMX,Y)V)Z
— RUVIM(X,Y)Z=0. (27)
PuttingY =Z =¢ in , we obtain
MX,ORU,V)E — RM(X, U, V)E = R(U, M(X,§V)E
~ R(UV)M(X, )¢ = 0.
By using @ and , we conclude

1
—g(X, VU +

1
5 S(X.V)U + 5 R(U,V)X

2(n—1)

+ U V)QX =0. (28)

0
Taking the inner product with £, we reach
nU)S(X, V) + (n—1nU)g(X,V)+ (n—1){n(V)g(X,U)

— nU)g(X,V)} +n(V)S(X,U) —n(U)S(X,V)

= 0,
that is,

S(X,U)=(1—-n)g(X,U).

This proves our assertion. (]

Definition 1. A semi-Riemannian manifold (M, g) is said to be the mathcal M projective
pseudosymmetric if there exists a function L on M such that

where R and M denote the Riemannian and M- projectively curvature tensors of
M. If L =0, it also called the M-projectively semisymmetric.
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Theorem 4. An M-projective pseudosymmetric normal paracontact manifold
M"™(p,n,&,g) is an n-Einstein manifold.

Proof. Let us take M-projective pseudosymmetric normal paracontact manifold
M"™(p,n,&,g). From , @, we have
—L{M((X N YU V)Z + MU, (XN Y)V)Z+ MU, V)X Ay Y)Z}
= RX,YYM(U,V)Z - M(R(X,Y)U,V)Z
MU,RX, Y)V)Z-MU,V)R(X,Y)Z, (29)

for all X,Y,U,V,Z € T(TM). Setting X = Z = ¢ in (29), by using [23)-(26), we
have

LYV — gV, VIU +g(V, ¥ )n(U)E — g(¥, Un(V)e]
1
2(n—1)

[g(Y,U)QV —g(Y,V)QU + g(Y, V)n(U)Q¢

gV U(VIQE ~ MU V)Y = LoV, D)V — g(¥. VU]

S VIS0 = nU)S(VYIE + (V. 0)QV

— n(V)g(Y,U)Q§ +n(U)g(Y,V)QE — g(Y,V)QU]
- MU, V)Y.

If both sides of this equality are multiplied by W and by means of definition of the
Ricci tensor, we obtain

_ L{;[g(Y, U)g(V,W) — g(Y,V)g(U W)+ g(V,Y )n(U)n(W)
1

- g, Un(V)n(W)] + =1

(Y, U)S(V, W) = g(Y,V)S(U,W)

+ gV, Vn(U)S(EW) — g(Y,U)n(V)S(E,W)] — g(M(U, V)Y, W)}

_ ! [g(Y,U)g(V.W) — g(Y,V)g(U,W)]

1

O |

s |1V S( D) = @) (V.Y v)

+ g
g(

1)
U)S
Y,

UD)SV,W) = n(V)g(Y.U)S(E W) + n(U)g(Y. V)S(E, W)
V)S(U, W)} —gMU, V)Y, W).
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Here taking trace boht of sides for Y =V = ¢;, for 1 <i < n, in the last equality,
(1

= {2[61‘9(61', U)gles, W) = eiglei,ei)g(U,W) + eiglei, e )n(U)n(W)
i=1

—e€ig(eq, Un(e)n(W)) leig(ei, U)S(ei, W) — eig(ei, e;)S(U, W)

1
2(n—1)
eig(ei, ei)n(U)S(§, W) — eig(es, U)n(e:)S(E, W)]

- E’Lg(M(U’ ei)eiaw)}
= > of flenten Vgtes W) - ciater o010

Sy (e e U)W) — cn() S eJn(V)

+ Eig<eia U>S(ei’ W) - 6in<ei)g(ei’ U)S(f, W)
+ en(U)glei,e))S(§, W) — eigles, e)S(U, W)]

- a(MU.e)e W), (30)
where ¢; is the signature {e;}. On the other hand, by direct calculations, we have

eig(M(Ua ei)eivw) - {TLS(U, W) - T'g(Ua W)}

2(n—1)
Making use of and after the necessary arrangements are revised, we get

—n)n—1)+7
2n —1

n(l—n)—r1
(2n—1)(1+4+1L)

sw.w) =1 oUW) + (U)W,

which proves the theorem. (I

Definition 2. A normal paracontact manifold M™(p,n,&, g) is said to be the Weyl-
pseudosymmetric if there exists a function L on M such that

where R and C denote the Riemannian and Weyl-conformal curvature tensors of
M. If L =0, then it also called the Weyl-semisymmetric.

Now, we consider the Weyl-conformal curvature tensor of M™ given by for
later use.

l—-n—r71

CX, V)¢ = (MM)(U(X)Y—W(Y)X)

b)Y —n(V)QX) (31)
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and
clexy = (G tg )mx - g(x.v)e)
+ o V)QX — S(X,V)E). (32)

Theorem 5. The Weyl-pseudosymmetric normal paracontact metric manifold
M"™(p,n,&,g) is an n-Einstein manifold.

Proof. Let M™(p,n,&, g) be the Weyl-pseudosymmetric, then there is a function L
such that

(R(X,Y)-C)U,V,Z) = LQ(g9,C)(U,V, Z; X, Y),
for all X,Y,U,V,Z € T'(T'M). This implies that
RX,Y)C(U,V)Z - CR(X,Y)UV)Z-C(URX,Y)V)Z

— C(UV)R(X,Y)Z = —L{C((X N YU V)Z

+ CU (X AGYI)V)Z 4+ C(U V)X A, Y)Z}. (33)

Here setting X = Z =¢ in , we have
R Y)CWU,V)E — CREY)U,V)E-CU REY)V)E

- QMVW@YMI{Q@MYWWK

T ﬂM@MYWK+ﬂMW@MYK} (34)

After the necessary calculations, we reach at
l-n—71
(n—1)(n-2)
L V)S(Y D)€~ n(U)S(V: Ve

g(Y, U)QV —n(V)g(Y,U)Q¢
n(U)g(Y,V)Q§ — g(Y,V)QU} — C(U, V)Y

_L{(nl—_l)n—(n_—Tz)(g(Y’ U)W — g(Y, VU — g(Y,U)n(V)¢

F g Ve + s (g(V,U)QV — g(¥,V)QU

= n(V)g(Y,U)Q¢ +n(U)g(Y,V)QE) — C(U,V)Y}. (35)
If both sides of the equality are multiplied by W, we obtain

{g(Y,U)V —g(Y,V)U}

+ + o+

l-n—71

m{g(K U)g(V,W)—g(Y,V)g(U W)}
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Putting YV

L n(V)S(Y, D)) — n(U)S(V, ¥ (W)

gV, 0)S(V, W) — n(V)g(Y.U)S(€, W)
U(U)Q(K V)S(§7 W) - g(Y7 V)S(VVv U)}

— gCW, V)Y, W)

—L{(nljlf—(;f?)(g(x U)g(V.W) — g(V.V)g(U, W)

— g, Un(V)n(W) + g(Y, V)n(U)n(W))

+ DS W) — gV, V)W)

— a(V)g(Y,U)S(E W) + n(U)g(Y, V)S(E, W)

~ eV}, (36)

=V =e,e2,...q_1,¢, =& in for the orthonormal basis of T'(T'M)

+ + 4

and taking into account definition of Ricci tensor, we have

+

n

e 2 {aloten Ugten W)  aglenca @ )}
i=1

L fem(ed)S(en Un(W) — esn(U)S(er, (W)
eig(ei, U)S(ei, W) — eml(ei)gle;, U)S(E, W)
ein(U)g(ei,e)S(§ W) — eigles, e;)S(W,U)}
€.9(C(U, e;)e;, W)}

n

gy X {aten Ulgles W) - cgles e w)

eig(ei, Un(e)n(W) + eig(ei, ei)n(U)n(W))

—I{

i 2(eig(ez-, U)S(e;, W) — €;g(ei, ;) S(U, W)
ein(ei)g(ei, U)S(E W) +em(U)g(es, e)S(E W))
€;.9(C(U, e;)e;, W)}} (37)

By using and after the necessary abbreviations, implies that

T )g(U, W) = (n + ——)n(U)n(W).

SOUW) =01~ —— —

This proves our assertion. 0

Now, we will give an non-trivial example for illustration our results.
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Example 1. Let us the 5-dimensional manifold
M® = {(21, 22,73, 24,25) 1 2; € R, }

where (x;) denote the cartesian coordinate in R5 for 1 < i < 5. Then the vector
fields

0 0 9 0 L 0 9 0 . 0 9 0 L 0
—eg=—,e3=2090—+———,e4 =203 —+—,65 = 204 — +—
(3':171 2 81'2 3 28%1 (933’3 4 38561 3I4 b 4(91'1 (91’4
are linearly independent at each point of M®. By g, we denote the semi-Riemannian
metric tensor such that

€1 =

1, i1=5=13,4
gleie)) =4 -1 i=j=2)5
0; i#j
Let n be the 1-form defined by n(X) = g(X,e1) for all X € T'(TM). Now, we
definite the paracontact metric structure ¢ such that

per =0, pey = —e3, pe3 = —ez, Pe4 = —€5, Pe5 = —€4.
Then we can easily see that
n(es) =1, "X =X —n(X)E, es=¢
and
9(@X, oY) = —g(X,Y) + n(X)n(Y)
for oll X,Y € I(M) Thus M?>(p,n,€,9) defines an almost paracontact metric

manifold. By V, we denote the Levi-Civita connection on M. Then by direct
calculations, we have non-zero the components

lea, e3] = 2e1, [es,eq] = 2e1, [eq,e5] = —2e;.

Let V be the Levi-Civita connection on M. Using the properties of paracontact
metric structure and Kozsul formulae, we can observe the non-zero components

Veser = —e3 = pea, Veser = —eg = pe3, Veyer = —es = ey, Veser = —eq = pes

Thus one can easily verified

Vxer = ¢X,
for all X € T(TM) This tells us that M>(p,n,&,g) is a normal paracontact metric
manifold with paracontact metric structure (v,n,€,9). By straightforward calcu-
lations, we can easily see that mon-zero components of the Riemannian curvature
tensor R,
R(ei,el)el = —€;, 2 S ) S 5.

This tell us that



PSEUDOSYMMETRIC NORMAL PARACONTACT METRIC MANIFOLDS 1057

R(X,Y)Z = g(X,2)Y — g(Y, 2)X,

for all X,Y,Z € T(TM), that is, M(cp,n,g,g) s real space form with constant
sectional curvature 1.
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ABSTRACT. In generalized Lebesgue spaces LP() with variable exponent p ()
defined on the real axis, we obtain several inequalities of approximation by inte-
gral functions of finite degree. Approximation properties of Bernstein singular
integrals in these spaces are obtained. Estimates of simultaneous approxima-
tion by integral functions of finite degree in LP(") are proved.

1. INTRODUCTION

In this work we consider approximation properties of Bernstein’s singular inte-
grals for functions given in the variable exponent Lebesgue spaces LP(*) (R). This
scale of function spaces were studied in detail in books Uribe-Fiorenza [15], Dien-
ing, Harjulehto, Hasto, Ruzicka [17] and Sharapudinov [40]. LP(*) (R) has many
applications in several branches of mathematics such as elasticity theory [50], fluid
mechanics [38], [37], differential operators [38], [1§], nonlinear Dirichlet bound-
ary value problems [32], nonstandard growth [50] and variational calculus. Vari-
able exponent works started with W. Orlicz [35] and developed in many direc-
tions. For example, LP(*) (R) is a modular space ( [33]) and under the condition
pT = esssupperp () < 0o, LP(*) (R) becomes a particular case of the Musielak-
Orlicz spaces [33]. Starting from nineties, studies on LP(®) (R) has reached a positive
momentum: See [32], [39], [20], [16] and many others.
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In variable exponent Lebesgue spaces on [0, 27| (or [0, 1]), some fundamental re-
sults corresponding to the approximation of function have been obtained by Shara-
pudinov [41145]. Some results on approximation in LP(®) ([0, 2]) or other function
classes can be seen e.g. in [1,/316,/8}/9,/19,[21-25,27130,/48].

In this work, we aim to obtain simultaneous theorems on approximation by entire
functions of finite degree in variable exponent Lebesgue spaces on the whole real
axis R.

Approximation by entire function of finite degree in the real axis started by the
works of Bernstein [11}|12], N. Wiener and R. Paley |36], N. I. Ahiezer [2], S. M.
Nikolskii [34]. Note that an entire function of finite exponential type is merely
an entire function of order 1 and finite type that in approximation theory, these
often play an important role similar to trigonometric polynomials in the case of
approximation of periodic functions.

Note that, some results on approximation by entire integral functions of finite de-
gree were obtained by Ibragimov [26] and Taberski [46,47] in the classical Lebesgue
spaces LP (R).

We can give some required definitions. We denote by P the class of exponents
p(z) : R — [1, 00) such that p(x) is a measurable function and p(z) satisfy conditions

1 <p_ 1= essinfocap(s), p* = esssupecap () < 0. 1)
We define LP() := LP()(R) as the set of all functions f : R — C such that
(v)
f @
R

for some A > 0. The set of functions LP(), with norm

1) = in {n S0: 1 (j;) < 1}

p(z)
p(z)—1

is a Banach space.

For p € P we define its conjugate p'(z) := for p(z) > 1 and p/(z) := oo

for p(x) = 1.

For i € N, all constants ¢; (or ¢) will be some positive numbers such that ¢; will
depend on main parameters of the problem. In some cases we will use temporaryly
some generic constans C,c¢ > 0 for clarity (for example in statements of some
theorems). We will give explicit constants in the proofs but these constants are not
best constants.

Throughout this paper symbol 2 < B will mean that there exists a constant C
depending only on unimportant parameters in question such that inequality A <CB
holds.

Definition 1. Let PL°9 be a subclass ( [17]) of P such that there exist constants
ci, ¢ > 0, c3 € R with properties

Ip(z) —p(y)|In(e+1/[z —y|) <c1 < oo, Vr,y€R, (3)
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Ip(x) — es|In(e+ [z]) < ez <oo, VreR. (4)

2. TRANSFERENCE RESULT

Let Cg° be class of infinitely times continuously differentiable functions ¢ with
compact support spt¢ := {x € R: ¢ (z) # 0}. Let C(A) be the class of continuous
functions defined on A. Define || f|[q (4 := sup{|f (z)| : z € A} for f € C(A).

For given f € LP) we can define an auxiliary function as follows: Define

Fy(u)=Ff g (u /f (u+2) |G (x)|de, ueR, (5)
where G € L7 ) 0 C$° and G,y < 1. Also we set co:=||G|| ¢ g)-
Theorem 1. Let p € PL%9 and f,g € LPV). If

||Ff7G||c(R) § ||F ,GHc(R) )

with an absolute positive constant, then, we have following norm inequality

||f||p(.) S ||9||p()

with a positive constant depending only on p.

3. MOLLIFIERS AND FORWARD STEKLOV MEANS IN LP(")

Definition 2. Suppose that 0 < § < oo and 7 € R. We define ( [44)]) family of
translated Steklov operators {Ss .}, by

x+7+5/2
Ss.rf() 5/ Vdt, zeR (6)
+7—6/2

for locally integrable function f defined on R.

Let f and g be two real-valued measurable functions on R. We define the con-
volution f x g of f and g by setting (f x fR —y)dy for z € R for
which the integral exists in R.

The following result on mollifiers in variable exponent Lebesgue spaces is ob-
tained by D. Cruz-Uribe and A. Fiorenza (sce |14]).

Definition 3. Let ¢ € L' (R) and [, ¢ (t)dt = 1. For each t > 0 we define
o, (x) = %d) (%) Such sequence {¢,} will be called approxzimate identity. A function

¢ (z)= sup |¢(y)l

ly|=]z|

will be called radial majorant of ¢. If ¢ € L' (R), then, sequence {p,} will be called
potential-type approximate identity.
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Theorem 2. ( [14]) Suppose p € PL°9, f € LPU) | ¢ is a potential-type approzimate
identity. Then, for any t > 0,

1 @ellpy S NN
and
}i_{% 1 ¢y — f||p(.) =0
hold with a positive constant depend on p.

As a corollary of Theorem [I| we have

Theorem 3. Suppose that p € PL°9, 0 < § < 0o and 7 € R. Then, the family
of operators {S5 - f}, defined by (@), is uniformly bounded (in & and T) in LPC),
namely, for any 0 < 6 < oo and 7 € R norm inequality

1501y S 11
holds with a positive constant depend on p.

As a corollary of Theorem [3] we get
Corollary 1. Let p € P9, 0 < § < oo, f € LPV). If 7 = §/2 then,

1 1
Tof (@) = Ssopaf (@)= 5 [ Flasoyae
and

IT5f 10y < 1150
holds with a positive constant depend on p.

4. MODULUS OF SMOOTHNESS AND K-FUNCTIONAL
If fe LPO) and 0 <6 < oo, r € N, then
Q. (f, 5)p(.) = ||(I - T5)" f||p(‘) S ||f||p(.) : (7)

Here I is the identity operator. In what follows W/ (')7 r € N, will be the class of
functions f € LP() such that f("~1 is absolutely continuous and (" e LP().

Remark 1. Forpe P9 f ge LP0) and 0 < § < oo, the modulus of smoothness
Q. (f, 6)p(,), has the following usual properties:

(i) Q. (f, 5)p(,) is non-negative; non-decreasing function of 6 > 0;

(ZZ) Q. (f +9, )p() <Q, (fa .)p(') + Q, (g, )p();

(iti) lims o+ Qy (f,0),,) = 0;

(i) Q@ (f,0),0) S| f O,y forr €N, fe WP and § > 0.

Indeed: (ii) follows from definition. (iii) is follow from (7), (3.4) and Theorem
3.1 of [7]. (iv) follows from Lemma 3.2 of [7]. (i) follows from Lemmal[l] given below.
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Definition 4. Define, for f € LPO), p € PL°9 and § > 0,

2 % (1 ("
@) ()i=3 [ (5 [ e+vde)an
§/2 0
Remark 2. Note that, for 0 < § < 0o, p € PL°9 we know from Corollary that
1R f 10y < M50
and, hence, f —Rsf € LPO) for f € LPO),
We set R5f = (Rsf)" .
Lemma 1. Let 0 < h < § < o0, p € P9 and f € LP(). Then
I =Th) fllcy S N =T5) fll,, (8)
holds with a positive constant depend on p.
Lemma 2. Let 0 < § < 0o, p € PL%9 and f € LPO). Then
(T =Rs) Fllpy S NI =T5) flle.y
holds with a positive constant depend on p.

Remark 3. The function Rsf is absolutely continuous and differentiable a.e. (al-
most everywhere) on R (see [43, (5.2) of Theorem 4J).

The following lemma is obvious from definitions.

Lemma 3. Let 0 < § < oo, p € P9 and f € Wf('). Then

d d d d
%méf = m(;%f and £T§f = Té@f (9)

a.e. on R.

Lemma 4. Let 0 < § < 0o, p € PL°9 and f € LPV) be given. Then

d
—Rsf|| SN =Ts) flly (10)
dr () p(+)

holds with a positive constant depend on p.

|

The following lemma can be proved using induction on 7.

Lemma 5. Let 0 < § < oo, 7 —1 €N, p € PL9, and f € LP") be given. Then

dr , d dr—l
dx” of = %9‘{5 dxm—1

Modulus of smoothness ||(I — Ts)" fllp(.) and the K-functional

RS

g™

.7, pC) eC) — _ r
K (1500 wr0) e int {17 =l 40

p(')}

are equivalent:
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Theorem 4. Ifr e N, p e P9, f e LPO) and § > 0, then
I = T5)" fll,
K, (f,8: 100, wP0)

~1 (11)
p(+)
holds for some positive constants depend on p,r.

5. RESULTS ON SIMULTANEOUS APPROXIMATION

Let G, (X) be the subclass of entire integral functions f(z) of exponential type
< o that belonging to X and

Ao (fx = mi{[[f —gllx - g € G5 (X))}

Let C be the class of bounded uniformly continuous functions defined on R. We set
Goo0 = Go (C) and Gy () 1= Go (LPV)).
Remark 4. ( [10, definition given in (5.8)]) Let 0 >0, 1 <p < o0, f € L? (R),

9 (z) = 2sin (z/2) sgin(?)x/g)

™ x
and
J(f,0) :a/ f(x—u)d(ou)du
R

be the dela Valée Poussin operator ( [10, definition given in (5.3)]). It is known
(see (5.4)-(5.5) of (10]) that, if f € LP (R), 1 < p < oo, then,

(i) J (f,0) € Gag (L (R)),

(1) J (95,0) = go for any go € G, (LP (R)),

(i) | J (f,0) llr@) < 51 f Loy,

(i) (J (f,o) ™ = J (f),0) for any r € N and f € WP (R),

(v) ||J(f, %) — fllzrr) — 0 (as 0 — 00) and hence

| (J (f,%))(k) *f(k)HLp(R) — 0 as 0 — o0,

for fe WP (R) and 1 <k <r, i
(i) | =T (£, 5) || oy < F 57 1F O NlLowy for € WE(R).

Theorem 5. Let p € P9, ¢ >0, reN and f € W,?('). Then
1
A, < —A, (7 12
(ar < e (7)) (12)

holds with a positive constant depend on p,r.

Theorem 6. Letpc P9, 0 >0, k€N, r € {0}UN and f € WP Then

A0 () S S0 (f‘”, i) R (13)
"

0—”’
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with positive constants depend on p, k, 7.

Theorem 7. Let p € P9, ¢ >0 and g, € Gop()- Then, Bernstein’s inequality

1 (90) ™ oy S 0" 196l

holds with a positive constant depend on p,r.

Definition 5. [{7, p.161] For r,k € N, o0 > 0, we define

k
G(o,rk,C) = Z kvv<i>g(0r5)

Forr > 1 (k+2) we set
27
1 t
Yro ::/ ( sin U) dt.
’ R t 2r

Let us introduce the Bernstein’s singular integral ( [47, p.161])

k+1
D, i f(2) /f G(o,r kyu—x)dt (14)

forr,k € N, 0 > 0, and measurable complex valued f satisfying fR lj_:_(sz)l du < co.

Remark 5. It is well known that, if r.k € N, o € (0,00), r > % (k+2), then
Do if € G (L7 (R)) forp > 1.( [{7 p.161))

Lemma 6. Ifr € N, o € (0,00), then,

(i) we have
g?r—1 / (sinv)%'d
= v
,y"',o' (2r)2T—1 R v
(i) (see, e.g. [13, (5)])
sinw\ 2" s r— r r— T T
Je (22)" dv=1 25 {(27")2 e er -2 () @ -4t }

(#ii) and, as a result,

027“71

— b,
(270)27’71
where b, is the right hand side of equality in (ii), having v terms.

Vro =

Define [a] :=min{n € N:n >a} and |¢| ;= max{n € Z:n < o}. We will take
r:= [ (k+2)] in the next Theorems.
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Theorem 8. Let p € P9 ke N, o0 >0, f € W,f('), then

1
bt ] .
17 = Dol S 2 £ (15)
holds with a positive constant depend on p, k.
Theorem 9. Let p € P9, ke N, 0 > 0. If f € LPU), then
Do ke f Il S NNy

holds with a positive constant depend on p, k.

Theorem 10. Let p € P*9 ke N, 0 >0, f € LP0), then

1
I = Dasdlyy S0 (17)
p(-)

holds with a positive constant depend on p, k.

Corollary 2. By Theoremlg, ifr,keN, o€ (0,00), 7> %(k +2), then Dy f €
Gop() forp € PLog gnd f e LPO).

Theorem 11. Letr € N, p € P9 o > 0 and f € Wf(‘). Then for all k =
0,1,...,r, there exist positive constants depending only on k,r and p (-) such that

1
(k) _ (g <k>H < A, (£
Hf @)™ ) S o (f )p(_)

holds for any g5 € Gy p() satisfying Aq (f),y = I = 9511,

Theorem 12. Let r,s € N, p € PL°9 qnd f € Wf('). Then there exists a ® €
Gao p(-) such that for all k = 0,1,...,r inequalities

Hfac) _ (I)(k)H < L g <f<r>, 1)
p() T om R 77 ()
are hold with a positive constant depending only on k,r and p (-).

Definition 6. Set o,n >0, f € L* (R), O, f (z,y) := f(z +ny) and

Bof(w.t)i= [ O3 f (e h(unt)do

Remark 6. The following theorem was poved in (31| for o = 2 with three minor
mistypes. For the sake of completeness here we will prove it when o > 0.

Theorem 13. Suppose that h(y,t), y,t € R, is positive measurable function with
respect to y and

Ah(y,t>dy51, /Ryyh;,(y,t)!dysl
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with constants independent of t. If o >0 and f € L' (R), then
sup [Bo f (-, t)| S Mf ()
>0
fort >0 and a.e. on R where M f is the Hardy-Littlewood mazimal function of f.

6. PROOF OF THE RESULTS

Let C'(A) be the class of continuous functions defined on A. For r € N, we define
C" (A) consisting of every member f € C(A) such that the derivative f*) exists and
is continuous on A for k =1,...,r. We set C® (A) := {f € C" (A) for any r € N}.
We denote by C. (A), the collection of real valued continuous functions on A and
support of f is compact set in A. We define C7 (A) := C" (A) N C. (A) for r € N
and C° (A) := C>® (A)NC. (A). Let LP (4), 1 < p < oo be the classical Lebesgue
space of functions on A.

Definition 7. ( [17]) Let N: ={1,2,3,- -} be natural numbers and Ny := NU {0}.
(a) A family Q of measurable sets E C R is called locally N-finite (N € N) if

Z xg (@) <N
EecQ

almost everywhere in R where xi; is the characteristic function of the set U.

(b) A family Q of open bounded sets U C R is locally 1-finite if and only if the
sets U € Q are pairwise disjoint.

(¢c) Let U C R be a measurable set and

1
Auf = U/ (0] de.

(d) For a family Q of open sets U C R we define averaging operator by
TQ : Llloc 4) LO?
TQf Z XU AUf7 T e Rv
veQ
where LY is the set of measurable functions on R.

(e) For a measurable set A C R, symbol |A| will represent the Lebesgue measure

of A.

Theorem 14. ( [17]) Suppose that p € PL°9, and f € LPY). If Q is 1-finite
family of open bounded subsets of R having Lebesgue measure 1, then, the averaging
operator Tg is uniformly bounded in LPO) | namely,

1TQflpy < callfllpe
holds with a positive constant cq4 depending only on p.

We define (f, g) fR x)dx when integral exists. We will need the follow-
ing Propositions.
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Proposition 1. ( [17]) Let p € PL°9. Then

1
= Il < sup (£ gl < 201111
12¢4 PO T e pronceeligl, <1 7t

holds for all f € LP().

Proposition 2. (a) C.(R) and C* (R) are dense subsets of L¥ (R), 1 < p <
0o.(Theorems 17.10 and 23.59 of [49, p. 415 and p. 575]).

(b) C.(R) contained L™ (R) but not dense (Remark 17.11 of [49, p.416]) in
L™ (R).

Theorem 15. Let p € P9, In this case,
a) i e LPO) | then, the function Fy := Fr ¢ defined in is a bounded,
f 1
uniformly continuous function on R,
(b)ifreN, and f € Wf('), then, % (Fy) exists and
k
i (Fr) = Fpo

forke{l,..,r}.

Proof. (a) Since C§° is a dense subset of LP(), we consider functions f € C§° and
its corresponding F ¢ given in . For any & > 0, there exists § := 0 (¢) > 0 so

that
€

< —

1+ |sptG]
for any ui,us € R with |u; — ua| < 0, where sptG is the support of the function
GelLlOn C§°. Then, there holds inequality

|Ftc (u1) = Fiq (u2)] S/le(x+ul)—f(x+U2)||G(ff)\dff

[f (4 u1) = f (2 +u)

= [ ) - @) (G @) ds

< sup  |f(z+w) — f(z+w)l |Gl o
T,u1,us €EsptG

13
<—— (1 tG) |G,y <
< Ty (U 1P1GD 1G] < &

for any uy,us € R with |u; — us| < §. Thus conclusion of Theorem follows. For
the general case f € LP() there exists an g € C§° so that

&
17 =9l < TTT sptc oo
for any £ > 0. Therefore

|Frc(u1) = Fra (u2)| = |Frg (u1) = Fya (ur)| + |Fy e (u1) — Fy e (u2)| +

3
+Fyc (u2) = Fra (u2)| = |Fr-g.c (w)| + 5 + |Fy—y.c (u2)]
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< 2(1+ [sptGl) o |lf = glly.0 + g <&

As a result Fy ¢ is uniformly continuous on R.
(b) is follow from definitions. O

Proof of Theorem[1 Let 0 < f,g € LP(). In this case there exists a constant
C > 0 such that

1P Gl < CI1Fye )llom = OH [otu+a)6 @i

C(R)

:Csup/Rg(u—i—xHG(xﬂdx:C sup /tgg(u+x)|G(x)|dx

u€R uesptG

<C sup |lg(ut )l l|Glloe < C(1+IspLGl) co llglly -

u€spt

On the other hand, for any £ > 0 and appropriately chosen G. e LP'C) with
. 1 ~
[o@6@de= glal, - |G

(see Proposition7 one can find

1
1Fr6llom = 1Fre 0)] = / £ @16 @)l dz > 5= 1l ~ =

In the last inequality we take as ¢ — 0" and obtain

<1
p'(+)

3

1

F > — .

H f,G”c(R) 12¢, Hf||p(~)
Combining these inequalities we get

11,0 < 1264 |1 Frcllom < 1264C [ Fycllo
< 12¢4C (1 + [sptGl) co 9]l -
For general case f,g € LP() we obtain
[fllpy < 24ca (1+ |sptGl) coC [|gllyy (16)

and proof is finished. a

Remark 7. Note that, in @) constant depend on |sptG| and |G|, but it is
possible to avoid dependence on |sptG| and |G| .. To do so, we can change the
definition of Fy with

Fy (0)i= [ $1,/(0)|G (@)|do, u R
R
where G € LP'0) N C3° and Gl () < 1. Now, boundedness of Sy,uf in L) for
any u € R, and the same procedure give (@ with a constant does not depend on

|sptG| and ||G||,. Hence, constants in other results can be free of dependence on
sptG| and |GII
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Proof of Lemmalll Let 0 < h < § < oo, p € PL°9 and f € LPC). Then, using
(T8) we get
(= T0) fllpy < 2des[|Fumrallom < 24 72ea|Funrellom
< 1728¢4 (1+ [sptGl) o (1 = T) 0, -
O

Proof of Lemma[g If [ € LP() | then, using generalized Minkowski’s integral
inequality and Lemma [l| we obtain

) h
?/6/2 (2/0 (f(x+t)—f(x))dt> dh
2

6
5@ r )

1 =) ) =

p(-)

2 6
<= Tsf = fllyey dh
5, st = Al

p(-)
2 )

< 1728¢q (1 + [sptG|) co [|T5 f — fll, .y 5/5/ dah
2

= 1728¢4 (1 + [sptG|) co (I = T5) £l -

O
Proof of Lemma[j] Using
1 Escns oyl = |9 (Fornn )| g, = 3160 g
< <2(37+146Wn2%) [[(I - T5) (Fr.6)ll o)
= 2(37+ 146 2%) | (Fr—11.6) o)
we conclude from Transference Result that
SR f) ey < es (L= T5) fll,qy -

with ¢ 1= 24cy (1 + [sptG|) co (37 4 1461n236) . O
Proof of Theorem[J} For r =1,2,3,... we consider the operator

jom 1= (o) = 30 ()

From the identity I — R} = (I — Rs) 3-7_ R} we find

r—1

I =25 glley < [ Do | I —Rs) gl
j=0
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with cg := 24cy (1 + |sptG]) cg. Therefore
r—1 ]
I =R gl < [ 172800 (L4 IsptGlyeo S b | 10T =Tl (17)
§=0
=cr7 ||(I = Tj) 9||p(.)
when 0 < 6§ < co, p € P and g € LP0). Since ||f —.Angp(,) = ||(I—£R§)Tf||p(.),
recursive procedure gives
If=A5f =N =RG)" fllpy < -+ < ezl =T5)" fll.
On the other hand, using Lemmas [5] and [4]

dr d _ drl
O || 5 f :5’“15"%5ng-1f
@ P(") dz= " dz P()
dr—l
§C5(5T71 (I_T‘s)drlmr 1f <... <
p(-)
r— d r— T r
<ot tonsr-my | sl - T .
p(+)
Thus
Ky (£,6170,WE0) < If = A5 Sl + 07 | A5 f ()
() ()
: r ~|(r @ =)
<cr|(I—T5)" fl N |72 f(2)
—o ! \J p(+)
r—1
r s r r r (T_j)
< I =13) Sl + 5 3 |(7)] - 7o 82
=0 \J p()
r—1 r
<S8 gy + < 3| ()] 6 1T =T fl
7=0
<cs||(I - Tp)" Fllpey
where
r—1
r .
cg 1= max < c¢l,cp () cg
8 7 5; j 6

For the reverse of the last inequality, when g € W7 © , we get
Q (f,0)0y < (L4 ¢6)" 1f = gllyi) + (9.9,

T

< (L+ee) If =gl +27egd" |19 (18)

p()’
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and taking infimum on g € W) in we obtain

(1. 0)y) < (Lt eo) K (0270, W20)

Proof of Theorem [5 The following inequality
om 4"
Ao Do <1 =7 (15) o < T 771 llew, V7O ®
Dow < | =7 (£5)] o < T oW llem, ¥ €O ®)
known (see (vi) of Remark [4). Now using TR we find
57r 4"c . .
lr=7(r3)], Sl v € WP, (19)

*ZJT

Let r = 1. Suppose that
Ao () = I8 = G5 iy » 95F) € Gy
and N
= “(f dt.
Flo)= [ o
Then F € G, ( |26, p.397]). Setting
e(x)=f(z)—F (x)

one has

||<P/||p(.) =|f" - Q;(f/)Hp(.) = Ao (f/)p(A) :

@
<

Thus

A (Fpiy = Ao (F = F)y( 1o7rc6l 1GF=F)1l,

1071'(36

7TC6
= 1= Fllpy =

1 = a2l

1 !
= 107TC6;A0- (f )p() .

Now, result follows from the last inequality:

1 / r (")
Ao (yy < 10mes—Aq (f1),0) < -+ < (10mes)” —4, (1 )p(.).
[l
Proof of Theorem|[6 Let p e P19 ¢ >0, ke N, r € {0}UNand f € wre),
First we consider the case r = 0. For every g € W/ ©) we find

A, (f)p(.) <A, (f - 9) ) + A, (g)p(~)

57T4 Cg

S”f—g”p(.) o k”f ||p(~)'
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Taking infimum on g in the last inequality
o7 .
A, < koK ( §; LPO) W ))
(f)p() = Ce i f’ ) ) k ()
Now using
1
Ao () < C8514k069k = .
7o 2 T/ p)
In the second stage we consider the case r € N. In this case

r 1 .
Ao (Fly() < (10mee)” — A, <f< >)p(.)

1 1
< 5meg (10)" WTCZJA?%_I;QI@ (f(”, 0)
p()
0

Proof of Theorem[7 Let p € PX9, 0 > 0 and g, € Gop()- Then, Bernstein’s
inequality

1 9)" lo@) < o"llgalle®): V9o € G
and TR gives

1(90)"™ oy < €60" 9o llpys V9o € Gopre)-
0

Proof of Theorem [8 Define for k € N the classical modulus of smoothness of
function f € C (R) of step 6 > 0 by

wi (f,8)om) = |il\l<p<s HAffHC(R)

~\k ~
where AFf (1) == (I - Th> F)yThf () :=f(-+ h)and I is the identity operator.
From , one can write

Hf - Da,kf”c(]R) =

ﬂ /]R 2::) (1) (i)f (x+vt)g(o,rt)dt

Vro

C(R)

1 (2r)? !
< W/R|’Aff($)||C(R)g(0ﬂ“at)dtS W/ka (/i) ew) g (o,r t)dt

(2r)
9 2r—1 L 1 1 k
S (Z)%wk (fa ) / (t+> g(O',’f‘,t)dt
r0 g Cc(Rr) /R o

(2r) " ok 1 5] / 1)
< — t+ — t) dt
= b.o?2r=l gk / c®) Jr +a AC
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2k
e R R R L T

1 1
[t<z [t|>1

Using r = f% (k+2)]

2 2r—1 ok 1 ¢ 2r
%/ |t\k ( sin0> dt
bTCT r [t|>1/0 t 2r
9 2r—1 2k 1 + —
< (;A)ﬁ / — sin 7 dt
ro t>1/0 \t 27
- (27”)27‘71 2k: 0_27'—k+1 / sinu 2 dt 1 22krk
= — 7.
>~ bTo.Zr—l (2r)2r—k+1 R u Uk br

On the other hand
) 2r—1 Qk 1 + 2
Lf < sin J) dt
1t]<1/c

b0 1 gF £ ™" or
- 2r
(27‘)2T 1 Qk / 1 ot
S %% [ | 7singo ) dt
- br0'2r71 O'k R t S 2
) 2r—1 b Qk
o )2 rot Tl =
bro=r= (2r) o

Thus

92k ,.k i
1 = Deaflloy < (55 +2) 72 |79,
From this and TR we get

22k k A 1
|f—DU,kf|,,<,)gc6< - +2)0k)

1
= cge (k1) — H (*)
oo~ cec ) || f

Proof of Theorem[9 Fixed o > 0, we find

1)kt
| Dok Fllery = / F)G (0,1 — ) du
77‘0 C®)
19+1 _
o ez
’Y’I"O' v
C(R)
e k
/Z k v( > (x +vt) g (o,r t)vdt
7“’ vl C(R)

k

k
= Vr,o /]R;

(i) ' I (@ +vt)llow) 9 (o, 7,1) dt

p()

O
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( )‘ . /g<a,r,t>dt§k2‘“ 1l -

Now, transference result TR gives

Dok f .y < k2 cg 11l -

([l
Proof of Theorem [10 We can write
17 = Doefllyy = || £ = ALT + A f = Do s f 4 Dos T = Do
g g v g P
<|lr-ais] AL s Dondis]| Do s -5
7 lip() 7 o lp() 7 p(*)
1 1
< ckqy, (f, ) + cge (k) — H(A’if)(’“)H ¥ k2Peq HA’if - fH
9/ () o ’ p() ’ p()
ELy 4 1
< | ek +coc(k,r)ck Z ( ) c’g_j + 2 kcgek | Qu (f, )
- J g
=0 p(*)
1
= CQQk <f7 )
T/ p()
and the result follows. O

Proof of Theorem [11] Let q € G, and A, (f(k))p(.) = Hf(k) — qu(,) . Then

|7~ (@) ot |7 (.o ® — (92)(’“)”1)()

< [#9 =0
p() + Hq -/ (f(k)’ J)

< (k) H (k) H k. k o x
<, (1) H |7 (a=1©0)| | +2teodt 19 (10) il

p(-)

< [r% -4

+ || (o) =)™

r() r()

< (14+300) Ay (10) 4 2beso® 17 (£,0) = 7 (55,0

2cg (5rar—1)" 2cg (5rar—1)"
S (1 + 306) %Ag <f(7“))p() + 30%2]{:%140 <f(7“)>p()

< (2e6 (5m4771)") (1 + Bes + c32") Ly (s (T))p@ = c100" "4, (1 (T)>p<->

0-7"
and the proof of Theorem [L1]is completed. O
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Proof of Theorem[18 Let g; € G,, Ao (f),) = |f — g5l and ® = J (f,0).
Then

1f = T (Ml < I1F =95+ 6% = T (£l
= [1f g%+ T (95:0) = T (£.0) |
< Ay (£ 306 1 = 92,0y = (14 3c6) Ax ()0

and
1f =T (f, o)) < (14 3c6) Ao (f) (.
1
< (14 3cg) Bres (10)" 77y 12271 = q, (fm, 1/0) .
g (-
Now, from
. meg (10) 77cy i1 o1
17 = a5l < TR, (0,2
p(*)
we obtain )
* C11 (r)
19 (7.0) = 5, < 20 (1 ,U>p(')
with
ci1 = meg (10)" w"ef 1227 (14 3¢6) 5+ 1).
Hence

(FASE ARSI
< ClOUkirAa (f(r)) + QkCGO—k2 s (f(r)v 1>
9/ p()

10) "
< (Cm PCy 4°cq + 2kCGC11> oF T, (f(?')’ 1/0)17(')
and the proof is completed. O
Proof of Theorem[13 Given x € R, let

Y
= [ O/ @uwdi y>0.

)
and a,b > 0. Integration by parts gives
b b

Oz f(z,y)h(y,t)dy = [ h(yt)dl (y)

—a —a

b
=T (y)hyt) |, —/ hy (y,t) T (y) dy.

—a

<[ 7~ (@)™
p()

o @@ =]

Since I' (y) < |y| M f (z) we obtain

b b
' Oz f (,y) h(y.t)dy SMf(x)</_ !yh;(y>t)!dy+h(y7t)|b_a>~

—a
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Now
b b
2> [ Wty = [ hdy=nt) = [ ot dy
gives
b
| 021 ) hw ) dy| < (er2 + 2000) M1 (2)
for any ¢ > 0. The last inequality implies the result. O
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ABSTRACT. In this paper, we handle an impulsive Sturm—Liouville equation
with complex potential on the semi axis. The objective of this work is to ex-
amine some spectral properties of this impulsive Sturm—Liouville equation. By
the help of a transfer matrix B, we obtain Jost solution of this problem. Fur-
thermore, using Jost solution, we find Green function and resolvent operator
of this equation. Finally, we consider two unperturbated impulsive Sturm—
Liouville operators. We examine the eigenvalues and spectral singularities of
these problems.

1. INTRODUCTION

The modeling of most of the problems encountered in the fields of mathematics,
physics, mechanics and engineering in daily life is done with boundary value or ini-
tial value problems in applied mathematics and spectral analysis. Operator theory
is used to solve these problems in spectral theory. First, many physicists and mathe-
maticians studied the spectral theory of differential operators. The Sturm—Liouville
operator, which is the equivalent of the one dimensional Schrodinger operator, has
gained a wide place in the literature. Let us shortly give information about the
literature of spectral theory of Sturm-Liouville operator. Spectral analysis of the
nonself-adjoint Schrodinger operator was first investigated by Naimark in 1960 [20].
He proved that the spectrum of this operator consists of eigenvalues, continuous
spectrum and spectral singularities. Furthermore, he discovered that the spectral
singularities are poles of the resolvent operator’s kernel on the continuous spectrum
but not the eigenvalues of the operator. Kemp extended the results obtained by
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Naimark to differential operators defined on the whole real axis [16]. Gasymov
also extended these results to three-dimensional Schrédinger operators [12]. Then,
Schwartz investigated the spectral singularities of a certain class of abstract linear
operators in Hilbert space and proved that self-adjoint operators have no spectral
singularity [23]. Furthermore, these equations were studied under different initial
and boundary conditions by Pavlov, Guseinov and Bairamov et al. [7,/9,/10,/14122].

On the other hand, in some processes, instant changes are encountered due to ex-
ternal factors. These are short term sudden changes and can be neglected compared
to the whole process. Ordinary differential equations are not sufficient to model
these processes. For this reason, impulsive differential equations are used to ex-
plain these processes mathematically. Unlike the Schrodinger equation, differential
equations with impulsive conditions do not have a long history in the literature. Im-
pulsive differential systems were first studied by Myshkis and Mil'man [18]. After,
these equations were investigated by Bainov, Simenov and Lakshmikantham [3}}4].
Recently, many authors have examined impulsive differential equations in detail, be-
cause impulsive differential equations have been used in many scientific phenomena
such as heart beat, population dynamics, atomic physics, mathematical economics,
ecology, engineering, medicine and so forth [13,|15[/19]. Bairamov et al, Yardimci
and Erdal investigated scattering analysis and spectral theory of different kinds of
impulsive Sturm-Liouville equations [2}5,/6,[8,/11,[24]. Different from these stud-
ies, in this paper, we consider the Sturm-Liouville equation with complex valued
potential and impulsive condition in matrix form. Therefore, it creates different
perspective.

Let us introduce the Sturm-Liouville operator T in L4(0,c0), generated by the
equation

7U” + Q(Z)U = >‘2U7 z e [Oa ZO) U (ZO’ OO) (1)
with the boundary condition
(Mo +mA)v'(0) + (Co + ¢ A) v(0) =0 (2)

and the impulsive condition
v (zg)] [U (Zo)} [61 62}
=B I B = , 3
-2 5 B ?
where §3;, n;, (;, @ =1,2,3,4, j = 0,1 are complex numbers such that det B # 0
and 179¢; —11¢y # 0, 2 is a positive real constant and g is a complex valued function
satisfying the following condition

/(1 + 2)|g(2)]dz < oo. (@)
0

Throughout the paper, we will show impulsive boundary value problem —
by ISBVP, shortly.
This paper is organized as follows: This study consists of five chapters including
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the introduction. In the next Section, we give basic solutions and definitions. Unlike
other studies in the literature, we examine the effect of the impulsive condition on
the Sturm-Liouville equation with complex potential in Section 3. We find the
Jost solution of ISBVP (|I))-(3). In Section 4, we obtain the set of eigenvalues and
spectral singularities of - . Also, we present an asymptotic equation to obtain
the properties of eigenvalues. Then, we get the resolvent operator of the Sturm-—
Liouville operator T. Finally, we handle two different problems to apply our main
results in Section 5.

2. PRELIMINARIES

Let S (z, )\2) and C (z, )\2) be the fundamental solutions of in the interval
[0, z0) satisfying the initial conditions

S5(0,A%) =0, S'(0,A\%)

C0, ) =1, C'(0,\?)

It is evident that the solutions S (z, )\2) and C' (z, A

W[S(z,\?),C(z,\})] =—-1, XeC,

where W [v1, v3] denotes the Wronskian of the solutions v; and vs of the equation
(1). The integral representations of .S (z, )\2) and C (z, )\2) are well known in the
literature as

:17
0

2) are entire functions of A and

S(Z’)\Q) _ sin Az n /Q(Z,t)81n>\tdt (5)
A A
0
C(z,\?) = cos Az + /R(z, t) cos Atdt, (6)
0

where Q(z,t) and R(z,t) are expressed in terms of the potential function ¢ [17].
On the other hand, e(z, ) is bounded solution of the equation in the interval
(20, 00) fulfilling the following condition

lim e(z,\)e™** =1, A€ C, :={\€C:Im\ >0}
Z—00

and it has an integral representation
oo
e(z,\) = e + / K(z,t)e™Mdt, \eCyq, (7)
z

where K (z,t) is defined by the potential function ¢ [1]. The bounded solution
e(z, A) is analytic with respect to A in C4 := {A € C: ImA > 0} and continuous up
to the real axis. Similarly, e (z, —\) is bounded solution of in (2o, 00) satisfying
the condition

lim e(z,-A\)e?* =1, A€ C_:={\eC:Im) <0}.

Z— 00
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It is well known that
Wle(z,A),e(z,—N)] = —2i), A € R\{0}.

Furthermore, é(z, A) is unbounded solution of in (zp, 00) subjecting the con-
ditions [21]
: g Iz __ : o/ iz » -
ZILII;O é(z, e =1, Zhﬁngoe (z,N)e"™* = —iA, reCy.

It is clear that
Wie(z,A),e(z,A)] = —2iA, z € (20,00), AeCy.

3. SOLUTIONS OF IMPULSIVE STURM—LIOUVILLE EQUATION

By the help of linearly independent solutions , we will define the general
solutions of (1)) for A € R\{0},

_JuT (5,A) =a”(N)S (z,/\2) +b-(N)C (z,)\2) ; 0<z<z
Vi) = {UT (z,\) =at(Ne(z,A) +bT(Ne(z,—N); 20 < z < 00, ®)
o (2 0) = (NS (2, A7) +d= (VO (2,07) 0<z<2
2 (24) = {vé‘ (z,\) = ct(Ne(z,A) +dT(Ne(z,—N); 20 < 2 < 00 ©)
and for A € C;\{0},
o (2 A) = 7S (2,07) + T (NC (2,0%) 5 0<2< 2
Vs (2, 4) = {vg (z,A) = fT(Ne(z,A) + hT(N)E (2, \); 20 < 2 < 00, (10)
respectively.
Using and , we obtain
atWN] _ ylam )
where
N1 (N N2V -
Vo= [N ) = F B ()
such that ( ) ( )
_|e(z0,A)  e(zo,—A
L= L’ (z0,\) € (z0, —)\)}
and

Y [S(zo,)\z) C(zo,)?)} |

SI (ZO7>\2) C’ (ZO7>\2)
Since det L = —2i), in accordance with 7 we find that
Nat(A) = 55[=€ (20, X) (818 (20, 3°) + B, (20,%))
+e (207)‘) (ﬁ3S (20’)\2) +54SI (207)‘2))] (13)
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Naa(N) = %[—e’(zo, A) (B1C (20, A?) + BoC” (20, A%))

+e (20, A) (B3C (20, ) + B4C" (20, A%))]. (14)

Now, we shall consider the Jost solution of ISBVP — and denote by E.
Thus, by using (§), the coefficients a™(A) and b™ () turn into 1 and 0, respectively.
For A € C,, we write the following solution of —

E(Z /\) _ af()\)S(z,)?) eri()‘)c(za)‘Q); S [O,ZO)
T e(z,\); 2z € (20,00).

By the help of and (12)), we easily obtain the coefficients a~(A) and b~ () as
follows
_ Nz (M) - N21(A)
= b= (A) =— .
a”(Y) det N’ ) det N
Let us consider the solution of — satisfying the boundary condition and
denote by F. By and @D, the following can be easily seen

¢ (A) = (Co+ 1), d=(A) = (nog +mA)-
For A € R\{0}, we will consider the following solution of ISBVP (I])-(3)

o) = {— (Co+ A S X+ (g + 1)) Oz N2 € [0,20)
ct(Ne(z,A) +dT(Ne(z, —\); z € (20, 00).
From and , we get
¢ (A) = = (Co + G A) Nit(N) + (g +miA) Nia () (16)
dt(A) = = (Co + C1A) Nar(A) + (19 + 11 A) Naz(N), (17)

(15)

respectively.

Lemma 1. For A € R\{0}, the Wronskian of the solutions E (z,\) and F (z,\) is
given by

- H(\): z € [0,20)
WIE(z,A), F(z,\)] = {%)\H (M) det N; 2z € (20,0),

where
Co + CiA) Na1(A) — (79 + mA) Naz(N)
det N

Proof. Using the definition of Wronskian for z € [0, zp), we find
W [E (Z, A) 9 F (Z7 )‘)] = - (CO + Cl)\) b_ ()\) - (770 + 771)‘) Cl_()\).
By using , the following can be easily seen
W E (2,)), F (2,\)] = H(\)

HO = . (18)
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for z € [0, zg).
Similarly, we write
W E (z,\),F (2,\)] = —2iAdT(\), 2 € (20,00).
By the help of (17), it is clear that
WIE (2,\), F (z,A)] = 2¢.AH (A\) det N

for z € (29, 0).
This completes the proof. ([l

Since H is composed of e (z,\), C (z7 )\2) and S (z, )\2), it is analytic in C, and
continuous up to the real axis.
4. EIGENVALUES, SPECTRAL SINGULARITIES AND RESOLVENT OPERATOR OF T

From Lemma 1, a necessary and sufficient condition to investigate the eigen-
values and spectral singularities of the Sturm-Liouville operator T with impulsive
condition is to investigate the zeros of the function H.

The set of eigenvalues and spectral singularities of the operator T are defined as

oq(T) = {p=>2:Im\ >0 and H(\) =0},
0ss (T) = { =A%, TmA = 0,\ # 0 and H()\) = 0},
respectively.

Theorem 1. Under the condition , the function H satisfies the following as-
ymptotic equation

i Bo)? (i 1 -
H(\) = - — recC A
W= et N <4+O</\ » AeCh Poeo
where By # 0.
Proof. By means of —@, we easily find for A € C

20

+ / Qz0,1) Siri\)\tdt (19)
0

sin Azg

A

S’ (2o, )\2) = cos \zg + Q (20, 20)

Z0
c’ (zo, )\2) = —Asin Azo + R (20, 20) cos Az + /R(zo,t) cos \tdt (20)
0
and for A € C,

€' (20, \) = iXe™0 — K (2, 20) e + /Kz(zo,t)ei”dt. (21)

20
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From (B))-(7), we get

S (20, A?) = 6_?20 (; + 0(1)>
C (20,\?) = e~ =0 (; +0 (1)) (22)

e(20,A) = € (14 0(1)),
where A € C; and |A| — oo. B
In a similar way, by using (19)-(21]), we obtain for A € C and |A\| = oo

S (20,\%) = 7% (; +0 (i))
C' (20,\?) = Ae =0 (—; +0 (i)) (23)

e (20, \) = Ae# (z + 0 (i)) .

By means of and , it is obvious that H () satisfies the asymptotic equation
given in Theorem [1} This completes the proof. O

Now, let us define another solution of -
G(z,\) = {— (Co+ CN) S(2,A%) + (g + mA) C(2,A%); 2z €0, 2)

FrNe(z, ) + hT(N)é(z, \); 2 € (29,00)
for all A € C;\{0}. By the help of (@), we obtain that
frN] o[- Co+ 6N
Lﬁ(/\)} B V[ (noo+ 771IA) ] ’ (24)
where

_ (VA Via(A)
V= {Vm()\) Vaa(A)

_le(z0,A)  €(z0,A)
U= L/ (20,)) & (zO,A)} : (26)

From and (26, the following equations can be found as
Var(A) = 53¢/ (20.3) (B1S (20.X°) + B, (20, 3%))
+e (ZOa)‘) (635 (207)\2) +B4SI (zoa)‘z))] (27)

} =U BM (25)

with

Vaa (A) [—€(20,A) (ﬂlc (Z()a /\2> + B8,C" (207 >\2))

+e (20, ) (B3C (20, A%) + B4C" (20, 2%))]. (28)

_ b
D))
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By using , the coefficients f (X) and h* () must be as follows

FEO) = = (Co + N Vit (N) + (g + 1) Viz(A)

R (A ) = (Co + €1 A) Var(A) + (1o + m1A) Vaz (A).
By using , , and (| ., it is clear that

N (A) = Var(N), Noa(X) = Vaa(A).
Therefore, using (18], we rewrite h*(\) as
hT(\) = —H())det N. (29)

In view of , we obtain that

H(\); z €10, z0)

W[E(z,/\),G(Zv/\)] = {2i/\H ()\) det N; z € (Zo,OO)

for A € C4\{0}.
Theorem 2. Assume (4). Then the resolvent operator of T is defined by

oo

Rag — / R(z.t: N (t)dt,

0

where
E(z NGt g,
2, A), Gz, \N)]’
R(z,t;A) = W[Cji(z,)\)) (tf)\) )]. 2<t<oo
WI[E(z,X),G(z,A)]" ~~

is the Green function of - for z # zg, t # 2.
Proof. Let us consider the following equation
—v" +q(2)v = Vv =d(2), z€]0,2)U (2,00). (30)
By using the solutions F (z, A) and G (z, \), we write the solution of
& (2,A) =01(2)E (2,\) + 02(2)G (2, \) .

Using the method of variation of parameters, we get the coefficients 61 (z) and 62(2)
as follows

- DG )
01(2) k+/W z)\)G(z,)\)]dt

JE(t,A)
fa(2) = m+/W TR
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where k and m are real numbers. Let us write the coefficients 6;(z) and 62(z) in
solution ¢ (z, A)

6(2\) = kE (2,\) + / " g’(f)G)(tGA(i S HE )
0

+mG (z,\) + /W[L;(;?E)(,té)(\)z, ) dtG (z,\).

Since the solution ¢(z,\) is in L2(0,00), m becomes zero. In accordance with
the boundary condition , we also find that k is equal to zero. The proof is
completed. (I

5. UNPERTURBATED IMPULSIVE OPERATORS

In this section, we will investigate two unperturbated impulsive Sturm—Liouville
operators.

Example 1. Now, we consider the Sturm—Liouville operator Ty in L? [0, 00) cor-
responding to the following impulsive problem

—" =X, z€[0,1)U(1,00)

(Mo +mA)v'(0) + (Co + ¢ A) v(0) =0 (31)
v(IF)] _ 5 lv(17) _(m 0
s =e ) = )
where v1,74, n;, C;, § = 0,1 are complex numbers such that ny¢y; —1n,¢y # 0 and
Y1Y2 # 0. Since ¢ =0, it is evident that
sin Az

e(z,\) =, C (z,/\z) =coshz, S (z,)\z) =

By using , we write that
ieiA

HN) = ——
() 2Adet N

(Mo + 1 A) iy  Acos A+ o Asin \)
+(Co + 1) (75 o8 A — iryy sin A)]. (32)

To investigate the eigenvalues and spectral singularities of (31), we examine the
zeros of H. Let us choose (4 =19 =1 and (; =1, = 0 in (32) for the simplicity.
Therefore, we rewrite the equation

ieiA

H() = 2det N

[i71 COS A + o sin A — i7yq sin A + 75 cos AJ.

We obtain that

i 14+ D 1 1+ D
Ak = —’5 hl"'+ if\rg (1__1)

D )+k7r, keZ,
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—1
where D = u There appear three cases:

Y2 — 11
619 1 et — 1
Casel: Let D = such that 8 € R. Since D = P it is easily seen that
1+ D
Arg (1 + ) ‘ = 1. Then, we find that

0
Ak = 5 + kﬂ', ke Z.
In this case, \p € R\{0}, k € Z are the spectral singularities of . Howewver,
there is no eigenvalues.
Case2: Let ImD # 0.
2a: Let D be purely imaginary. We obtain that

1 1+D

= 7A e — Z.

Ak 5 rg(l_D>—|—k7r, ke

In this case, similar with Casel, the ISBVP has no eigenvalues. But it has
spectral singularity.

2b: Assume ReD < 0. We get

’ 1+ D' 1 (1 +D

i
=1 “Arg | —— Z.
Ak nlfD—’— rg )+I<:7r, ke

2 2 1-D

1+D
operator Ty doesn’t have any spectral singularity.
2¢c: For 0 < ReD, the impulsive Sturm—Liouville boundary value problem has
no eigenvalues and spectral singularity.

Case8: Let D be a real number.

1+ D
3a: If 0 < D < 1, then 1 < 1—’—7D . Similar to the Case2c, the eigenvalues and

Since 0 <

<1, \p € Cy, k € Z are the eigenvalues of . However, the

spectral singularity of are not existing.
3b: For 1 < D < oo, we see that

‘1+D

i
A = —ln|— =
k 1D

5 ‘+(2k+1)”, k€.

2

Since A, € C_, there are no eigenvalues and spectral singularity.
3c: Assume —1 < D < 0. We obtain that
i (1 +D

)\k:—*ln m

5 )—Fkﬂ, keZ.

1+D
1-D

Since 0 < ’ ’ < 1, there exists eigenvalues but the problem has no spectral

singularty.
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3d: For —oo < D < 1, we find that

1+D
1-D

)
)\k; = —iln

‘+(2k+1)g, kez,

where 0 <

14+ D
D

< 1. Hence, A\, € Cy, k € Z are the eigenvalues of Ty. But this
operator has no spectral singularity.

Example 2. We investigate the Sturm-Liouville operator Ty in L?[0,00) created
by the following ISBVP

—v" =X p(2)v, z€[0,1)U(1,00)
(1o + 1) v'(0) + (o + (1 A) v(0) = 0 (33)
v(1T)] v(17) |0
[U'(ﬁ)] =B L/ ] PTlo n)
where 71,72, n;, ¢;, 3 = 0,1 are complex numbers, nyC; — n1Cg # 0, T172 # 0 and
p is density function defined as
(2) w?h 0<z<1
zZ) =
p 1, 1<z
such that w € C\{—1,0,1}. It is evident that for this ezample
sin (Awz)

e(z,\) =™, C(2,N\%) =cos(Dwz), S(2,A\?) = v

From , we obtain that

et . .
H(\) = m[(no + 13 A)(iT1 A cos (Aw) + T2 Aw sin (Aw))
. sin (Aw
G+ €N cos () — iy T2 (34)
For the simplicity on calculations, if we choose (; =ny =1 and (; =n; =0 in
, we get
et : _sin (lw)
H()\) = m[zn cos (A\w) + Tow sin (A\w) — ity + 72 cos (Aw)].

We easily find that

7

1+ P 1 1+P
Ap=——1 — |A —_— 2k keZ
T 1—P‘+2w[ rg(1—P>Jr W}’ <5
where P = lez_ﬂ Let w = m—+in. We can write the real and imaginary parts
ToW® — 1T

of A\, as follows

1 1+ P
Re), = W {m {Arg (1—P> + 2k7r] —nln

=
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1+ P 1+ P
A — 2
1_P‘+n{ rg(l_P)—i- k‘ﬂ':|},
It is evident that if

1+ P
1 Arg [ —— 2 =
[mn TP —|—n< rg(l_P>+ kiﬂ')} 0
then the operator T1 has spectral singularities, and if
1+ P 1+ P
[mln + +n (Arg (1+P> + 2k;7r>} <0

then the operator Ty has eigenvalues.

1-P
01 1+ P 1+P
Casel: If P = eiﬁ’ 0 € R, then Arg( i ) =0 and ‘I—FP‘ = 1. We find

and

1
Im)\, = —2 |w|2 {mln

respectively.

1+ P

et 1-P

that 0o
A= 22Ty
2w
la: Assume w € R. A\, € R\{0}, k € Z are spectral singularities of the operator Ty
but ISBVP has no eigenvalues.

2a: Assume w € C. We write
1

2wl
If n(0 + 2km) < 0, then A\, € Cy, k € Z are eigenvalues of this problem .
Otherwise, the eigenvalues and spectral singularities of are not existing.
Case2: Let ImP # 0.
2a: Let P be purely imaginary. We write

1 1+ P
Ak = % {Arg <1P> +2k7r] , keZ.

Forw € R, A\, € R\{0}, k € Z are spectral singularities of the operator Ty. However,

the problem has no eigenvalues.
If w € C, then we find that

n 1+P
I =——— |Arg| —— 2k ke Z.
mAg 2 ol { rg(l_P>+ w], €

1+ P
It is easily seen that, forn | Arg (1+P> + 2k7l':| < 0, the impulsive Sturm—Liouville
boundary value problem (33|) has eigenvalues. Otherwise, the problem has no
etgenvalues and spectral singularities.
2b: Assume ReA < 0. For w € R, we get

m 1+P>
i, = - (m|="2]), kez
r 2|w|2< ‘I—P
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If m > 0, then the operator Ty has eigenvalues. Otherwise, there are no eigenvalues
and spectral singularities of .
For w € C, we obtain that
1 14+ P 14+ P
ImA\y = —— | A — 2k keZ.
SR {125 [ane (75) + 2]
1+ P

Ifm >0 andn {Arg () +2km| <0, then A\, € C4, k € Z are eigenvalues

1-P
) 1+ P
of . However, if m <0 andn |Arg [ —— | + 2kn| > O then the operator Ty

1-P

has no eigenvalues and spectral singularities.

2¢c: Assume ReP > 0. Similar with case2b, if w € R and m < 0, then there exist

etgenvalues of . Howewver, for w € R and m > 0, there are no eigenvalues and

spectral singularities of ISBVP .

Let w € C, it is clear that if m < 0 and n [Arg (1“;) —|—2k7r] < 0, then the
1+ P
1-P

etgenvalues and spectral singularities of are not existing.

Case3: Let P be a real number.

3a: For 0 < P <1, we find that

i 1+ P km
)\k__2(,u1n<1—f)>+w7 kGZ

problem has eigenvalues. If m > 0 andn [Arg ) + Qkﬂ] > 0, then the

Assume w € R. If m < 0, then the operator T1 has eigenvalues. However, if m > 0,
then the problem does not have any spectral singularity and eigenvalues.
Assume w € C. If m < 0 and n (2kw) < 0, then A\, € Cy, k € Z are eigenvalues of
ISBVP but if m > 0 and n (2kw) > 0, then the operator Ty has no eigenvalues
and spectral singularity.
3b: For 1 < P < o0, it is evident that
i 1+ P 1

A= oo TR T
Let w € R. Similar with Case3a, for m < 0, the problem has eigenvalues.
Otherwise, the operator Ty has no eigenvalues and spectral singularities.
Letw € C. Ifm < 0 andn (2k + 1) w < 0, then there exists eigenvalues of but if
m > 0 and n (2k + 1) 7 > 0, then there are no eigenvalues and spectral singularities.
3c: For —1 < P < 0, we obtain

i (1+P\ k
Ap = 11<+>+77 keZ.

(2k+1)7], kel

T \12P) T 2

Assume w € R. The operator Ty has eigenvalues if and only if m > 0.
Assume w € C. If m > 0 and n (2kw) < 0, then the problem has eigenvalues.
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But if m < 0 and n (2kw) > 0, then ISBVP has no eigenvalues and spectral
singularities.
3d: For —oo < P < 1, we get
i 1+ P 1
= ln| |+ —[(2k+1 Z.
Ak an‘lP’+2w[(k+ Jml, ke
Let w € R. A\, € Cy, k € Z are eigenvalues of this example (33) if and only if
m > 0.
Letwe C. If m >0 and n (2k + 1) w < 0, then there exists eigenvalues of . If
m <0 and n(2k + 1) 7 > 0, then the eigenvalues and spectral singularities of
are not existing.
Case4: Let w be purely imaginary. We easily find that

n 1+P
=———|A — 2k ke Z.
ImAx 2\w|2 { rg(l_P> + w], €

The operator Ty has spectral singularities if and only is

1+ P
A — 2km = 0.
rg(l_P>—|— kr =0

The problem (33)) has eigenvalues if and only if
1+P
Arg | —— 2 .
n{ rg(l_P)+ k7l':| <0
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ABSTRACT. In this paper, the analyticity conditions of dual functions are
clearly examined and the properties of the concept derivative are given in
detail. Then, using the dual order relation, the dual analytic regions of dual
analytic functions are constructed such that a collection of these regions forms
a basis on D™. Finally, the equivalent of the inverse function theorem in dual
space is given by a theorem and proved.

1. INTRODUCTION

In 1873, W. K. Clifford originally introduced the theory of algebra of dual num-
bers as a tool for his geometrical researches. Clifford showed that they constitute
an algebra but not a field because only dual numbers with real part not zero have
an inverse element [1]. An ordered pair of real numbers T = (x, z*) is called a dual
number, where x and z* are termed by real part and dual part of the dual number,
respectively. Dual numbers may be formally stated by T = z+ex*, where ¢ = (0, 1)
is entitled by dual unit satisfying the condition that €2 = 0. The algebra of dual
numbers is derived from this description. If x = y, * = y* for T = x + ex* and
Y = y+ey*, T and 7 are equal, and it is indicated as T = §. As for complex numbers,
addition and product of two dual numbers are defined as follows, respectively:

(r+ex")+(y+ey)=a+y+e(@ +y"),

(x+ex™) (y+ey") =xy+e(zy” +a"y).
The set of all dual numbers which is symbolized as D, i.e.,

D:{f:m+sx*|x7x*eR7 52:0}
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is a commutative ring over the real numbers field according to the operators +
and -. The unit element of multiplication operation - in D is the dual number 1
= (1,0) = 14 €0. The dual number T = = +ez* that is divided by the dual number
Yy =y + ey* providing y # 0 can be described as

r+ext (m*y—xy*)
= =4 L7

yt+eyt oy y?
(see |1] and [2]). The dual number has a geometrical meaning which is discussed
in detail in Yaglom [3]. It has contemporary applications within the curve design
methods in computer aided geometric design and computer modeling of rigid bodies,
linkages, robots, modelling human body dynamics, mechanism design, etc. [4]. The
dual vectors were improved by A. P. Kotelnikov in the early part of the twentieth
century [5]. After W. K. Clifford, E. Study applied dual numbers and dual vectors
to his study on kinematics and line geometry [6]. There exist several articles with
regard to algebraic study of dual numbers (see [1] and |2]). This nice notion was first
performed by Kotelnikov to mechanics. Besides, the notion is often used in several
fields of fundamental sciences such as astronomy, algebraic geometry, quantum
mechanics and Riemannian geometry. For more details, we refer the reader to [3]-
[12].

The set D" = {? = (T1,T2, .-, ZTn) | Ty €D, 1 <i < n} is a module over the

ring D according to the operators

< 8l

= = _ _ _ _ _
T+ 7Y =(T1+71, T2+ Yo, s T + Yy
and
AT = (\£1, ATa, ..o, NTn)
This module is called D—module or dual space. The elements of D™ are called dual
vectors and a dual vector %} can be expressed as

?z?—&—s?*,

where 7 and 7'* are real vectors in R™ [1].
The dual function (,) : D" x D" — D,

(F.9), =@ D +=(F. 7+ @)

is called dual inner product function on D™, where the notation (,) is Euclidean
inner product on R".
Similar to dual inner product function, dual norm function |.||, : D* — D is
defined as follows:
0 T =
7 @7
= (@, 7)
D= ) IFl+e 7 £
|

where the notation ||.|| is Euclidean norm on R™.

i
i



ANALYTICITY OF DUAL FUNCTIONS 1097

: =
Given the vectors €; = (0i1,0:2, ..., 0in ), where

- 1460 ,i=j .
= <
51] {0+50 ,’L?é] al_Zv = )

g . .
1, €2,..., En} is standard basis of D™. It turns out that every dual

the set {
g
T

vector € D™ can be written in the form

_)

_ _ = _ =
T =T1€1+T2€2+..+Tp€n,

where %)i :?iJrsﬁ for 1 <i<n.

Consider that T = = + ex* and ¥ = y + ey* are dual numbers. The relation
T <p Y (resp. T <p y) between these dual numbers is as follows (see |13], [14]):

1) Firstly, one compares the real parts of these dual numbers and must be z < y
(resp. x < y).

2) If the real parts of these dual numbers are the same, one compares their dual
parts and must be x* < y* (resp. z* < y*).

We can infer that there exist the following relations:

T<pyer<yor (x=yand z* < y*)

and
T<pyez<yor (z=yand z* <y").

For the historical development of the term derivative, the expression ”The de-
rivative was first used, then discovered, and then studied and developed and finally
defined.” was used. The reason for using this expression is development process
of the derivative starting with P. de Fermat in 1630s, continuing with I. Newton,
J. L. Lagrange, G.W. Leibniz, A. L. Cauchy and reaching maturity in the 1870s
with K. Weierstrass. The approaches to the derivative put forward by Leibniz and
Newton were sufficient to find answers to the questions about the tangent of the
curve and the velocity of the bodies. In fact, in the 19th century, this concept
reached a consistent and solid foundation with the definition of derivative created
by Cauchy using the term limit. It is well known that Cauchy put forward the first
popularly acceptable account of the fundamental notions of the calculus. In order
to prove the theorems related to the derivative, he used his own definitions. He
described the derivative ' (z) of a continuous function £ as the limit when it exists,

§(x+h)—¢&(x)

is entitled by the derivative. A comparison of the change in one quantity to the
simultaneous change in a second quantity is expressed as a rate of change. Many
of today’s important problems in several fields such as engineering, biology, chem-
istry, physics, economics, involve finding the rate at which one quantity changes
with respect to another, that is, they involve finding the derivative [15].

Topology is a mathematical discipline which originated at the turn of the 20th
century. On the other hand, some isolated results about topology can be traced

of the ratio as h went to zero. The instantaneous rate of change
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back several centuries. In mathematics, topology is interested in the properties
of a geometric object which is preserved under continuous deformations including
twisting, crumpling, stretching and bending. For many years, topology has been
one of the most influential and exciting fields of research in modern mathematics.
Topology is used for application fields such as physics, computer science, biology,
robotics, fiber art, puzzles and games. Besides, topology has lots of applications
in several branches of mathematics including differential equations, knot theory,
dynamical systems, and Riemann surfaces in complex analysis. It also has some
applications for describing the space-time structure of universe and analyzing many
biological systems such as nanostructure and molecules, and in string theory in
physics (see [16]- [29)]).

In this paper, using the order relation on dual numbers, we obtain the topology
on D™ denoted by 7. Then, how the analyticity conditions of a dual function which
is often expressed in other studies are obtained is given clearly. Making use of this
topology, dual analytic areas of dual analytic functions are determined. Besides,
inner and external operations on the set constituted by dual analytic functions are
given. With the help of these operations, some properties regarding dual analytic
functions are expressed and proved. The relations between the elements of dual
space and real space which will be used to define the basic concepts of differential
geometry are examined. The terms dual tangent space, dual directional derivative,
dual vector field and dual tangent map which are the basic tools of differential
geometry are given in detail. The concepts of injective function, surjective function,
inverse function and diffeomorphism in dual space is firstly expressed in this study.
Some theorems related to these terms are obtained and proved. The foundation of
term surface in dual space is constituted via these terms [13].

2. ON DuaL ANALYTIC FUNCTIONS

Firstly, we shall study the concept of topology generating the basic structure of
theory of curves and surfaces given by means of the expression of distance function
in dual space. Previously, we talked about this basis [13]. After constructing a
topology structure in dual space, we will determine the dual analytic regions of
dual analytic functions by means of this topology.

Theorem 1. Given the sets

B@7) = {Z=x+ex*€D"||z—al <r, 2* R}

_ * *
U{x:x+sx*eD"|||x—a||=r andW<r*}
T—a

= U;UU,
= U UClu...UCk, (kGI:{l,Q,})
and

ng{fzx—l—ax*eD”\x:a’, m <] <n, riy=c; €ER, mme[—oo,oo]},
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then a collection of all the sets Uy,Us, C1,...,Cy (k € I) forms a basis B on D,
wherea=a-+ea* €D, reRT, r*cRand1<j<n-1.

Proof. Tt is enough to remark that two conditions given in definition of the term
basis are satisfied.
i) It is easily seen that
A=D".
Aep
ii) The set A; N Ay is an arbitrary union of some sets belonging to class 3 for all
Aq, As € B expect for AN As = @. Now, let us show that this expression is correct.

Suppose that ¥ belongs to A; N Ay. Taking into account the sets By, Be, U} and
U4, the following situations hold, where

Bi(a1,71) = {T=z+ex* €D ||z —a1]| <71, 2" €R"}
UsT=x+ex* €D"| |z — a1l =7 and = a1,0” — aj) <ry
[z — as|]
= UuCyu..ucy,
EQ (62,?2) = {T:$+€$* e D" | Hl’—CLQH < Tro, ¥ e Rn}
_ * *
U{xx+ex*€D"||xa2||r2and o = az, a2><r§}
[l — az||

= Ujucyu..ucy,
Uy={T=z+ex* €eD" |[z=0V, m <] <m, zj,, =) €R, my,ny € [—00,00]}
and
Ui ={Z=x+ex* D" |z =b", my <] <ny, zj,, =c €R, my,ny € [~00,00]}.
1) Suppose that 7 € U; N Uy'. The following set can be written:
UsnUf ={T=a+ex* €D" |z =0, m <z <n, zj,, =c; €ER, m,n € [-o0,]} € B,

where y =V =" =a, m <yj <n,y; , =c; =c] =c; € R, m =max{my,ma}
and n = min {nq,ns}.

2) Assume that § € U; NUY. Hence, it is clear that Uy NUY = UY € B.

3) Suppose that 7 € C; N Uy for any [ € I. In this case, the set C] N Uy can be
written as

Ug:{§=x+€x*€D"|x:aj, m; <z} <ny, xj, =c; €R, my,n; € [—o0,00]}.

Therefore, C] N U4 € .
4) Assume that 7 € U; N Uj. The set U; N U] can be written as an arbitrary
union of the sets

U={ZT=x+ex" D" |||z —a|] <r, 2" €R"}.
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5) Suppose that § € Uy N CJ/ for any I’ € I. It is easy to check that Uy N C]/ =
CJl € B.

6) Assume that 7 € C; N C}/ for any [,I’ € I. The set C] N C}/ is expressed as
C) € B, for | € I or an arbitrary union of the sets Us belonging to class 3.

With these conventions, we have

A N4, = U A
AcACB
for all 4;, A, € B expect for A; N Ay = @, where the class A is a class of some sets

belonging to the class f. O

Definition 1. The class 8 given in the above mentioned theorem is called dual basis
on D™. The topology obtained from this basis is symbolized as T7. Each element of
this topology is termed by dual open set.

Theorem 2. Suppose that the class of the sets
U = {T=z+ex*eD"||z—al <raz*eR"}
= UxR"
belonging to the topology 77 is symbolized as By, where U is open set with respect to
the standard topology of R™. Then the class $, also constitutes a basis on D™ and

the relationship between the topology T obtained from this basis and the topology T3
isT C T+.
=Tq

For example; let us study the topology 77 on D. Assume that

B(a,7r) = {T=2+ex"€D]||z—a|<r,z" R}

U{x:x+€$*€D||x—a|:rand (m—|62(37;|—a*) <r*}

= U1UU,

= U1 UC;UC(Cy,

where @ =a +¢ca* €D, r ¢ Rt, »* ¢ R and
Uy = {T=z+ex"*eD|z=a+r 2" <a" +r"}
U{Z=a2+ex"€D|ax=a—r, 2" >a" —1"}

= C1UC,.

Taking into consideration the set
Us={T=z+ex"€D|z=d, m<z*<n, mnée|[-o0,x]},

the collection of the sets Uy, Cy,Cy and Us forms a basis on D. The topology
obtained from this basis is symbolized as T;. Besides, the collection of the sets
U, UU; and Us is also a basis on D and the topology generated by this basis is also
T3
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Observe that
B:{E:(m7x*)eR2\a<x<b, c<a*<d, a,b,c,deR}.

The collection of all the sets B forms a basis on R2. If the topology generated by
this basis is symbolized as 7, the relationship between 77 and 7 is 7y € 7. On
the other hand, if the topology derived from the collection of only the sets Uj is
symbolized as 7, then there exists the following relationship:

TCT C7g

Definition 2. Let T = x + ex* be a dual variable. The function & : D — D of the
dual variable T = x + ex™ is defined as follows:

€(T) = & (z,07) + € (2,27),
where & and £° are real functions of the two real variables x and x*.

In the following theorem, by eliminating the deficiencies in other studies, we
shall discuss analyticity conditions of dual functions.

Theorem 3. The dual function & : U C D — D, E@=z+ex*) = (%) +

€% (z, %) is said to be analytic at the point T € U if and only if the functions &

and £° have continuous partial derivatives &, and &2 and there exist the equalities
0

Epr =0 and €. = &,, where &, = —g
oz

Proof. Firstly, let the dual function € be analytic at the point T € U. Thus, this

assumption permits us to write the following relation:

_ E(zaT) _F(z
& tErh) — @) )
dT %m0 h

Observe that T = x +¢cz* and h = h +ch*. By definition of dual variable functions
and €2 = 0, the following equality holds:

dé limE(EJrﬁ)—E(f)

dz h—0 h

_ o @t ) e @t bt ) — € (na") - € (2,07)
(b)) (0,0) h + ch*
_ lim €(I+h,$ +h)7§($,x)

(h,h*)—(0,0) h

£O(I+h7w*+h*)7£0(m’aj*)
+ lim e B h
(h,h*)=(0,0) N (£ (l‘+h,$*+h*) —§(x,x*))

0 €0

o, o
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In view of equation (I}, it is seen that the limit for (h,h*) — (0,0) of real part of
E@+h)—&(@ . o€

the expression = is P Then, it is easy to check that
T
E(x+h,a*+h*) =& (z,2%)
h
E(x+h,z*+h*) =& (z,2" +h")  E(x,z"+h") —&(z,2")
= 5 + ;" . (2)

From the hypothesis and the equality (2]), we have

f(x,x* + h*) —f(l‘,l‘*)

=0.
(h,h*)—(0,0) h

If this limit exists and equals to zero, it is obvious from discussion that

§(z, 2" +h7) =& (z,27) =0
such that & (z,2*) = £ (z). Thus, the function & depends only on the variable z,
ie., == = 0. It is well known from equation () that the limit for (h, h*) — (0,0)

or*
E@@+h)—E@ . 0
of dual part of the expression w is ai By some calculations, the
x

following equality holds:
£ @+ha* +h) - (@,2)  E(r+ha*+h)—E(a,a") h*

h h h
& (@ + hya* +h*) = & (a,2* + h*)
- ) 3)
L@ ) - @) k) @ h
h h h’
From the hypothesis and the equality @), we get
h(€° * 4 h*) — €0 *)) — h* h) —
i (i E ) ) h € €@
h*=0 \ h50 h?
Since the statement
i 7 (& (z,a* + h*) =€ (2,2%)) = h* ({(z +h) — € (2))
im
h—0 h?
has the indefiniteness (%)7 we write the following equality:
0 * h*) — 0 * — h* . h
. (hm (& (@, a* +h*) = € (2,27)) = h*& (v + >> o )
h*—0 \ h—0 2h

From (@), we obtain
50 (.%', z* + h*) - 50 ($7:L‘*) = h*fz (CL‘) :
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Therefore, it is possible to express that
50 (x,x* + h*) _ 50 (.’E, l'*)
h* =& (x) )
where h* # 0. The limit of both sides of this identity for h* — 0 is £2. = &,.
Conversely, suppose that the functions ¢ and £° have continuous partial deriva-
tives &, and &) and there are the equalities &+ = 0 and &). = &,. The expression
of dual function £ is simplified to the following form

£@) =@ +e ("¢ (@) +E@) (6)

where § € C’Q,é € 701' Given a point T € U, we must show that the expres-
T+h)—¢&(T
sion lim f(h)f() exists. From the equality () , the derivative of the dual
h—0
function & with respect to dual variable Z can be expressed as follows:

S(zth)—(x)
o (5’(w+h}3—5’(w)) n §<x+h]1—2<x> )
+h7}:€l (.’E + h) i §($+h}2—5(3¢)%"

T
i@ =@
B0 I (hh*)=(0,0) | +¢

From the hypothesis, we have

- ~ E(x+h) —E(@)
ho= | dm S = @),

- . (E @R —E (@) .,
b= (h,h*lir—I:(o,o)m ( h >—JC§ (z),

E(@+h) —&()

I3 = li I I B
3 (hyh*)2(0,0) h &),
: h* §(x+h)—&(x)h
Iy = 1 —¢ h) — — =0
4 (h,h*gl(o,o) h ¢lrth) h h
such that
I=D+e(l+T+1) =€ @)+ (2'¢" (@) + € (@)
Thus, this obviously completes the proof of the theorem. (I

We are now ready to state the following corollaries.

Corollary 1. Theorem 8 implies that the derivative of dual function € : U C D — D

with respect to dual variable T is
&€ _ L E@+An)-E@
dzx AT—0 AT

Az* |
[30].

This limit is independent of the ratio A
x
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Corollary 2. Taking into account Theorem 3, the analyticity conditions of dual

o _ ¢ o&v  o¢
: C = * 0 * = = —.
function £ : U CD — D, £(T) = & (x,2*) +e£° (x,2*) are e 0 and e~ B

Thus, the general representation of dual analytic functions is
E@) = ¢(,a") + o€ (@,0") =€ (@) +2 (27 (1) +E (@),
where §,§~: UCR—=Randé € C?, EE C'. In the proof of Theorem 3, it is clearly
seen that the derivative of this analytic function & with respect to dual variable T is
g o¢ | 9"

e @) e (¢ (@) + E (@)

130].
Now, based on Theorem 3, let us determine the analyticity conditions of dual
function £ : U C D™ — D,
E@) =E(x1, ey Ty @], oy ) + €0 (@1, oy g, @5, oy 1)) = €+ €0,

The partial derivatives of dual function ¢ at any dual point @ € U C D™ (if there
exists) are

9¢

@@, ..., + ATy, ... p) — E(T1, ..., Tp)

2= L 1<i<n.
oz; W = jims AT y15izn
The above formula is simplified to the following form:
o do. (@) — (@)
= ey Ty e z—g.= I
afi (CL) dfzf (ah s Ly enny an) Ia:,lfal Eilinﬁi z; — a 5

where 7 (%;) = € (ay,...,Ti,...,a,). When Theorem 3 is taken into consideration,
one can check that if this limit exists, for 1 < i < n, then the functions ¢ and ¢&°
have continuous partial derivatives &, and fgi at any dual point @ € U and these
o¢Y  o¢
that the reverse exists. This result follows by proceeding as in the proof of the first
assertion. Thus, these conventions permit us to write the following relation:

0
relations a—i =0 and are satisfied. From Theorem 3, it is easy to see
2

o . 0 . . 9¢” x *
a) = A1y eey Uy, AT, ..y @ € Alyeeny Ay, A7, .y Q) .
afl( ) axl( 1 ny Y1 n)+ 8$1( 1 ny Y1 n)
Besides, the expression lim —- is independent of the ratio Note that
AZ; 0 RAT; T
the analyticity conditions of dual function £ : U C D® — D are — = 0 and
i
g0 103 , . . . .
9 — 3 (1 <i<n). Inview of these equalities, we can write the following
&€, X

expressions:
E(T1y ey Ty X7 ey h) = E (X1, ey Tp,)
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and
n

fo (I‘]_,...,an,lﬁ{,. oy n Z

e n)

where § € C 2 EN € C'. By definition of the analyticity conditions of dual function
: U C D™ — D, the general representation of these dual analytic functions is

Iy

E(@) =€ (21,0, Tn) + £ <Zx:aj +E(x17...,xn>> : (7)
i=1 v

The partial derivatives of this function with respect to dual variables T; are

o _ 9 oL oo

— +e T; + —

8% 89:] z:zl al']al'z 8.’£j
(1 < j < n). Throughout this paper, the functions £ and E will be considered as be-
longing to C'*°—class. Note that the sets of the topology 7 mentioned in Theorem 2

is dual analytic regions of dual analytic functions. The set of dual analytic functions
is symbolized as C' (U c Db, D). Therefore, the following expression holds:

L 08~
iaxi—'_g(x))}'

Given the dual functions £ : U C D" — D™, £ = (&4, ...,,,), we conclude that if
the dual functions Ej :U C D" — D, (1 <j<m) are dual analytic, then the dual

function € is dual analytic. When the above information is taken into consideration,
the following functions can be defined:

C(UCD",D):{§|§:UCD"—>D, g(x):g(x)+g<
i=1

i)+c:C(UCD",D)xC (U CD",D)—C(UCD"D),foré,neC(UCD"D)
and Te U C D", we have

E+cn) <x>=£<x>+u<x>=£<w>+u<x>+€<2w3‘a(aﬂ)*g(m)”(x))'
i=1 '

ii) ¢ : Dx C(UCD.D) - C(TCD"D), for € € C(UCD"D), X =
A4+ eX* €Dandz € U C D", we have

XcE) @ =XE@) =\ (z)+¢ (Z x; aé(f) +AE () + A°¢ (w)) .
i=1 ‘

i) 1 :C(UCD" )XC(UQD",D) %C(UQD",D),forg,ﬁeC’(UQD",D)
andergD", we have
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€107 @) =E@7(@) = € @) @)+ (Z 5 28 e @) @)+ E ) <x>>

i=1
131].
We are interested now to some properties regarding dual analytic functions.

Proposition 1. Consider fi : I C D — D" and £:U C D" — D are dual analytic
functions, where the functions @ and & are as below:

Fi(t) =p(t)+e(tp (t)+ ()

E(m) =€) +e (Z;% +§<x>>

such that the functions §,f~,,u and [i belong to C™—class. If the functions & and Ti
are dual analytic at the dual points [ (f) and t, respectively, then the composition
of m and € Li.e., £ o is dual analytic function. The derivative of this dual analytic
function with respect to dual variable t is

-+(§ou)/@) |

and

4 €om) (1) = (€on) (4

where (€0 )’ (1) = - (€0 1) ().

Theorem 4. Let £ : U C D" — D be dual analytic function. Then the following
identity holds a a
o%¢ 9%
0TL0T;  OT;0Ty,
for any dual point of U C D™.
Proof. Let £ : U € D" — D be dual analytic function. From the equality (@), we

can write
Em =) +e (ng% +E<x>> 7
i=1 ¢

where & ,E € C>. The partial derivatives of dual function £ with respect to dual

variable 7; are
o6 _ o L 0% 0E
8@- n 67,‘]‘ te <Z i 8$j8.73i + (933]'

i=1

S L 0% o€

(1<j,k<n),

=1
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The above formula are simplified to the following form

where 3 = p(x) and 3 = pn(x), ie., p,p € C*°. Thus, we deduce that
B (9£Ej 8£Ej B
0¢ — .. 0¢ . .
— e (U c D™, D). In analogous to the derivative —-, the partial derivatives
axj _ ale
. 0E : _
of dual function el with respect to dual variable T are
Ly
0*¢ o ~ . u  op
ozrom, | oy ' ° ;‘” Dzroz; | Owp
oy ~ ., Pu  on
T om (2_3 T
ou 9%¢ 9%¢ o 92¢ 92¢ ,
here — = = — = = . Theref his
where 8xk Bxkaxj ijaxk and 8(Ek c‘hkax] &rjaxk SECIORS; this
yields
0°¢ 0°¢ ~ L0 (9% 3
07207,  Ow0m | © ;x oz: (axjaxk> * on,00r | ®
On the other hand, it is easy to compute
%€ 9%¢ "0 9%¢ %€
= * . 9
0z,0%,  Ox; 00 | © ;x 0z, (axjaxk) * 9,00, ©)
Comparing these two equations ([§) and (@), we have 0°¢ 0°¢ Thus
v = .
parme a ’ 9T:0z, | 07,07 ’
this achieves the proof. O

Remark 1. On the set R" x R™ = {(x,2*) | z,z* € R™}, the equality, inner oper-
ation and external operation can be defined as follows:

(i) For any (z,z*), (y,y*) € R" x R", we get

(z,2") = (y,y") &2z =y and 2" = y".

(#7) +1: (R™ x R™) x (R™ x R") — R™ x R"™, for (z,z*), (y,y*) € R™ x R™, we

get
(@,2") +1 (y,y") = (@ +y, 2" +y7).

(iii) -1 : D x (R™ x R") = R" x R", for (z,2*) € R x R™ and A = A+¢e\* € D,

we get

A (z,2") = Az, Aa™ + Nx).
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According to the above operations, the set (R™ x R™, +1,-1) constitutes a module
over the set (D, +, ).

We are now ready to express the following theorem:

Theorem 5. Let the sets (R™ x R, +1,+1) and (D™, +,-) be modules over the set
(D,+,:). Then the function f:R™ x R® — D", f(z,2*) = x + ex* is a (module)
isomorphism.

Proof. 1t is easy to check that f is bijective function. Now, for (x,z*), (y,y*) €

R™ x R™ and A = A 4+ e\* € D, the following equality can be written
fFva(@a) +1(y,y7) = fQat+y ™+ Nz +y)

A+ y+e(Ar® + XNx+y")

(A+eX) (z+ex”) + (y +ey”)

= M (z,2")+ f(y,y")

such that f is a (module) linear function. In view of these conventions, we deduce
that f is a (module) isomorphism. This permits us to conclude the proof. O

Theorem 6. The real vector space R™ is isomorphic to a subset of D" defined as
- {?:7+eﬁ> |2 GR"} 139).

Definition 3. Let {z1,...,2,,2},...,75} be coordinate functions of R®" and p =
(D1, -y Pry DYy oy 1) € R?™. Then we have

T = (z5,2)) :R™ S R xR, & (p) = (z; (D), 2} (D)),
where x; : R?™ - R, z; (p) = pi and x} : R*™ — R, a7 (p) = p}. Since the function
hyp : D™ — R* h,, (p) = p is bijective function, we can write the following diagram:
D 5 D
hn »L \L hl
R™™ — RxR

Zi

such that dual coordinate functions T; can be stated by T; = hl_1 ox;ohy,. Therefore,
for dual coordinate functions T; (1 < i <n), we obtain

z; (p) = z; (p) + ez (p) = pi +ep; =i,
where D = (Dy, ...,D,) € D" and p; = p; + ep} € D.

ops _ . . —= .
Definition 4. Suppose that b € D™ is a dual point and T € D" is a dual vector.
On the set

D" = {p} x D" = {(p,?) |%>eD”},

equality, inner operation and external operation can be determined as follows:
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. _ = _ =
(i) For any (p, w) and (q, y), we have
_ = _ = . _ g g
(p, x) = (q, y) ©p=qand T =7.

(if) ®: TsD" x TpD" — D", for (p

(7)o r7)-

(t4i) © : D x TzD™ — TED™ for (]3, ?) € T;D™ and X € D, we have

2o (p7) = (pAT).
Corollary 3. Taking into account the operations ® and ©® defined on the set
;D" = {p} x D" = {(ﬁ, ?) | 7 € D"}, this set generates a module over the
set (D, +,-). This module (IzD",®, (D, +,.),®) is called dual tangent space and
every element of this module is entitled by dual tangent vector.

Corollary 4. When above defined operations @ and © is taken into consideration,

i

every element ?ﬁ = (}3, f) of TsD™ can be expressed by
(17,?+56>) Bew (ﬁ,?* +<€6>) ,

where %) =7 +ex* €Dn.

=
L'p

Corollary 5. Let us define the sets
P = {(p,?+56>) |peD", 2 ER”}
and
v = {(ﬁ, (1, .y Tn,0,...,0)) | P € R z; € R} .
The inner operation on the set ® (resp. W) is
— — —
(ﬁ,?JreO) +o (p,7+50> = (ﬁ,7+7+50),
(ﬁ’ (xl""’x'n?O""’O)) +\Ij (ﬁ? (yl""?yn70""’0)) = (ﬁ? (‘rl+y17"’7mn+yn)07"'70))
and for X\ € R, the external operation on the set ® (resp. U) is
Mg (]3,7—#5?) = (ﬁ,A?%—sﬁ) ,
Ao (P, (21, 0y 0, 0,...,0)) = (D, (Axq, ..., A2y, 0,...,0))

such that the sets (®,+¢,-3) and (¥, +y, v) are n-dimensional vector spaces over
the field (R, +,-).

With these conventions, the following theorem can be given:
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Theorem 7. Consider that
P = {(ﬁ,?+eﬁ>) |pe D", @ eR"}
and

U = {(ﬁ, (21, .0y Tn,0,...,0)) | P € R?" z; € R} .

Then the function g : (®,+¢, ) = (¥, 4w, v), g (ﬁ, 7+ aﬁ) = (p, (1, ..y T, 0, ..., 0))
is a isomorphism.

Corollary 6. From Theorem 7 and @ = (1, ey Tn) = (21, oy T, 0, ..., 0), every

- - .
dual vector Tp = (7, E) € T3D"™ can be written as

T, = (*%))
- (§,7+eﬁ>)@e®(ﬁ,7*+sﬁ>)
(3. 7) w0 (77)
= ;0075

For simplicity, throughout this paper, the operations + and - is used instead of the
operations ® and ©, respectively. Thus, this means that

?ﬁ = 7;5"‘!‘ 57%

Also, it is possible to write the following equality:

—= _ = g —= _ = _ =
xﬁ*(p? ) (P7331@1+ -t+zTne n):xlelﬁ+-~'+xnen§7
=4 _ — =4 T = =
where €5 = (p, €;+¢e0 ) Moreover, the equation \; € pr.Fmenp=0p
- o
can only be satisfied by \; = 0 for 1 <i < n. Thus, the set {E .y € nﬁ} forms

a basis of dual tangent space TzD"™.

Theorem 8. Assume that £ € C (U - D”,D) and %)17 € TzD™. The derivative of

dual analytic function € in the direction of dual tangent vector Ty 18

%[E]:%E(ﬁn?)ﬁ; st e (risleal + 5[]+ 7510).

n

where 75 [€] = ; oz,

£ @)

Proof. The proof can be easily made using definitions of dual tangent vector and
composition of dual analytic functions. O
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C (ﬁ c D7, D) , %},, fﬁ € 13D"™ and X €D, the following

Theorem 9. For £,7i €
equalities exist:
() TpE+7) = Tp[ €]+ Tpl 0]
@ Fp[XE1=2Fp[E)
(i) Tp[ € m ] =T5[E]EM) +E@) T5[ 7]
i) (F5+ 75) [E] = F5[ €]+ 5[ €]

Definition 5. A dual vector field Y_gn D" is a function that assigns to each dual
point p of D™ a dual tangent vector Yﬁ to D™ at P, i.e., X : D = TD",

_ =
X(P) =Xp= 75+ g?},,

o d _
where X = 7 —I—E?*. Suppose that @; : U C D" — D, @; = a; +ea? (1 <i<n)
are dual analytic functions. When the dual vector field can be written in the form

X (z) = (a1 (T),...,an, (T)), the equality can be rearranged as follows:

X (@) =X(z)+e Zn:z;ij +X(2) ],

where X (z) = (a1 (x) ..., an (x)), X (@) = (@1 (), ..., dn () and the functions a;
and a; belong to C*—class for 1 < i < n. The set of dual analytic vector fields is

symbolized as x (D™). Hence, it is possible to write below expression:

I =
X (D) = {X|X:D"—>TD", Xp=75+552;}.

We are now ready to introduce that the inner and external operations on x (D™) is
described as below: NN
(i) +:x (D") x x (D*) — x (D"), for X,Y € x (D") and p € D", we have
. o d =
(X+Y)(®) =X+ V5
- _
(i7) -:Dx x(D") = x(D™), for X € x(D™), A€ D and p € D", we have
— N - =
AX)P)=X-X® =X X3
In view of above mentioned operations, the set (x (D™),+,-) forms a module over

the set (D, +, ).
Now, suppose that £ € C' (U € D", D). The derivative of dual analytic function

£ in the direction of dual analytic vector field X is
X[E]=X[g+= (Y w5 (X, +X [ +X1g),

Jj=1
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n

where X [¢] =

86 a;, such that X [ 3 ] eC (U c D™, D) . We can infer that for
1=1

ﬁeDnv
XAH=%WH(Z@@@MM@+&@+%H)

Definition 6. Suppose that £ : U C D" — D™, ¢ = @17 ,Em) s a dual analytic
function. The function E*p U — TE( )D 1s called a dual tangent map of the

function € at the dual point P, where
= (= = 3z = 3z

&g (7 (Z P5ases (T5) + & (T5) + o (71*3))

and
&5 () = (T5la], - Trlém])-

In that case, it turns out that &, : x ( D™) — x (D™),

& (X) =& (X) +e (an:cj (€ (X)), +& (X) +& (fg)) 7

where &, (X) = (X [&], ..., X [Em])-

Theorem 10. £, : T;D" — Te D™ is a (module) linear map and the matriz
(dual Jacobian matriz) corresponding to this linear map with respect to the bases

- - - - .
€ 1py - Cnp( aNd § € 1g, ... € mg ¢ 1S

d ) aes 3%
L Y @) g )
982 .. (31 ¢

0m o - e B
@ o F20) Gy ()

= J(&p) +eJ (¢D)
= @ﬂ(zp] (,.) +J(£p))

0 n 2¢ ‘.
9; » %¢; N agj.
6502 —1 "O0x;0xr  Ox;

where



ANALYTICITY OF DUAL FUNCTIONS 1113

Remark 2. Assume that £ : U C D™ — D is dual analytic function, where U =
U x R™. Then we know that

E(@) =E(x1, ) + € (Z zf% (21, .y 2n) + € (21, xn)> .
i=1 v

The value of this function at the dual point T =7 is

n

.~ 08
EF) = @ (@)rmmn@)+e| 25 P g, T E) e (D)
+& (21 (D), -vey n (D))

f(ph 7pn) +e€ (Zp;kaaf (pla ;pn) + g(plv 7pn)> .
i=1 ¢

As a result, the functions & and E can be reduced to the functions defined from
U CR"” to R such that these functions belong to C°°—class.

Definition 7. Assume that £ : U CD — D, £(T) = & (x) +¢ (a:*g’ (x) + g(x)) is
a dual analytic function and &' (x) is not zero for allx € U C R. If the equality
E(T1) = &£(T2) requires the equality Ty = Ty for all T1,To € U C D, then the
function € is called injective function.

Theorem 11. Assume that€:U CD — D, £ (T) = & (v)+¢ (x*f’ (x) + g(x)) isa
dual analytic function and &' (x) is not zero for all x € U C R. Then & is injective
function if and only if the dual analytic function & is injective function.

Proof. Suppose that £ : U CD = D, £(Z) =€ () + ¢ (x*f’ (z) + g@)) is a dual
analytic function, ¢ (z) is not zero for all z € U C R and ¢ is injective function.
Assume that there exists the equality £ (Z1) = £ (T2) for all Ty, Ty € U C D. From
the definition of dual analytic functions, the following equality can be written:

E@) =€ () +e (01 (@) + E@1)) = € (w2) + & (w3¢' (22) + € (32)) = € (72)
which implies
€ (1) = & (22)
and B B
27€ (21) + € (21) = 238 (22) + & (22).

From the hypothesis, since £ is an injective function, it is clear that 1 = 3. On
the other hand, we have & (z1) = € (22), since ¢ is a well-defined function. Hence,
since ¢ () is not zero for all z € U C R and £ (z1) = £ (x2), it is easily seen that
x5 = x3. That is to say, T = Z». Therefore, £ is an injective function.

Conversely, we shall prove this part of theorem by means of contrapositive
method. Assume that £ is not an injective function. That is to say, the equal-
ity € (z1) = € (x2) requires the inequality z; # x5 for at least z1,20 € U C R.
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We must show that dual analytic function £ is not an injective function. It is
enough to remark that the equality & (Z1) = £ (T2) requires T; # Ty for at least
Z1,T2 € U C D. Suppose that there exists the equality & (Z;) = £ (T2) for at least
T1,Ty € U C D. Thus, this gives rise to the relation

E@) =€ () +e (018 (01) + E@1)) = € (w2) + = (3¢ (22) + € (22)) = € (72).
i.e.,
§(21) =& (22)
and
21€ (21) + € (1) = 238’ (w2) + & (22) -
As already known, since ¢ is not an injective function, the equality & (Z1) = & (T2)

requires ‘ghe expression T # To for at least T1,Ty € U C D, that is, dual analytic
function £ is not an injective function. Therefore, the proof is completed. O

Definition 8. Assumethat{ : U CD —V CD, £(T) =& (2)+e (x*f/ (z) + g(x))
is a dual analytic function and &' (x) is not zero for all x € U C R. If there
exists at least one T = x + ex™ € U C D satisfying ‘the equality § = &(T) for all
Y =y+ey* €V CD, then the dual analytic function € is called surjective function.
That is to say, if £ is surjective function and there exists ™ € R satisfying the

equality * = y—if(a:) for all y* € R, then dual analytic function & is called

¢ (x)
surjective function.
Definition 9. Assume that: U CD —V C D, & (T) = & (v)+e (:c*ﬁ’ (x) + g(x))
is a dual analytic function and &' () is not zero for all x € U C R. If dual analytic
function & is bijective function, there is only one function i : VCD —>7U CcD
satisfying the equalities (fio &) (T) = 1 () and (Eop) (y) = I (y), where I is dual
unit function. The function Ti is called inverse function of dual function & and the

inverse function is symbolized as i = € .

Theorem 12. Assume that : U CD — £ (U) € D, £ (T) =& (x)+¢ (m*{’ (x) + g(x))
is a dual analytic function and &' (x) is not zero for all x € U C R. If there exists
inverse of dual function £, it is expressed as

1

Em=twre(vE) w-(Eec)w ) W),
where €71 is inverse of real function €.
Proof. Suppose that £ : U CD — £(U) €D, (@) =& (2) +¢ (x*ﬁ’ (x) + g(x))

is a dual analytic function, £’ (x) is not zero for all z € U C R and there exists
inverse of dual analytic function £. Since the function £ is bijective function, there
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1
is inverse of function &, i.e., €' such that (5_1)1 (y) = &) forall z € U C R.

Thus, from the hypothesis, we have

R I (Gt K( )+£ (€)' (€ )
¢ Q(H( —E(EH @) (€Y (€ @)

(T @
= zr+tex”
= I1(@),

where I : D — D, I (Z) = = + ex*. Similarly, we get (Zog_l) (w) = I (7). From

the definition of equality in functions, we can write

Hence, this achieves the proof. [

Corollary 7. If there exists the inverse of dual analytic function & : U C D —
£ (ﬁ) CD,E(T) =€ (x)+e (:z:*f’ (z) + g(x)), the inverse function is a dual analytic
function expressed as follows:

1

E@=t@re (o€ @ (S @ () W)

The derivative of this dual analytic function with respect to dual variable T is

# (€ @) = (Eo) (@) (€7 (@)
(e @) (€ @)

Definition 10. Let £ : U C D" — V C D" be a dual analytic function, where

€@ = (6@, E @)
(6 (@) st (@ ((Z P Zx§i> (51<>,...,€n<x>)>.
=1 1

d§

== () @) +e

If there exists the inverse function E_ being dual analytic function, then the dual
analytic function & is called dual diffeomorphism.

Theorem 13. Assume that £ : D" — D", £(Z) = (&, (T),....&, (7)) = £ +e£0 is
a dual analytic function. If rankJ (&,q) =n for all ¢ € U, where ¢ = ¢+ eq* € D"
and U is open set in terms of standard topology of R™, then there is at least one
dual open set U € T in D™ covering point § € D™ such that & |7 U— E(U) 18 dual
diffeomorphism.

Proof. Assume that £ : D™ — D", £(Z) = (£, (2),...,§, (7)) = £+ &0 is a dual
analytic function and rankJ (§,q) = n for all ¢ € U. We know that the functions
¢ and £ can be reduced to the functions defined from U C R"™ to R such that these
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functions belong to C>—class. Hence, the function £ : D™ — D" can be expressed
as

_ "L 0¢ ~
E@ =t +e Y aipe (@) +E@)
j=1 !

Since the function £ : R™ — R"™ belongs to C*°—class and rankJ (§,q) = n for all
qeU, &y U — (U) is a diffeomorphism. B

Suppose that there is the equality £ (p) = £ (g) forallp,g € U C D™ (p,q € U C R").
Hence, we can write

e e[Sl miiw] —cwmre (Yo @ iiw).

— 8xj

which implies

and
- * ag c - * 8§ c
D P W) +Em) =D g5 (@) +£(). (10)
j=1 J j=1 J
Since ¢ |y is injective function, we have p = ¢q. From the equation ([0, we get the
following equality:

- - 2 = 0,..,0).

0x1 ox,
. ] o€ 193
Since the set {8561 " D
i.e.,, p* = ¢*. That is to say, we can write p = p + ep* = q¢ + £¢* = @ such that the
dual analytic function & |77 is injective.
Now, let us show that there exists at least one § € U C D" satisfying the equality
p=¢&(q) forallpe ¢ (U) C D™. The equality

} is linearly independent, we have p; = ¢/ for 1 <14 < n,

n 8 . _
p=pter =@ +e (Y @ +i | =E@
=1 !
allows us to write
p=2£(q)
and
n a .
=0 @)+ ). ()
j=1 J

Since ¢ |¢ is bijective function, there exists ¢ = ¢~ (p) € U C R™. Expanding the
equation ([T, it is seen that the following linear equation system is obtained:
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« 061 08 N e F
90 (@) + ...+ 9 (9 = pi—&(@)
« 082 08 N F
90 (@) +...+ % (@) = p3—E&(9)
« % $On (v a2
Uy, (@) +...+ 9 (@) = prn—& ().
The matrix form of this linear equation system is
%oy Loy oo L || g s— &)
Oz, q O q oz, q q.2 _ P2 ' 2 \4q
O 0% ¢, an Pl — & (9)
i 87:1((]) 871;2((]) o, (q) |
If we denote [A] = 06 (q) and [B] ., = [p’-* & (q)} the above
nxn ax]_ 1< j<n nx1 7 ? 1§i§n’
matrix form can be rewritten as
[A]nxn [q*]nxl = [B]nxl . (12)

Since rankJ (£,q) = n for all ¢ € U C R™, there exists an inverse of the matrix
[A] such that [¢*] = [A71] B Therefore, there exists dual point
G=q+eq* €U C D", that is, dual analytic function & |77 is surjective.

With these conventions, there exists the inverse of dual analytic function & |77 and
this inverse function is [ : £ (U) CDbr—UCD",

nx1-

nxn nx1 nxn [

n ) N
By =uy) +e (Zyjoh’: -Ht(y)) =p+epd,
=1 9
where 1= (¢ |p) " and Ji; (y) = <—§~(u (), Vi, (y)> for 1 < i < n. This fact can

be verified as follows:
ouy 0O ou, O
o1 (Gt 5 ) o+ G2 ()

Oy Oy T Oyr O
+...4+
— 8 a 87’L 6
Erom® = €l +e| u (T i+ +a;‘na%§< )

+1i1 (y) P (w(y) + -+ pin (y) Oz, (1 (v))
+€ v (1Y)
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yika(gyol”)Jr...wLyZa(gyZm
= (luop) (y)+e —gl(u(y))(w_"'_g"(”(y))mézjm
+E v (1 (y)) ’
y+ey*
= 1(@).

In analogous to (€ |z o) () = I (¥), it is easy to check that (o€ |7) (Z) =1 (Z).
On the other hand, the dual function 7 = (E |ﬁ)71 is a dual analytic function,

0 o’ 0 -~

since —M* =0 an M* - for1 < i < n and the functions p and g belong to
ayi ayi ?yz

C*>—class. That is to say, & |U is dual diffeomorphism. O

3. CONCLUSION

The relation between some sets of the topology constituted in dual space and
regions where dual analytic functions are analytic is explained in this paper. Be-
sides, we can assert that it is possible to construct the concept of dual surface via
the expression of the inverse function theorem in dual space.
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ABSTRACT. In geometric function theory, Lucas polynomials and other special
polynomials have recently gained importance. In this study, we develop a new
family of bi-univalent functions. Also we examined coefficient inequalities and
Fekete-Szegd problem for this new family via these polynomials.

1. INTRODUCTION

Let 21 denote the family of all functions 6(§) that are analytic in the unit disc
U ={¢: ¢ €[] <1} normalized by the conditions #(0) = 6'(0) — 1 = 0. Such a
function 6(&) takes the form

0(&) =6+ ng" (Eedl). (1)
r=2

Assume that S be the subclass of 2l compose of univalent functions.

As a subclass of 2, the class of bi-univalent functions was first presented by Lewin
[18]. He indicated that |ng| < 1.15. After that, a lot of studies have been made
about coefficient estimates. See for example [4,10L[114{14L[15}/27}/30-41]. According
to the Koebe 1/4 theorem (see [12]), the range of every function § € S contains
the disc d, = {w : |w| < 0.25}, thus, for all # € S with its inverse 6 ', such that
07H0(¢) =¢ (Eey)and 00 (W) =w, (w:|w] <7ro(h);r0(h) > 0.25) where
6" (w) is expressed as

I(w) = w — naw? + (203 — n3)w® — (5n3 — bnang + ng)w +--- . (2)
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Thus, a function 6 € 2 is said that bi-univalent in &, if both 6(¢) and ™' (w) are
univalent in 4. Let we show the class of holomorphic and bi-univalent functions in
U by B.

It is known that some similar functions # € S for instance the Koebe function
k(€) = &/(1 — €)2, its rotation function k(&) = £/(1 — €€)2, B(€) = € — £2/2 and
0(¢) = £/(1 — €2) are in B. Also some functions 6 € (S N B) contains §(§) = &,
0(€) = 1/210g](1 - £)/(1 - ©)], £/(1— €),

For the functions h, H € 2, The function h is said to be subordinate to H
or H is said to be superordinate to h, if there exists a function 7, analytic in &,
with 7(0) = 0 and |n(z)| < 1 and such that h(¢§) = H(n(£)). In such a case we
write h < H or h(§) < H(&). If h is one-to-one, this h < H iff h(0) = H(0) and
h(U) C H(U). Babalola [9] studied the class £,(¢) of o-pseudo- starlike functions
of order ¢(0 < ¢ < 1) which is own geometric conditions fulfill

*(S5) >

He discover that every pseudo-starlike functions are Bazilevic of type (1 — %) order

cpé and univalent in 4L

In recent years, theory and applications of Dickson, Fibonacci, Lucas, Cheby-
shev, Lucas-Lehmer polynomials in modern science have emerged as a very current
subject. These polynomials are important in mathematics due to the fact that
they can applicable to number theory, numerical analysis, combinatorics, and other
fields. Nowadays, these polyinomials have been studied and different generalizations
have been made by many authors: see [1H3\5H8|. Also see [13}/171/19H261/28)|29./43H46].

We recall some important properties interested in which we use to construct our
new class. Assume that polynomials with real coefficients are written by U(z) and
V(z). By using the recurrence relation, the (U, V')-Lucas polynomials Ly v(x) are
explained [17] as

Luvi(z)=U(z)Lyvi—i(z)+ V(z)Lyyvi—a(x) (t > 2). (3)
Also
Lyvo(z) =2,
Lyyvi(z)=U(z),
Ly va(r) =U?(x)+2V(z),
Luva(z) =U(z)+3U(2)V(x). (4)

The generating function of the (U, V)-Lucas polynomial sequence Ly v, () is ex-
pressed by [17]

Kic,@)(€) = ZﬁUW(””)gt T ;(;)g Exif(w)ﬁ' ®)
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In the next section, using this polynomials as a tool, we define the family
HBB(y,0;x) as follow:

Definition 1. For >0, 0 > 1, |v| <1 but v # 1, a function 6 € B is called in
the family HTP(vy,0;z) if the following subordinations are satisfied:

(L =7 P (&))"
(6(6) = 0(8))' 7

< Kicvyv,(@)3(6) =1 (6)

and
(1 =) A (w))°
(V(w) = I(yw))t =~

Taking special values for 3, and o, the class H#(, o; z) reduces some exciting
new families:

= K{ﬁu,vvt(z)}(w) — 1. (7)

Remark 1. For o = 1, we get the new family HTP(y,1;z). If 6 € B, is in
HBB(,1;2) then following condition fulfilles

(1 =797’

00 = 00y —F ~ Ktevwa@y(®) —1 (®)
and
1 — )8 (w
(((19(w)v_) 19)(%,))1(_6) < Kicyvi(a)(w) =1 )

Remark 2. For 8 =0, we obtain the new class
9P, 032) = 9% (v, 03 2).

If 0 € B is in H% (v, 0;2), then following condition fulfilles

§1 = (©)”

0(¢) — F(7€) = ’C{CU,v,t(r)}(f) -1 (10)
and
w(l =) (¥ (w))”
H(w) — I(yw) = ]C{L"U,V,t(l’)}(w) - L (11)
Also,

(1) Choosing o = 1 in the class H% (7, 0;x) we have new family H% (v, 1;2) =
H%(y;2). The class HT (y; ) consists of the function f € B fulfilling

(1 —7)0'(€)

(&) — 0(¢€) = K:{KU,v,t(m)}(g) -1 (12)
and
w(l — )9 (w)
W < IC{[;U.’VJ(I)}(W) —1. (13)



1124 A. AKGUL, T. G. SHABA

(2) Choosing v = 0 in the class H (v, 0;2) we have the class H%(0,0;z) =
9% (0;7) = Lx(44; x). The class Lx (4 z) was studied by Murugusundaramoor-
thy and Yalgin [20]. This class consists of the function 6 € B satisfying

o' o
5(9((5))) < KiLo v (@) —1 ”
and
w(¥ (w))°
(19(((,0) < K{EU,VJ(I)}(UJ) — 1. (15)

(3) Choosing o = 2 in the class % (o; x) we have the class
9 (257) = 9% (@).

The class consists of the function f € B satisfying

05 <Ko -1 (16)
and
0/(w)w§(5§) < K{Eu,v,t(w)}(w) — 1. (17)

Remark 3. For B = 1, we have the new class $=(o;z). If 6 € B, is in
H%2:(o;x), then following condition fulfilles

(9/(5))0 —< IC{LU,VJ(:E)}(&‘) - ]‘ (18)
and
(19/((,0))0 < K{ﬁu,v,t(w)}(w) —1. (19)
Also,
(1) Choosing o = 1 in the class H'(c;x) we have the class
H* (L 2).

This class consists of the function 0 € B satisfying

0'(&) < Kty vy () —1 (20)

and

19’(&)) =< Ic{ﬁU,V,t(fﬂ)}(w) — 1. (21)
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2. MAIN THEOREMS FOR THE CLASS 28 (v, 0; 1)

Theorem 1. Let 0(¢) € %P (v,052). Then
U*(x) U (2)|

+ ;
20+ (=11 472 Bo+ (6D +v+72)
where >0, 0 > 1 and |y] <1 but v # 1.

U@)y/[T@)
(@) [(8 - 1) [L=292E 426 (1+9) + (147 +9)] +0(20 +1)
20+ (8= D1 +7)?] = 2V (@)[20 + (8 = 1)(1+ 7))

[ng| <

(22)

3| < [ (23)

Proof. Let 0(¢) € H%8(y,0;x). Then, according to the Definition |1} for some
holomorphic functions ®, T such that T(0) = ®(0) = 0, |T(w)| < 1, |P(&)] < 1,
(&, w € i), we can write

(L =780 (€))"
(6(€) = 0(~€))' =7

= ]C{Lu,v,t(w)}(q)(g)) -1

and
(1 =y)w) P (w))°
(V(w) —I(yw)) =~

= K{ﬁu,v,t(z)}(T(W)) -1,
by equivalence
(L= PO )"
(0(&) —0(~&) 7
and

(1 = y)w) =P (' (w))”
(I(w) = P(yw))' =7

= —1+Luvo(2)+ Loy (@)P(E)+ Loy, (x) P (E)+--- (24)

=—-1+ ‘Cva,o(il’) + EU,v,l(x)T(w) + ,CU’VQ(CU)T2(UJ) —+ .

(25)
From and , yields
_ 1-B(p/ o
(<10(§,)Y)5)6(7§()0)1(£2’) = 14+Luva(@)yié+| Lova(@)ya+Love @)yt [+ -+ (26)

and

(1= Yw) =P (9" (w))
(V(w) = I(yw))' =7

=1+ Lyva(w)pmw +

Luva(x)pg + »CU7V,2($)N%] w®
(27)
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for &, w € 4, it known before that if

o0
@) = D>yl <1
=1
and
IT(w)| =Y pe’| <1,
j=1
thus
ly;| <1 (28)
also
il <1 (29)

where j € 9t = {1,2,3,---}. If we compare corresponding coefficients in and
, then we have

20 + (8 = 1)1 +7)]n2 = Lova()ys, (30)
B+ (311472 | CTE =D (g2 oo 14 (8- 1)1 49)) |

= Luvi(2)y2 + Luva(z)yi, (31)
—[20 + (B =1)(1 +y)]n2 = Luva(z)uy, 32)

—

(8-1)(B—2)

2
U
2

[2(5—1)(1+7+72)+ A+7)2+20(c+2+(B—1)(1+7))

~Bo+ B -1 +v+)n3 = Loya(z)u + Loyvalz)ui. (33)
From and
Y1 = —Hy, (34)
220 + (8 — D)1 +7)*n = L1 () (47 + p1}). (35)
Summation of and gives

{2(5 -1) {W +20(l+y)+ (1 +~v+ 72)} +20(20 + 1)} n3
= Luva(®)(y2 + o) + Luva(@)(yi + p3).  (36)

Applying in , yields

{(5 —2)(1+9)°
2

{E?J,vg(l‘) [2(/8 —1) +20(14+vy)+(1+v+ 72)} +20(20 + 1)}



(U, V)-LUCAS POLYNOMIAL COEFFICIENT RELATIONS 1127

—2Lyyv2(2)20 + (B - 1)(1 + 7)]2}"3 =LYy (@) (y2 + pa),  (37)

U*(x) |2(8 - 1)

(OB 4 so(149) 4 149493 + 2020 + 1)

=220+ (B=1)(1+7)]| =420 + (8- D)A+)]*V ()| n3 = Ly, (2) (Y2 + 112)

which gives desired result given by .
Hence, minus gives us

230 +(8—1)(1+v+7)Ina+2[B0+(B-1)(1+7+9°)n3 = Loy (2)(y2—p2). (38)
Then, by using and in , we get

Luvi(z)(y2 — po)
2 s 2
=ns + d 39
"= e+ (B D11 +47) (39

e — Ly ()7 + p3) Lyvi(x)(y2 — ps) (40)

PToRe+(B-DA+E  2Bo+ (B-DA+7+2)]
Applying , we have
U? U
| < @ LUCTI
2o+ (F- DA+ ' Bo+ (G- +7+17)]

Thus, the proof of our main theorem is completed. ([l

3. COROLLARIES

By specializing the parameters -y, 3,0, in Theorem [1} we get the following con-
sequences.

Corollary 1. Let 0(¢) € HTP(y,1;2). Then

| < U (@) U)]
U2 (@) [(8 - 1) [L20H0E 43014 9) +92] 43— 2+ (8- (1 + )]
—2V(@)2+ (8- )AL+ )P
(41)
ol < () U(@) @)

r G-I+ BrB-DA+r+22)]
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Corollary 2. Let §(¢) € 920(y,0;2) = HT (v,0;2). Then

il < U@IVTGE)

J'UZ(I) 20 —1)(0—7) = 20 = (1 +)]*| =2V (2)[20 — (1 +7)]

(43)
U?(x) U ()|
"5 B P T B (A “
Corollary 3. Let §(¢) € 920(v, 1;z2) = HT (7, 1;2). Then
ing| < U ()| /|U (=) 7 (45)
J U?(z)(y —7%) —2V(z)(v* =2y +1)
e D) U "

(T=72 2=9(y+1I

Corollary 4. Choosing 8 =0 and v =0 in Theorem that is if 0(¢) € H= (03 2),
the results which we obtain reduce to Theorem 2.1 in [20].

2)|VI0G) .
= VU2(2)(—20% =1+ 30) — 2V (2)(20 — 1)2]
U?(x) U ()]
20 —1]2 " |30 — 1|
Corollary 5. Choosing 3 =0, v =0 and o =2 in Theorem 0(¢) € HF(2;2),
our corollary coincides with the corollary 2.3 of Theorem 2.1 in [20)].

Ina| <

ns| < (48)

(49)

(50)

Corollary 6. Choosing 3 =0, v =0 and o =1 in Theorem 0(¢) € H=(1;2),
our corollary coincides with the corollary 2.2 of Theorem 2.1 in [44).

Ina < W — VT (51)
ing| < U2(z) + L@ (52)

2
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Corollary 7. Let §(¢) € 9% (o;x). Then

U ()| /|U(=)]|
n2| < ; 53
Ina| < Vol|U2(z)(1 - 20) — 80V (z)] (53)
mgf < ) UGN (54)

Corollary 8. Let §(¢) € 5%:1(1;x). Then
ing| < U ()| /|U (=) (55)
~ VI02(@) + 8V ()]

2z x

Ins| < —Ui ) 4 —'Ué Iy (56)

Theorem 2. For >0, 0 > 1, |y] < 1 but v # 1, let 8 € A be in the class
9B (y,0;2). Then

U(2)|
5 BT E- D7) x-1=K
na = ma) < [1—x|-|U* ()|
1—x|-|U”(x
@A V@Rt (B-DarE X~ U2 K
Where
1 Vix)
K = A—2120+ (B —1)(1+7)]?
I3U+(5—1)(1+7+v2)|| 2ot E= DU g

2
Proof. From and , we get

A= (3-1) [M“”) F 204y +1 +v+ﬂ Fo(204+1)— 20+ (B-1) (147)].

2 _ ] !
ng = xny = Luva(z) [(C(x,x) - 2Bo+(B-1)(L+~7+ ’72)]> "

1
i (C(X’x) T Mo+ (B -+ +72)]> “2]

where
£2U,V,1(95)(1 - X)

£y () [205 - 1) [0 4 o

(14+7) + (L + 5 +~%) + 20(20 + 1)—2Ly y2(z)[20 + (8 — 1)(1 + 7)]?. Thus, ac-
cording to 7 we have

() =
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U ()| . !
D 0= K062 S smerpnase)

ng — xn3| <

260 2)| - U@, 1606 2)| 2 speraTamm
hence, after some calculations, gives

[U ()]
3o+(B—1)(1+v+7%)’

IXx-1 =K
nz — xn3| <
|L=x||U° (x)]
U2 (z)A—2V (z)[20+(B—1) (1+7)]?]” x—1z K

O

By choosing special values for the parameters «, 8, o, in Theorem [2| we get the
following corollaries:

Corollary 9. For o =1, let € HT(v,1;z). Then

(@)
() =1l = K
713*)(”% <
|1V ()
@A @ErG-naEEr (X 12 K
Where
1 Vix)
K, = AL =22+ (B—=1)(1+79)]?
gy T | e T
—2)(1+7)?
A= -1 [ E=2EE 2y ays] 43— (5 - D1+

Corollary 10. For =0, let 0 € HT(y,0;2). Then

U(x
, R X —1] = K>
ng — xny| <
| d [1=x|-|U? ()] 1> K
[U2(x)Ar—2V (z) 20— (T+)]?]? X — 1] =2 K>.

Where

1 V(z)

_ o o — 2
K= ey P~ 22~ ) gy

Ay = (20— 1)(c —7) —[20 — (1 +7)]%.
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Corollary 11. Foro =1, 3 =0, let 0 € H%:°(v,1;). Then

|U(z)]
2| [PEeEsyIE Ix —1] £ K3
n3 — XNy| <
[1—x||U?(2)]
IU‘Z(w)A;izvu)uﬂ]zy Ix — 1] 2 K.
Where
! V()
Ky= Ay — 2[1 — )2
’ 2 —~(y+1)] 3 [ gl U2(z)
Az =71 7).

Corollary 12. For =0, v =0, let € HT°(0,0;x). Then

Uz
o X —1] < K,
s —xma] < [1—x|-|U® ()|
1—x|-|U
\U2($)A4§2V(w)f2g—1)2|7 Ix — 1] = Ky.
Where
1 V()
Ky = m—|As = 220 — 1]° :
$= o) P gy

Ay=(20—-1)(1-0)

Corollary 13. For o =2, let § € $%:°(0,2;z). Then

‘U(Sﬂc”’ (X_ 1‘ é % 1+6[>/2((mw)) )
ns — xn3| <
[1—x]|-|U%(2)| 3 V(z)
ElEI R EIE <|X —1] 2 5|14 6720 )

Corollary 14. [{4] For o > 1, let § € A be in the class HT°(0,1;2) = HT (x).
Then

ng — xnj| <
[1=x||U° ()] [V ()]
2>TV(:D)\ ) (|X_1| 2 U29:|>'

O (SR )
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Corollary 15. For f =1, let 0 € HT'(0;2). Then

|U3(:)‘v Ix—1] = Ks
ng — xnj| <
[1—x||U®(2)|
|U2(4’3)§5—802V(a:)\’ Ix =1 = K5
Where
1
Ky = —|A 2 V(m)

301|777 TP(@)
A5 = 0'(1 — 20’)
Corollary 16. [§] Foro =1, 3=1, let € $2-1(1;2). Then

U(x Vix

‘ns - X"%’ <
[1=x||U%(@)| 1 V(z)
Torevar | X1 2 31+ 855
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ABSTRACT. In the present paper, we introduce the fractional g-integral of
Riemann-Liouville integral type Szdsz-Mirakyan-Kantorovich operators. Ko-
rovkin-type approximation theorem is given and the order of convergence of
these operators are obtained by using Lipschitz-type maximal functions, second
order modulus of smoothness and Peetre’s K-functional. Weighted approxima-
tion properties of these operators in terms of modulus of continuity have been
investigated. Then, for these operators, we give a Voronovskaya-type theorem.
Moreover, bivariate fractional ¢- integral Riemann-Liouville fractional integral
type Szdsz-Mirakyan-Kantorovich operators are constructed.The last section
is devoted to detailed graphical representation and error estimation results for
these operators.

1. INTRODUCTION

Approximation theory is a subject that serves as an important bridge between
applied and pure mathematics. The approximation of functions by positive linear
operators is an important research area in general mathematics. Especially, it
plays an important role in mathematical analysis problems and in many fields of
science. One of its most important advantages is that it provides powerful tools for
application areas such as computer aided geometric design and numerical analysis.
One of the best known of these operators is the Szdsz - Mirakyan operator (see [9)
and [10]), which is generalizations of Bernstein polynomials to the infinite interval
and defined as
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9= nuate) (5).

where n € N, z € [0,00) and s, ;(z) = e~ (no) k,) In literature, there are a lot of
studies that involve Szasz operators, Szasz-Kantorovich operators and their gener-
alizations. For instance, see [1]- [8] and [14]- |22]. Due to the rapid development

of the g-calculus, various generalizations of Szasz Mirakyan operators involving g¢-
integers have been introduced and approximation properties have been studied.
Several researchers introduced and studied different generalizations of the ¢-Szdsz-
Mirakjan operators in recent years ( 28], [29], [19], |30], [41]). In [28], Mahmudov
introduced and studied the following ¢-Szasz-Mirakjan operators.

n,q f’ ZS”k T (qq) )

where s, x(¢; ) =

About contributions on Kantorovich type modication modified many times ¢-Szész-
Mirakjan operators, so we refer to the papers |31]- [34]. Recently, Fractional calculus
and its applications have been paid more and more attention. fractional calculus
deals with the study of fractional degree derivative and integral operators on com-
plex or real fields and their applications (see [23]- [27]). Mahmudov and Kara,
introduced and discussed the fractional integral of Riemann-Liouville integral type
Szasz Mirakyan-Kantorovich operators as follows:

L k:+t

K(f52) gasnk / (1)

0

—nx (7l1)

where s, 1(x) =€ .The aim of the present paper is to construct the frac-

tional g-integral of Riemann-Liouville type Szasz-Mirakyan-Kantorovich operators
and discuss their approximation properties. The fractional g-integral of Riemann-
Liouville type ( [35]) is given by (I f) (t) = f(t) and

cpy_ L[ f®) .
(Ig f) () [(xqt)(l_o‘)dqt (a>0).

We start by reminding the basic concepts and notations about fractional g-calculus.
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2. PRELIMINARIES

For ¢ € (0,1),

[m], = T m e R

The g-analog of the power function (n — m)(k) with k € Ny :={0,1,2,...} is
k—1
(nfm)(o):l, (nfm)(k):H(nfmqi), keN,n,meR.
i=0
More generally, if v € R, then
oo i
(n—m)(’Y) = Hw n # 0.

n —mgYte’

i=0
Note if m = 0, then (n)(A’) =n7. We also use the natation 0(") = 0 for v > 0. The

g-gamma function is defined by

1— (t-1)
r,)=9"9 R\ {0,-1,-2,..}.
(1-q)
Obviously, I'y(t + 1) = [t], I'q(?).
For any s,t > 0, the g-beta function is defined by

1
By(s,t) = /u(sfl) (1- qu)(t_l) dqu.
0

The ¢-beta function can be expressed by using the g-gamma function as follows:

Ly(s)ly (1)
Te(s+1t)

The g¢-integral definition of the function h on the interval [0, b] is given as:

BQ(S’t> =

t

(I,h)(t) = / h()dys = t(1 — )S h(tg')g', te(0,b].
0 1=0

In g-calculus (see [36]) the following functions are well known as analogues of the
exponential function:

oo
T 1
eq(z) = Zi |lz| < T—¢ lq] <1,

and



APPROXIMATION PROPERTIES OF THE FRACTIONAL ¢-INTEGRAL 1139

3. RIEMANN-LIOUVILLE TYPE SzASZ-MIRAKYAN-KANTOROVICH OPERATORS

Lemma 1. ( [28]) Let 0 < ¢ < 1. we have

Snq(thz) = Z + (3q+2+ 5) 24 (3¢° +3¢% + q) Ay + L2,

q [n], (nly * [n]

Definition 1. Let g € (0,1) and a > 0. For f € C[0,00), Fractional q-integral of
Riemann-Liowville type Szdsz-Mirakyan-Kantorovich operators can be defined by

x 1 1-k k
K (fiw) =) lal, 5n7k(q;$)/f (W) (1—g) " Vd,t, (2
= 0 q

k=0
1 k(k=1) [n]kz*
where s, (q; ) = mq 2 W andn € N

if « =1 and ¢ = 1, then the operator reduces to classical Szasz-Mirakyan -
Kantorovich operators.

Due to the moments of the Kff‘q) operators plays significant role in our main
results, we derive the following formula to obtain them.

Lemma 2. Let g € (0,1) and a > 0. Then for x € [0,00), we have

™ I [Ck] [n]J Bq(m —Jj+1,0) .
K (™) = v\ 14 [y Balm = Sna(th: 2), 3)
;<] > ¢’ [nl,
where
- k
Sl = donalai) § (<”>H>
=0 q
and

1
By (a,b) = /x“fl (1—qa)? dgx, a,b>0.

0

Proof. From , we can write
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_ Z <m) [Oé]q [n]q Bq(m;] +1, a) Zsmk(q; gg) [k]q

=07 @ Il k=0 m
& (m)\ [, [n]) By(m —j +1,0q) .
_JZ—:O('j) @ ]’ Sng(t'; 7).

For j =0,1,2,3,4 (Kﬁ"q(tj; x)),the following can be written immediately.
Lemma 3. Let g € (0,1),a > 0 and n € N. Then for xz € [0,00), we have

() Kifo) = 1,
.. ) (4. — 1
(i) K (tx) = T e+ ]
i g 2riori) o
ii) K (t%z) = : Ty
(i) Kng(#%5) o+ 1], [+ 2], [ ]q+ o+ 1,0, g
3], (2],
w (a =
(i) K5 (%5 ) [+ 1] a+2]q o+ 3], [n];
+ + 3 2+1 x
a+2] [y la+1], (0]
2¢% +¢q a
+<q a—i—l + [n]q>x2+q3;
(U)K(a)( ): q'

[o+1], [o+2], [a +3], [a+ 4], [n]]

q

4[3), + 6o+ 3], 2], + la+ 2]l + 3], {4+ [ +1], }
! o+ 11, o+ 2], [a+ 3, (o]} !

. < 6[2],! 4(2¢% +q) (3¢> + 3¢* + q)> 22
[o+1], [a+2], [0 ¢&la+1], 1) q*[n]2

q
N 4 N 3g+2+ % 5 xt
°+ —.
¢l le+1],  ¢*[n], q°
Proof. Since they have the same proof technique, we only give for K. 7(10‘,1) (t2; z). Using
recurrence formula and Lemma (1} we get
al B,(3,« 2n] la] B,(2,«
ol BB o 2o, Ba(2,0)

ma T T ) g [n)’

Sn.q(t; )
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el Bt

q* [n],
= 2, + 2 T+ - +
[O‘Jrl]q [0‘+2]q[”ﬁ [a+1]q[n]q q [n]q
2, (2t+f+1,) 4

We are now ready to present the central moments of the operators Kr(Laq) .

Lemma 4. Let q € (0,1) and o > 0. For every x € [0,00), there holds

K,(L‘fq) (t—xx) =

@ ((t— 2% 2 T 22 1,
K5 (= 2)% ) [ + l]q [a+2]q [n]j * [n]q " (q 1)’

K2 ((t— )" )
_ [4],!
[0+ 1], [+ 2], [ + 3], [o + 4] [n]
< 6[2], A .
[a+1], [a+2],[n], |a+1], n]
6[2], 4(24 +q
+ ala+1], [a+2], [0l ' [a+1],

+3q3+3q2+q _ sl —12[0""‘2 .
7*[nl; [a+1] [a+2], [”]2

4 3¢+2++
Pt T m, q[a+1] [,
4(2¢%+q) (2+ [a+1],
73[n], [a+1], nq

1 4 6
tl s —=5+-- 3) z?
(q6 @ q
Proof. Since they have the same proof technique, we only give for K,(fq) (t—x)% ).
From the linearity property of Kr(fq) (t; z)and Lemma [3| we get
Kt — )% 2)

2+ [a+1 2
R S APE i

[0‘4‘1](1[@"‘2](1[”]3 [ +1], [n], q nlgloe+ 1,

+
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d

Lemma 5. Assume that the sequence (qn) satisfy 0 < g, < 1 such that g, — 1
and ¢ — b €[0,1] as n — oo. For every a > 0 and x € [0,00), there holds

1

Jim (o], K5~ o)) = — (4)
Jim [l K = 2)%0) =2+ 22 (1-D), )

and
Jim ], K5t =)' 2) = 0. (®

Proof. Using explicit formula for moments (Lemma [4)), we obtain as

KOt —a)i2) = :

nh—>rréo [TL] qn

lim [n],, K,7((t — )% )

n—oQ

I
8
_|_
8

]
—~

—

|
=

and

m

In 28], Mahmudov gave the following formula for the moments of S, ,(t"; ),

which is a g-analogue of result of Beker [37].

Lemma 6. [29/For 0 < ¢ <1 and m € N, there holds

Snq(t™;x) = Zam,j(Q)Tﬂ- (7)
j=1 [”}q
where
[.7] am,'(q) +am,'71(Q) .
am-‘rl,j(Q) = ! ! Y ’ ) m 2 07] 2 17

q]
aO,O(q) =1, am,O(Q) =0, m>0, amJ(q) =0, m < j.

In particular Sy, q(t™; x) is a polynomial of degree m without a constant term.

Now we additionally need to give the following definitions for our main results:
1. B, [0,00) = {f :[0,00) = R;|f(x)] < My (1+2™)},where My is constant
depending on the function f.
2. Cy [0,00) = By, [0,00) N C' [0, 00).
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&%ﬁmh{ﬁ%&myhmﬁﬁ<m}

|z|—o00
The norm on the space Cj, [0, 00) is showed as || f(z)]|,, = sup '1’;(;”27!
z€[0,00
Lemma 7. Let m e NU{0}, 0< ¢ <1 and a > 0 be fized. Then, we have
|K@a+am0)|| < Cuylaa), neN, (8)
where Cp, j(gq, @) is a positive constant. Morever, we have
K@) < Cnilaa) 1], neN, (9)

where f € C}, [0,00).Thus, for any m € NU {0}, K( : CF,[0,00) — CF, [0,00) is
a linear positive operator.

Proof. For m = 0, inequality is obvious.
Form > 1, combining Lemma and inequality @), we obtain as

K1 +tm,
o +1 (1+t";z)
1 1
= K (tm;
xm_|_1 +xm+1 n,q( ,iC)

Lo i[a]q[n]B(m y+1azam

™+ 1 a:erlj:O qJ[
< 1+ km,j(qv O[) = Cm,](Qa Oé).
Ch. (g, @) is a positive constant with depend on ¢, m, j and «. Moreover,
K@) <1,
for every f € C¥, [0,00) . Therefore, from ., we get

(K@) < Cnslaa) IF],

| n] Jo
Jo=

K (14472 H (10)

4. DIRECT RESULTS

Let Cg [0, 00) denote the space of all real-valued continuous and bounded func-
tions f on [0,00). The norm on the space Cp [0, 00) is showed as

1 llepo,00 = sup [f()].

x€ (0,00

Then, the modulus of continuity of f € Cp [0, 00) is given by

w(f,0) = sup  sup |f(z+h)— f(z).

0<h<d z€[0,00)
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Further, Peetre’s K-functional is defined by

Ko(f:0) = it {IIf gl +6]|o"|}  5>0.

where w? := {g €Cpl0,00):g,g €Cs [O,oo)}. By Theorem 2.4 in [11], there
exists an absolute constant L > 0 such that

Ka(f:6) < Lus (f:3) (1)

where § > 0 are absolute constant.
Here, ws (f; ) is the second order modulus of smoothness of f € Cp [0, 00) and
defined as

w2 (f;0) = sup sup |[f(z+2h)—2f(x+h)+ f(z)]
0<h<d z€[0,00)

Lemma 8. Let f € Cp[0,00), 0 < g <1 and a > 0. Consider the operators

K@ (fiz) = K (f:x x) — z;
K (fi) = KE) () + (@) f( +[n]q[a+uq> (12)

Then, for all g € w?, we have

K (giw) - g()| (13)

2], @ (1 1\
= \lort,lar2,m? 0" (i) (Mq o 11q> J
Proof. From we have
K@ (t - 2)30) = KE((t — o) 12) <x+ T x)
= fﬁg(t;x) - xK,(L‘f‘q)(l; x) — (:c + M) +x=0. (14)
Let o € [0,00) and g € w?. Using the Taylor’s formula,
a(t) = o) = (¢~ )’ (@) + [ (¢~ g @y (15)

x

Applying *Kfffq) and using , we can get
t

K (g5w) — g(@) =" K (- 2)g (@)iw) +* K2 /(t —u)g” (u)du;

x
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t

= g/ (x)*Kflaq) ((t—z);z)+ K,(L?‘q) /(t — u)g// (uw)du;

x

1
TF I a1,

1 "
-/ (”[mq[amq‘“)g(“)d“

On the other hand, since

"

g

t t
/\t—u\ ‘g”(u)’dug Hg”H/|t—u|du§(t—x)2’

and

2
<t ‘
“\#L o+,

we conclude that

"KL (g:0) — g()|

1
TF I, Ta 1,

"

<llg

e (e=7)+ ()|

Finally, from Lemma [d we can write

K (g@) — 9(a)|
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2], x 5 (1 1 Ny
= ([a+1]q[a+2]q[n]§+[n]q” (q_l)+ ([n]q[a+1]q> ) A

O

Theorem 1. Let f € Cp[0,00), 0 < g <1 and o > 0. Then, for every x € [0,00),
there exists a constant M > 0 such that

KE)r50) - 10| < M (5 f60@) ) o (1360 @)

where
o [2]q x 9 (1 1 2 1
@) = ([a+1]q [+ 2], [n]’ T, (q_l) i <[n]q [a+1}q> ) I
and
o _ 1
&ﬂ“”'ﬁﬂﬁiﬂg

Proof. Tt follows from Lemma , that

(i) — f(a)|

g*Kﬁ%ﬂm—fmﬂ+

K)(f = gi0) = (f — 9)(@)|

+f(r)f< +

<

KNS - g,ﬂ+Kf gun

1

Since boundedness of the *Ké?q) and using inequality , we get
K (fi0) - f(@)]

1
ﬂ@—f<x+Mbbﬁih>

[2]q T 9 (1 1 ’ "
- ([aJrl]q[aJrQ]q[n]er[n]qux (q1)+<[n]q[a+1]q> ) Hg H

“K((giw) - gla)|.

<4lf —gll+
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ORESY )*‘55?)(””)

S4|f—gll+w<f;

Now, taking infimum on the right hand side over all ¢ € w? and using the property
of Peetre’s K —functional., we can get

[KCf30) = f@)] < 4 (£:600@)) +w (£:80) (@)

< Mwy (f; (5510‘)(30)) +w (f;ﬁgf‘)(x)) .
U

Corollary 1. Let 0 < g, < 1, « > 0. For any A > 0 and f € Cp[0,00), then

((fq)n (f;x) converges to uniformly f on [0, A] if and only if ¢, — 1 as n — co.

Theorem 2. Let Kﬁaq) be the operators defined by (@, 0<g<1l,a>0,pe(0,1]
and D be any subset of the interval [0,00). if f € Cp[0,00) is locally Lip(p) on D,
i.e., if f satisfies the following inequality:

|f(t) — f(2)] < Cpplt — 2|, te D and x € [0,00), (16)

then for each x € [0,00), we have

K& (f50) - ()] < Cfp{(K(a) (t=27:2))

where Cy , is constant depending on f and p and d(z, D) is the distance between x
and D defined by

L
2

+ 2d”(x,D)} ,

d(z,D) =1inf{|t —x|: t € D}.

Proof. Let D denote the closure of D. Due to the features of infimum, there is at
least a point ¢y € D such that d(x, D) = |z — to|. By the triangle inequality

56— F@) < 156) — FGto)| + 1) — Fto)].
Applying K to the above inequality and using (16), we can get
KL(f2) = £ (@)
< KLY () = fto)ls2) + K& (1 (2) — f(to)|52)
< Cpp { B (It = tol”32) + 2 — tol? }
< Cpp {KG) (1t = alf + 2 = tol”2) + 2 tol"}
— Cpp {KC) (1t = ol s2) + 2|0 — to]° }

Choosing a1 = % and as = ﬁ and applying Holder inequality, we have:

K)(fi2) = f(@)
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< 0p { (K e ol ) ™ (K2 (17252)) 7 4 20000, D)}
<Cy, { (K,(Lf“g ((t — ) :c))7 +2d°(a, D)} :

In [38], Lipcshitz type maximal function of the order p defined as

o, (fio)= sup O I@

(17)
z,t€[0,00), 27t |t — $|p

where z € [0,00) and p € (0,1]. In the next theorem we obtain local direct estimate
of the operators KT(Lq) by using .

Theorem 3. Let f € Cp[0,00), 0 < ¢ <1, a >0 and p € (0,1]. Then, for all
x € [0,00), we have

[ 50) — 1@)] < 6, () (K6 (- 30))

)

Proof. From the equation , we have
K (fi) = £(@)| < 6, (f30) KL2) (1t — o 5 2)
Applying the Holder inequality with a; =

KCfsw) = £(@)] < 0, (i) (KL (0 - )%3) )
O

Theorem 4. For0 < ¢ <1, a >0, f € C3[0,00), wat1 (f;0) is the modulus of
continuity of f on the interval [0,a + 1] C [0,00), a > 0. Then, we have

HK(a (I)’ o ANy (1+ @) 6n(2) + 2wata (f; W) -
’Ll}he’r'e \/K(Oé) t — gj)27{1;) gi’l}e’ﬂ by Lemma (lnd ||f||C[0 a - Z?Op ] |f( )|

Proof. For 0 <x <aand a4+ 1<t since 1 <t — x, we have
[f() = F(@)| < My (2° + 17 +2)
< My (2(6—2)° +2+ 30%)
< My (t—x)* (4 + 322)
<AM; (t —2)° (1 +a?). (18)
Also, for 0 <z <aand a+ 1 > t, we have

lf () = (@) < wayr (f; [t — )
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< <1+ t_éx>wa+1(f§5)a (19)
with ¢ > 0.
For 0 <z < a and t > 0, combining and gives
[f(t) = f(@)| (20)
< angye-ap (14 a) + (14 5 s (1),
Applying Cauchy-Schwarz’s inequality to the above inequality, we get
’K(a) (x)‘
SKn‘?‘q)(f; z) (£ () = fz)];2)
<AM; (1+a®) K ((t—2)% ¢an L) Wat1 (f30)
<4AMy (14 a®) K% ((t = 2)% 2) + 2way1 (3 0n(2))
on choosing ¢ := d,(z) = \/Kr(f‘q) ((t — )% 2). O

5. WEIGHTED APPROXIMATION

Theorem 5. Let ¢ = g, € (0,1] such that ¢, — 1 asn — oo and o > 0. Then for
each f € C310,00), we have:
lim K, (F30) = f(@)]|, = 0.

n— 00 2

Proof. e Since the Korovkin type theorem on the weighted approximation(
[12]), we need to verify

lim
n— o0

’K(“ ¢ me -0, m=01,2 (21)

e For m = 0, obvious.
e For m =1 and m = 2, using Lemma [3] we can write:

‘Kﬁaq)n (t;x) — w‘

i 84 60 -], <
o0 @)~ 2|, = s
1 1
= Ssu
vsol+ a2 |[n], [at 1],
1 1
= su
], [a+ 1], ss0l +a?
1
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and

lim HK @) ( x)f:vQHZ

‘Knagﬂ (t%;2) — xQ‘

:c20 1+ a2
1 2], +(2+[0‘+11> NELI
= sup T+ — —x
R a1, o2, W2, 0r 1, 0,
1 x? (2+ [O‘+1]qn) x
<|{——=1])su +
B (qn ) ngl + 22 la+1], [n], m>0]- + 22
2], 1
3~ SUD7 5
[a+1], [@+2], [n], s>0l+=
) (2++1,) 2]
S(—l)—l— + d 5 —0,n — o
4n [Oé + 1]‘171 [n]Qn [Oé + 1}qn [O[ + 2](]” [n]qn

which implies that

lim ‘K,(l‘f‘l;(tm;x)—xm‘L:O, m=01,2.

n— oo

]

In the next theorem, we present a weighted approximation theorem for f €
C5 0,00), where Dogru studied for classical Szdsz operators in [13].

Theorem 6. Let ¢ = q,, € (0,1] such that ¢, — 1 as n — oo and a > 0. For each
feC3[0,00) and B > 0, we have

) K0, (F30) = f(@) ;
B S T T

Proof. Let xy € [0,00) be arbitrary but fixed. Then
K82, (f2) = ()|

sup
z€[0,00) (1 + x2)1+ﬁ
Ki i) - 1@ K8 (i) = (@)
= sup sup
z€[0,z0] (1 + m2)1+ﬂ z€(z0,00) (1 =+ x2)1+ﬁ
K0, (1+ 352)|
= R F P

C[0,x 2€(xg,00) (1 +$2)1+B
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|/ ()]
+ su 1 A
we(wol?oo) (1 + x2)1+ﬂ

= Hy, + Hs + Hj.
Since |f(z)] < Nf(1 + 2?), we have

SOy N N
z€(xp,00) (1 +.Z‘2) z€(xo,00) (1 +.1'2) (1 +$(2))
Firstly, From Theorem (EI), we have

Hy =

H, goes to zero as n — oo.

Secondly, by Theorem
K (1+ ¢212)|

Hy =|f|ly im  sup
% n—oo z€(xp,00) (1 + $2)1+ﬁ

(1+2%)
= sup val
z€(xp,00) (1 + $2)1+B 2
. £l 1ifly

z€(x0,00) (1 + x2)ﬁ N (1 + x%)ﬁ -
Moreover, if we choose zy > 0 large enough, we can see that
H; — 0 and H3 — 0 as n — oo,

Combining, Hy, H> and Hjs, we get desired result. (|

In the next theorem we obtain direct estimation in terms of weighted modulus
of continuity. For every f € C%, [0,00) the weighted modulus of continuity defined

as
- |f(x+h) = f(2)]
Qu(f,0) = xzofgghgé TF@rh)m (22)

Lemma 9. [39/If f € C}, [0,00),m € N, then

(i) Qm(f,0) is a monotone increasing function of 0,
(i) lim Q,,(f,0) =0,
6—0*+
In the next theorem, we express the approximation error of K,(f,)‘) by using ,,.

Theorem 7. For f € C% [0,00) ,we have

| =1, < NOuls.(1/vam)).

where N is a constant independent of f and n.
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Proof. From (22) and Lemma[9] we can write

0= @l < @t ot le-al)™) (P51 ) 200

|t — |

<A+ Qz+t)™) < 5 1) Qi (¢, 0).

Then, we have
‘ Ke)(f x))
SKT(L“)I( (t)* f(@)];2)

Qn (£, 0) (K D1+ 2z +1)™);2) + K <(1+(2x+t)m)|t;$|;x>>.

(£, 0) (K(‘X 1+ 2z +1)™;2) +11) .
Applying Cauchy-Schwartz inequality to the Iy, we get

9 1/2
« m\2 . 1/2 @ |t_$| .
L < (K ((L+ 2z +0)™)52))Y (K},,,} (x)) )

Therefore,
K(C’)(f;x) - f(z) (23)
< Qu(f,O)KE) (14 2+ 1)™); )
Qo (f, ) (K (14 2w+ 1)) 2)/? (K(a) ('ta;'z;w>>l/2~(24)
By Lemma[f] and Lemmall]
K1+ 2z + )™ 2) < Cujlg,a) (1 +2™),

(K0 (L+ 2z +6)™)%52) 2 < Oy i(g,0) (L+2™). (25)
and
1/2
o (lt=2f 1 2], @ a1
<K< 5 )) <6J[a+uq[a+21q[n]§+[n}+ 2<q 1)
(2+2)
< 5 (26)
Combining..and. we have
’K(a :L')‘

(142™) (2—1—3:))

0 (£.0) (cm,m,a) (1) + Chyla.) O
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_ (L am)
= (f, ) <Cm7j(q,oz)(1—|—x )+ Ch (g, @ )015%?")’

where

o (2+2xm+x+2xm+1)
1= ig% 1 4 gm+1

if we take 6 = (1 /+v/q[n] q) in the above inequality, we obtain the desired result. [
Next result is a Voronovskaja type formula for the operators Kff‘q) (f;z).

6. VORONOVSKAJA TYPE

Theorem 8. Let ¢ = q,, € (0,1] such that g, — 1, ¢ — b asn — oo and o > 0.
For any f € C510,00) such that ', f " e C3 [0, 00) the following equality holds

nh_)rréo (], [ ( T) — f(x)}
1 ’ 1 g
= arp! @3+t A-0)f @,

Proof. By the Taylor’s formula, we can write

f@) = fa) + f (@)t —2) + %f”(ﬂﬁ)(ﬁ —2)? +r(t z)(t - 2)? (27)
where r(t, z) is Peano form of remainder, r(.,x) € C3 [0, 00) and }i_r)rglor(u x) =0.

Applying K,(Laq) to the both sides of , we get
0l [K8), (Fi2) = 1(@)]

’

= @y, KL —2)i2)+ 57 @), KL, (6 - )% 0)

+[nl,, K (r(tz)(t— )% ).

By Cauchy-Schwarz inequality, we have

K,(Laq)n (r(t,z)(t —2)° \/Kn an (12(t, ) \/Kn 0 ((t— )% ). (28)
Observe that r2(t,z) = 0 and r2(.,z) € C3 [0, 00) .
Then, it follows from that Corollary ,

lim[n], K©) (-2(t,2);2) = 1*(w,2) = 0. (29)
n— oo

Moreover, from @, and , we can obtain
lim K (r(t,2)(t —2)%2) =0 (30)
n— 00 vn
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Hence, combining (), (5) and (0], we get
lim [n], [K(C) (fi2) = ()]

n—oo

1 ‘ 1
= Gl @Hz@+t1-0)f @,

7. BIVARIATE FRACTIONAL ¢-INTEGRAL
In this section, we introduce the bivariate fractional g-integral of Riemann-
Liouville integral type Kr(Laq) (f;2) as follows:
K352, g (f2,y)

ni1,1n2,41,92

= Z Z [al]ql [aQ]QQ Sna,k1 (quw)snz,]% (q2;y)

k1=0k2=0

11 1-k 1-k
Ik +1 2k +1

//f <q1 [[ 1]111 1aq2 [ 2]112 2) (1 7t1)a1_1 (1 7t2)a2_1dQ1t1dq2t2
n

00

1] q1 [nz] q2

where (z,y) € I? = [0,00) x [0,00) and a1, ag > 0.
Fractional g-integral of Riemann-Liouville integral type Kﬁ?},ﬁi}lm(-;x, y) can
be rewritten as
Knea) L Gay) = K0 (s2) < K22 (5 ).

mn1,Nn2,91,92 m1,91
Lemma 10. Let e;; (z,y) = 2'y/, 0 < q1,¢0 < 1, 0 <i+j < 2 and ai,az > 0.
For (z,y) € I? = [0,00) x [0,00), we have
Kono2)  (eogiz,y) =1,

n1,n2,q91,92

1

Kloves) (e op ) =g 4 ———————
( 10 y) [nl}ql [al + 1]q1

ni1,n2,491,92

Kv(z?,lﬁij)hqz(em; ny)=y+ [na]. oo +1] 7
q2 q2

2], 2+ a1 + l]ql) -2

+ x+
on + 1, [on +2],, [l laa+ 1], [, @

2+laa+1,) 4o

y+ = .
@2 + 1]% [n2]Q2 92

(a1,02) . —
Kmmm‘h#lz (eQO’x’y) - ?

(a1,02)

. 2],
Kn17n27¢117q2 (602, z, y) = + [

2
[012 + 1]‘11 [a2 + 2L12 [nﬂ(h
Remark 1. According to above Lemma (@), we get

1
K (@0 = w0,y) = prm
q1 q1
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1
K(al,ag) . -
n1,12,q41,92 (o1 —y;2,y) = [n2] [ + H
[2] x 1
Kloe2) (e — )% 2,y) = “ + +at ( B 1)
n1,12,41,92 [og + 1}q1 [1 + 2]q1 [nl]i [n1]q1 q1
= 55101“)@1;@,
2] y 1
EKQnez) (e —y)? s, y) = - * ty ( - 1)
1,M12,41,42 [042 + 1] [a2 + 2]q2 [n2]32 [nZ]qQ q2
=4 az)(Q27 )

In the next theorem, we obtain the uniform convergence of the bivariate g-
Riemann-Liouville fractional integral type of ¢-Szasz-Mirakyan-Kantorovich oper-
ators to the bivariate functions defined on I? = [0, 00) x [0, 00).

Theorem 9. Let C(I?) be the space of continuous bivariate function on I? =
[0,00) x [0,00) and a1,z > 0. Then for any f € C(I?), we have

lim ‘vaaz) f—fH:O.

n1,ne—00 ni,n2,q91,92
Proof. Using lemmal[I] we get
H (al az)

n1,n2,q1, Q2 00 — 600‘ =

ar,a
’ K’r(lhlnzfq)hfkem - elOH -0

(a1,02) _ (a1,02) _
HKm na.qr,q2 €01 ~ €01 —* 0, K’”l;”ZleaQQ (€20 + €02) — (€20 + €02)|| = 0
as ni,ng — 0O

As a result, by Volkov’s theorem [40], we get
lim ||, .~ 1| =0

ni,n.
N1 ,M2—00 1,M2,41,92

For bivariate real functions, modulus of continuity defined as
w(f;(;na(sm) = sup{|f(t,s) *f(xay” : (t,S),ﬂC,y € 123 |t*£L’| S 6na |S 7y‘ S 5m}

Theorem 10. Let f € C(I?), 0 < q1,q2 < land oy, a0 > 0. Then for all (z,y) €
12, the inequality

K0 (Frm) = 1 (,9)| < 4w (£3857) (a150), 0057 (0231) )

holds, where 553”((]1; )8 2‘)(qg, y) are as in Remark

Proof. By the positivity and linearity properties of the K}S}ﬁ?i}l,qw we can write

K00 (Fimy) =  @p)| < KE52) 0, ((65) =  (@,9)]2,0)
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< w(fib62) (KL, (50) + 5-KE53, (e~ al0))
K@), (59) + £ K52, (15— 9l:0)
7L27<12 ’ 6 n2,92 $ Yy
Applying Cauchy-Schwarz inequality, we obtain

n1,91 n1,q1

1
Ko, (1t —also) < K@), (= 2)50)

SIS

K2, (s —yliw) < K22, (-9 3)
Choosing 61 = 5;‘?1)(111; x) and 6 = 5%2)((]2; y), we have desired result. O

Now, we are present some graphs and numerical results for K. ,(Lo‘q) and K. 7501‘71;&2,1)17(12
obtained by using Matlab.

8. GRAPHICAL SIMULATIONS
Example 1. Consider f(z) = 2® — 92% — 152 + 9 with x € [0,6]. Here we take the
value of ¢ € {0.75,0.85,0.95}, for K100 .q- The Figure 1 demonstrate the convergence
of operators K{O%q to f(x) for increasing values of q and fixzed a,n. Moreover,

absolute error function ElOO 4 (o) = K%Z)’q(f;x) — f(z)| is illustrated in Figure

2. Then, numerical values of Eloo,q (f;z) at some points on the interval [0, 6] for
{q €0.75,0.85,0.95} are given in Table 1.

TABLE 1. Estimation of the absolute error function E%é,q with
f(x) = 23 — 922 — 152 + 9 for some values of z in [0,6] and ¢ €
{0.75,0.85,0.95}.

E%Z} 0.75 E%% 0.85 E%E) 0.95
0.479 0.170 0.056
1.830 0.761 0.178
1.013 0.283 0.692
16.273 6.732 3.551
52.172 22.357 9.397
116.932 | 50.926 19.228
218.776 | 96.211 34.043

DU | WIN O 8

As we increase the value of q and fized o and n, the approximation is good, i.e
for the largest value of q, the error is minumum.
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FIGURE 1. Approximation to f(x) = z3 — 922 — 152 + 9 by
(f:z) for q € {0.75,0.85,0.95}.

(2
KlOE),q

FIGURE 2. E%z),q (f;x) for f(z) =2® — 922 — 152+ 9 and ¢

200

¢-INTEGRAL

150 |

—f(x)=x*-9x?-15x-9
- - Kl2) -
K0,0.75(fX)
-- Kl2) -
K00,0.85(1%)

- - Kl2) -
K00,0.95(1%)

150 -

100

KO
|K100,0.75
—
|K100,0.85

(5)
|K1 00,0.95

(fx)-f ()]
(fx)-f(x)]
(fx)-f(x)|
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= {0.75,0.85,0.95}.

Example 2. Let f(z) = 25 with z € [0,6]. Here we take the value of n € {10,100},
The Figure 8 demonstrate the convergence of operators

a =5 and ¢ = 0.95.
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Kfj%v%to f(x) for increasing values of n. Secondly, The absolute error function
ET(LE:()J.% (fiz)= Kfj()).gs(f;x) — f(x)| is dllustrated in Figure 4. Finally, numerical

values of ET(:%_% (f;x) at some points on the interval [0,6] for n € {10,100} are
given in Table 2.

x10°

_ 1(><)=><s

--K® -
Km.o o5(fX) N

= = K& 005 1
25 100,0.95 -

0.5

FIGURE 3. Approximation to f(z) = 2% by KS())_%(f;x) for n € {10,100}.

TABLE 2. Estimation of the absolute error function ET(LE”()).% with
f(x) = 25 for some values of x in [0,6] and n € {10,100}

Elg)O.QS ESO 0.95
8.57 3.06
401.68 164.39
4067.76 1758.63
21481.26 | 9566.43
78862.08 | 35778.98
229422.04 | 105421.79

SO | W N8

As we increase the value of n and fixed o and q, the approximation is good, i.e
for the largest value of n, the error is minumum.
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25

0.5

%10°

- - K&
Ki0.0.95
—
IK“UO.B 9!

(f:x)-f(x)]
5 (fX)-f(x)]
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FIGURE 4. ET(LE”()).% (f;x) for n = {10,100}, f(z) = 2.

Example 3. Let f(x) = 23 — 422 + 2 with x € [0,5]. Here we take the value of
a € {0.1,10}, n = 150 and ¢ = 0.95. The Figure 5 demonstrate the convergence of

operators Kgg,o.gs to f(x) for increasing values of . Secondly, The absolute error
function EY;&O_% (f;z) = Kr(fq)(f,x) — f(x)| is dllustrated in Figure 6. Finally,

numerical values of E§§3,0.95 at some points on the interval [3,5] for a € {0.1,10}
are given in Table 3.

TABLE 3. Estimation of the absolute error function Egg&&% with
f(x) = 23 — 422 + 2 for some values of z in [3,5] and « € {0.1,10}

z Eg'ol,z)‘gs Egg?o.%
3 6.682 6.472
3.5 1 9.853 9.388

4 13.944 13.161
4.5 | 19.081 17.917

5 25.388 23.780
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60 T T T T

—f(x)=x>-4x%4+2
- — k0.1 e
sl K5l osf) ,
p—il) .
K o .06(1) ,

FIGURE 5. Approximation to f(z) = 23 — 422 + 2 by
K£g3,0.95(f§$) for « € {0.1,10}.

2 r r . .
I /
oal- K'00,0.05(1X)-1X) .
P (1.0) oy 7 ya
IK{00,0.05(X)-F0X)I v
7 7
22 2,0
7 7/
7 7
"4 7
L . J
20 ,/ 7
aa
Ve Fa
18} P 1
.
7
// 4
16 v 1
7 7z
2 e
ey
ey
14 AR 1
.
7z //
< -
7 -
12} e ,
7 -
L P
7
7 -
10 - L 4
s s
P
-7
ol _” |
-7
277
s | | | | L ; : : :
3 32 34 36 38 4 42 44 45 48 5

FIGURE 6. E%?&O_% (f; ) for f(z) = 2® — 42% + 2 and « € {0.1,10}.

Now, we are present some graphs and numerical results for the convergence

of bivariate fractional g-integral Riemann-Liouville integral type Szész-Mirakyan-

Kantorovich operators Ky(fff;fij)h(p by considering the function f(x,y) =z +y.
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Example 4. Consider, f(z,y) = v +y with (x,y) € [0,4] x [0,4]. Here we take

the value of ni,ny € {5,150}, q1 = g2 = 0.75 and o1 = ag = 0.1 . The Fig-

ure 7 explains the convergence of the operators Kr(z?'j{g,'(l)‘)75,0.75 towards the func-

tion f(x,y) for increasing values of n1,ne. Secondly, The absolute error function
0.1,0.1 0.1,0.1 o .
Er(Ll,nz,o.)75,0.75 (fiz,y) = ‘K'r(zl,n2,0.)75,0.75(f;xay) - f(%y)’ is illustrated Figure 8.

Finally numerical values of Efl?"ln’g;é.)mo% at some points on the interval [0,4] x

[0,4] for ni,ng € {5,150} are given in Table 4.

Cfecy)=x+y
(0.1,0.1) .

l:lKS‘S,O 75‘0.75(f’X’Y)
(0.1,0.1) .

I:IK15U.|SU,O 75,0. 75(f'x'Y)

FIGURE 7. Convergence of the operators ng‘ﬁ;g;é?mo% to the
function f(z,y) =+ y.

As we increase the value of ny and no and fixed oy, s, q1 and qo, the approxi-
mation is good, i.e for the largest value of ny and ny and fixed a1, as,q1 and qo,
the error is minumum.

Example 5. Consider f(x,y) = = +y with (z,y) € [0,4] x [0,4]. Here we take
the value of ay,a1 € {0.1,10}, ¢ = ¢ = 0.75 and ny = ny = 5. The Fig-
ure 9 explains the convergence of the operators Ké%l’(’)of?g’o% towards the function
f(z,y) for increasing values of ay, s € {0.1,10} . Secondly, absolute error function
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0.55 \

0.5

0.45

Ky 07 0 75 XYY

—(0.1,0.1) .
‘K|50‘150.0 75.0.75EX YAV

0.5

FIGURE 8. Eg)l',lﬁg;(l)?75,o.75 with f(z,y) = x+zy+12y? for ny,ny €

{5,150} on the interval [0,4] x [0, 4].

TABLE 4. Estimation of the absolute error function E,(Lol'ln’g'é_)75 0.75

with f(x,y) = z + y for some values of (z,y) in [0,4] x [0,4] and
ni,Ng € {5, 150} .

£O.10.T) FO10T)

Ty 5.5,0.75,0.75 | £9150,150,0.75,0.75
0|0 |0.604 0.461
0]0.5|0.604 0.461
0|1 ]0.604 0.461
0| 1.5]0.604 0.461
0|2 |]0.604 0.461
0|25 |0.604 0.461
0|3 ]0.604 0.461
0|3.5]0.604 0.461
0|4 ]0.604 0.461

Eé"?’bc_“?g’o% (fiz,y) = Kﬁ?}ﬁ‘;izl,%(f;x,y) — f(z,y)| is illustrated Figure 10. Fi-

nally, numerical values of Eé)ogl’f?g’o.% at some points on the interval [0,4] x [0, 4]

for aq,a € {0.1,10} are given in Table 5.
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FIGURE 9. Convergence of the operators Ky

T fey)=xry
(0.1,0.1) .
D K5,5.0 75,0. 75(',X,y)

(10,10) .
IKs 5.0.75,0.75 1Y)

the function f(z,y) =z +y.

TABLE 5. Estimation of the absolute error function F
with f(x,y) = x + y for some values of (x,y) in [0,4] x [0,4] and

aj,ap € {0.1,10} .

(or1,002)

,5,0.75,0.75

50,50,0.75,0.75

€ Y Eégébobl.)?s,o.% Eééoééogjs,o.%
0.1 ] 0.1 0.461 0.131
0.1 {0.5]0.461 0.131
0111 0.461 0.131
0.1 (1.5]0.461 0.131
0.1]2 0.461 0.131
0.125]0.461 0.131
0.1]3 0.461 0.131
0.1(3.5]0.461 0.131
0.14 0.461 0.131

1163

As we increase the value of ay and ag and fixed qq,qs,n1 and no, the approx-
imation is good, i.e for the largest value of a and as and fized q1,q2,m1 and no,

the error is minumum.
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©.1,0.1) V)
‘KSO‘SO,OJS.O 75(1’X'Y) '(x’y”
0.5

‘K(s‘o?éé,g?75.o 75(xy)-xy)l

0.45

0.4

0.35 \

0.3

FIGURE 10. For some (z,y) points, error function Eégg&?)).%,o.?s
with f(z,y) =z +y.

Example 6. Consider f(x) =z +y with (z,y) € [0,4] x [0,4]. Here we take the
value of q € {0.35,0.75}, ny =ng = 10 and oy = a1 =5 for Ké?}ﬁgf,zh,qz. The Fig-

ure 11 demonstrate the convergence of operators K{g:%’qlm to f(zx,y) for increas-

ing values of q1 and qa. Moreover, function of absolute error E;g”%’ql,qz (fiz,y) =

K,(L?},;;“?)h,qz (f;z,y) — f(x,y)|) in is illustrated Figure 12. Then, numerical values

of Eig”%’qh% at some points on the interval [0,4] x [0,4] for ¢1,q2 € {0.35,0.75}are
given in Table 6.

As we increase the value of q1 and g and fized o, s, n1 and na, the approx-
imation is good, i.e for the largest value of ¢1 and qo and fized aq, 2,1 and no,
the error is minumum.
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\

9~ T xy)=xy

(5.5)
K{0.10,0.75,0.75

(fix.y)

FIGURE 11. Approximation to f(z,y) = = + y by K{g:%’qh%

q1,q2 € {0.3570.75}.

0.9

0.8

035X )0yl

K6 005,075 XY

FIGURE 12. E%:%,ql,qz (f;z) for f(z,y) =x+y and g1, = {0.35,0.75}.
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TABLE 6. Estimation of the absolute error functionEig”%’ 1,0, With
f(z,y) = x + y for some values of z in [0,4] x [0,4] and ¢1,¢2 €
{0.35,0.75}.

(5,5) (5,5)

Ty £1010,0.35.035 | £1010.0.75.0.75
00 |]0.847 0.161
01]0.5|0.847 0.161
01 0.847 0.161
0]1.5|0.847 0.161
0|2 0.847 0.161
0]25|0.847 0.161
0|3 ]0.847 0.161
0]3.5|0.847 0.161
04 |0.847 0.161
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ABSTRACT. Cancer formation is one of the pathologies whose frequency has
increased in the recent years. In the literature, the compartment models,
which are non-linear, are used for such problems. In nonlinear compartment
models, nonlinear state space models and the extended Kalman filter (EKF)
are used to estimate the parameter and the state vector. This paper presents
a discrete-time Gompertz model (DTGM) for the transfer of optical contrast
agent, namely indocyanine green (ICG), in the presence of tumors between
the plasma and extracellular extravascular space (EES) compartments. The
DTGM, which is proposed for ICG and the estimation of ICG densities used
in the vascular invasion of tumor cells of the compartments and in the mea-
surement of migration from the intravascular area to the tissues, is obtained
from the experimental data of the study. The ICG values are estimated on-
line (recursive) using the DTGM and the adaptive Kalman filter (AKF) based
on the experimental data. By employing the data, the results show that the
DTGM in conjunction with the AKF provides a good analysis tool for model-
ing the ICG in terms of mean square error (MSE), mean absolute percentage
error (MAPE) and R2. When the results obtained from the compartment
model used in the reference |9| are compared with the results obtained with
the DTGM, the DTGM gives better results in terms of MSE, MAPE and R?
criteria. The DTGM and the AKF compartment model require less numerical
processing when compared to the EKF, which indicates that DTGM is a less
complicated model. In the literature, EKF is used for such problems.

1. INTRODUCTION

In recent years the use of optical contrast agents and advanced medical imag-
ing techniques to analyze and diagnose tissue abnormalities has become almost a
standard procedure [1]. The existence of tumors is one of the main causes of tissue
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abnormalities, and in |2] it is shown that tumor vessel permeability to macromolec-
ular blood solutes correlates with tumor growth as well as vascular growth. ICG
is a blood pool agent that binds to globulin proteins (predominantly albumin) in
blood (3|, and because of its ability to bind to plasma proteins, it behaves as a
macromolecular contrast agent with a low or no vascular permeability. Once in-
jected, ICG rapidly and completely binds to albiimin. Its macromolecular behavior
results in a slow leakage which permits application of a pharmacokinetic model that
in return allows for the determination of individual vascular parameters, such as
capillary permeability. Compartmental analysis is a method of bio-mathematical
modeling which assumes that a biological system can be divided into a series of
homogeneous compartments which interact by exchanging material. For compart-
mental models used in pharmacokinetics, the material concentration varies with
time depending on individual pharmacokinetics parameters [4]. If the appropri-
ate parameters are known, the concentration level in a particular compartment
can be predicted by applying suitable pharmacokinetic equations. Thus, a robust
method of identifying and estimating individual parameters is required. The pa-
rameter identification is a common nonlinear estimation problem. In essence, it
is the problem of estimating a model parameter that occurs as a coefficient of a
dynamic system state variable - either as a dynamic coefficient or as measurement
sensitivity. When this estimation problem is solved simultaneously with the state
estimation problem (via state vector augmentation), the linear model becomes non-
linear. The extended Kalman filter (EKF) is one of the most popular and intensively
investigated estimation technique for the nonlinear state estimation. It consists of
applying the standard Kalman filter equations to the first-order approximation of
the nonlinear model of the last estimate [5]. This study addresses the most com-
monly used growth models, the DTGM to estimate the ICG level without resorting
to nonlinear models. The growth curves are used for modelling the increase in the
number of plants, bacteria or viruses in an environment. The rest of this article
is organized as follows. In Section 2, information about The ICG Compartment
Model is presented. In Section 3, the mathematical and computational method-
ologies of DTGM are specified and the mathematical equations, that are aimed to
be used further in the study are given, and the modeling analysis and estimation
results are also presented. Finally, Section 4 concludes the study.

2. THE IcG COMPARTMENT MODEL

If there is a tumor in any tissue, the given ICG passes through the vessel into
the tumor tissue area. There is also a return to the vein from the tumor tissue.
In accordance with this physiological structure, a two-compartment model can be
considered. In this compartment model, C), indicates ICG concentration in the
vessel, C. indicates ICG concentration in tumor tissue. k; ratio is the ratio of
ICG passing from the vessel to the tumor tissue, ko is the ratio of ICG passing
from the tumor area into the vessel, and ks is the ratio of ICG passing from the



A STUDY ON MODELING OF RAT TUMORS 1171

plasma to the liver and kidney. Since the mentioned ratio is quite small, this ratio
is ignored while creating the mathematical model. The ICG density in the tumor
tissue tend to increase as the k; ratio increase of the ICG density in the vessel
(since there are transitions from here) and tend to decrease as the ko ratio of its
own density. Accordingly, the change in ICG density in the tumor tissue per unit
time is expressed as in Equation [I]

LV _ 1,6y (0) - kOl (1)

As mentioned above, its rate can be ignored, and the change in ICG density in
the tumor tissue per unit time is defined as in Equation |2

L0 — ,0y1) + kaCult) (2)
Because the ratio of ICG concentration, which is only in the vessel, is expected to
be transferred to the tumor tissue per unit time. k; and ks show the permeability
parameters mentioned before. According to the model, there is no information
about the permeability parameters and there is no need for their estimates. When
the differential equation system given by equations[I}2] are made discrete, nonlinear
discrete time-state space model is obtained. In this model, both the parameter and
the state vector are required to be estimated simultaneously. In the literature, the
EKF is used for such problems [6]- [11].

3. DISCRETE-TIME GOMPERTZ MODEL

In this study, DTGM, one of the growth models, is used to estimate the ICG
level without considering the nonlinear models.

The growth curves are used for modelling the increase in the number of plants,
bacteria or viruses in an environment. Expressing the growth of an organism or
an increase in the number of viruses temporally is called ”growth”. The identifica-
tion of the complex growth process is aimed at using the growth curves [12]- |14].
DTGM is well known and widely used model in many sub-fields of biology [15]-
[18]. Numerous parametrizations and re-parametrizations of the DTGM can be
found in the literature [17]. DTGM was originally recommended to explain human
mortality curves Gompertz [12], and it has been further used in the description of
growth processes, for example, growing of bacterial colonies [15] and tumors |16].
The model, a stochastic version of the DTGM, can be transformed into a linear
Gaussian state-space model for the convenient fitting to time-series data. In this
study, ICG values are estimated online using the DTGM and the AKF based on
the experimental data. By employing the data, the results show that the DTGM
in conjunction with AKF provides a good analysis tool for modeling the ICG in
terms of mean square error (MSE), mean absolute percentage error (MAPE), and
R? . When the results obtained from the compartment model used in the refer-
ence [9] are compared with the results obtained with the DTGM, the DTGM gives
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better results in terms of MSE, MAPE and R? criteria. The DTGM and the AKF
compartment model require less numerical processing when compared to the EKF,
which indicates that DTGM is a less complicated model.

Let n; denote ICG level at time ¢t. The process model is as:

ny = ng—1exp(a + blnng_1 + ;) (3)

where a and b are constants, and e; is a random variable distributed as e; N (0, 0%).

The random variables ey, ..., e, are assumed to be uncorrelated. On the logarith-

mic scale, the DTGM is a linear autoregressive time-series model of order 1 [AR(1)
process] defined as equation [4]

Yt=Yyt-1tat+byr1t+e=a+cy—1+e (4)
where, y; = Inn; and ¢ = b+ 1. For statistical properties of DTGM, see [18].
The model has a long history in density-dependence modeling see [19]- [21]. A
freguently seen alternative is a stochastic version of the Moran-Ricker model [21],
which uses n;_; instead of Inn;_; in the exponential function; in comparative
data analysis studies, the Gompertz model has performed as well as the Moran-
Ricker [22]. The probability distribution of n;_; is a normal distribution with mean
and variance that change as functions of time. If —1 < ¢ < 1, the probability distri-
bution of n; eventually approaches a time-independent stationary distribution that
is a normal distribution with a mean of a/(1 — ¢) and a variance of o3/ (1 — ¢?).
The stationary distribution is the stochastic version of an equilibrium in the deter-
ministic model, and is an important statistical manifestation of density dependence
in the population growth model Dennis [18]. In equation 4, a is the intrinsic growth
rate, b is the density-dependent influence [18].

3.1. Mathematical and Computational Methodologies. The optimum linear
filtering and estimation methods introduced by Kalman [31] have been considered
as one of the greatest achievements in estimation theory. Discrete-time linear state-
space models and Kalman filtering (KF) have been employed since the 1960s, mostly
in the control and signal processing areas. The KF has been extensively employed
in many areas of estimation. The extensions and applications of discrete-time linear
state-space models can be found in almost all disciplines [20]- [28]. In this study,
KF has been used to estimate the time-varying parameter of the DTGM. KF is a
recursive estimator to estimate the time-varying parameters. If ¢ = 0 in Eq., ny
takes the case counts observed until ¢ and y; = Inn;. Then the equation

Yt = CYt—1 + € (5)
is acquired. In the case that the parameter c¢ in Eq. is time-varying and

presumed as random walk process, that is . Then state-space model,

Yt = CtYt—1 + €t (6)
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Ct = Cp—1 + Wy (7)
is obtained and wy is distributed as w; N(0,03). The random variables wy, wa, .. ., wy,

are assumed to be uncorrelated. Here, the state variable is unobservable, time-
varying, and can be estimated through AKF (explanation regarding AKF is given
in the Appendix section). If this time-varying parameter is estimated using on-line
AKF, the ICG level in times t+1,t+2, ... can be estimated via this online-estimated
parameter. When the models given in equations @ and are compared with the
state space model given in the Appendix, the following equations are obtained.

r=c, Fy=1,G,=1,H =y_1,R = 01,0 = 02 (8)

3.2. Application of DTGM. Details of the experimental setup, and how the
data were collected can be found in [23]. Data is given in Table Since this
study deals with the collected data, here only a very brief discussion regarding the
experiments is given in order to put more emphasis on the mathematical represen-
tation, along with parameter estimation. In the experiments, bolus injections of
the optical contrast agent ICG were administered to the rat through the tail vein.
The measurements were collected by placing the probe normal to the tumor surface
and probing the whole tissue including plasma. After injection, ICG rapidly and
completely binds to albumin, after which the kinetics of ICG are governed by the
temporal dynamics of albumin in and between the vascular compartment and the
EES.

3.3. Estimation (AKF) Algorithm. The steps of the AKF algorithm using to
estimate the parameter in DTGM are as follows. The code is written in Matlab
program for the estimation algorithm.

Step 1. Initial values ¢g = 0.9, Py = 1, R, = 01 = std (y4) ,t = 1,2,...,n,Q =
0o =0.01,t=1,2,...,n,a = 1.0001

Step 2. ¢4—1 = ¢;—1  Predicted (a priori) state estimate

Step 3. Pyj_1 = a(Pi_1;-1 +02) Predicted (a priori) estimate covariance

Step 4. K¢y = Pyi—1y1-1 (yt71Pt|t71yt71 + 01)_1 Optimal Kalman gain

Step 5. Pr— = [I — Ky:—1] Pit.1 Updated (a posteriori) estimate covariance

Step 6. ¢ = &p—1 + Ky (yt - yt_lét‘t,l) Updated (a posteriori) state estimate

In the experiment, the ICG concentration in the lump space, i.e. EES and
plasma, was monitored for 500 seconds. According to the estimation results ob-
tained by using the ICG level in DTGM, the MSE, MAPE, R? and values are
calculated (see Table . These calculated values indicate that the compatibility of
the model with real data is quite high. This tells us estimating the ICG level via
DTGM is a reliable method. Since estimation using the AR(1) stochastic process
does not require any other model assumption. As for AKF, utilizing only the ob-
servation in time and the preceding estimation is the most advantageous aspect of
this method.
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TABLE 1. Collected data.

Time | Observed value | Time | Observed value | Time | Observed value | Time | Observed value | Time | Observed value | Time | Observed value
0 -0.0237 45 0.623 90 0.749 135 0.682 180 0.603 225 0.532
1 -0.0269 46 0.632 91 0.752 136 0.677 181 0.596 226 0.533
2 -0.0282 47 0.645 92 0.753 137 0.678 182 0.594 227 0.534
3 -0.0251 48 0.65 93 0.751 138 0.683 183 0.594 228 0.533
4 -0.0249 49 0.66 94 0.747 139 0.684 184 0.591 229 0.527
5 -0.0224 50 0.665 95 0.739 140 0.685 185 0.592 230 0.531
6 -0.0236 51 0.671 96 0.741 141 0.688 186 0.586 231 0.528
7 -0.0243 52 0.682 97 0.743 142 0.686 187 0.587 232 0.527
8 -0.0232 53 0.685 98 0.748 143 0.688 188 0.591 0.525
9 0.0265 54 0.688 99 0.747 144 0.685 189 0.594 0.521
10 0.139 55 0.688 100 0.742 145 0.671 190 0.587 0.523
11 0.216 56 0.691 101 0.739 146 0.661 191 0.579 0.523
12 0.255 57 0.696 102 0.741 147 0.657 192 0.576 0.522
13 0.275 58 0.704 103 0.738 148 0.66 193 0.579 0.514
14 0.282 59 0.711 104 0.738 149 0.662 194 0.576 0.513
15 0.286 60 0.716 105 0.738 150 0.658 195 0.575 0.516
16 0.295 61 0.717 106 0.735 151 0.653 196 0.574 0.513
17 0.305 62 0.729 107 0.739 152 0.652 197 0.574 0.508
18 0.316 63 0.737 108 0.739 153 0.654 198 0.573 0.503
19 0.324 64 0.739 109 0.731 154 0.653 199 0.572 0.504
20 0.337 65 0.729 110 0.734 155 0.653 200 0.57 0.502
21 0.352 66 0.725 111 0.734 156 0.646 201 0.568 0.504
22 0.365 67 0.726 112 0.737 157 0.648 202 0.567 0.503
23 0.381 68 0.732 113 0.733 158 0.654 203 0.569 0.503
24 0.399 69 0.728 114 0.734 159 0.652 204 0.566 0.497
25 0.413 70 0.722 115 0.736 160 0.645 205 0.566 0.5
26 0.426 71 0.725 116 0.727 161 0.639 206 0.566 0.5

7 0.439 72 0.732 117 0.724 162 0.635 207 0.565 0.501
28 0.45 73 0.731 118 0.723 163 0.631 208 0.568 0.5
29 0.466 74 0.731 119 0.719 164 0.629 209 0.564 0.504
30 0.477 75 0.732 120 0.718 165 0.623 210 0.557 0.501
31 0.49 76 0.736 121 0.711 166 0.62 211 0.553 0.499
32 0.503 7 0.74 122 0.699 167 0.62 212 0.551 0.491
33 0.513 78 123 0.702 168 0.623 213 0.554 0.489
34 0.524 79 124 0.699 169 0.623 214 0.546 0.486
35 0.537 80 125 0.7 170 0.622 215 0.543 0.49
36 0.553 81 126 0.699 171 0.621 216 0.54 0.486
37 0.569 82 127 0.697 172 0.62 217 0.541 0.482
38 0.579 83 128 0.696 173 0.623 218 0.538 0.478
39 0.579 84 129 0.702 74 0.626 219 0.538 0.477
40 0.58 85 130 0.697 175 0.624 220 0.537 0.477
41 0.589 86 131 0.691 176 0.617 221 0.535 0.476
42 0.597 87 132 0.684 177 0.608 222 0.537 0.477
43 0.605 88 133 0.681 178 0.609 223 0.532 0.479
44 0.613 89 134 0.679 179 0.607 224 0.531 0.476
270 0.48 315 360 0.419 405 0.396 450 0.382 0.374
271 0.478 316 361 0.417 406 0.395 451 0.378 0.377
272 0.477 317 362 0.414 407 0.397 452 0.381 0.375
273 0.474 318 363 0.409 408 0.396 453 0.383 0.374
274 0.471 319 364 0.409 409 0.395 454 0.381 0.376
275 0.474 320 365 0.409 410 0.396 455 0.381 0.372
276 0.473 321 366 0.409 411 0.397 456 0.383 0.371
277 0.471 322 367 0.407 412 0.396 457 0.382 0.369
278 0.467 323 368 0.405 413 0.391 458 0.383 0.368
279 0.468 324 369 0.408 414 0.391 459 é 0.37
280 0.467 325 370 0.407 415 0.389 460
281 0.464 326 371 0.406 416 0.391 461
282 0.468 327 372 0.408 417 0.391 462
283 0.462 328 373 0.409 418 0.391 463
284 0.465 329 374 0.411 419 0.393 464
285 0.465 330 375 0.405 420 0.394 465
286 0.463 331 376 0.407 421 0.392 466
287 0.462 332 377 0.409 422 0.393 467
288 0.46 333 378 0.406 423 0.396 468
289 0.462 334 379 0.407 424 0.393 469
290 0.465 335 380 0.408 425 0.395 470
291 0.461 336 381 0.407 426 0.391 471
292 0.454 337 382 0.41 427 0.392 472
293 0.452 338 383 0.406 428 0.389 473
294 0.45 339 384 0.4 429 0.391 474
295 0.452 340 385 0.396 430 0.387 475
296 0.448 341 386 0.398 0.39 476
297 0.45 342 387 0.399 0.391 477
298 0.447 343 388 0.395 0.388 478
299 0.446 344 K 389 0.393 0.384 479
300 0.448 345 0.417 390 0.394 0.387 480
301 0.442 346 0.419 391 0.393 0.385 481
302 0.448 347 0.415 392 0.392 0.385 482
303 0.447 348 0.419 393 0.397 0.386 483
304 0.447 349 0.42 394 0.395 0.387 484
305 0.446 350 0.419 395 0.398 0.388 485
306 0.449 351 0.417 396 0.397 0.39 486
307 0.447 352 0.416 397 0.395 0.389 487
308 0.443 353 0.418 398 0.395 0.388 488
309 0.441 354 0.416 399 0.397 0.387 489
310 0.441 355 0.415 400 0.395 0.386 490
311 0.437 356 0.417 401 0.397 0.384 491
312 0.44 357 0.418 402 0.395 0.382 492
313 0.439 358 0.417 403 0.394 0.382 493
314 0.438 359 0.418 404 0.395 0.384 494
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TABLE 2. Calculated R?, MSE, MAPE.

Model MSE | R? MAPE
DTGM 0.0001 | 0.9973 | 5.7385
Compartment Models | 0.0004 | 0.9826 | 19.2059

Figure [I] depicts the observed ICG concentration and the model fit obtained
through the use of DTGM. Figure 2 depicts the observed ICG concentration and
the model fit obtained through the use of compartment models [9]. Figuredepicts
the observed ICG concentration and the model fit obtained through the use of
compartment models and DTGM. It is clearly seen that the DTGM mathematical
model provides a rather good fit to the observations, which indicates the correctness
of the model.
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FIGURE 1. DTGM: Observed ICG concentration and the model fit.

4. CONCLUSION

In this study, we introduced a DTGM representing the metabolic elimination
and transfer of ICG between compartments in rat tumors, and presented a method
for the quantitative analysis of experimentally obtained ICG concentration data.
This will be useful in the analysis of tumor cell behavior patterns in cancerous
tissues. In this study, ICG concentration data have been estimated online using
DTGM and AKF. The ICG concentration data is modeled with DTGM, and the
time-varying parameters of the obtained AR(1) stochastic time series are estimated
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by the on-line AKF. The estimation by the acquired data shows that employing
the DTGM model and the AKF in terms of MSE, MAPE, and R? provide efficient
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analysis for modeling the ICG concentration data. It is proposed that using the
DTGM and the AKF will be appropriate. It is quite a simple method to model the
ICG concentration time series data with the time-varying parameter AR(1) sto-
chastic process and to estimate the time-varying parameter with the online AKF.
When the results obtained from the compartment model used in the reference [9)
are compared with the results obtained with the DTGM, the DTGM offers bet-
ter results according to MSE, MAPE and R? criteria. The DTGM and the AKF
compartment model require less numerical processing compared to the EKF, and
DTGM is a simpler model. In the literature, the EKF is used for such problems.
As far as we know no other method has been used before.

Appendix

State-Space Model and Adaptive Kalman Filter (AKF)
Let us consider a general discrete-time stochastic system represented by the state
and measurement models given as:

T4 = Fyry + Gy

ye = Hyzy + vy
where x; is an n x 1 system vector, y; is an m x 1 observation vector, F; is ann xn
system matrix, H; is an m X n matrix, w; an n X 1 vector of zero mean white noise
sequence and v; is an m X 1 measurement error vector assumed to be a zero mean
white sequence uncorrelated with the w; sequence. The covariance matrices wy
and w; are defined by w; ~ N (0,Q;),ve ~ N (0, R;). The filtering problem is the
problem of determining the best estimate of its z; condition, given its observations
Y: = (Yo, y1,-- -, ¥t) [14—20]. When Y; = (yo,y1, - - -, ¥+) observations are given, the
estimation of state x; with
:it :E(It ‘ y03y17"'7yt) :E(xt | )/t)
and the covariance matrix of the error with
Pt\t =F [(l"t - i‘t|) ($t — Ty )/ | Yt]
when Y:_1 = (yo,%1,-..,¥:—1) observations are given, the estimation of state x;
with ;1 = E(2¢ | Yo, y15- -, ¥t—1) = E (24 | Yi1)
and the covariance matrix of the error are shown with

A~ A~ /
Pt\tfl =FE [(mt - l‘t\q) (xt - xt|t71) | }/t—l} .
Let the initial state be assumed to have a normal distribution in the form of
To ~ N (i’o,Po).
The optimum update equations for KF are,

Tt|—1 = Fr 12t

Py =F Py F  + G 1Qi Gy
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K = Py H{(HPy,_1H; + Ry)™!

Ptlt = [I - Kth] Ptlt—l
Ty = Ty + Ky (yt - Htfft|t—1)

In the above equations, )A(t“,l is the a priori estimation and Xt is the a posteriori
estimation of x;. Also, P;;_; and F; are the covariance of a priori and a posteriori
estimations respectively [24]- [33]. In some cases, divergence problems may ocur
in the KF due to the incorrect installation of the model. In order to eliminate
divergence in the KF, adaptive methods are used [5], [32], [33]. One of these is the
use of the forgetting factor. A forgetting factor is proposed by [32].

Py =« (Ft—lpt—1|—1Ft,_1 + Gt—th—lGé_l)
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ABSTRACT. One of the objectives of this paper is to establish the exact con-
trollability for wave-type evolution equations on non-convex and/or cracked
domains with non-concurrent support crack lines. Admittedly, we know that
according to the work of Grisvard P., in domains with corners or cracks, the
formulas of integrations by parts are subject to geometric conditions: the lines
of cracks or their supports must be concurrent. In this paper, we have estab-
lished the exact controllability for the wave equation in a domain with cracks
without these additional geometric conditions.

1. INTRODUCTION

The presence of a crack in equipment (especially under pressure) requires, for
obvious safety reasons, to know precisely its degree of harmfulness. When this crack
propagates, under cyclic loading, it is important to evaluate and to quickly control
the evolution of this degree of harmfulness and more concretely the residual life of
the cracked structure.

In the works of the pioneers and precursors, not least Kondratiev [1], Grisvard [2],
Moussaoui [3] and Niane [4], the control and removal of singularities were estab-
lished in domains with corners or cracks.

Indeed, when these cracks propagate, under cyclic loading, it is important to eval-
uate and to quickly control the evolution of this degree of harmfulness and more
concretely the residual life of the cracked structure. Thin plates and shells are
widely used in aeronautics. Due to the significant stresses to which the structure

2020 Mathematics Subject Classification. 13P25, 93B03, 35B45, 93B05, 93CO05.
Keywords. Control, controllability, norms estimations, singularities, cracks.
& cheikhb.seck@ucad.edu.sn; “20000-0001-8185-5956.

(©2022 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

1180



STUDY ON NON-CONVEX DOMAINS WITH CRACKS 1181

of an aircraft is subjected in flight, for example, the appearance of small cracks is
inevitable. Depending on the situation, these cracks are more or less dangerous;
thus, certain cracks do not propagate, on the other hand, others present a certain
risk.The risks alluded to earlier must, consequently, be curbed. So, once a crack
has been detected, it is important to know if it can be dangerous or not? The
safety of persons and that of the goods involved means repairing the work first and
foremost. Notwithstanding, repairing all the cracks won’t be necessary as, if the
crack is not dangerous, it is no good repairing as it will be costly.

Accordingly, it is important to figure out whether or not the crack is dangerous,
and whether it can be spread. Apart from extreme cases (very small or very large
cracks), this diagnosis is not easy to make because even a small crack can spread
brutally. It is very clear that the accuracy of this diagnosis is very important.
More recently, Seck [5], Bayili [6], taking inspiration from the exact controllability
in Lipschitzian domains by Costabel [7], Niane [8] and Lions [9,10], established
results of exact controllability of the wave equation in non-regular Sobolev spaces.
But, in all these works, the domains admit a crack or a corner or even cracks with
condition of control: the lines of cracks are concurrent (or the supports of the lines
of cracks are concurrent).

In this paper, without making additional assumptions and conditions on the crack
lines and their supports, an exact controllability result was established for wave
equation.

2. REMINDERS OF FUNDAMENTAL RESULTS

2.1. Problem position. We denote by 2 an open polygonal uncracked, non con-
vex and bounded of R? and for 7' > 0, we denote by Qr = Qx]0, 7] .

Let T' the boundary of €2, v(x) the external unit normal at all points  (apart from
the vertices) of I' and X the lateral border of the cylinder Qr.

I" is the union of a finite number of closed line segments; the corresponding open
segments are denoted I';, 0 < j < N and S;; the end common to I'; and I'; if it
exists. We denote by w;; the measure of the angle made by I'; and I'; in S;; towards
the interior of .

We denote by v; the unit normal vector outside I'; and 7; the unit vector tangent
to I'; and directed towards the vertex S;. For zp any point of R?, we consider the
function m(z) = x — z¢ and a partition of the border as follows:

I'p={zelym(x)-v>0} Ti={zel;m(x) v<0},
and
25 =T5x%]0,T7.
Let ||.|| be the Euclidean norm in R? and introduce the following constants

Ry = R(zp) = max ||z — ]|, and Ty = 2R(zp).
zeQ
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Let also f € L?(Q) and y € Hg(2) be the unique solution of the homogeneous
Dirichlet problem

(P1) { _yﬁy::Of ’ (1)

In the space H = L?(2), we consider A the operator defined by:

D(A) = {y € Hy () -y € LAQ)},
VA e D(A), Ay = —Ay.

A: is a compact positive inverse self-adjoint operator see Brezis [11] and Hormander
[12].

y is solution of (I))(P1) = y € D(A).

Let m + 1 be the number of non-convex angles of the 02 boundary of the domain
Q having m + 1 vertices (S;)o<i<m.-

It has been proved in Niane [4] that if @ is an arbitrarily small part of {2 not meeting
any vertex of cracks, there exist regular functions (g;)1<i<m With compact support
in @ such that for all f € L?(Q), if (A;)1<i<m are the coefficients of singularities of
the problem (P1) then the problem

yr = 0. @

72 {

admits a solution § € H*(Q), with u = — > Aihi,  A\i = [, fwidx where w; the
singular functions Cf. Grisvard [2] and < g;,w; >= §;; Moussaoui [3] and Niane
[4].

Let for i € {0,...,m}, (r;,0;) represent the polar coordinates of a point M of Q

N
relatively to the vertex S; with r; = || S; M || Gilbert [6].

Remark 1. The singular functions w; are harmonic

—Aw; =0 sur Q,
w; =0 OO\ {z;}.

2.2. Internal control of the homogeneous waves equation on a non-convex
domain. Let y: solution of the following homogeneous wave equation

y'—Ay=0 inQr,
(EOH) : y=0, in X, (3)

y(0) =0 ¥'(0) =y  in Q.
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FIGURE 1. Non-convex cracked domain

/!

Ay =~y in Qr,

(EOH) <= (EOH)' y=0, in X, (4)
y(0) =y ¥ (0) =1  inQ.

Let (yo,y1) € D(A) x H} () = the solution y of the equation (FOH) (3)) verified
y € C(0.T; D(A)) N CV(0,T: HY(©) N C2(0, T L2(2).

In addition, in Grisvard [2], the solution can be decomposed as folloow:

Y=yr+ Yoy Ni(t)S;(t) with:

Ai(t) = [o(—y")wi(t)dt and S;(t) = r*isin(a;60;) with a; : the singularity exponent
defined by «; = w-» Wi : the aperture angle at the vertex S;.

As in the first part, we can, for any ¢ > 0, add an internal check u(t) = — > \;(¢)g;(¢)
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of such that if g is the regularized solution of the equation
—Ag = —7" +u(t) n Qr,

y=20 mn X, (5)

9(0) =90, ¥'(0) =5 in Q.
then § € H?(Q).
In fact, § = 0 on the edge X, the solution y € C(0, T} H2(Q) N H(Q)).
Let V be a subspace of H'(2) of admissible solutions for the problem (EOH)
defined by

V={jeH(Q)/ js, =0} (6)
For continuity, let us state the following proposition:

Proposition 1. The problem (EOH)' @D admits an unique solution ¢ in the space
V' and there exist a constant Cr > 0 such that

1

~ - ~ 2
9llco,rmi ) < Cr {HyOHHé(Q) +l9llzz )| - (7)

Proof. Let A be the unbounded operator of L?(Q) previously defined. According
to Spectral Theory and by Fourier transform, A is diagonalizable and there exists a
countable Hilbertian basis of L?*(Q) made up of eigenvectors (zp)gen+ C D(A)

such that the sequence of eigenvalues (Ag)r>1 of associated eigenvalues verify:
(Ak) / +oo and Ay > 0.

2Kk € Hé(Q), —Az = A2k (8)
The family Z = (2 )x>1 Hilbert base of L*(Q) ie § € L*(Q) == § = 3> Jz) with

1
N ~ 9 ~ ~ 2
gk =<1, 2k >12(0) and 35,5, 27 < +o0. What’s more [|§]| 1> ) = (Z::i yl%)

SIS

§EHY(Q) <= §=> dkzk, Y b < +o0 and [[§llme) = | D_Mdi | - (9)
E>1 k>1 E>1

So, if § is solution of (EOH)' then
g(t,z) = Zkzl Jr(t) 2k (2),

Gok (%) = X p>1 Jowzk (),
R (10)

Gue(@) = g1 J1kzk(2),

Seor (10 = (D)) 21(2) = 0.
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We multiply the relation by the eigenfunctions z; and integrate on the cylinder

Qr
O (t) — Mg (t) = 0,
91 (0) = Jok,

k(1) = J1k-

And, for all & > 1, the solution of (see Lions [9,10])is under the form

. R . Sin(\/ /\kt)
Uk (t) = gorcos(\/ Ait) + G1p——F=,
(t) = Yorcos(/ e
So
N N o sin(v/ ARt
Ok (t,x) = Z <y0kcos(\/>\kt) + ylk(k)) zi(x).
k>1 VA&
Assume
||@||20(0,T;H3(Q)) = Supte[o,T]|@(t7~)||§{3(Q)
= supieior) Y [Melln(t)]
E>1
—

||g||2C(O7T;Hé(Q)) < el supreio,mldn(®)]?
k>1

Based on the relationship

2
. N Y
||y||?;(o,T;Hg(Q)) < 2 ZA’“ [ygk + )\1:}

k>1

< 2 Z M [0 + Gix]
k>1

let’s remember that

Jo(®) = D ps1 Yorzr(T),
o € HY () <— a1 Akl < 400 and

H?)O”%{é(g) = Ek>1 )‘k?jgk'

(11)

(15)
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and

() = D s J1kzk(T),

g1 € LA(Q) &= { g1 Ml < oo and (16)
||?31||§{3(Q) =2 k1 Ak

Therefore, we get that § € C(0,T; Hi(Q2)) (1) with

3llco,rm@y < Cr (1ol + ]z (17)

]

2.3. Application to the removal of singularities. Let § regularized solution
of the equation

7' = Ag+ 30 g Jo (@ widz =0 in Qr,
(EOS) : §=0,  in3p, (18)
g(0) = go, ¥'(0) =1 in .
It will then be a matter of showing that the solution g of the equation (EOH) (3)
is in C'(0,T; H2(Q2) N H () ?
In general, it was proved in Grisvard [2] that the following wave equation

o' — Ap=fe L0, T; H (D)),

p=0 n X,
(EOS), : (19)
©(0) =g, ¢'(0)=¢; inQ,

(¢0: 1) € D(A) x D(A32),

admit a solution ¢ € C(0,T; D(A)) N CY0,T; HY(Q2)) N C(0,T; L*()) and that
this solution verifies the inequality:

Ielloorspean < K (ol + kel p, + 1 llmge) (20)

called continuous dependence of the solution compared to the initial conditions and
to the second member.
Let us apply this Grisvard result to the equation (EOS) ; For this consider for
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¢ € C?0,T; L*(%)), § = y(¢) is solution of the equation
7' = A§(Q) = = X% i Jo (widein Qr,
(EFOS)s : 7(¢)=0 m X,

9(€)(0) =5(Co); 9(Q)'(0) =5(¢y)  in Q.
(EOS);5 and the inequality implies a priori that y(¢) € C(0,T; D(A)) and that

y(Olleo,r;pay) < <|Zgz/ ¢ Q)) (21)

Consider the application A : ¢ — y({); Let us show that A is contracting ?
Let (1 — y((y), (o — y((y) and ¢ = ¢ — (o —> y(Q).
Applying it to the equation (EOS); we get

7'(C) — AG() = = > 9i ([ ("wid) in Qr,

§(¢) =0 in Xr.

More y(¢1)(0) = y(¢5)(0) = 0 (y(¢;) and y(¢y) have the same initial conditions as

Yo and y1).
From inequality we deduce

(EOS)4

Hy(C)HC(O,T;D(A)) < <| Zgz/ C//wiHLl(Q)dx) s (22)
i=1 Q
< (;min.nwin.nfgc dx|) , (23)
< (Z g¢||.||wz-||||<'||L1<m.mes<ﬂ>> L@
=1

m
< Ky <Z|9i||ﬂg(9)|wi||L1(Q)||€||L1(Q)> ; (25)

i=1
< Ksl[CllLi)- (26)
With the constant K5 = >0, gill (o llwil | L1 @) -
Let us show that 0 < K5 < 1 ie A is contracting ?

We know that the dual singular functions are such that:

w; = r-%sin(a0;)n; + ¢ with «; = WLL and w; > m, m;a truncation function
in the neighborhood of the vertices of z; and ¢; € H}(Q) for all i € {0, ..., m}.



1188 C. SECK

The application A is Lipschitzian, let us show that it is contracting ie 0 < K5 < 1
5

fwil| = |[r~ % sin(a;0:)n; + ll, (27)
1 .
< o llsin(aabn]| + 1G] (28)
1
< E"‘HCH (29)
where ag = minie{17___7m}ai thus rclw < T%O

The functions (g;)i1<i<m are compact support on & which is compact, so there is
go = mazi<i<mgi on @ such that ||g;|| < ||go|| for all . Therefore

m
1
Z [ga|[||wil| < m2||go||TT0 + C1 with C1 > 1 a constant.
i=1
As a result,

1
0< K5 < m2|\90\|r70 +Ch.

A sufficient condition for A to be contracting is that

1 L jog( m2llgall
m2|\90||7w70+01<1<:>r26“° g( 1= ) (30)

Remember that
r=[[SiM]| = ||z — ]
ie M #£5;,Vie{l,..,m} on @.
Hence if M is far from the top of the crack ie 7 >> 1 the application A is contracting.
Thereby,

y(Ollco,r:pa)) < KsllCllez0,m;22(0)) (31)
Therefore, if holds then the application A is contracting and according to the
Fixed Point Theorem y(¢) = y(¢;) — y(¢3) = 0 and y being continuous so ( is
unique.
Hence the equation

70 -850 ==Y 0 [ @(Owidz 0 Qr,
i=1

(
Q

u(t)

(C) = 0 mn ZT7

<
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Proposition 2. The solution § is the reqularized solution, therefore the singularity

coefficient \ associated with it is null.

Proof. Let A the singularity coefficient associated with §. By definition,

A= /u(t)widx,
Q

= / —Zgi/;&"widx w;dz,

Q = Ja

= —/ / Zgzgj”wzwzdxdx,
QIR =1

= 7/ / Z < gi, w; > Agw;dzrde.
QIR

so < gi,w; >=1=—=

A = —// Agw;dxdz,
Q Q;
—//ZgAwidxdx

Q2=

because s, = 0.

We also know that the dual singular functions are harmonic ie Aw; = 0 hence

A=0

O

Remark 2. The corrective term or internal control u(t) depends on §", therefore

Y.

3. USE IN THE IMPLEMENTATION OF THE HUM METHOD

3.1. Preliminaries. Let y solution of wave equation

y'—Ay=0  inQr,

y(0)=yo, ¥(0)=y1  in Q.

For initial data yo and y; belonging respectively to H(Q2 and L?(Q). Let also be

the energy of (FOH) defined by

1
Ey = 5 (||yo\|H5(Q) + \|yl\|Hg(Q)> .

(39)
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We know that in a polygonal domain with corner, (z — xo).yg—f is not always a
square integrable on the edge near of corner. Grisvard [2] got around this difficulty
by imposing drastic geometric conditions. And, in Seck [5] this result has been
generalized with less constraints in non-regular Sobolev spaces. Also Niane [4] have
shown, without geometric conditions, the exact controllability of the wave equation
by combining a boundary control and an internal control on a small part whose
support is in the vicinity of a vertex crack.

3.2. Implementation of the HUM method. Let us return to the equation of
the following waves

¢'—Ap=u(p) inQr,
(EOS)s : =0 in X, (40)
@(O) = @Oa Q’/(O) - (701 in €.

From the above, with u(p) = Y7, g; (Jq ¢"widz), the solution ¢ € H?(Q2).
Indeed, we multiply the equation (FOS)s by mV{§ and integrate by parts:

/ (@" — Ap)mVydrdt = A mVyu(p)dzdt, (41)
= —mVyigi (/ cp”wzda:dt) (42)
i=1 T
Assume
I = / (" — AP)mVidzdt (43)
= / @"mVydzdt — A ApmVydzdt (44)
- I - I

3.3. Some integrations by parts.

3.3.1. First Term I;.

L = / @"mVydzdt,
Qr

T
= / / @"m(z)Viydzdt,
o Ja

T ~ 2~
_ ~ 0P 0°7

= 'm(x)V de—/ /fm dtdzx,
/Q“" (z)Vydzlo o Jo ot Fotox,
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3 _ T op 0,07
- /Q i) Videly _/ (/ (8t at(axk)) d‘”) di,
. y 0%y
/ dfc\o / / < Mk 55 > dxdt,

_ </> 3y e 9y,
- D 10 // koo, ot

Noting that: N = 2,divm = Zizl 887;: = 2 and applying Green again we have:

op 0y T omy, 0p 07 a7
L = [ Zmyo—daff - —
! o ot * oz, dzlg /0 S T T T L2 | d.
=0
dp 0y . r 99 0y
ot mkaxkdxh) + o dwma ot dxdt.

3.3.2. Second Term I.

I, = ApmVydxdt,
Qr

T
= / / ApmVydxdt,
0 Jo

.
Op op 0y ]

= \AV de — | == do| dt,
/0 /Q 4 (m"ak” /man F o

T r -
- / 02 e 2y — [ 02, 00 d]dt,
0

Q a.’L'Z axk 90 on ox Tk
T - .
_ omy 0p y &p / dp 0y
= /0 o 0 0z ot ) o 8x Bzvk o O m’“amkd dt.

L J
Let’s study the integral J:
o0p 023
q Oz; M Ox;0xy
/ m 0p &9 dx
k 3% 83318:1%

8y x—/ mEn 0p &ljda
ﬁxk 5‘:51 ox; 90 k kaxi 0x;

J dz,
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By grouping together we get:

T -~ ~ -
omy 0p 7 / 0 P |0y

I = XY 7 d

2 /o UQ Jz, 0w, 0en T o D " D) B,

Op 8yd 8(,0 oy d]dt,
Tk

e} ox; O0x; 00 8n ko
o om0 g 0
o Qr 8% ’ 81}1 8xk dudt + Qr &rk (mk 8%1)

99 0y 9% 9y
/ m.n oz, 6chal odt - Bnm o kdadt

9y

oz, dxdt

Back to I =11 + I and (45):

——dxdt

B omy 0p g
I= d |0 / dwm T 3td xdt + Ow: O, D

9 @ a 0p 9y a;a o7
xdt — t— —_— np——dodt .
+/QT axk( (“)xz)(“)xzd / mn ox; (Q)xzd od /ZT 3nmk Tt oxy, do

L

Also
1 0P

L = 8—m .nVydodt,

= 1/ <a¢>mnd0dt
on

The two equations have the same initial and boundary conditions.
Let’s study L 7

0p _0p 07

0x; “on" or;’
Decomposition according to the normal and the tangential. However
00 _ 0P
% =Vp=—mn
on; 8n 6n1 ! ¥ on

So we deduce that:

_[op Oy, T / dp 0y / omy 0p 7§
I= 8t mka dx|y + o dwm ot 8td xdt + 95, O, 8xkdacdt—i—

09 gt — 0% 0y _1/ 9%,
8xk 8%) B, Lt / Mg = e dodt =5 ET( 5) m.ndodt.  (45)
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3.3.3. Third Term I3.

/ { mVngz (/w widl'> dmdt},
/ / { mVngz ( / w”wid:c) dxdt}7

- mVy < gi,w; > @' dxdxdt,
IR

d;i=1

/ //mVy(p”dxdxdt
—/ //mV@]V(pdwdmdt—/ myp(o)dodt,
o JalJa sr Joo

=0
T
—/ //mVﬂV(admdwdt.
0 QJQ

Let’s recap [ = I({6) <>
Q%‘fmk(,?jdx|§+/wa %%d dt + /QT ‘98";:“ g;i aikd wdt
B o2 B ] i
- / / / mVjVpdedrdt — (46)
0 QJQ
1 0

0P .5 B 0y 0p 0y
2/ET(({)”) m.ndodt = ot mkax dz|t + /Q divm 5% ot Y dwdt

I3

omy, &p y 9y
+/ 8:@ "Ox; Oa:kd o + 8xk 81‘1)81‘161 vdt
7/ m.n yd dtJr/ //mVngodzdxdt (47)
S ox; 8302

3.4. Getting started with the HUM method. For zy € R?, assume
Y =T5x]0,T[, % =Tox]0,T].
Let ||.|| the Euclidean in R? and introduce the following constants.

Ry = R(xp) = ma%(Hx — x|, To = 2R(x).
TE
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Let us define in the same way the energies (see Lions [9, 10]) associated respectively
with the systems (EOS)s, (40) and (EOH) :

Bt do2) = 5 | [ IVe0Ida+ [ (G20 a].

Bt i) = | [ 119300 edo + / (Gr0)ds]

3.4.1. Direct Inequality. Back to the relationship (46

1 0P . o 0p oy o0p 0y
2/ET(C,M) m.ndodt = atmka kd x|l + QTUZwm8 9 dxdt +
8mk 990y 9 ¢\ 9y
. — — dt
o 89@- 9, 0 U [ Ty " oy G, T
- / A / / / mV§Vpdrdrdt (48)
5’:17z ox;

1 ~ T ~ i
= 7/ (%)Qm.ndadt—/ //ngjV@dxdxdt: %@mkaiydﬂg
7

2 on
+/ dwma—a—d dt+/ 5‘mk 09 4 ——dzdt
Qr

ot Ot Ox; Ox; Oy,
0 o . 0f / o0p 0y
dxdt — dodt. 49
+/QT axk( 8%)8% mn Ox; 0x; (49)
We know that:
op 0y . dp 0y . 1
- dzl; < R, - 24 50
Q at mkamk x|0 - o Q 8t 8$k Jj|0 ( )
and noticing that: |ab] < 1(a® + b?) we have:
99 9y 1 / 0.9 07 1o
de < = — — dx. 51
o atan =2 ), |G g | (51)
Therefore:
920y jr T 00,9 , 07 9
< = . 52
o Ot dxy |0—2/QT (Cop)" + (g, " | ot (52)
Assume
[0F3 1% axk
Yr=YX7uUXs, My = maxi<; y<oMaZ, 3, 87(x)|

Consider an open ball B; which does not meet any crack vertex ie h = nh (In the
general case we can recover the domain 2 by a finite union of B; ie Q = UN% B;).

omy, 0p 0y B / omy, 0p 07
Qr Om; “0x; axkd dl = B, x]0,T Oz; 0x; (“)xkd wdt,
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M ~
< B[ EEr e (2 s
2 J.xjor L Oz oz,
M A ~
< 5 / (11913 ze) + 173122 doa(s3)
B; x]0,T[

Relationships 7 , and , we deduce:
1 [ 05, o [T . Y[ 0p 0y
- °gr . _ < R
2/ZT((%) m.ndodt Z/ // mV§Vedrdrdt < Ry Z_;/ B¢ 90,02 z|F +

T 8(70 2 3y M,y ~ 112 ~
|G+ ] o dt+2 [ (198l + il e (50
1 0P ot dp 9y
— < .
= 2/2T(an)mndadt < ROZ/ ataxd\o
&P 2 0y o
- dzdt
* / { 5$Ck)
M
4 Z 1/ ||w|\L2 ) + Vil a2 | dedt
+ / / / mVyVpdxdxdt. 55
; L) & (55)
Therefore
Ng T N T
> / / / mV§Vedrdrdt < ROZ / / ViV drdadt
i1 Y0 B; /B, Ny B; JB;
op 2 Y o
<
= ROZ/// [8:% G|
<

wY [ [ (a2 G
< Ro imeswo [E(t, 80, 21) + E(t, 5o, 1)) - (56)

Starting from the fact that the energy associated with the wave equation is constant,
we obtain:

Ny T N
> / / / mVjVgdedrdt < 2Ry Y mes(Bi)E(t, @y, ¢1)- (57)
i=1 70 J/B;JB; i=1
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So the relation implies
N

1 0P 5 690 oy ,
— <
/ (an) m.ndodt < Ry. E 9t Bay —dx|;

" *Z/ [8% axk)]ddt

Ns M, ) )
i Z 7 / i x]0,T[ |:||v<p||i2(R2) + ||vy||L2(R)2 dxdt
i=1 ,

+ 2Ro Y _mes(Bi)E(t, ¢y, ¢1), (58)
1 9% T.Ry & % 07
- Vlmndodt < —2. / X2 dxdt
Q/ET(an)m“ odb = 5 ; 5 o + (g
N,
T P .o 9y 1o
= s dadt
* zz_;/B [<at) ()’
N,
- Ml ~ 112 ~
+ — Volltzmey + I VY| L2 r)2 | dxdt
; 2 JBixjo,1 [” It () Volle }
Ns
+ 2Ro Y mes(B)E(t, &g, ¢1), (59)
=1
1 % TRy+1 & %
= —V2m. <0 . / Z)2 || 12 (r2Y)2
2/ET(an) m.ndodt < 5 Z:ZI . [( 815) + (IV@lL2®2)) ]dwdt-ﬁ-
N, ~ Ny
2 Ml/ |: 8y 2 - :| ~ ~
— =)+ (||VY|| L2 (r2 dxdt + 2R, mes(B;)E(t, ¢q, ¢1), (60
22 Jpoor (3¢ (IVllL2®e)) o; B;)E(t, o, 1), (60)
1 [ 07, TRo+1 M 4L .
5 3. . < — Y T 5 i » P0os
Q/ZT(an)mndadt < ( 5 +2R0;mes(B) E(t, 39, 1)
From
1,00 4 .
||7||L2 < C%(Q)E(t,<ﬂ0a<ﬂ1)v (62)

N,
T. 1 M -
where CUN) = <R(2)+ + 71 + 2R, E mes(Bi)> . (63)
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3.4.2. Inverse Inequality. Feedback on the relationship (47)

1 0P . 5 op oy . 7 / . 0P 0y
- dodt = ——my——d. divm 2L Y gedt
2/ET(an) m-ndo o 0t " gy dtlo F | divm gy
Omy. 0p 0y / 0 a7
. —dxdt dxdt
+ /QT O0x; Ox; Oxy, vt + Or 8mk( 8:@)8@

— / m.n gf yd dt—|—/ //mVngpda:d:cdt (64)

omy, 0p 0F NS/ /T omy, 0p 0F
—Z dxdt = ——dzdt,
/ Ox; Ox; Oz Z . Ox; Oxz; Oxy,

omi |, 09 o 07 |5
< =
- Z/ / 0x; {39:1 +(81:k) dadt,
1 T omy,
< = % 22 U 22
< 3 NIvel +|Vy|R]§/Bi/O Lz
1 112 112 g
< 5 (I3l + V3] V. [ mCoi,
T -
< 5 [IVElRe +[IVillze] Nsm(z)
T.RoNs
< 20 [IVellz2 + 1Vllg-]
We deduce that:
Ns T
omy, 0p 09 T.RyNs 12 2
_ > — 2 2.
Y[ ] Gk dnd > SRR (VG + VAR (65)
In addition, let us pose My = min,cq||m(z)||3.:
0% 98 g r 9% 9y , da|
o Ot oz, o =M o Ot xy 110
therefore
3@ Jy T 1/ 0P .4 99 \o
——dx|y dx — ——)*| dxdt
o 0t azytodr =g || Gp) (G| dvdt =
1 9912 99 ¢ 0y
—= — dadt < — ——dx
2/ {(&) +(3xk)} | Ot 9y 0
So

8@ ay MQT/ 87@2 07 |
o " g 0 2 7 T[(ﬁt) + ()| ot (66)
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Also, from the relation we deduce

N T N
-> / / / mVijVgdrdrdt > —2Ry Y mes(B;)E(t, &y, ). (67)
— B; JB; =

We also know that,
/ a( 3“")8% dt = / Omy, 9 0§ . dt+/ mka 9 gt
Q Q T

. Oxy, *or; Oz, . Oy Ox; Oz dz? Ox;
op 0y / op 0y 0p 0y
dodt = dodt dodt
/ mn Ox; Ox; 510+ mn Ox; Ox; + In - n@xz ox;
m.n<0 m.n>0

By grouping and reducing simultaneously we have:

. aN M,.T 8‘70 2 a7y
> - i
SIS ey = 2L [ (224 (2L dvar
T.RoNs . ~
- S IVElR + 931
N a a
_ 2Ro;mes(3i)E(t7¢o,s~01)+/Q dwmaﬁd wdt
O (m, 2200 9% 0y
+ or axk( axl)a Zd wdt — / m.n 8x18xld odt —

2 2

N,
M>. T T.RyNs Z My T .
NPy 2 (‘ e e )E(t,soo,solx (68)

i=1

N
M. T T.RogNs . o
> ( 2L _ 0 _2RO§ mes(BQ) E(t, 09, $1)-

2 2 ;
i=1
By posing
N,
M, T T.RgN ~
C’}(Q)( - R2° SQROZmes(Bi)), (70)
i=1
1, 0p -
Sl ||L2(ZT > Cr(QE(t, 2o, §1)- (71)

3.5. Exact Controllability Result. Either the operator A : H} () x L?(Q2) Lions
[9] defined by:

A(@o; 1) = (7(0), =5(0)). (72)
Indeed, we know that Grisvard [2]:
A e L[HH(Q) x L*(Q), H () x L*(Q)] and (73)

(69)
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1A(@0, @0l Fr-1 () = 15022 () + 15 (0)1 -1 (- (74)

Considering &,, € C(0,T; D(A)) N C(0,T; D(A2)) N C%(0,T; L*(R)), and also
Pon € D(A), 3, € D(A}).

Assume (,, = {u(cp)] X6 = [>iq 9i (Jo ¢"widx)] x5 where O is an arbitrarily
small part of the domain 2 not meeting any vertex of cracks.

Let 2z, € C(0,T; HZ(Q)) N CY(0,T; L?(2)) solution of the following equation

2l — Az, =¢, in Qr,
(EOS)s : (zn).x5 =0 on X,

2 (T) =2, (T) =0 in Q.

So we have :
(A(@ons P1n)s (2005 210)) = (2,(0), Pon) — (2n(0), 1) - (75)

By multiplying the equation (FOS)g by ¢,, and the equation (EOS) by z, we
get:

[ G- aepdni+ [ (@l Ap)zdeit = /Q S il ( / ||¢"||.||wi|dm) dt.

T =1

In particular on the open O:

—/ (20 — Azy) @, dxdt + / (Pr — Ap,,)zndxdt
0x]0,T]

0x]0,T
/O><]0
which is also written

Zmn(

T, =1

/ Zugin(/ ||¢”||.||wz«|dz>dt e ) T (P [T
Ox]0,T[ ;=7 (@]

05, \>
- ~ ) @, (0)dodt
/80><]0,T[ ( ov ) ()

=0

Oz 2
— =) z,(0)dodt.
/80><]0,T[ ( ov ) ©)

=0

[
||ca"||.||wz-|dx) dt,
O

)
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Therefore
m
/ anlw(/ ||¢“||.||wi|da:) dat
Oox]0,T[ ;=1 @]

Passing to the limit,

(Ao, 1), (P 210} = [ anin(/ |¢o"|.|wi||dx) i,
Ox]0,T[ ;4 o

But we also know that

Lo Sl ([ 12w ) d
Ox]0,T[ ;=4 o

- <¢m Z;) |g + <§b;u Zﬂ> |gv

s

= <A(9~00n’ Coln)’ (@On’ Coln» .

Lo 181l o dode,
ox]0,T[;,— /O

] / o"dxl|.| < gi,w; > |dxdt,
/OX]O,T[ ; (0]

1 -
am |5 [ 1@ as).
o

By covering the domain 2 by a disjoint finite union of openings O; ie 2 = U;il O;
and Oian :@ lf’L#]
Consequently, we deduce that:

(Apo, 1) (#0,1)) = Ko (T = To) Eo. (76)

A being linear, continuous and coercive on H}(Q) x L?(2) for T > T, then accord-
ing to a Classical Controllability Theorem, A is an isomorphism of Hg(Q) x L?(f)
in L2(Q) x H71(Q).

Let (20, 21) € L?(Q) x H=1(Q), the following equation

Y

Y

A(@()a ‘701) = (217 —20)7

admit a unique solution ($g, @1) € H} () x L*(Q) for all T > Ty,
Let us now consider ¢ and z respective solutions of the equations (EOS)s and
(EOS)¢ with as initial conditions:

20 = Qboa

21 = ()bla

Cn = (Zgi (/ @”widw)> Xo»
i=1 @

and

¢xXo  on X3,

0 on X5
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By a uniqueness of solutions theorem, we deduce that: @ = z so therefore z(T) =
2(T)=0.

Hence the result of exact controllability.
Remark 3. This result does not depend on any geometrical condition: consequently

the crack lines may not be concurrent; and, the exact controllability result has been
proven.

Y Y Y

I
4

X

FIGURE 2. Non-convex domain with non-concurrent cracks

4. CONCLUSION AND PERSPECTIVES

The presence of cracks, corners or angles in a mechanical device or materials
always leads to the appearance of singularities. And, once the diagnosis of these
cracks (desired or not) has been made, it is necessary to try to control them without
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major geomeric constraints.

One of the objectives that we set ourselves, within the framework of this research
paper, was assess the exact controllability of the wave equation in the cracked do-
mains without constraints on the cracks. If anything, the formulas of integrations
by parts (formulas of Green in the fields with corners and/or cracks) could be done
(to our knowledge) only if the lines of cracks or their support were concurrent.
Based on recent work by Dauge [13, 14], Dauge [15] and Costabel [16], we were able
to establish, without additional assumptions on the nature of the cracks or their sup-
port, the exact controllability of the wave equation with more cracks. Consequently
its results were obtained on a non-convex polygonal domain with non-concurrent
crack lines. From the results obtained in this paper, certain questions naturally
emerge. Our goal is to no longer have constraining geometric conditions (” Closer”
to reality).

When it comes to the perspectives, we have a double goal that we plan on achieving
in the near future. Firstly, generalize in higher dimension the results obtained in
this paper. And,secondly, make numerical simulations to support its theoretical
results.
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